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1. Introduction

Chemotaxis is a phenomenon describing the influence of environmental chemical substances on
the motion of various cells. Chemotaxis widely exists in various biological phenomena, such as cells
aggregation [1], embryonic development [2], vascular network formation [3, 4], etc. This paper is
concerned with the following hyperbolic-parabolic chemotaxis system describing vasculogenesis

00+ V-(ou)=0,
0,(pu) + V- (pu®u) + VP(p) = —apu + oVO, (1.1)
70,0 = dAD — ad + bp,

where (x,1) € Q X (0,00). The model (1.1) was proposed in [5] to reproduce key features of exper-
iments of in vitro formation of blood vessels showing that cells randomly spreading on a gel matrix
autonomously organize to a connected vascular network (more extensive modeling details can be found
in [6]), where the unknowns p = p(x,7) > 0 and u = u(x,t) € Q denote the density and velocity of
endothelial cells, respectively, and ® = ®(x,7) > 0 denotes the concentration of the chemoattractant
secreted by the endothelial cells. The convection term V- (pu®u) models the cell movement persistence
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(inertial effect), P(p) is the cell-density dependent pressure function accounting for the fact that closely
packed cells resist to compression due to the impenetrability of cellular matter, —@pu corresponds to
a damping (friction) force with coefficient @ > 0 as a result of the interaction between cells and the
underlying substratum and the quantity || > 0 measures the intensity of cell response to the chemical
concentration gradient, where 5 > 0 (resp. S < 0) means the chemotaxis is attractive (resp. repulsive)
(cf. [7, 8]). In this paper, we consider attractive chemotaxis. 7 > 0 and d > 0 are the relaxation
time scale and diffusion coefficient of the chemoattractant, respectively, and the positive constants a
and b denote the death and secretion rates of the chemoattractant, respectively. In the literature (cf.
[9]), some parabolic-hyperbolic chemotaxis models with different structures than (1.1) have also been
studied.

Chavanis and Sire obtained through asymptotic analysis in [10] that when the damping coefficient
B is large, the solution of (1.1) converges to the solution of the Keller-Segel model. Subsequently,
this has also been verified from the mathematical analysis in [11]. Natalini et al. in [12] numerically
studied the difference and connection between the model (1.1) and the Keller-Segel chemotaxis model.
By adding a viscous term Au to the second equation of (1.1), the linear stability of the constant ground
state [p, 0, ®] was obtained in [13] under the condition

bP'(p) — aap > 0. (1.2)

When the initial value [pg, u, @g] € [H*(RY)]*?(s > d/2 + 1) is a small perturbation of the constant
ground state [p, 0, ®] with 5 > 0 sufficiently small, it was shown in [14, 15] that the system (1.1)
admits global strong solutions without vacuum converging to [p, 0, ®] with an algebraic rate (1 + t)‘%
as t — oo. In [16], when the pressure function P satisfies (1.2), the authors removed the limitation
that the density is sufficiently small, obtained the global existence of classical solutions to (1.1), and
improved the decay rates of the solutions. Subsequently, in [17], the authors also proved that the system
(1.1) in R admits nonlinear diffusion waves which are stable against a small perturbation. Recently in
[18], the well-posedness of global classical solutions to the Cauchy problem of (1.1) is established in
homogeneous hybrid Besov spaces.

All the studies above are on the Cauchy problem of (1.1), and the problem becomes more com-
plicated when boundary effects are considered. Subsequently, the stationary solutions of (1.1) with
vacuum (bump solutions) in a bounded interval with zero-flux boundary condition were constructed in
[19, 20]. Recently, the stability of transition layer solutions of (1.1) on R, = [0, c0) was established
in [21]. An interesting question is whether the stability of non-constant stationary solutions of (1.1)
can be considered in bounded regions. In the following, we will consider the hyperbolic-parabolic
chemotaxis system (1.1) on I = [0, 1] with P = Ayp*:

o + (ou), =0, xel, t>0,

pu; + puu, + 2A0pp, = —apu + Bp®,, xel, t>0,

70, = dD,, — ad + bp, xel, t>0; (1.3)
(0, u, @)(x, 0) = (po, g, Po)(x), xel;

Ulr=0,x=1 =0,  @lr=0,x=1 = 0, t>0,

where Aj is a positive constant. In this paper, we shall first use delicate analysis to show that the system
(1.3) has a unique non-constant stationary solution. Then we show that the stationary solution is locally
asymptotically stable when the system parameters satisfy certain constraints.
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2. Main results

2.1. Stationary solution

To identify the stationary solution associated with the initial-boundary value problem (1.3), we first
note that because of the dissipation mechanism induced by linear damping and the boundary condition
for u, it is reasonable to expect that the equilibrium velocity is zero. Denote respectively the equilibrium
density and concentration by p and . Taking into account the zero equilibrium velocity, we see that p
and @ satisfy

ZAOEEX:,Bﬁax, xel, t>0,

db, —ad+bp=0, xel, t>0; 2.1)
Eﬁ|x:0,x:l =0, t>0.
Lemma 2.1. The boundary value problem (2.1) admits a unique solution @,6) Moreover, % and

&p(x)
dx 2

are small, when d is large while a, b, Ay, and 3 are fixed.

Proof. The first equation of of (2. 1) implies 2App = ,8<D+C for some constant C which is to be determined
later. Substituting p = ’8 ~@ + 5 into the second equation of (2.1), we have

— bB —
do,, D+ —O + =0. 2.2
AP oA, 2A0 (2:2)
Let
bB —2aAy —~ bC -
A=—, D=—— Y¥=0-D. 2.3
2dA bB — 2aA, 2.3)
Then we derive from (2.2) that
Y., —AY =0. 2.4
Now we discuss the three cases regarding the sign of A.
Case L. If A = 0 (i.e., bS8 = 2aAy), (2.2) can be written directly as
~  bC
o, +—=0.
2dA
Then we obtain Zﬁ(x) zzg Ly Ax + B) for some constants A and B. Since ® = 0 when x = 0 and
x = 1, we can deduce that d)(x) = 4 iy LE (x2 — x) for all x € [0, 1]. This implies
_ b8C Cc
=——— (P —x)+ —. 2.5
o(x) SIAZ (x x) A, (2.5)

Since the total cellular mass is conserved under the zero velocity boundary condition, we can show that

IA C A 1
[ Auar= 2+ . = [ s
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This implies, if the initial total mass is positive,

1 1
0< Aof po(x)dx < C < 4A0f Po(x)dx, (2.6)
0 0

when d > 0 is sufficiently large while the other parameters are fixed. Taking into consideration that p
represents the cell density, we should require p(x) > 0 for all x € [0, 1]. Moreover, the reader will see
from the asymptotic analysis presented below that p needs to be bounded from above and below away
from zero, in order to obtain the stability of the non-constant stationary solution. Combining (2.5) and
(2.6), and noting x — x* < 1 for all x € [0, 1], we see that

1 1
0< i f po(x)dx < p(x) < 4f po(x)dx, Vxel0,1], 2.7)
0 0

when d is relatively large compared with the other parameters. This gives us the desired property of

the equilibrium density.

(r<x> & p(x)

Meanwhile, in the asymptotic analysis we will require —= and

with p. To fulfill such a requirement, we observe that

to be relatively small compared

dplx) _ bBCx . bBC

= 0, as d— w,
dc ~ adaz Tgawz T 0T

a5 bBC
p(x):_ B — 0, as d— oo.
A 4dA2
Hence, in the case A = 0, the smallness of %= (x) and & = 209 can be realized, when d is sufficiently large,

while a, b, Ay and g are fixed.

Case II. When A > 0, let A = \/_ Then we have from (2.4) that ¥(x) = Ae"™ + Be™* for some
constants A and B, which implies (D(x) = Ae™ + Be™™ + D. Using the boundary conditions, we can
show that

D(x) =

1 (e' + 1 — et — '), (2.8)

Since p = B -D + ﬁ, we obtain

— —

BD C

A Ax A(1-x)
— (et +1—eM - + —
A D et -t

p(x) = A

Using the conservation of total mass again, we can show that

1 Y 1 ~ 1
_ BD(e* +A—-2¢*+2) C f
dx = + = dx.
fo ploydx 24,(e* + 1A 2a, =, Polodx

Recalling the definition of D (see (2.3)), we have

bp(Ae' + A -2¢'+2) | :
C[(b,B 2aAg) (e + 1)1 1] _ZAOJ; po(x)dx,
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which yields
_ 1 bB -
C=2A dx||———— i+ 1| ,
o(f(; po(x) x)[bﬁ—2aAo Si()
where
Aet+1—-2e' +2
1) =
Hd (et + A
Therefore,
_ Cc bB
= Ax)+1],
p(x) 24, | 5B = 20y g1 (4, x)
where
e/l +1-= e/lx _ e/l(lfx)
gi1(;x) =

el +1

(2.9

To guarantee p is bounded from above and below away from zero, we first note fi(1) € (0, 1) for
A € (0,00) and lim,_,y fi(1) = 0. Second, observe that since a > 0, b > 0, Ap > 0 and d > 0, then
A > 0 if and only if b8 > 2aA, > 0. This implies % _ 5. Hence, when a, b, Ay and S8 are fixed,

bB—-2aA
there exists a small number Ay > 0 such that

bp

l<—2>
bB — 2aA,

SiH+1<2, VAe(0,A).

This implies

1 1
Aof po(x)dx < C < 2A0f po(x)dx, VYA€ (0,A).
0 0

Moreover, note that for all x € [0, 1], it holds that

(e2 — 1)
O<giix)<gi(41/2)= ——— -0, as A1-0.
et + 1

Therefore, there exists a small number A; > 0 such that

b

l<—2>
bB — 2aA,

gi(x)+1<2, Vxel0,1], VAe(0,4)),

which implies

— —

c _ C
E)<,o(x)<A—0, Vxe[0,1], Vae(0,).

In view of (2.10), we see that

2

1 ! _ 1
—f Po(x)dx < p(x) < 2f po(x)dx, Vxel0,1], VA€ (0,min{dy,}).
0 0

(2.10)

(2.11)
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Since 1 = VA = ,/bﬁz_di?f“, the smallness of A can be realized when d is sufficiently large, while a, b,
Ap and B are fixed. We also observe that

do(x) C bB eV + At 0. as 1—0
= . . - -
dx 2A0 bB —2aA, et +1 ’ ’
dzﬁ(X) B E bﬁ _/12e/lx _ /lZe/l(l—x) o s 150
dx2 24y bB-2aA, el + 1 ’ '
Hence, the smallness of % and % can be realized when A is sufficiently small, or equivalently,

when d is large while a, b, Ay and S are fixed.

Case III. When A < 0, let = V—A. Then we have Eﬁ(x) = AcosAx + Bsin Ax + D. Using
the boundary conditions, we get A + D =0and AcosA + Bsind + D = 0. Note that B is uniquely
determined if A # kr (k € N). In this case, we have A = ~Dand B = %l/)\ Hence, @ is given by

A(cos/l -1

Zﬁ(x) =D sin Ax — cos Ax + 1).

Following the same spirit as in Case II, we can show that

—

bp

P = 3o | e (ki + 1] @.12)
where
sin A — sin A cos Ax + cos A sin Ax — sin Ax
g4 %) = Sl ;
and the constant C is given by
_ ! bB -
C =2A (j; po(x)dx) [m LW +1|
where
AsinAd—2+2cosAd
A = Asin A
Note that A < 0 if and only if b5 < 2aA,, and
>0 if a>0 and <0,
Ei%&£{<o if a>0 and £>0 (13)

The function f,(A) satisfies

2(cos A — 1)(A —sin A)

A2sin® A

im () =0 and  f£() =
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These imply when A is sufficiently close to zero, f>(1) < 0 is sufficiently small. Regarding the two
cases in (2.13), we can show that there exists a small number A, > 0, such that for all A € (0, 4,),

L) +1

bB — 2aA,

s
(1,2) if a>0 and B>0.

{ij) if a>0 and B<0,
€

In summary, the constant C satisfies

1 1
Aof po(x)dx < C < 4A0f po(x)dx, VAe€(0,Aq1,). (2.14)
0 0

For g,(4; x), we can show that

82(4;0) =0 = g2(4; 1),
dg2(4;x)  A(cos A(1 — x) — cos Ax)

dx sin A ’ (2.15)
d’g(A;x)  A(sin A(1 — x) + sin Ax)
dx2 sin A ’
which imply % = 0 when x = 0.5, and g,(4; x) is convex for x € [0, 1] when A > 0 is sufficiently

small. These tell us g,(4; x) < 0 for x € [0, 1] and
lg2(A; x)| < —g2(1;0.5) =sec0.54 - 1,

when A > 0 is sufficiently small. Hence, there exists a small number A3 > 0, such that for all x € [0, 1],

bB 0.5,1) if a>0 and B<0,
——— H(ix)+ 1| € .
bB — 2aA (1,2) if a>0 and g>0.
Therefore,
6T<A()<E Vxe[0,1], VYA€(0,43) (2.16)
4A0 p X on X ’ ’ s 43). .

Combining (2.14) and (2.16), we see that

1 1 1
1 f po(x)dx < p(x) < 4f po(x)dx, Vxe[0,1], VAe (0, min{d,,A3}).
0 0

In addition, we see from (2.12) and (2.15) that

dpl d%pt
px) — 0 and ' P -0 as 4-0.
dx dx?

Thus, the smallness of the derivatives of p can be realized when A > 0 is sufficiently small. Combining
the conclusions of the above three cases, we have completed the proof of Lemma 2.1. O
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2.2. Stability of stationary solution

With the preliminary discussions in §2.1, we now state the main results for (1.3). We first introduce
some notations for convenience.

Notation 2.1. Throughout this paper, we use ||-||;2, ||-||gs, and |||~ to denote the norms of the standard
Lebesgue space L*((0, 1)), Hilbert space H*((0, 1)), and Sobolev space L*((0, 1)), respectively. The
total energy, of order s € N, of the function f is denoted by

LFOIZ = D 1@ DI (2.17)
k=0

In addition, we use ||(fi, fa, ... [lI> to denote ||fill2 + A2 + - Ifull3, where x denotes either L?,
H?, L™, or s, whenever it is applicable. Unless otherwise specified, C will denote a generic positive
constant which is independent of time. The value of the constant may vary line by line according to the
context.

Theorem 2.2. Consider the initial-boundary value problem (1.3), where the parameters satisfy a > 0,
7>20,d>0 A, >0,a>0,b>0,and B € R. Suppose the initial data satisfy po(x) > 0 for all
x € [0,1], (oo, ug) € [H*((0, 1))]?, @y € H*((0, 1)), and are compatible with the boundary conditions.
Assume further that there is a small constant gy > 0, such that ||(uy, po — @H?ﬁ + || @y — Eﬁllfq4 < &y, and
there is a large constant dy > 0, such that the diffusion coefficient d > dy. Then there exists a unique
solution to (1.3), which satisfies

2
1@, OIB + > NG YO
k=0

!
+ f (1, W@ + 1P@)3 + (DI + DDl )dr < C, V1> 0,
0

where p = p — p, ® = ® — ®, and the constant C > 0 is independent of t > 0. Moreover, there are
positive constants 1, and 1, which are independent of t > 0, such that

2
1@, OB + > WD) yc < me™,  ¥1>0.
k=0

We prove Theorem 2.2 by applying L2-based energy methods. First of all, it should be mentioned
that the local well-posedness of classical solutions to (3.3) can be established by using some classical
approaches in the literature, see e.g., [22, 23], and we omit the details to simplify the presentation.
The bulk of this paper is devoted to deriving the a priori estimates of the local solution, in order to
extend it to a global one. We begin the proof with reformulating the first and second equations in
(1.3) by using the sound speed transformation to obtain a symmetric hyperbolic system. Note that the
boundary data of the spatial derivatives of the solution are unknown. Hence, the direct energy method
(differentiating with respect to x, then performing L2-type estimates) is not accessible for the problem
under consideration. One of the key steps in the proof is to reduce the estimate of the total (spatial
and temporal) derivatives to the temporal ones only, using an iteration scheme based on the structure
of the equations. Moreover, note that in the hyperbolic portion of the system, only the dissipation of u
appears on the right-hand side of the second equation. We recover the dissipation mechanism of p by
essentially working a wave-type equation of the function.

Mathematical Biosciences and Engineering Volume 20, Issue 5, 7802-7827.
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3. Proof of Theorem 2.2

In this section, we give a proof of Theorem 2.2. The proof consists of three major steps: 1) apply
the sound speed transformation to symmetrize the first two equations in (1.3); 2) reduce the estimate
of the total (spatial and temporal) derivatives of the solution to the temporal ones only; 3) perform
L*-based energy estimates. We first present the symmetrization process.

3.1. Reformulation

Since the principle part of the first two equations in (1.3) is hyperbolic, one needs to introduce an
appropriate new variable to symmetrize these two equations, after which one can carry out L*-based
energy estimates. For this purpose, we let o = 2 \/2Ap be the sound speed. Then the initial-boundary
value problem (1.3) can be written in terms of o, in the regime of classical solutions, as

20+ 2uo, + ou, =0, xel, t>0,

2u; + 2uu, + oo = —2au + 2P, xel, t>0,

87A(®, = 8dAD,, — 8aA,® + bo?, xel, t>0; (3.1)
(o, u, ®)(x,0) = (2+/2A0p0, Uy, Do)(x), x €I,

Ul=0,x=1 = 0,  @|y=0,.=1 =0, t>0.

To perform asymptotic analysis, leading to the global dynamics of the solution to (3.1), we need to
write the system of equations in (3.1) in terms of the perturbed variables around the stationary solution.
Since the stationary solution satisfies (2.1), letting o = 2 4/2A¢p, we can show that

{a‘aj 280, - 42
8dAD, — 8aA,® + b = 0.
Letting 0 = o — 0 and O=0-D, we update (3.1) by using (3.2) as
20, + 2uo + Uy + 2uc, + ou, =0, xel, t>0,
2ut+2uux+55x+5'5x+55x:—2(m+2ﬂ5x, xel, t>0,
87A¢D; = 8dAyD,, — 8aAyD + b(T + 207, xel, t>0; (3.3)
(@ u, D)(x, 0) = (224000 — 2 \2A0p; g, By — D)(x), x € I
=0, x=1 = 0, 6|x:0,x:1 =0, t> 0.
The energy estimates derived in the rest of this section are based on the a priori assumption:
ess sup X(7) = esssup ||(7, u, 5)(1‘)”% < &, (3.4)

te[0,T] 1€[0,T]

where 7' > 0 denotes the lifespan of the local solution and € > 0 is a small number to be determined
later. Note the smallness of & can be realized by the smallness assumption of the initial perturbation
in Theorem 2.2 and the local well-posedness theory. We will focus on deriving the time-independent
a priori estimates of the local solution under (3.4), which, when combined with standard continuation
argument, will generate the global well-posedness and long-time behavior of the solution in one stroke.
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The rest of the proof consists of two major steps which are contained in two subsections. As was
discussed in §2.1, the stationary solution takes on different forms, depending on the sign of b8 — 2aA,.
In the analysis presented below, we shall focus on the case when b8 —2aA, > 0, in which the stationary
solution is given by (2.8)—(2.9). The other case, 1.e., b3 — 2aA, < 0, can be proved in exactly the same
fashion, and we omit the details for brevity.

We first deal with the case of 7 > 0 in §3.2 and §3.3. The proof of the case of 7 = 0 will be sketched
in §3.4. We begin with the reduction of the total derivatives of the solution to (3.3).

3.2. Reduction of total derivatives

Lemma 3.1. Let (0, u, 5) be the local solution to the IBVP (3.3) with T > 0 up to some finite time
T > 0. Assume (3.4) holds for some small € > 0. Then, under the conditions of Theorem 2.2, there
exists a constant Dy > 1, which is independent of t, such that

X(t) < DoX(t) := Doll(071, Oy , Uy, Uy, 6}0 6xta 6tt)(t)”%2' (3.5)

Proof. Step 1. We first derive a Poincaré-type inequality for o~. From the discussions in §2.1 we infer
that when the diffusion coefficient is sufficiently large, the stationary solution p satisfies (2.11). Denote
the spatial integral of py by p (which is positive by the assumptions of Theorem 2.2). Then we have

1 o
55 <p <2p. (3.6)
According to the definition of o, we know
2App < T < 4+/Agp. (3.7

Note that by definition,

T =0-7=22A0Np - \P) = 224, 2L (3.8)
Vo P

Since py is sufficiently close to p (by assumptions of Theorem 2.2) and p > %,5 > 0, from the local

well-posedness theory we know p(x, ¢) is positive within the lifespan of the local solution. Using such

information, we deduce from (3.8) and (3.6) that

224, 4 A,

o < lo—pl < ———lp -7l
G Vb

which implies

— 4+/A,

17l < —=llo = Pllzz. (3.9)

Nz

Since p — p is mean-free, it can be shown that

llo = pllzz < lI(o = P)xllz2- (3.10)

Mathematical Biosciences and Engineering Volume 20, Issue 5, 7802-7827.
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Since N L
o~ o? -0 _o(o+20)
PmP="%a, ~ 84,
we have GG 425 TG 425
o(oc+20) oo+ 20,
(P _@x = +

8Ao 8Ay ’
which implies

(ol + 20Tllz=)llosl.2 N (ol + 2ozl 2

— )l < 3.11
G0 = P).llz2 SA, SAC (3.11)
Using (3.11), we update (3.10) as
(lollze + 2zl allz (o dllze + 2/l
- < + . 3.12
llo —pll2 < 84, 84, ( )
Substituting (3.12) into (3.9), we arrive at
lloll> < = [(l7llz + 2l[Tllz)llT Iz + (Nl + 2l[T =)l ]
Aop
1
< — [(V211FI + 8 VARG llz2 + (V21T el + 206l 2
W v |
1 — _ —
< —— (V2 + 8 VAT Iz + (V2 & + 2T l|=)lIF 2|, (3.13)
2 +Aop
where we used the 1D Sobolev inequality: || f]|;~ < \/§||f||H1, (3.4) and (3.7). Since
— 2A0
Oy = —— Px
N
using (3.6), we can show that
— V2A
Tl < ——== lIPllz=- (3.14)

N7
From the discussions in §2.1 we know when d is large enough, |[o,||;~ is sufficiently small. In this case,
we denote (3.14) by

[l < 6, (3.15)

where the constant ¢ decreases as d increases. Using (3.15), we update (3.13) as
1

= V2 + 8 VAT 2 + (V2 & +26)T2]-
0P

il <

This implies when € and ¢ are sufficiently small, such that

(V2&+26) < \Ap, (3.16)
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it holds that
ol < Ellax”Lz + EIIEIIU-
Hence,
llollz < Olloall.

Step 2. From the first equation of (3.3) we see that

2 - —
Uy = ———=(0; + uo, + uo,).
oc+o

Using (3.7), Sobolev embedding, (3.4), and (3.16), we deduce that
15+ Tl 2 [Tl — [Tl > 2 vAp — V21Tl > 2Ap — V2 > Ap.
Using (3.19), we deduce from (3.18) that

12
2 ~ 2 2 = 12 —~ 12 2
7> < A_O/—)(Ho-t”Lz + lullzolloxll7: + ol llull;2)-
Since u satisfies the zero boundary condition, it can be shown that

llullzz < Hloellz2.

Using Sobolev embedding, (3.4), (3.15) and (3.21), we update (3.20) as

12
2 ~ 12 2= 112 210, 12
el < 7 p(llmlle + 2870l + O llull2).
0

Now, from the second equation of (3.3) we see that

1 — —~
0y = ———=Qu, + 2uu, + 0o, + 2au — 2BD,).
oc+o

Using (3.19), we can show that

5 —
~ 2 2 2 2 = 12 =2 211,112 2 2
sz < [_)(4||uz||Lz + dlullsllualls + Nlodlzllolly + 4elull> + 4B7[1D.I).
0,

Using (3.17), we update (3.24) as

— 5 — ~
7417 < A—5(4llutlliz + 8% |lull7, + 816%([T |17, + 4a?|[ull}, + 4B°IID.17,).
0,

Taking the sum of (3.22) and (3.25) gives us

1 . —
20112417, + 120157117, + 200 (lull7, + 208%[1D. 7,

2, + Il < —
o E= Ap

+ (4087 + 126°)|lu,|2, + (24€” + 4056°)|[0]17. ].

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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When ¢ and ¢ are sufficiently small, we conclude that
a7 + 11172 < CliCur, &, 1, DI (3.26)

Step 3. Taking 0, to (3.18), we obtain

2 — — - 200~ — —~
Uy = —=—=(Ou + WO, + UTy + UT ) + —=——5(0; + uo, + uc,).
o+0o (c+0)

Using similar arguments as in Step 1, we can derive the following estimate:

32
2 ~ 2 2, 2 2 2= 112
el < /_)[IIUUIILZ + (28" + )l + 2870wl ]
0

8 _
(2&* + & + &)l 7. (3.27)

+ Aé/_)z

Taking 0, to (3.23), we can show that

~ 12 2 2 2 2 2 217= 112 2 2 2014 (12
”O-xt”LZ < [4”utt||L2 + 8¢ ”ut”LZ + 8¢ ”uxt”Lz +0 ||0't||L2 +4a ”ut”LZ +4B ”q)xl”LZ]

8
Aop

+

0 _
A2_2(884 +48* + 6% + 407" + 4B°E)|T I, (3.28)

Taking the sum of (3.27) and (3.28), we have

— 16 . _

||uxt||12‘2 + ||O-xt||i2 < A_/_)[zllo'tt”iz + 12””:1”%2 + (2882 +26% + 12@’2)”1/%”[2;
0,

+ 387G, + 12871D.l, + 24 s + 4715 ]

16 —
+ P(46s4 +238% + 870" + 20a°” + 208°%) |77

When ¢ and ¢ are sufficiently small, there holds that
||uxz||i2 + ”&xt”iz < Cll(usy 05 s, 04, 6”)”12‘2. (3.29)

Step 4. Taking d, to (3.18) and using Poincaré inequality for u, we can derive the following esti-
mate:

20, _ — —
el 7, < E(Ilmzlliz + (28 +6° + Tl 7o)}, + 287017 (3.30)

24

+ A%ﬁz

28 + )Tl + 2% + 6™)lull.).

Note that

_ V2A0_ V2A0

Oxx = Pxx —

o e
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From the discussions in §2.1 we know that p, and p,, are small when d is large. Hence, as in (3.15),
we may assume |0 ||~ < &, as well. Then, we update (3.30) as

liaell72 < CUITll7s + 10172 + N2 + N0 ll7)- (3.31)
Next, taking 0, to (3.23) and using (3.17), we can show that
152y < ClllutalZ + a2 + a2 + 1502 + 1Ol + (DR + lluilZ). (3.32)
Taking the sum of (3.31) and (3.32) gives us

2 ~ 2 2 ~ 12 2 ~ 2 2
el + 0 allzs < Cllluwllps + Nolls + el + ol + Nl

1T + DRy + IDPs + 2Tl + laael2)). (3.33)
It is clear that when & is small, we can update (3.33) as

2 ~ 2 2 ~ 12 2 ~ 2
el + T alls < Cllluwllys + ol + Aludlys + llol7)

s+ 150G + 1Dl + 194152, (3.34)
By (3.26) and (3.29), we further update (3.34) as
ltllZ2 + 10 xcll72 < CUluallZ: + 1Tall72 + ez + 1107117
 ulZs + 1Dl + DG + 1DllF2): (3.35)
Step S. Since ® and @, satisfy the zero boundary condition, it follows from Poincaré inequality that
P17, < I@.l7, and D, < 1@l (3.36)
Moreover, using (3.36), (3.17) and (3.26), we can deduce from the third equation of (3.3) that
IR l}> < CND s, D, 1, T, ). (3.37)
Substituting (3.37) into (3.35), we get
lellZs + 1T al7s < CllGits Tty Tty By DI (3.38)

Combining (3.17), (3.26), (3.29), (3.36), (3.37) and (3.38), we arrive at (3.5). This completes the proof
of the lemma. O

3.3. Energy estimates

In this subsection, we examine the quantity X;(¢) defined in (3.5) and derive the desired energy
estimates, along with the exponential decaying of the perturbed solution.

Lemma 3.2. Let (0, u, 5) be the local solution to the IBVP (3.3) with T > 0 up to some finite time
T > 0. Then under the conditions of Theorem 2.2, the quantity

2
[CANGERIIN CADIG

k=0
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+ fo (1@, (@IR + D@ + DD + 1O ()] )dT

2
is uniformly bounded with respect to t > 0, and ||(c, u)(t)ll% + Z ||(a;<6)(t)”?_14—2k decays exponentially
k=0
rapidly to zero as t — oo.

Proof. Step 1. Taking L? inner product of the first equation in (3.3) with &, we have

d L L L L
allo’lli2 =- f uoodx — f octudx -2 f uo odx — f ou,odx
0 0 0 0
1 1
=-2 f uo odx — f ouodx, (3.39)
0 0

where we used the zero boundary condition for u. Taking L? inner product of the second equation in
(3.3) with u gives us

d 1 o 1 o 1
—||u||i2 + 2a/||u||i2 = —2f wu,dx — f oo, udx — f oo udx — f oo ,udx + 2,8f O, udx
dz 0 0 0 0 0

1 1 1 1
= - f oo udx — f oo,udx — f oo udx + 28 f ® udx. (3.40)
0 0 0 0

Taking the sum of (3.39) and (3.40), we obtain

d%(llﬁlliz + ludll?,) + 2edlull?, = -2 fol uoodx — Ll oo udx + 28 fol @, udx
< QT + 1Tl )l 2l 2 + 281Dzl 2. (3.41)
Since, by Young’s inequality,
2B lpalullz < allully, + @ B,

we update (3.41) as

L 2 2 — — — 1221 & 112
5(|IUI|L2 +lullz) + ellull, < Cliedles + ol )llullz ol + o Bl

By Sobolev embedding and Cauchy-Schwarz inequality, we can show that
d . 1 ~ B —~
(IR, + lul2,) + el < (6 + 272 &)l + IFI%) + o BlIDLI2, (3.42)
dr

where we used (3.15) and (3.4).
Step 2. Taking 0, to the three equations in (3.3), we have

20 + 2u,0 ¢ + 2UT  + Ty + O Uy + 20,0, + Tty = 0,
2”1‘[ + 2u,l/lx + letl/txt + EI&X + 5'5:,(, + Etax + 6:5:)“ = —za’l/t, + 2ﬁ(1)xl" (3.43)

87A¢®D, = 8dA(D,.; — 8aA,D, + 2b(T + T)T.
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Taking L? inner product of the first equation in (3.43) with &, we have

1 1 1 1
d _ - - - -
d—lloylli2 =-2 u,o o dx —2 uo o, dx — O'fuxdx - o0 dx
! 0 0 0 0
1 1
- 2f u,a'\xgtdx - f Euxtaldx
0 0
1 1 1 1
= — f Exutatdx + f &’u[&xtdx - f I/tta:xatdx + f Eu,&xtdx.
0 0 0 0

Taking L? inner product of the second equation in (3.43) with u,, we obtain

1 1 1 1
d . —_
—||u,||i2 + 2a||ut||i2 ==-2 uxutzdx -2 uu u,dx — 0,0 udx — o0 U dx
ds 0 0 0 0
1 1 1
_ f 0,0 dx — f oo qudx + 2 f ®,,u,dx
0 0 0
1 1 1
= —f I/txutzdx - f Et&xutdx - f 55xtutd.x
0 0 0
1 1 1
_ f 0,0 dx — f oo wudx + 23 f ®,,u,dx.
0 0 0

Taking the sum of (3.44) and (3.45), we arrive at
LG + hel.) + 20l
dl' O-t 12 ut 12 a ut 12

1 1 1

= - 2f (0 + T u,odx — f udx + 2,8f @ u,dx

0 0 0

<2([G Iz + 1Tl Ml 2T + et izl 22 + 281D ell 2ol 2.

Similar to (3.42), it can be shown that
d%(nauiz +lll3,) + llwly < 6+ 272e) (il + 1T + V2 ellulf,
+ @ B

In completely the same fashion, we can show that

d 2 2 2
&(”O-UHLZ + ”utt”Lz) + a’””nlle

2 ~ 112 2 2 ~ 112 ~ 112
<6+ V2&)lluall + 154l12%) + 3 V2 e(llutal 2 + NtadllZs + 1TllZs + 15 wll2)

—1 2211 2
+a B ||(Dxtt||L2~

Step 3. Taking L? inner product of the third equation in (3.3) with —®,,, we have

d - - - b
&(47140”(1))6”%2) + 8dAo||D 7, + 8aAol| D7, = —b f (0 +20)0P,,dx
0

(3.44)

(3.45)

(3.46)

(3.47)
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< 2b(|lollzs + Nloll o)l 21D el 2.

By Cauchy-Schwarz inequality, we update (3.48) as

d ~ — —
a(4TAO”(Dx”%2) + 8dA||D..|I7, + 8aAl|D.I7

2

» _ _ —
< (Tl + [F=) TN, + APl
dAo
2

~2 =12 \[1=2 O 12
< ——(llollze + Il )Mol 2 + dAoll Dl
dAy

12

which implies, by (3.7),

(TI(IICDXIILz) * 7 1Pl + 1Dl < TA%(SAO/O + &)l .

(3.48)

(3.49)

Similarly, by taking L? inner product of the third equation in (3.43) with ~®,,,, we can show that

d—t(IICDxtIILz) * 7 [Punlliz + — 1Pl < ?A(Z)(SAOP + & )loell-.

(3.50)

Moreover, taking 4, to the third equation in (3.43), then taking L? inner product of the resulting equation

with 5,” it can be shown that
d ~ 7d ~ 2a, ~ — — ~
5(”q)tt”iz) + E”q)xttllig + THCDtt”iz < ol lom 21| Pl 2

—
V274,
2

TdA}

+ (8Agp + SZ)HEtt”iz-

For the first term on the right-hand side of (3.51), we have

b = b
— L E N IF 21Dl < 5t [Pl
V274, V2714,
’ 2 2 d ~ 2
< St 10 + Ll

where we applied Poincaré inequality. Then we update (3.51) as
2

E(H(I)””l‘z) + E”q)xtt”LZ + ?”q)tt”LZ < 2TdA%

=12 =12
ol llomell7
2

TdAg

+ (8A0p + &)l ull7-

Step 4. Taking the sum of (3.42), (3.46), and (3.47) gives us

d — - — 2 2
E(”(O', Oty Oy, Uy Uy, utt)HLz) + al(u, us, un)ll;»

(3.51)

(3.52)
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<O +4V28)X(1) + o BI(D,, Dy, D)1 (3.53)
Taking the sum of (3.49), (3.50) and (3.52), we obtain

E(ll(Qxa q)xt, (Dtt)”Lz) + Z”(q)xxa cDx)cta CDxtt)HLz < ?A%(SAOP +& )X(t)’ (354)

where we threw away the non-negative terms involving a. Taking the sum of (3.53) and (3.54), and
using the definition of X (7) (c.f. (3.5)), we obtain

d, _ 3d, ~ = =
E(”U_(t)”iz + Xl(t)) + all(u, uy, utt)“iz + Z”(‘Dxm D, (Dxtt)”iz

b? _ - -
<(6+4 ‘/zs)X(f) + W(SAoﬁ +&M)X([t) + a BID@y, Dy Do)l 2- (3.55)
TaA,

Note that by Poincaré inequality, we have ||5x|| 2 < I@MH 12 and I@X,H 2 < I@WH 2. Hence, using the
assumption that d > 0 is sufficiently large, we update (3.55) as

d d — ~ ~
&(”‘T(I)”iz + Xl(t)) + all(u, u;, utt)”iz + ;H((Dxx, D, (Dxtt)“iz

2

<(6+4V2e)X(1) + e

(8Aop + ) X(2). (3.56)

Again, by Poincaré inequality, we deduce from (3.56) that

d _ d ~ ~ ~ ~— ~ =
a‘(llo'(t)”iz +X1(1)) + all(u, u,, un)”iz + ;H((Dxa D, Oy, Oy, Oss (I)xtl)”iz

2

TdA]

<(6+4V28)X(t) + (8Aop + £))X(1). (3.57)

Step 5. Taking L? inner product of the first equation in (3.43) with —&, we obtain

d, M —— _ L S
d_t(f —O'O'rdx) + o7, = > f QuT + 2U0y + Ty + Tty + 2U,0  + Tuty)odx. (3.58)
0 0

For the integral involving the first five integrands on the right-hand side of (3.58), we can show that
1 _ o 1, _
|5 | QuT.+ 2Ty + Tty + Futy + 20,7 )5dx| < Sl + 17dl=)X (1)
0
1
< 5 V2 &+ 6)X(1). (3.59)
For the integral of the last integrand, using integration by parts, we have
1! 1 (!
|§ L Eux,b"dx| = §| L (T u, 0 + b\'u,b"x)dx|

0 — —
< X0+ VAR(llul7, + N157:17.). (3.60)
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Similar to (3.25), we can derive the following estimate:
— 5 — ~
o717, < A—/_)(4||ut||iz + 8&7|ull7, + 818°(1T4I17, + 4a?|ull;, + 4B7(1D,[7.). (3.61)
0

Since ¢ is small, we update (3.61) as
IGE < C(llud s + e 2, + D112 ) (3.62)

Substituting (3.62) into (3.60), we obtain

| ) ~
5 f Fuyodx| < 2X(0) + Dill(r, u, DI, (3.63)
0
where the constant D; depends only on Ay, p. Substituting (3.59) and (3.63) into (3.58) gives us

d, M __ _ V2 3 ~
F [ 7)1, < (e + 30X + Dilla Bl

Next, taking 8, to the first equation in (3.43), then taking L? inner product of the resulting equation

with —o,, we get

d, M — - _ 1 (- — =
d_;( f —5 T dx) + [[F4l12 = 3 f QUG+ 2T + Tty + Ttk + 24,5 + Tt Tdx.  (3.64)
0 0

For the integral involving the first five integrands on the right-hand side of (3.64), using integration by
parts, we can show that

1 — _ S
3 Qu,oy + 2u0y; + oy, + Tl + 21,0 ,),0,dx
0

1 _ o P |
= 3 Qo uy + 4u,oyy + U Oy + 207U, + 20 Uy )0 dx + 3 Quo y + Ty o dx
0 0

1 - _ o L
= 5 (O-Xult + 4ut0'x, - uxO'ﬂ + 20’,Mxt + 20'xu,,)0'tdx - E (2”0’[; + O'M,I)O'x,dx.
0 0

Similar to (3.59), we have

1 — = o~
|§ Quoy +2u0  + Ty + T Uy + 2u,0'x),0',dx|
0

<(llosllze + llexllze + o llze + Netgllzs + ]z + lleallzs + [0l )X (2)
<(2V3 e+ 6)X(). (3.65)

For the integral of the last integrand on the right-hand side of (3.64), we deduce that

1 |
|§ f O'Ltmoydx| = §| f (O xuyoy + O'Mztc'xz)dx|
0 0

0 — —
< ZX(I) + VAOP(”utt”iz + ||O'xt||iz)-

Mathematical Biosciences and Engineering Volume 20, Issue 5, 7802-7827.
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According to (3.27) and (3.28), we know

15 l22 < Cller, tr, @u)IIZ + CellieZ + Cle + O)IITI
and

7> < Clloully, + Cle + Oy, TN, + Cello 7.
Substituting (3.67) into (3.66), we obtain
1Tl < Cll(ut, e, @2 + CellTull2 + Cle + )T + CellTall.

When ¢ is sufficiently small, we update (3.68) as

15 ll7: < ClGua wr, @I + CEllTallZ, + Cle + ST
Substituting (3.65) and (3.69) into (3.64), we arrive at

d

1
_ _ 5 .
$( fo ~TTudx) + [Fall}, < (2V3 e+ Z(S)X(t) + Cll sy tr, D)2,

+ Cgllb'vtt”iz +C(e+ 5)”51”22
When & and ¢ are sufficiently small, we update (3.70) as

d

e L s
a(ﬁ —(oo, + O';O'tz)dx) + EII(O',, Ty, < (2 V3e+ Zé)X(z)

Y 2
+ D2||(utta Uy, u, q)x’ q)xt)“LZ'

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

We observe from (3.27), (3.28), and (3.62) that when € and ¢ are sufficiently small, the constant D,

depends only on Ay, p, @, and .

Step 6. Note that the dissipations in (3.57) and (3.71) contain a quantity that is equivalent to X ()
defined in (3.5). Hence, we shall make a coupling of (3.57) and (3.71) to close the overall energy
estimates to capture the global dynamics of the perturbed solution. However, direct summation of
(3.57) and (3.71) is problematic, as some leading terms are standing on the right-hand side of (3.71)
and the summation of the terms inside the time derivatives does not cover the total H>-norm of o. To

overcome such a technical difficulty, we shall require d > 0 to be large enough, such that
4tDd ™' <2,
and let
¥ = max{2, 2D,a'}.

Dividing (3.71) by y, we get

d ' (0T, +T00) L — 5 1 5
E( j; 7 dx) + ﬂ”(m’ Tl < ;(2 V3e+ Zé)X(t)

(3.72)

(3.73)
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D, = =,
+ ;“(”m s, u, Dy, (Dxt)”LZ-

Taking the sum of (3.57) and (3.74) gives us
d
3 (VO) + W) < 0X(1),
where
— 0 YT, + 7o)
Vi) = llo@ll, + X)) - | ————dx,
0 X
d ~ —~ ~— — ~ = |
W) = all(u, u;, ”zt)”iz + Z”((Dx, D, Oy, Oy, Dass (Dxtt)“iz + E”(U'z’ O-tt)”ib

D, —
- ;”(uth uta u, (Dx, q)xl)”LZ,

b> 1 5
0=6+4V2e+ 2(8A05+82)X(t)+;(2\/§g+ch).
0

TdA
Note that under (3.72) and (3.73),

D — D Dy ~ ~
Wttt 1, B, D2 = =t 1, W1, + (D, D)2

X X X

o d ~ ~
< §||(Mn, us, ”)”iz + 4—T||((Dx, (Dxt)”iz-
Hence, it follows from the definition of X;(7) that
a d — — — 1,
W) = E”(u, Ui, Mzt)”iz + E”((Dx’ (Dxt’(Dlt)”iz + i”(o-t’o-tt)”iz

d ~ ~ —~
+ Z”((Dxx’ (Dxxta q)xtt)”iz

d ~ — —_
= D3X1 (t) + 2_T||(q)xxa (Dxxta (Dxtt)”z

L2a

where 4 1
D = min{g, —, —}

2 4t 2y

Since y > 2, from the definition of V(¢) we see that

1 - - =
2 2 2 2 2
V(#) 2 (0, 0, Tl — (oIl + 2Ml0 I + lomall;2) + G, e, iy, @y @ty Do)l
27y L L L L

1 ~ . _ _ - =
= 1(3”0'”%2 + 2”07”22 + 3||O-tt||iz) + [1(uy g, gy, @, Doy, (th)”i2
1. - ~ ~ ~ | . 1
2 5”(0'» Tty Tigy Uy Upy Ugp, D, Doy, (Dtt)Hiz = 5”0'”%2 + EXI(Z‘).
Using Lemma 3.1 and (3.77), we update (3.75) as

d d ~— — =
E(V(t)) + D3 X, (1) + En(q)xx’(bxxt’ D)7, < DX (1),

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)
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Since 6 — 0 as d — oo, from the definition of @ we see that 8 — 0 as € — 0 and d — oo. Hence, when
¢ is sufficiently small and d is sufficiently large, it holds that

d D d — ~— ~
(V@) + 73X1<r> + 5@, @, D)l < 0. (3.79)

Integrating (3.79) with respect to ¢, we obtain
" Ds d ~ ~ = 5
VO + | (FX0 + (@, @i, D) D) < VIO). (3.80)
0 T

Since, according to (3.78) and Lemma 3.1, 1X,(¢) < V(f) < X(¢) < DyX,(?), the estimate (3.80) yields

1@, u, D)3 + fo (1@, t, DYDB + (Do P )(@)I%)dT < Dy V1> 0, (3.81)

where the constant D, is independent of z. Moreover, using the third equation in (3.3) and Poincaré
inequality, we can show that

1Dl S (D
D anl 2> S (D@ s
Dl < 1Dy

Oy 0')||L2, (3.82)

o,
s s Togs Ty DN S (D, @y, 7)) (3.83)

L2°
1> Dty Tty Et)”]z;

Hence, it follows from (3.81), (3.82), and (3.83) that

1@, wy)I + Z [GADIG].

k=0

t
+ f (1@, (@I + 1@ + 1Pl + 19Dl )dT < D5, V1> 0,
0

for some constant D5 which is independent of z.

To derlve the exponential decaying of the perturbation, we note that by dropping the non-negative
term ||((I)xx, (I)xx,, (I)x,,)(t)ll2 from the left-hand side of (3.79), and using the equivalency of V(#) and
X (1), 1t holds that

d D;

—(V(®)+ V() <0,

dt( () D, (1) <
which yields the exponential decaying of V(¢), and hence of X(r). Moreover, the exponential decaying
of Zk 0 ||(8"(D)(t)|| o follows from the decaying of X(¢) and (3.82)—(3.83). This completes the proof

of Lemma 3.2. O

3.4. Global Dynamics when t = 0

In this subsection, we mainly consider the case of 7 = 0 in (3.3):
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20, 4+ 2uo, + ou, + 2uc, + ou, =0, xel, t>0,

2u;, +2uu, + 0O+ 00+ 00, = 2au+2p0,, xel, t>0,

8dA( D, — 8aA,® + b(T + 20)7 = 0, xel, t>0; (3.84)
(0, u)(x,0) = (2424000 — 2 V2A0p, up)(x), x €l
u|x:0,x:1 =0, 6|x:0,x:1 =0, t>0.

In this case, instead of X(¢) defined by (3.4), we let

Y(0) = I(@, @),

and derive the a priori estimates based on the assumptions that (1) Y(¢) is sufficiently small within the
lifespan of the local solution, and (2) the diffusion coefficient d is sufficiently large.

First, by using the third equation in (3.84), we can modify the proof of Lemma 3.1 to get the
qualitative equivalency of Y(¢) and ||(c, o7y, U, uy, u,,)(t)lliz. Indeed, using Sobolev embedding, (3.7),
(3.16) and Poincar€ inequality, it can be shown that

8dAID. I, + 8aAll®I2, < blIT- + Tl =I5l 211Dl 2
= ~ C _ ~
< 5b AP [Tl 21D 2 < Eno-niz + 4dA||D, |12,

which implies

~ C - C —
D17, < Ellalliz < E”O-x”iz’ (3.85)

where we also used (3.17). Substituting (3.85) into (3.25), we obtain
07172 < Cludll7z + iz + ST + Pllullz, + d~*[ol17). (3.860)
Taking the sum of (3.86) and (3.22) gives us

~ 2 2 2 2 =R 2, 2 2

o7z + lludly < Clllwlly, + llully, + llolly, + (&7 + 0wl
2, 2, 2\ R

+ (& + 6 +d)ol.].

Hence, when ¢ and ¢ are sufficiently small and d is sufficiently large, such that the coefficients in front

of ||u,|?, and [|77,|[?, are smaller than 3, there holds that

~ 2 2 2 2 ~ 2
o7l + lleaally> < C(lluellys + lluall> + lloll)- (3.87)

Similarly, it follows from the elliptic equation that

~ C ~ C _
1Dyll7, < Ellmlliz and  [|@.l7, < E”O-x”iz, (3.88)
by using which we can show that

2 ~ 2 ~ ~ 12
letxelly> + lowelly> < Clli(rs sty DI,
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and
2 ~ 2 ~ -~ 2
||uxx||L2 + ”O-xx”LZ S C”(utl’ O-l‘t’ ula 0-1" M)HLZ'
Hence,
~ W = 2
Y(@) = Y1) = (01, Oy 1, s, utt)(t)HLZ-

Regarding Lemma 3.2, it follows from the elliptic equation that

~ g 1
D sell2 < E”O't”iz + E”O'ttlliz- (3.89)
Similar to (3.53), by using (3.85), (3.87), (3.88), and (3.89), we can derive the following estimate:
d, _ _ _ _
&(”(0', O, Oy, Uy Uy, utt)”iz) + aoll(u, uy, ult)”%z < O(¢,6,d I)Y(I)- (3.90)

Similar to (3.71) and using the modified estimates in this section, it can be shown that

d

1
_— - I, - - _
5 f ~(@7, + F,Fdx) + ST Tl < Oe,0.d™)Y (@) + O, ). (3.91)
0

By coupling (3.90) and (3.91) together, and using the smallness of &, ¢ and the largeness of d, we can
derive the exponential decaying of Y;(¢), and hence equivalently of Y(#). Moreover, it follows from the
elliptic equation that

2
D @D OI < IFOIE,
k=0

which yields the exponential decaying of @ in the corresponding topology. Thus, the proof of Theorem
2.2 1s completed.
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