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Abstract: According to the difference of the initial energy, we consider three cases about the global
existence and blow-up of the solutions for a class of coupled parabolic systems with logarithmic non-
linearity. The three cases are the low initial energy, critical initial energy and high initial energy,
respectively. For the low initial energy and critical initial energy J(uo, vo) < d, we prove the existence
of global solutions with (i, vo) > 0 and blow up of solutions at finite time 7" < +oo with I(ug, vo) < O,
where [ is Nehari functional. On the other hand, we give sufficient conditions for global existence and
blow up of solutions in the case of high initial energy J(u, vo) > d.
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1. Introduction
In this paper, we consider the following initial-boundary value problem for a class of coupled
parabolic systems with logarithmic nonlinearity.

u — Au = PPlulP2ulog(luv)), x€Q, t>0,

v, — Av = [ulPvP"2vlog(uv]), x€Q, t>0,

u(x,0) = up(x), x€Q, (1.1)
v(x,0) = vo(x), x€Q,
u(x,t) = v(x,t) =0, (x,1) € 0Q x (0, T],

where (1o, vo) € Hy(Q) X Hy(Q), T € (0,+0), Q C R'(n > 2) is a bounded domain with smooth
boundary dQ and p satisfies the following assumptions:

oo, ifn=2,

2<p<2*::{2n .
2> 1fl’l23

(1.2)
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Among the fields of mathematical physics, biosciences and engineering, problem (1.1) is one of
the most important reaction-diffusion coupled systems with logarithmic nonlinearity. It can be used
not only to predict the time evolution of various population density distributions, but also to describe
the thermal propagation of a two-component combustible mixture [1-3]. In recent years, this kind of
systematic research has attracted many mathematicians and has made remarkable progress [4-8]. In
order to overcome the special difficulties brought by nonlinear terms, many new ideas and tools have
been developed, which greatly enrich the theory of partial differential equations [9—14].

In the past years, many authors made efforts to the investigation of the existence and blow up of
solutions for such kinds of systems. Galaktionov et al. [15, 16] investigated the following semilinear
reaction-diffusion system

u;, — Au = vP,
{ v, — Av = ul. (1.3)

They proved the local and global existence of solutions for the initial boundary value problem of (1.3).
Subsequently, Escobedo and Herrero [17] considered the initial boundary value problem of (1.3) for a
bounded open domain on R" with smooth boundary. They obtained global solution under the condition
0 < pg < 1, meanwhile global solution and blow up in finite time depending on sufficient small or large
initial value and pg > 1. For more studies on problem (1.3) we refer the interested reader to [18-20]
and references therein.

Recently, Xu et al. [21] considered the following nonlinear reaction-diffusion systems

u, — Au = (|u|2” + |v|”“|u|p‘1)u, xeQ.t>0,

v — Ay = (|v|2p + |u|P+1|v|P—1)v, xeQ.t>0,

u(x,0) = up(x), x€Q, (1.4)
v(x,0) = vo(x), x € Q,
u(x,t) = v(x,t) =0, (x,1) € 0Q2 x (0, T].

When initial energy J(uo, vo) < d, by virtue of Galerkin method [22] and concave function method [23],
global existence and finite time blow-up of the solutions for the problem (1.4) were obtained. When
initial energy J(uo, vo) > d, they discussed global existence, finite time blow-up of solutions and tried
to find out the corresponding initial data with arbitrarily high initial energy. What’s more, by using
comparison principle and the ideas in [24,25], they described the structures of the initial data and gave
some sufficient conditions of the initial data which ensured the finite time blow up and global existence
of the solutions, respectively.

Inspired by the above works, we aim to use the Galerkin method, logarithmic inequalities [26],
and concave function method to prove the global existence, decay, finite time blow-up of solutions for
problem (1.1) with initial energy J(ug, vo) < d. When high initial energy J(ug, vo) > d, by constructing
two sets ®, and ¥, defined as (5.1) and (5.2), we prove that the weak solution will blow up in finite or
infinite time if the initial value belongs to ¥, while the weak solution will exist globally and tends to
zero as time t — +oo when the initial value belongs to @,.

The organization of the remaining part of this paper is as follows. In Section 2, we introduce
some preliminaries and lemmas of this paper. In Sections 3-5, we will give our main results and the
corresponding proofs.
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2. Preliminary

Throughout this paper, we denote by [|ul|, the norm of L”(Q) for 1 < y < +oo and by |[u]| H(©Q) the
norm of Hy(Q). For u € L7(Q),

(f, Iu(x)lydx)% i1 <y < +oo,

lleell, = .
€SS Sup,q [u(x)|, ify = +oo,
and for u € H)(Q),

2 2 2
el ) = Neally + 1Vl

2

By virtue of Poincaré inequality, we know that ||u|| @
0

and ||Vu||§ are equivalent norms to each

other, i.e., there exist C; and C, such that

2 2 2
CillVully < flully g, < C2llValla,

2
H(Q)
c is an arbitrary positive number which may be different from line to line.

For (u,v) € Hé (QQ) x H(I) (Q2), we define the Nehari functional I and energy functional J as follows:

I(u,v) = f [Vul*dx + f IVv[Pdx -2 f luv|?| log(Juv])dx
Q Q Q

which is denoted by ||u|| ~ ||Vu||§. In addition, we denoted by (-, ) the inner product in L*(Q) and

2.1)
IRTIAT 2 _ p
1 ) 1 ) 1 1
Jw,v) == | |Vul"dx+ = | |Vv[°dx + = luv|Pdx — — | |uv|” log(Juv|)dx
2 Q 2 Q )4 Q P Jao
1 1 1 1 (2.2)
~ —llyl? Zwl? _ r_ _
From (2.1) and (2.2), we have
7 ~ 1y p- 2 2 LT 23
(u,v) = 2 (u,v) + o el ) + Ml ) + ?IIWII,,. (2.3)

Let
N = {(u.v) € Hy(Q) x Hy(Q)\ {(0,0)}] I(u,v) = 0}

be the Nehari manifold. Furthermore, the potential well W and its corresponding set V are defined
respectively by

W = {(u.v) € Hy(Q) x Hy(Q) | 1(u,v) > 0, J(u,v) < df U{(0,0)},
V = {(u,v) € Hy(Q) x Hy(Q) | I(u,v) < 0,J(u,v) < d},
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where

d:= inf sup J(siu, s,v) = inf J(u,v) 2.4)
(u)EH N QXHHQ\(0,0)} 51,5,>0 (wv)eN

is the depth of the potential well W.
To consider the weak solution with high energy level, we need to introduce some new notions.

J = {(u,v) € Hy(Q) x Hy(Q)|J(u,v) < a},

P

1 1
No =N 0T = {,v) € NF—(llull 0, + VP o)) + Sl < a,

2p H(Q) H)(Q)
and
. o] 1
Ao = inf {S(lls + IME)Ie. v) € Nuf. Ag = sup {S(Ilully + M)t v) € No) for all a > d.

Clearly, A, is nonincreasing, and A, is nondecreasing with respect to «, respectively.
Now, we give the definitions of the weak solution, maximal existence time and finite time blow up
of the problem (1.1) as follows.

Definition 1. (Weak solution) We say that (u,v)=(u(x, t),v(x,1)) € L*([0, T),Hé(Q) X Hé(Q)) with
(u;,vy) € L2([0,T), L2(Q) x L*(Q)) is a weak solution of problem (1.1) on Q x [0, T), if it satisfies the
initial condition u(x,0) = ug(x), v(x, 0) = vo(x) in Hé (Q),

(u, wi) + (Vu, Vwy) = (WP lulP2ulog(juv]), wi)

and
(Vs w2) + (Y, Vo) = ([ul”vIP v log(Juvl), wa)

forall wi,w, € H(I)(Q) andt € (0,T). Moreover, forallte (0,T), we have

!
f lluell3 + IIvell3dT + I, v) < J(uo, vo)- (2.5)
0

Remark 1. For the global weak solution (u(t),v(t)) = (u(x,t),v(x,t)) of problem (1.1), we define the
w-limit set of (ugy, vy) by

w(ug, vg) = m {u(s), v(s) : s > t}.
>0
Definition 2. (Maximal existence time) Let (u,v) = (u(x, t), v(x, t)) be a weak solution of problem (1.1).
We define the maximal existence time of (u,v) as follows
(i) If (u,v) exists for all t € [0, +00), then T = +oo.
(ii) If there exists a ty € (0, +00) such that (u,v) exists for 0 < t < ty, but it does not exist at t = t,, then
T =1,

Definition 3. (Finite time blow-up) Let (u(t),v(t)) = (u(x,1),v(x,t)) be a weak solution of problem
(1.1). We say (u(t),v(t)) blows up in finite time if the maximal existence time T is finite and

: 2 2
lim [lu(D)[; + (V@3 = +oo.
t—>T
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Lemma 1. Let (u,v) € Hé(Q) X Hé(Q)\{(O, 0)}, then the following hold

(1) imy_o J(Au, Av) = 0, lim_, ;.. J(Au, Av) = —c0.

(ii) There exists a unique A, > 0 such that d%] (Au, /lv)| I 0.

(iii) J(Au, Av) is increasing on (0, A..), decreasing on (A, +00), and attains the maximum at A = A,.
(iv) I(Au, Av) > 0 for 0 < A < A, [(Au, Av) < 0 for A, < A < +oo, and I(A.u, 1,v) = 0.

Proof. (1) By definition of J(u,v) and 4 > 0, we have

2 /12 2p 2p

2o A )
T, v) = —lullyy o) + = Ml o) + ?IIMVII,, - 7108/1 vl = A |uvl”log(luv]dx.

Thus lim;_,g J(Au, Av) = 0, lim;_, ;o J(Au, Av) = —oo.
(i1) Differentiating J(Au, Av) with respect to A, we get

d _ _
d_/l](/lu’ Av) = /lllullzé @t z||v||fqé @ — 247 og Xluvllh — 247! f luv|?” log(|luv|)dx
Q

= ﬂ(llulli,(;@) + ”V“iyé(g) =227 log Alluvllh — 24%77 f luv|? 10g(|MV|)dx)-
Q

Setting g(1) = ||u||1%1(,)(m+II\/IIE(%(Q)—Z/V’"2 log A?|luvl|h 2472 fQ luv|? log(|luv|)dx, we have lim,_,y g(1) =
2 2

0l gy + 711 gy > 0. TiMs 0 8(4) = —o0, and

g' () = =22p — 247 log P||uvllh — 427 |luvl|? - 22p — 2)4°77 f luv|? log luvldx < 0.
Q

Thus there exists a unique 4. > 0 such that g(1,) = 0, i.e., j—AJ (Au, /lv)| p = 0.

(iii) It is easy to find that J(Au, Av) is strictly increasing on (0, A.], strictly decreasing on (A, +00) and
taking the maximum at A = A..
(iv) Since

d
IQu, ) = ||Aul?, o+ ||V 2 f I/lu/lvl”log(l/lu/lvl)dx:/lﬁJ(/lu,/lv),
Q

HA\(©) HyQ)
then the conclusion follows immediately.
Lemma 2. Assume (1.2) holds, let (u,v) € Hé (Q) x Hé (Q) satisfy I(u,v) <0, then
I(u,v) < 2p(J(u,v) — d). (2.6)

Proof. According to I(u,v) < 0 and Lemma 1, we have (i, v) # (0, 0) and there exists a 4, € (0, 1) such
that I(A,u, A,v) =0, i.e., J(Au, A,v) > d. For A > 0, set

2
h(A) = 2pJ(Au, Av) — I, v) = (p — 1)12(“14“;(.)@) + Vil )+ ;/l2p||uVI|§,

then
HQ)=2p - 1)a(||u||§16(9) + ||v||§101(9)) + 422 luvl|? > 0.

Hence h(A) is strictly increasing for 4 > 0. Together with A, € (0, 1), it follows that A(1) > h(4,). i.e.,
2pJ(u,v) — I(u,v) > 2pJ(Adu, 4,v) — [(Au, A.v) = 2pJ(Au, 1,v) > 2pd.

Then (2.6) follows immediately.
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Lemma 3. Assume (1.2) holds, let (uy,vo) € Hé Q) x Hé(Q) and (u(t), v(t)) = (u(x, 1), v(x, 1)) be a weak
solution of problem (1.1). If J(ug,vo) < d and I(uy,vo) < 0, then (u(t),v(t)) € V forall0 <t < T,
where T is the maximal existence time of (u(t), v(t)).

Proof. We will show that (u(t),v(t)) € V for 0 < t < T. Arguing by contradiction, suppose that
to € [0, T] be the smallest time for which (u(ty), v(#y)) ¢ V, then by the continuity of the (u(¢), v(t)), we
get (u(ty), v(tp)) € V. Hence, it follows that

1(u(to), v(1)) = 0 (2.7)

or
J(u(to), v(t)) = d. (2.8)

If (2.7) is true, then (u(ty), v(¢y)) € N, J(u(ty), v(ty)) > d ,which contradicts with (2.5). While if (2.8) is
true, it also contradicts with (2.5). Consequently, we have (u(t), v(¢)) € Vforall 0 <r < T.

Lemma 4. Let (u,v) be a weak solution of problem (1.1). Then for all t € [0,T),

d
(3 + IwiB) = =21, v).

Proof. The proof of Lemma 4 directly follows by choosing w; = u, w, = v in Definition 1.
3. Low initial energy J(ug, vo) < d

In this section, we prove global existence and finite time blow up of solutions for problem (1.1) with
the initial energy J(ug, vo) < d.

Theorem 1. Assume (ug, vo) € Hé(Q) X Hé(Q) and (1.2) hold. If J(up,vo) < d and I(up, vy) > 0, then
the problem (1.1) has a global solution (u(t),v(t)) € L*((0, oo);Hé(Q) X Hé(Q)) with (u,(1),v(1)) €
L*((0, 00); L2(Q) x L*(Q)) and (u(t), v(t)) € W for 0 < t < co. Furthermore, if I(ug, vo) > 0, then there
exists a ¢ > 0 such that |Jull; + VI3 < (luoll3 + lIvoll3)e™>".

Proof. Since we know J(up, vy) < d and I(uy, vo) = 0, then it follows that
(1) If 0 < J(ug, vo) < d and I(ugy, vo) > 0, then we have I(ug, vo) > 0. In fact, if I(uy, vo) = 0, then by the
definition of d in (2.4), we have J(uy, vo) > d, which is a contradiction.
(11) If J(ug, vo) = 0 and I(up, vo) > 0, then we obtain (ug, vo) = (0,0). In fact, if (ug, vo) # (0,0), then by
the (2.3) , we have pz—;,l(”MoHi,é(Q) + ”V()Hirg(g)) + #lluovoﬂﬁ < 0, which is also a contradiction.
(>i11) If J(ug, vo) < 0 and I(ug, vy) > O, then it is contradictive with (2.3).

From the discussions above, we consider the case 0 < J(uy, vo) < d and I(uy, vo) > 0. It 1s widely
know that there is a basis {w j(x)}j.‘;1 of Hé (€2) such that w; is an eigenfunction of the Laplacian operator

corresponding to the eigenvalue A; and

_A(L)j = /ljwj, X € Q,
w;=0, x € 0Q).

Hence, we choose {w j(x)}j‘; , as the Galerkin basis for —A in H(l) (). Then we construct the Galerkin

approximate solution (u,,(x, 1), v,,(x, 1)) of the problem (1.1),

{ Un(x, 1) = 31 gim(Dwj(x), m=1,2,--,
Vin(x, 1) = ZTZI him(Hwi(x), m=1,2,---,

Mathematical Biosciences and Engineering Volume 19, Issue 8, 8580-8600.



8586

which satisfy, for j = 1,2,--- ,m,
(umt, (Uj) + (Vbtm, V(U]) = (lvmlplumlp_zum 10g(|umvml)a wj) (31)

and
Vonts @) + (Vs V) = ([t 1Vl” >V 10g (Vi) @), (3.2)

with initial condition u,,(x,0) = ug,, viu(x,0) = v, where uy,, and v, are chosen in span{w;, w,, - -
-, Wy} so that

Uom = Z gim(0)w;(x) = up in Hy(Q), as m — +o0 (3.3)
=1
and
Vom = Z Rim(0)w;i(x) = vo in Hy(Q), as m — +co. (3.4)
=1

According to the standard ordinary differential equation theory, the system (3.1)—(3.4) admit a so-
lution
(gjm(®), hjm(1)) € C'[0, To) x C'[0, Ty),

where T is the minimum of the existence time of g;,(?) and h,,,(¢) for each m. Thus (u,,(x, 1), vi(x, 1)) €
C'(10, To); Hy(Q) x H)(Q)).

Next, multiplying (3.1) and (3.2) by g/, (r) and 1, (), respectively, summing for j from 1 to m,
integrating with respect to ¢ from O to ¢ and adding these two equations, we get

t
f ltell3 + Vanell3 AT + T (s Vin) = J (oms Vo) » 0 < 2 < T (3.5
0

From J(uy, vo) < d and (3.3)—(3.4), we see that J(uy,, Vo) < d for sufficiently large m. Then we get
from (3.5) that

!
f ”um‘rllg + ”vm‘rH% dT + J(um’ Vm) = J(MOma vOm) < d’ 0 <t< TO’ (36)
0

for sufficiently large m.

By (3.3) and (3.4) and (up,vo) € W, we know that (ug,,vo,) € W for large enough m. Next,
we prove (u,(x,1),v(x,t)) € W for large enough m and 0 < ¢ < T,. If it is false, then there exists
to € (0,Ty) such that (u,,(x, ty), v(x, tg)) € AW, then I(u,,(ty), v,.(ty)) = 0 and (u,,(ty), v.(tp)) # (0,0),
or J(u,,(ty), viu(ty)) = d.

By (3.6), J(uu(ty),vn(ty)) = d is not true. On the other hand, if I(u,, (%), v.(tp)) = 0 and
(Um(t0), vin(tp)) # (0, 0), then by the definition of d, we have J(u,,(%), v..(ty)) > d, which is also contra-
diction with (3.6). So (u,,(x, ?), v,,(x, 1)) € W for large enough m and 0 < ¢ < T,

From the fact (um(x, D), Viu(x, t)) € W for large enough m, (3.6) and

p—1

S (U (1), vin(1)) = 2

1 1
(et DIy ) + WDl ) + OV O+ 2 0,9 (D)

Mathematical Biosciences and Engineering Volume 19, Issue 8, 8580-8600.



8587

we obtain

!
2 2
f letel 3 + Vel Bl +
0

for sufficiently large m, which gives

P

-1 1
% (eI ) + WDl ) + v (@Il <d. 0< 1 <To. (3.7)

2p
2
2p
2
”Vm(t)”Hé(Q) < I:d’ (3.9)
!
f el + WellzdT < d. (3.10)
0

By (3.10), we know that T, = +co. Then by (3.8)—(3.10), there exist u, v with theirs subsequences
of {um} and {vm} , such that, as m — +oo,

t,, — u weakly star in L™ (0, +o0; H)(Q)), (3.11)
Vi — v weakly star in L™ (0, +00; Hé(Q)) , (3.12)
e — t, weakly in L? (0, +o0; LX(Q)), (3.13)
Ve — v, weakly in L (0, +00; L2(Q)) . (3.14)

Then it follows Aubin-lions compactness theorem [27] that
U, — u strongly in C ([0, +00); LZ(Q)) ,

v, — Vv strongly in C ([(), +00); L2(Q)).

Clearly, this implies that
U, — ua.e.in Q x [0, +c0),

Vv, = va.e. in QX [0, +c0).

Furthermore, we get

Vil lttyal? 21t 10€(ltty V) = V1P |utlP 20 log(Juv]) ae. in Q X [0, +00), (3.15)
[P Vinl? 2V 108 (|t vin]) =l VP ~2v 1og(Juv]) a.e. in Q X [0, +00). (3.16)
On the other hand,
L
f Vol it ot )| dlx = f (Wl el 1o (ltmvn)) " d
17
- [ (vl o) i+ [ (17l ™ o))" dx

{xeQ:lum (v (x)I<1} {xeQlupm (xX)vm (x)|>1}

f(e(p—l) 1|vm|>w1x+f|um| P ol T dx

P
<e(p-1)7 ‘IlvmllLi + letmll5 NVinll3,
P e o
< C”Vm” (1) Q) + c||um||Hé(Q) ”vm”H(l)(Q) S c,

(3.17)

Mathematical Biosciences and Engineering Volume 19, Issue 8, 8580-8600.
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where o = (’:“_rl)”, e= (”;I_Jrlr)”, and since |x4~ ' log x| < (e(g—1))~! for 0 < x < 1 while x*#log x < (eu)™!
for x > 1,u > 0. Choosing a positive real number r so that 0 < 2e < 2* and 0 < 20 < 2%, and similar

to the proof (3.17), we have

f [t Va2V, TNt vnD| ™ dx < e (3.18)
Q
Hence, from (3.15)—(3.18) and Lion’s Lemma(see [27], Lemma 1.3, p.12), we have

Vil Lt 20 10g(1tVl) = 7 1ual”2u log(uv]) weakly star in L (0, +o0; LiT(€)), (3.19)

1Vl 2V, 10g ([t Via]) = Jul”v1P~2v log(uv]) weakly star in L (0, +o0; LT (). (3.20)

In view of (3.11)—(3.14) and (3.19),(3.20), for j fixed, we can pass to the limit in (3.1) and (3.2) to
get
(g, ;) + (Vu, V) = (WP |ul”*ulog(luv]), w;)

and
Ve ) + (Vv, V) = (ul” P >v log(juv)), w;)

for a.e., t € (0, +00). Since {wj(x)}}";l is the basis in Hé(Q), we have

(e w1) + (Vat, Vwy) = (1P lulPulog(luvl), w: ) (3.21)

and
(v, w2) + (Vv, V) = (JulP vl v Tog(luv]), w2) (3.22)

for any wy, w, € Hy(Q) and a.e., t € (0, +00).
Fixing any 7 € (0, +c0) and integrating (3.21) and (3.22) from O to ¢, we get

(u, wi) + fo (Vi V) dr = fo t (I lul”2ulog(uvl), wi ) dr + (w(0), wy), Yw; € HY(Q),  (3.23)
and
(v, wp) + fo‘t (Vv,Vw,)dr = jo‘t (Iul”lvl”‘zvlog(|uv|), wz) dr + (v(0), wy), Yw, € Hy(Q). (3.24)
Similarly, integrating (3.1) and (3.2) from O to ¢, and passing to the limit, we get
(u, wy) + fo l (Vity, Vi) d7 = fo t (1l bt 4 10t V,a), 1 ) AT + (o w1), Yy € Hy(Q), (3.25)
and
‘ ‘
(v, wy) + fo (Y, Vi) dt = fo (el vl 2v,0 10t vinl) w2) d + (v, w2), Yy € Hy(Q). (3.26)
From (3.23)—(3.26), we get u(0) = uy and v(0) = vy.
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According to (3.3), (3.4), (3.7), (3.11)—(3.14), (3.19), (3.20) and since the norm is weakly lower
semicontinuous, we know that the energy inequality (2.5) holds. Then from Definition 2, (u(¢), v(t)) is

a global weak solution and (u(¢), v(¢)) € W.

Next, we will prove the algebraic decay of the global solution u(x, ). Combining (2.3), (2.5) and

(u(),v(r)) € W, we have

p—1
2p

As I(u,v) < 0, then there exists a A, € (0, 1) such that I(d.u, A,v) = 0. Furthermore, we get

1
mw@m+wgwwijmsﬂmmsﬂ%»
(2L R, o) + VIR, o)) + sl > Tute) > d
. Ul ey + 1Ml 17 uvll, 2 LU(1)) = d.

2p
J 1
Lz( ).
J(uo, vo)

It follows from (3.27) and (3.28) that
1(Au, A.v) = /lf(llullz(l) @+ M @)~ 247 fg uvl” log luvldx — 277 log A |juvi?

Due to the I(A.u, A.v) = 0, we have

:u&zWMM%mﬂw%Q+mwmw—M%%ﬁwm
=0,

i.e.,

1
Hmwzm—5@3MMQ®+MQ®)

Combining (3.29) with (3.30), we have

1 d 2(4-1) 2 2
I(u,v) = (1 - E(m) b (||M||Hé(g) + ||V||Hé(Q))-

By the emdedding H,(Q) — L*(Q), we have
I(l/l, V) 2 C(”u”%}(g) + ”v”iZ(Q))

On the other hand, by Lemma 4, we know

1d
EE(HMII% +VIB) + I, v) =0, 0 < £ < co.

Combining this equality with (3.31), we get

1d 2 2 2 2
5 Ul + 10B) + (Ul + 1) < 0. 0 < 1 < o0

By Gronwall’s inequality, we have
2 2 2 2y,-2
llully + VIl; < luolly + lIvoll3)e™, 0 < £ < co.

The proof of Theorem 1 is complete.

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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Theorem 2. Assume (ug, vo) € Hé(Q) X Hé(Q) and (1.2) hold. If J(up,vo) < d and I(ug, vo) < 0O, then
the weak solution (u(x, t),v(x,1)) of the problem (1.1) blows up in finite time, i.e., there exists a T > 0
such that

!
limf llull3 + |[v|[3dT = +oo.
t—T 0

Proof. Step 1: Blow-up in finite time
By contradiction, we suppose that (u(?), v(¢)) is global weak solution of problem (1.1), then T}, =
+o0. Let

!
G(t)=f||u||§+IIVII§dT,
0

then
’ _ 2 2
G'() = |lully + [IVI5

and
G"(1) =2 ((u,ur) + (v,v) = —2(||Vu||§ + IIVVIlﬁ) + 4f lul?IvI” log(Juvhdx = —21(u, v). (3.32)
Q
From (3.32) and energy inequality (2.5), it follows that
G"(t) = 2(p = DIl 0, + W21 ) + 2y - 4pa,v)
= <P H)(Q) Hy(Q) p p ~ FPIN,
4_ !
> 2p = DIl + WI0,) + = levllZ = 4pJ (o, vo) + 4p f lecl3 + lvelBdr (3.33)
0 0 p 0

t
> 4pf lluell3 + IVell3dT + 2(p = 1)eG' (1) = 4pJ (uo, vo),
0

where the constant ¢ is from the Poincaré inequality |lull; < c|[Vull3.

Note that
t 2
f (Ur, 1) + (Voo V)dT)
0

1 Md
=(3 fo E(IIMII%HIVII%)dT)

2
L 2 2 2
= §(||M||2 + I3 = lluolly = [Ivoll3)

2

e Bt ol

2 252 2 2 2 2 2 252
[l + [[VI12)™ = 2lluoll; + [voll2)(Ilaelly + 1IVil2) + (lluollz + Ivoll2)7]

[(G'(0))* = 26" (D) (luoll3 + Ivoll3) + luoll3 + Ivol5)°],

then
y 2
G'(t) = 4(f0 (Ur, u) + (VT,V)dT) +2G’ (0)(luoll3 + IIvoll3) = (luoll3 + [Ivoll3). (3.34)
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Hence by (3.33) and (3.34) we know that

t t !
GOG" (1) - p(G' (1) > 4pf el + IIVTII§de llull3 + IV3dT — 4p (f (U, u) + (VT,V)dT)
0 0 0

+2(p = D)eGOG' (1) = 4pG(1)J (ug, vo) = 2pG’ (1) (Iluollz + lIvoll3) + pllluoll3 + Ivoll3)*.

By Schwartz inequality, we have

! t t 2
fllmll%ﬂlwll%chf ||M||§+IIVIlﬁdT—(f(ur,u)+(vT,V)dT)
0 0 0

1 t 1 2
2 2 2 2
> f 2 + ve3de f ||u||2+||v||2df—( f ||u||2||uf||z+||v||2||vf||2dr)
0 0 0

! t t 2
2 2 2 2
> f leell3 + lvel B f ||u||2+||v||2dr—( f \/||ur||§+||vr||§\/||u||§+||v||§dr)
0 0 0
>0.

It implies that
G)G" (1) = p(G'(1)* 2 2(p = )G (DG (1) = 4pJ (o, v0)G(t) = 2pG’ (1) (lluoll5 + IIoll3).
From Lemma 3 we have I(u(t), v(t)) < 0 for O < r < +o0. Thus from Lemma 2 one has
= 2I(u(t), v(t)) > 4p(d — J(u(1),v(1))), 0 <t < 4o0.
Combing (3.36) and (2.5) we get
G"(t) = -2I(u,v) > 4p(d — J(u,v)) = 4p(d — J(up,vo)) :==C; >0, 0 <t < 40

and
Gt)>Cit+G'(0)=Cit, 0 <t < +00,

1 1
G(t) > §C1l2 +G(0) = 5clrz, 0 <1< +c0,
Hence for sufficiently large 7, we have
(p = DeG(2) > 2p(lluoll3 + lIvol3) and (p — 1)eG' (1) > 4pJ (uo, o).

Combining (3.35) with (3.37), we obtain

GG (1)~ PG D) = ((p = DG — 2p(luall + IlID) G0
+((p— DG’ (1) — 4pJ(uop, vo)) G(t) > 0,

for sufficiently large ¢. Note that

144 - - l
(G—<p—1>(,)) = éi—l(t)) (G(t)G"(t) - p(G'(Z))z) <0.

2

(3.35)

(3.36)

(3.37)
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It follows that there exists a finite time 7 > 0 such that lim,_,; G"?"Y(¢) = 0, i.e., lim,,s fot llull3 +

IVll3dt = +co.
Step 2: Upper bound estimation of the blow-up time.

We next give an upper bound estimate of 7. Suppose (u(), v(#)) be a solution of problem (1.1)
with initial value (ug, vo) satisfying I(ug, vo) < 0 and J(ug, vy) < d. By Step 1, the maximal existence
time 7 < co. By Lemma 3, we get (u(?),v(t)) € V ¥Vt € [0,T), i.e., I(u(t),v(¢)) < 0,¢t € [0,T). For

T, € (0, T), we define the auxiliary functional M : [0, T;] — R which is defined by

M(r) := ft lull3 + IMli5d + (T = D) luoll3 + lIvoll3) + Bt +¥)?,
with > 0andy > 0 speciﬁedolater. Through a direct calculation, we have
M'(2) = @5 + VI = (luoll3 + [Ivoll3) + 28t +7y)
=2 fot(uT, u) + (v, v)dt + 2B(t + )

and
M"(t) = 2((us, u) + (v, v)) + 28 = 28 — 21(u, v).

It follows from Lemma 2 and (2.5) that

!
M” (1) > 4p(d = J(u,v)) + 2B > 4p(d — J(ug, vo)) + 4pf llacll3 + IIvell3d + 2.
0

From (3.39) and Holder inequality, we have

! 2
(M'(1))* = 4 [f (ur, 1) + Ve, v)dT + 2B(t + )
0

2

t
<4 f lucll2llullz + [[vell2lvildT + 28(t + y)
0

According to the inequality
1 1
xz+yw < (X +y)2( +wh)?,
by setting x = [lull2, y = |Ivell2, 2 = |lull2, w = |IV]l> in (3.41), we get

3 2
(M' (D) < 4 fo <||uf||§+||vT||%>%<||u||§+||v||§>5dr+2ﬁ<r+y)} :

By the Holder inequality, we get
2

(M'(1)* < 4 f(llmll% + [1vl)> (ll} + MB)2d + 28t + )
[ VO

- 2
t
<4 (f IIMTII§+|IVTII§dT) (f ||u||2+IIVI|2dT) +2B(t +7)
0

[ !
<4 f||u7||§+||v7||§df +p f||u||§+IIVII§deT +,8(t+7)2]
[ JO 0

t
< 4M(1) lf llucll3 + Ivellzd + B
0

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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From (3.38), (3.40) and (3.42), we have
M@OM" (t) = p(M' (1)) > [4p(d — J(uo, vo)) — 2(2p — 1)BIM(1).

Restricting S to satisfy

0<p< 2P(d—J(M0,V0))’
2p—1

we have
MM (t) — p(M'(£))* > 0,1 € [0, T,].

Define y(¢) := M'"7(¢) for ¢ € [0, T} ], then by M(r) > 0, M'(r) > 0 we get
Y(6)=—=(p = DM POM'(1) < 0,
Y'(0) = =(p = DM () (M7 ()M(1) = p(M'(1))*) < O
for all # € [0, T]. It follows from y”(¢) < O that
WT1) = y(0) = Y @OT, <y (O)Ty, £ € (0, Ty),

where
y(0) = M'P(0) > 0, y(Ty) = M""7(T}) > 0,

y'(0)=—(p - DM O)M’'(0) = 2(1 — p)ByM™"(0) < 0.

Combining (3.44) and the above inequalities, we can deduce

T, < yIy  yO)  y0 MO
1S < = .
y(@©0) (0 y'(0) 2(p-DBy

Then by the definition of M(t) and above inequality we have

T(lluoll3 + lvoll) +BY*  y N lluoll3 + voll3
2(p = DBy 2p-1  2(p-DpBy

1 =

Hence, letting 7; — T, we get

< +|Iuo||§+||v()||§
2p=-1)  2(p-1py

For any f satisfying (3.43), let y be large enough such that

lluol13 + lIvoll3

<y < 400,
2(p - 1)B
then (3.45) lead to
oY (1  Mloll3 + ||vO||§)“ ) By’
“2p-D\U 20-DBy | 20 = DBy — (ol + lIvol)
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Let )

By

,O(,B, 7) = s
2(p = DBy = (luoll3 + IIvoll3)
then
T S i ’ b
(ﬁrg;gq)p(ﬁ Y)
where © = {(8,y) : B,y satisfy (3.43) and (3.46) respectively}.
Since ) ) )
, y=(lluolly + [Ivoll3)
pﬁ(ﬁ’ 7) = - 2 2 D) < O’
(2p = DBY = Uluol + lIvol2))
1.e., p(B,y) is decreasing with respect to 8. Then we have
. _ (2p(d = J(up,v0)) '\
wr%?qap('g’y) ‘p( -1 ,7) = p1(y),
where
o1(y) = 2p(d — J(ug, vo))y*
((y) =
4p(p — Dry(d = J(uo, vo)) = (2p = D(lluoll3 + lIvoll3)

and

2p — Dlluoll3 + lIvoll3) -
4p(p — (d — J(uo, vo))
It is easy to get that p;(y) achieves its minimum at

2p = D(lluoll3 + lIvoll3)

" 2p(p — D~ T, o))’
and
piy) = 2p = D(lluoll3 + [Ivoll3)
2p(p = 1)X(d = J(uo, vo))’
Thus, we have
< 2p = D(lluol3 + [Ivoll3)

= 2p(p = DA(d ~ J(uop, vo))
The proof of Theorem 2 is complete.

4. Critical initial energy J(u, vo) = d

In this section, we prove global existence and blow up at finite time of solutions for problem (1.1)
with the initial energy J(uy, vo) = d.

Theorem 3. Assume (ug, vo) € Hé(Q) X H(I)(Q) and (1.2) hold. If J(uy,vo) = d and I(uy, vo) > 0, then
the problem (1.1) has a global solution (u(_t),v(t)) € L*(0, +oo;Hé(Q) X Hé(Q)) with (u,(t), v(t)) €
L*(0, +00; L>(Q) x L*(Q)) and (u(t),v(t)) € W = WU W for 0 < t < co.
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Proof. Since J(uy,vy) = d, then (uy, vo) # (0,0). Let 1, =1 — n%, (Uoms Vom) = Ap(ug,vo), m=1,2,- -,
and consider the following problem:

U — AMm = |Vm|plum|p_2um log(lumvml)’ X € Q» r> O,

Vit = AV = (Ul VlP 2V log(ltmvil),  x € Q, >0,

Up(x,0) = upp(x), xeQ, “4.1)
Vm(-x’ 0) = V()m()C), X € Q,
Up(x, 1) = vu(x, ) =0, (x,1) € 0Q x (0, T].

By I(up,vo) > 0 and Lemma 1, there exists a unique A* > 1 such that I(1*uy, 4*vy) = 0. Due to the
An < 1 < A, we get [(A,,ug, 4,v0) > 0, J(A,up, ,vo) < J(ug,vo) = d. From Theorem 1, it follows
that for each m problem (4.1) admits a global solution (u,,(¢), v,,(¢)) € L*(0, +o0; Hg () x Hg (Q)) with
(Unmitrys Vir(£)) € L*(0, +00; L*(Q) x L*(Q)) with the initial data

um(o) = Upm — U in Hé(Q) as m — 400,
Furthermore, we have (u,,(7), v,,(t)) € W for 0 < 1 < +o0,
(e, w1) + (Vi V) = (Ivmll’lum|p—2um log(lumvml),wl), VYw, € Hy(Q), 0 <t < +0o0,

Vts w2) + (Vv V) = (|um|p|vm|p_zvm 10g(|ume|), WZ) , Ywy € H(l)(Q)a 0<t<+oo,
and .
f ttell3 + Vel 3 dT + T s Vi) < T Uoms Vom) < ds 0 < £ < +o0. 4.2)
0
From (4.2) and

p—1

S (U (1), vin (1)) = 2

1 1
(et DIy ) + WDl ) + G (CRORHOR

we obtain

p

!
1
f el + el + = (Ol 0 + IOl ) + OVl < 4,0 < 1 < 4.
0 2

-1

2 p H)(Q) H}(Q)

The remainder of the proof is similar to that in the proof of Theorem 1.
The proof of Theorem 3 is complete.

Theorem 4. Assume (ug, vo) € Hé(Q) X Hé(Q) and (1.2) hold. If J(up,vo) = d and I(up, vo) < 0O, then
the weak solution (u(x, t),v(x,1t)) of the problem (1.1) blows up in finite time, i.e., there exists a T > 0
such that

!
1imf lull3 + |[v][3dT = +oo.
t—T 0

Proof. By contradiction, we suppose that (u(?), v(¢)) is a global weak solution of problem (1.1), then
T ax = +00. Let

!
G(t)=f||u||§+IIVII§dT-
0

Mathematical Biosciences and Engineering Volume 19, Issue 8, 8580-8600.



8596

Taking into account to (3.35) still holds, combining the fact J(u, vy) = d, we have

GG (1) = p(G' 1) = ((p = DeG(®) = 2p(lluol? + IvolD)) G' (1) s
+((p = DG/ (1) - 4pd)G(2). '

From continuities of J(u,v) and I(u, v) with respect to ¢, we know that there exists a sufficient small
t; € (0, +00) such that J(u(ty), v(¢;)) > 0 and I(u,v) < 0 for 0 < ¢ < t;. By (us, u) + (v, v) = =1(u,v), we
have (u,, u) + (v;,v) > 0 and ||u,||§ + ||v,||§ > 0 for r € [0,#]. From (2.5), we have 0 < J(u(t)), v(t;)) <
d - Otl(llutllg + |lv,|[3)dt < d. Hence we take ¢ = #; as the initial time, and obtain (u(t,), v(t;)) € V. From
Lemma 3 we have I(u(t), v(t)) < 0 for t; < t < +o0. Thus from Lemma 2 one has

—2I(u(t), v(t)) > 4p(d — J(u(t),v(1))), t; <t < +0o0. 4.4)
Combing (4.4) and (2.5) we get
G"(t) = -2I(u,v) > 4p(d — J(u,v)) = 4p(d — J(u(t)),v(t;))) :==C, >0, t; <t < +00

and
Gt)2Ct—1)+G' (1) =Cat — 1)), t) <t < 400,

G@t) > %Cﬂtz — Catit + G(t)), 1y <t < +oo.
Hence for sufficiently large 7, we have
(p = DeG(®) > 2p(luollz + Ivol3) and (p — 1eG' (1) > 4pd. (4.5)
Combining (4.3) with (4.5), we get
GG (1) - p(G' (D) = ((P = DeG(t) = 2p(luol} + [Ivol) G’ (1)
+((p = DeG'(1) - 4pd)G(1) > 0,

for sufficiently large ¢. Then similar to the proof of Theorem 2, i.e., there exists a finite time 7 > 0
such that lim,_,7 fot llull3 + |VI3dT = +oo.
The proof of Theorem 4 is complete.

5. High initial energy J(ug, vo) > d

In this section, we investigate the conditions that ensure the global existence or blow up of solution
for problem (1.1) with the initial energy J(u, vo) > d.

Theorem 5. For any a € (d, +0), the following conclusions hold.
(i) If (ug,vo) € @, then the solution of the problem (1.1) exists globally and (u(t),v(t)) — (0,0), as
t — oo,

(ii) If (ug, vo) € Yo, then the solution of the problem (1.1) blows up in finite or infinite time, where

1
@, = Ny N {((1), (1)) € Hy () % H&(Q)IE(HMII% +VIE) < Agsd < J(u,v) < @, (5.1
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1
P, = N_ 0 {(u(t), v(t)) € Hy (Q) X Hg(smi(nuu% +1VIB) > Agrd < J(u,v) < @l (5.2)

and
o1 1
Ay = lnf{§(||u||§ + VDI, v) € Nob, Ay = SUP{E(IIMH% + VI, v) € Ny} for all a > d.

Proof. (1) Assume that (1, v) € ®,, then by the definition of @, and the monotonicity property of A,,
we have (ug, vo) € Ny, d < J(ug, vo) < a and

1
5(””0”% +1voll3) < Aa < Asuge)- (5.3)

We claim that (u(¢), v(t)) € N,. By contradiction, there exists a #y € (0, T) such that (u(t), v(¢)) € N,
for t € [0, 1y) and (u(ty), v(tp)) € N. By Lemma 4, we have

1d

EE(”"‘"% + VB = —1(u, v). (54)
From the definition of NV, and (5.4), we know that ||u||§ + ||v||§ is strictly decreasing on [0, #y). On the
other hand, by (2.5), we know that J(u, v) is nonincreasing with respect to ¢. Therefore, we have

Ju,v) < J(ug, vo) forall t € [0, T).

From (5.3), we get
1 1
i(llu(to)llﬁ + V(I3 < E(Iluolli +1vol3) < Auguy- (5.5

By (u(ty), v(tp)) € N and (5.3), we get (u(ty), v(t9)) € Ny, According to the definition of A ;)
we have

ol 1
Asuorg) = mf{i(llullﬁ + VDI, v) € Ny} < E(Ilu(to)lli + [v(10)I15),

which contradicts with (5.5) and prove the claim. Hence, we have (u(?),v(r)) € N, for all t € [0,T)
and (u(?), v(t)) € J/@0 _e.. (u(t),v(t)) € J/“ N N, forall ¢ € [0, T). From the definition of N,, we
have (||u||é,1 +|VI2, D) < 2T”zj(uo,vo), VYt € [0,T),so T = +oo. It indicates that (u(¢), v(¢)) is bounded
) H@’ P
uniformly in H}(Q) X Hj(€). Hence, w-limit set is not an empty set.
Next, for any (w, ¢) € w(uy, vp), by the above discussions, we get

1
J(w, ¢) < J(uo, vo) and E(Ilwlli +10113) < Asug)-

According to first inequality, it implies that (w, ) € J/®), According to the second inequality and
the definition of Aj(,.,) We know that (w,9) & Niwewy- SINCe Ny = N N J/@00) we obtain
(w, ) ¢ N. Hence, w(uy, vo) N N = ¢. As N include the nontrivial solutions of the problem (1.1), we
have w(ugy, vo) = (0,0), i.e., (u(®),v(r)) — (0,0), as t — oo.

(i1) If (up,vo) € Y,, by the definition of ¥, it is clear that (uy,vo) € N_ and d < J(up,vp) < a.
Combing with the monotonicity of A,, we get

1 2 2
§(||M0||2 + voll2) > Aa = Ajagvg)-
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We claim that (u(¢), v(t)) € N_ for t € [0,T). By contradiction, if there exists a t; € (0, 7T) such that
(u(r),v(r)) € N_fort € [0, ;) and (u(t,), v(t;)) € N. By Lemma 4, we have

1d
EE(”u”% +VIB) = —=1(u, v).

Then by the definition of N_, we deduce that %(”M”% + ||v||§) is strictly increasing on [0, #;). It along
with (2.5) yields

1 1
E(Ilu(h)llg + v@)I3) > E(Iluollﬁ + Vol > Aoy J@ltr), v(t1)) < J(ug, vo). (5.6)

By (u(t)),v(t;)) € N and (5.6), we get (u(t;), v(t1)) € Ny, Hence, it follows from the definition of
AJ(M(),VO) that

1 1
A o) = SUP{E(IluH% + VI, v) € Nigup) = E(Ilu(n)llﬁ + v()IR),

which is incompatible with (5.6), so we get (u(t), v(t)) € J'“) N N_ for all t € [0, T).
Next, we assume that (u(t), v(¢)) exists globally, i.e., T = +oo. For every (w, ¢) € w(uy, vp), by the
above discussions, we get

1
J(w, @) < J(uo, o) and E(Ilwlli + 19113) > A g

According to first inequality, this shows (w, @) € J/“")  According to the second inequality and

the definition of A .y, we know that (w, ) & Niwyry- Since Njyuouy = N N J/" we obtain

(w, ) ¢ N. Hence, w(ugy, vo) N N = ¢. However, since dist(0, N_) > 0, we also have (0, 0) ¢ w(uo, vo).

Thus, w(uy, vy) = 0, it contraries to the assumption that (u(¢), v(¢)) is a global solution, then 7' < co.
The proof of Theorem 5 is complete.
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