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Abstract: The multi-leader-follower group consensus issue of a class of stochastic time-delay multi-
agent systems subject to Markov switching topology is investigated. The purpose is to determine a
distributed control protocol to make sure that the followers’ states converge in mean square to a convex
hull generated by the leaders’ states. Through a model transformation, the problem is transformed
into a mean-square stability issue of a new system. Then, an easy-to-check sufficient condition for the
solvability of the multi-leader-follower group consensus issue is proposed by utilizing the Lyapunov
stability theory, graph theory, as well as several inequality techniques. It is shown that the required
feedback gain can be acquired once the condition is satisfied. Finally, an example is used to illustrate
the effectiveness of the control protocol.
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1. Introduction

In practical applications of a multi-agent system (MAS), there will be some agents that are the
tracking targets of other agents. These agents are commonly called leaders and the other agents in the
MAS are called followers accordingly. Leader-following consensus has attracted much interest due
to its wide application in formation flight, sensor networks, and other engineering areas [1-3]. In the
case of a single leader, the leader-following issue can be summarized as follows: how to construct an
appropriate control protocol (or algorithm) that is able to make the followers’ states in the system track
the state of the leader. Tang et al. [4] designed a distributed coordination protocol on the basis of a
sampled-data control scheme to solve the leader-following consensus problem. Wang and Ji [5] con-
sidered directed communication topology and gave leader-follower consensus conditions for general
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linear MASs. In Reference [6], Jiang et al. proposed a non-fragile sampled-data control protocol, under
which the H., leader-following consensus is reached in the presence of the Lipschitz nonlinearity. To
address the leader-following consensus under cyber attacks, Liu et al. [7] proposed an event-triggered
control consensus protocol.

As for the multiple leaders’ case, the purpose of consensus control is often to make followers’
states go into the region generated by the states of these leaders. This type of consensus is called
multi-leader-follower (MLF) group consensus (or containment consensus). In the case when there are
multiple leaders, Ji et al. [8] proposed hybrid stop-go schemes to ensure the MLF group consensus.
In Reference [9], Ma et al. checked the MLF group consensus of MASs modeled by discrete-time
equations and presented several distributed control protocol designs based on either state feedback or
output feedback. In Reference [10], Wang et al. considered a class of high-order MASs and proposed
a novel distributed observer-based MLF group consensus control protocol. For recent work on MLF
group consensus, one can refer to References [11-17] and papers cited therein.

Although significant progress has been made in the area of MLF group consensus of MASs, there
are two issues that need to be investigated further. On the one hand, the agents under consideration
in most of the existing literature are assumed to have deterministic delay-free dynamic behaviors.
As noted in References [18-20], however, sometimes it is necessary to use stochastic or functional
differential equations to model the dynamics of agents in engineering applications. On the other hand,
most studies are based on a fixed communication topology. In practice, however, the communication
topology between agents may change greatly with time, and the next topology often only depends on
the current topology (see e.g., References [21-23]). In view of this, compared with the fixed topology,
the Markov switching topology seems to be a better candidate.

Motivated by the above observations, this paper focuses on the MLF group consensus issue for
stochastic time-delay MASs subject to Markov switching topology. Unlike the existing literature on
this issue, the system considered here is assumed to be perturbed by Brownian motion and the commu-
nication topology between agents is assumed to be dynamically changing but obey a continuous-time
finite-state Markov chain. The purpose is to determine a distributed control protocol to make sure that
the followers’ states converge in mean square to a convex hull generated by the leaders’ states. The
major contributions of this work are two-fold: 1) By introducing a model transformation, the MLF
group consensus is transformed into a mean-square stability issue of a new system; 2) By utilizing
the Lyapunov stability theory, graph theory, as well as several inequality techniques, an easy-to-check
sufficient condition is proposed, under which the required feedback gain can be easily acquired.

2. Preliminaries

Notations: In this paper, R? and R”*? denote the g-dimensional Euclidean space as well as the
family of all p X g real matrices, respectively. The symbol ||-|| stands for the Euclidean norm and
® represents the Kronecker product. For a matrix M € RP*P, let Ay(M) and A,(M) denote the
maximum and minimum eigenvalues of matrix M respectively, and .(M) be the sum of M itself
and its transpose [24]. Set T c RY is called convex if (1 — o)y + op € T for any y,p € T

and o € [0,1]. Foraset O = {01,02,---,0,}, 0 € RY, i = 1,2,---, r, denote its convex hull
by co{O} = {Zlepioilpi >0, ,pi= 1}. For a vector v = [vi,---, v,]7 (respectively, a matrix
U = (;j)mxn), denote its 1 norm by [|vll; = X', [v| (respectively, [|U|l; = maxi<j<, Yoy |u,~j|) and oo
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norm by ||v||., = max;<<, |v;| (respectively, [|U||, = ||UT||1 = maxX<<, Z;le |uij|). For column vectors
Uy, -+, Uy, denote [uf, -+, ul 1" as col{uy, - -, uy}.

Moreover, let G = (V, E,A) be a directed graph representing the communication topology of the
MAS, V = {v,v2, -+, Vpam} be the node set, E = {ej,- Deji = (vj,vi)} C V x V be the edge set, and
A = [aij] be the adjacency matrix with a;; = 1 for e; € E and a;; = O for e;; ¢ E. For ej; € E,
v;j is viewed as a neighbor of v;. A node is called a leader if it has no neighbors, and a follower
if it has at least one neighbor. Define £ = [l,-j] € RUmmxntm) g the Laplacian matrix of G, where
lij = —ajjfori # jand l; = X, .; a;;. Denote by s the number of possible interaction topologies,
and s; : [0,00] —» § = {1, ---, s} a switching signal that governs the switches between the variable
topologies. Then, the directed graph G at time ¢ is defined as G,, = (V,, E;,, A;,). Simultaneously, the
adjacency matrix and the Laplacian matrix can be re-defined as A, = [afj’] and L= [lfj’], respectively.
Assume that there are m leaders and n followers. Then £* can be partitioned as:

Sy Sy
LSI — 'Ll ‘£2
b
Oan Ome
where
St St St St St R
111 112 lln ll,n+l ll,n+2 ll,n+m
St St . St St St . St
St 121 122 lZn St 12,n+1 12,n+2 lZ,n+m
L= " . L= 7 L 2.1)
St St “ .. St St St PR St
lnl ln2 l”" ln n+1 ln n+2 ln» n+m

Consider a class of MAS driven by Brownian motion. The dynamic process of the i-th follower
affected by random disturbance is described as follows:

x(t) = Axi(t) + Axi(t — ) + Bu(t) + Cxi(H)n(t), i € Ny, (2.2)

in which x;(r) € R™ is the state of the i-th follower, u;(f) € R™ is the control input, 77(¢) € R is the
one-dimensional standard white noise, A € R™*™ A e R™*™M B e R™*™ and C € R™>™ are
constant matrices, 7 stands for a constant time delay [25,26], and N, = {1,2, ---, n} denotes the set
of indices for the followers. One can rewrite system (2.2) as the following Itd stochastic differential
equation:

dx() = (&le,-(t) + A x(t—T) + Bu,-(t))dt + Cxi(Hdw(p), i € Ny, (2.3)

in which w(#) denotes a standard Brownian motion defined on a complete probability space (Q, .%;, &)
[27]. The i-th leader’s dynamic equation is as follows:

Xi(1) = Ax(t) + Axi(t — 1) + Bfi(xi(1), 1) + Cx;()n(t), i € Ny, (2.4)

where N, = {n+ 1, ---, n + m} is the set of indices for the leaders, x;(t) € R™ denotes the leader’s
state, and f;(x;(¢),#) € R™ stands for a pre-designed control input. It is assumed that the following
conditions are met:

Ifi(xi (D), Dlleo < €, i € N, (2.5)
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where € > (. System (2.4) can also be rewritten in the standard It6 differential form as:
dxi(t) = (Ax() + Ax(t — 1) + Bf: (x,(0),) )dt + Cxi(t)dw (), i € Ny (2.6)

It should be noted that the form of random disturbance considered in systems (2.3) and (2.6) is state-
dependent, which means that the disturbance is not entirely normal exterior noise.

Suppose that {s;,# > 0} is a continuous-time finite-time Markov chain that chooses values in § =
{1, ..., s} according to transition probability

miil +0(0), i # ]

Plsue = Jlsi =1} :{ L+7m;l+0(l), i=]

where £ > 0, lim,_(0({)/{) = 0, and 7;; > O (for i # j) is the transition rate from mode i at time 7 to
mode j at time ¢t + ¢ and 7; = —Z}‘.:Lj L7 [28-30].
For the analysis and synthesis of stochastic MASs which are given in Eqgs (2.3) and (2.6), we make

the following assumptions for deriving our main results.

Assumption 1. For every follower i € Ny, there is at least one leader j € N, that has a directed path
from j to i.

Assumption 2. At any time t, the communication topology among followers is an undirected connected
graph.

In the present work we proposed a distributed control protocol as follows:
ui(t) = @K &i(t) + Bsgn (K, &i(0)) , i € Ny, 2.7

where @ and S8 are positive scalars, and K, € R™*™ is the feedback gain. The specific form of &(¥) is
as follows:

&(1) = Zjemumdls (i) = x,(0)), i € Ny, (2.8)

Remark 1. Assumptions 1 and 2 have been broadly adopted in the existing literature on the MLF
group consensus issue (see, e.g., [12,13,15,31]). It follows from Assumption 1 that each follower is
reachable from its leader. Assumption 2 further implies that the followers of a leader can communicate
with each other.

Remark 2. During the last two decades, a number of results on the MLF group consensus of MASs
have been reported (see, e.g., [11-17]). Unlike the existing literature, which always assumes that
all agents have deterministic and delay-free dynamic behaviors, both the leaders and the followers
considered in this paper are modeled by stochastic functional differential equations. It is also worth
mentioning that most studies on this topic are based on a fixed communication topology, while in
this paper, the communication topology is allowed to be changeable over time according to a Markov
chain. Thus, the research object of this paper is more practical and general regardless of the dynamics
of agents or topology structure.

At this point, the MLF group consensus issue discussed can be summarized as: designing a control
protocol in the form of (2.7) so that the followers’ states described by system (2.3) converge to a convex
hull generated by the leaders’ states of system (2.6) in mean square.
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3. Main results

To solve the MLF group consensus issue, the following three Lemmas are useful:

Lemma 1. [32] With Assumptions 1 and 2, one has that L} > 0, each entry of —(L]")™' L} is non-
negative, and the sum of each row of —(L])' L3 equals to one, where L' and L are defined in

(2.1).

Lemma 2. [33] For any matrices Z, € R™",Z, € RP*M,Z; € R™, and Z4 € R?, one has (Z, ®
Io)Z3 ® Z24) = (2123) @ (£,Z4).

le Z]2

, Z < 0is equivalent to Zy, < 0and Z,, —
Zy Zy

Lemma 3. [34] Given a symmetric matrix Z = [

ZDZZ_Z]Z{Z < 0.

For convenience, we define x4(t) = col{x(?), -+, x,(D)}, ug(t) = colluy (), --- , u, (O}, x,(t) =
colfx,1(1), -+, Xpem(®}, and £(2) = col{é(2), - - -, &,(2)}. Then (2.8) is able to be written as

£(t) = (L3 ® Ly )xg(0) + (L3 ® Ly )x,(0). 3.1)
Define
0(t) = (L)) ® L, ). (3.2)
Then, by Lemmas 1 and 2, we obtain
0(1) = xp() + (L7 LY) ® L, ), (0). (3.3)
It follows from (2.7) and (3.3) that
us(H) = (L @ K,)0(1) + Bsgn((LY & K, )0(1)). (3.4)

Substituting (3.4) into (2.3) results in

dxy(t) = (I, ® A)xp(0)dt + (1, ® A)xy(t = Dt + a (L] ® (BK,,)) 6(1)dr
+B(I, ® B)sgn (L} & K,)0(®) dt + (I, ® O)xy(t)de(),
dxy () = (L, ® A)xy(O)dr + (I, ® A)x,(t — )t

+(1, ® B) f(D)dt + (1, ® C)xy(t)dw(t), 3.5
where f(t) = col{ fs1(Xne1(0), 1), -+ frem(Xnsm(®), )}. From (3.3) and (3.5), we have

do(t)

dxy(t) + (L)) L3) ® L, )dxy (1)
= (I, ® A)xy(Ddt + (I, ® A)xy(t — T)dt + o (L] ® (BK.,)) (1)t
+B(1, ® B)sgn (L] @ K,)0() dt + (I, ® C)xy()des(t)

(L)L) @ L )(Uin ® A)xy ()t
+(Ly ® A)xy(t — T)dt + (1, ® B) f(t)dt
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+(Iy ® C)xy(Ddw(1)). (3.6)
Then, using (3.3), (3.6), and Lemma 2, gives
o = (Lo A) +a (L) & (BK,)) )0t + (I, ® Aot — T)dt
+B(1, ® B)sgn (L} @ K,)0(1)) dt + (1, ® B) (L)™' L3) @ L, ) (Dt
+(1, ® O)8(t)dw(t). (3.7)
The following theorem gives the criterion for the MLF group consensus issue.

Theorem 1. If system (3.7) is stable in mean square, then the followers’ states in (2.3) converge to a
convex hull generated by the leaders’ states in (2.6) in mean-square. More specifically,

tli_{g Elxy(1) — gy(D} =0,
where
o) = ((—(LN7LY) @ Ly, )x, (1),

Proof. In view of (3.3) and (3.7), the proof of this theorem can be easily completed and is thus omitted
here.

Remark 3. Theorem 1 shows that, through the model transformation in (3.2), the MLF group consen-
sus issue for system (3.1) can be transformed into a mean-square stability issue for system (3.7), which
will be handled later by using the stochastic Lyapunov stability theory, graph theory, as well as several
inequality techniques.

It is time to present our design method for the needed control protocol.

Theorem 2. Suppose that there exist two scalars a > 0, B > &, and matrices P, > 0 and Q > 0 such

that
A] A2 A3 Pl p
* -0 0 0 O
s * Ay 0 0 [|<0O, (3.8)
* * * -0 0
% k k k i
foranyie{l,--- ,ntandle{l, ---, s}, where
Ay = F(AAP - a(X)PBB") + LPmy,
1
Ay = HAQ. As=PCT Ay =P,
p = [Pz N Pz],
= -1 -1 -1
> = dlag 7 Pl,"',l—Pj,"',l—PS
/1i7T11 /liﬂ'lj /liﬂ'ls

with AL being the i-th eigenvalue of L', j # I, and nj; # 0. Then, the MLF group consensus issue is
solvable, and the required control protocol is given by (2.7) with a, 3, and

K, =-B'P'(=1,---,5). (3.9)
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Proof: Define a Lyapunov functional as

V@), s) = 6"(n(L e PHow) + f 0" (s)(I, ® Q~1HA(s)ds.

Then, we can get

VO@),s) < (L@ PHo" (06 + f AT, ® QMO (5)0(s)ds.

Utilizing the generalized Itd formula [35] to eV (£)(k > 0) yields

E(V(0(1), s,)

= &{V(6(0), s} + & {fek”[kV(H(u), s,) + LV (0(u), su)]du} ,

0

where £ is used to represent the weak infinitesimal operator. For s, = [, we can write

VM. = 20" (L ® P ® A) + a (L) ® (BK)) Jor)
+20" (1)(L) ® Py, ® ANt — 1) + 260" (1)( Ly ® P;')
xB(1, ® B)sgn (L] ® K)O(1))
+20" ()L} ® P, ® B) (L)' LY © L, ) £(1))
+6" (1, ® C)' (L] ® P;)(I, ® C)6(1)
+ EN: 7,07 (L] ® P7H6(t) + 6" (H)(L, ® Q7He(r)

J=1

0" (t - 7)1, ® Q6 - 7).
Substituting (3.9) into (3.13) yields

LVEm.) = 20" (L @ P @ A) - a (L & (BB"PH) o)
+207 ()(L! ® Py, ® ANt — 1)
+20" (1)(L}y ® PYB(UL @ B)sgn (L] ® (-8 Pr))o0))
+20" ()(Ly ® P ® B) (LD L) ® 1) ) (1)
+6" (1)1, ® C)' (L] ® P;' (U, ® C)o(1)

N
+ 3 m" (L] ® PTHow + 0" (01, @ QA
=1

—6"(t — 1)1, ® Q" — 7)

< 207 (1)L} @ Py @ A) - a (L) & (BB PH) Jon)
+20" ()(L, ® Py, ® ANt — 1) + 20" ()(L, ® P
xB(I, ® B)sgn ((L} ® (-8 P))0(0))

(3.10)

(3.11)

(3.12)

(3.13)
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12[0" Lt @ P (e B (LD L) @ 1) ) )|
+0" (1) (I, ® C)" (L) ® Py)Y(I, ® C)8(1)

N
+ 3 1 (L] ® P16 + 67 (1)1, ® 0™He(r)

J=1

—6" (1 — 7)1, ® Q7O — 7).
According to the properties of co norm and 1-norm for real vectors, we can get
o7 (e Ly @ P (@ BY (L)™' L @ 1) )|
6" Ly ® PIHUL @ B,
x[|(LD™ L) ® L[| NF Ol
0" (1)(L} ® P;)U, ® B)sgn( (L) ® (-8 PH)) 6(1))
- H(L’1 ® (B'P")) H(I)Hl .

IA

Using (2.5) and Lemma 1, it follows from (3.15) that
lo" 0Ly @ P (e BY (L)™' by @ 1) ) 10|
< ellf" L e PTHUL @B
Using (3.14), (3.16), (3.17) and noting ||¥||., < ||¥]|,, we have

VM. < 0" (0|2AL ® PIYT, © A) -2 (L) © P;'BBP})

N
+(, 0" (Lo PYUI,8C) + Z (L] ® P +1,® Q_I]Q(f)
=1

+267(1)( L ® P (I, ® ANt — 7) — 67 (t = )T, ® Q)0 — 7)
—2p H(—Ei ®(B"P; 1)) H(t)‘ [ t+2e 6" )Ly ® PTH(T, @ B)|, -

Because Lll is symmetrical, there exists a unitary matrix il € R™" such that

WL = diag (A}, -, AL}
Define
0t) = U ® 1,,)0(0).

Then (3.18) reduces to

LV, < 9f(t)[2(/1§Pl‘1ﬂ — a(A)’P;'BB'P") + AC"P'C+ Q'

;) P 1]@'@ + 2087 (1)(P; ANGt — T)
j=1

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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07t -1Q '8t - 1),
which can be rewritten as follows:
LV(6@),]) < 0TV, (3.19)

where

b

0,() ]V_[El AP A,
s - " _Q_l

S (P A= a2 P BB P ) + ACTPIC+ Q7 + ALY mPy.

=

[
1]

Using a congruent transformation to V by pre and post multiplying it with [ 1(';1 0 ] and its transpose
gives
T
P 0 P 0| [E 2A.0
5 olt 0 ol [T .
where

B, = (AP - aX)’BB") + APCTP'CPi+ PLQ™' P+ AP, ) 7P} P,
j=1
g AAQ

By Lemma 3, (3.8) guarantees that 0

Thus, we have from (3.19) that

] < 0, which together with (3.20) implies V < 0.

VO, < Au(V)F (D8(2)
(M AU ® 1,67 (1)6(0).

IA

For convenience, we set 4; = A3, (V) A4, QU @ I,,) and write the above inequality as
LV(O(1), 1) < 1,6 (1)0(1). (3.21)
Now, by (3.10)—(3.12), and (3.21), we have

min 4,,(L} ® P8 {ll6e)I)

IA

& {ek’V(H(t), 1)}
0

IA

-7

& {/IM(Lll ® P;1Ho" (0)6(0) + f (A, ® ™) eT(s)e(s)ds}

+& { f ekzk[/lM(Lll ® P;He" (2)6(z) + f Z (I, ® Q])HT(S)H(s)ds]dz}

0

Mathematical Biosciences and Engineering Volume 19, Issue 8, 7504-7520.
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+& { f ekz;wT(z)Q(z)dz}

0
t
< Doza{ f ekzllé’(z)llzdz} + D&l (3.22)
0
where
Dy = kdu(Li®P/H)+ (" -, 0"+,
1

Dy = A Li®oPY+1dy(l,® Q07"+ %<e’” - DA -1, ®0™,
6l = sup [162)l.

—1<z<0

Select a constant k > 0 small enough such that Dy, < 0 and define
A = max Dy&{|I0lF7| / min 1,(L; @ Py,
Then, with the aid of (3.22), it is not hard to obtain
E{lo@)IP} < ae™,

which means that system (3.7) is exponential stable in mean square and, thus, in view of Theorem 1,
the MLF group consensus is reached. This completes the proof.

When there is no time delay, system (3.7) reduces to
o = (@A) +a(Ly @ (BK,)) )00t + B, ® B)sgn (L} ® K.,)()) dt
+(I, @ B)( (L' LY) ® L, ) f(Ddt + (I, ® C)O(Dd ().

In the case, the following corollary can be derived directly from Theorem 2. The proof is omitted for
the sake of brevity.

Corollary 1. Given two positive constants 3 and &, with 3 > &, suppose that there are matrices P; > 0
and Q > 0 such that

A, PCT P P
* _/llfpl 0 0 <0
* * -0 0
% * >
foranyie{l,--- ,ntandle{l, ---, s}, where
Ay = F(AAP - a(X)BB") + XPmy,
P = [pl N Pz],
- -1 -1 -1
Z = dlag / Pl’...’[_Pj’...’[_P‘V )
/ll.ﬂ'l] /liﬂlj /11.7T1S
with /lf being the i-th eigenvalue of L, j # I, and m;; # 0. Then, the MLF group consensus issue is
solvable. And the required control protocol is given by (2.7) with, B, and K, = —B"P;' (I =1, - -+ , s).
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Next, consider the situation that the MAS is subjected to a fixed topology. Then, (3.7) becomes
a0 = (& A) +a (L & (BK)) ot + (I, ® A6t — T)dt
+B(I, ® B)sgn (L, ® K)O@)) dt + (I, ® B)( ((Ll)_l£2) ® I, )f(t)dt
+(1, ® C)0(t)dw(t),
and one can write the following result:

Corollary 2. Given two positive scalars 8 and € with B > &, suppose that there are matrices P > (
and Q > 0, such that

A AA.Q PCT P
* -Q 0 0
* * —%P 0
* * * -0

holds, where
Al = SAAP — a’BB"), 1 = 1in(L).

Then, the MLF group consensus issue is solvable. And the required control protocol is given by (2.7)
with a, B, and K = —-BT P~

(a) Gy (b) G> ©) G;

Figure 1. Possible communication topologies among agents 1-7.

4. Numerical example

Consider a MAS consisting of seven dynamic multi-agents, where each agent corresponds to a
mass-spring-damper system [36]. Let the 6-th and 7-th agents are leaders and the rest are followers.
The parameter settings are as follows:

0 15 0 1
R e

Mathematical Biosciences and Engineering Volume 19, Issue 8, 7504-7520.
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o [Seeon 2]
e = | G o) 55|
e = | =] 757,
w0 = | 5% o= o |
o) = | _01 ],se [-1,0],a =2,

;[_Q% 1| xs(r) + 4sin20),
_[ 025 1 ]x7(t) + sin(?).

Jo(xs(1), 1)
f1(x7(0), 1)

Note that, for fs(x¢(?), ?) and f7(x7(¢), t), the parameter & can be chosen as € = 13.

3.5 T T T T

(=]

3

2.5
2

1.5 i
1 i

0.5

1 1 1 1
(o] 5 10 15 20 25
t

Figure 2. Continuous Markov switching signal with 3 modes.

Figure 1 shows three possible communication topologies, where nodes 1-7 correspond to agents
1-7, respectively. Set 8 = 15 and the transition rate matrix between G, G, and G3 as

-9 3 6
mi=| 3 -6 3 |.
2 7 -9
Then, with the aid of Theorem 2, the feedback gain matrices can be gained as

K, = [ ~0.0608 —0.0609 ]
%, :[ ~0.0595 -0.0596 ]
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I, = [ ~0.0603 —0.0604 ]

t

Figure 3. Time responses of state variables x;, i =1, ---, 7.

Figure 4. Time responses of state variables x;,, i=1, ---, 7.

Figure 2 depicts the Markov switching signal, and the three modes correspond to the three commu-
nication topologies in Figure 1. Under the designed controller, Figures 3 and 4 show the evolutions
of the system states trajectories. It can be observed that, after a period of time, the states of agents
1-5 (the followers) enter the region generated by the state trajectories of agents 6 and 7 (the leaders).
Therefore, the simulation results confirm that the designed control protocol is effective.
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5. Conclusions

In this paper, the MLF group consensus issue of a class of stochastic time-delay agent systems with
Markov switching topology has been studied. By using a model transformation, the group consensus
problem has been transformed into the stability control problem of the system in (3.7). Then, it has
been shown that the MLF group consensus can be guaranteed if the system in (3.7) is stable in mean-
square (see Theorem 1). With the aid of Lyapunov stability theory, graph theory, as well as several
inequality techniques, a sufficient condition for the solvability of the MLF group consensus issue has
been proposed (see Theorem 2). It has been proved that the control protocol can ensure the followers’
states converge to a convex hull generated by the leaders’ states in mean square. Lastly, a numerical
example with simulation has been provided to verify the effectiveness of the given MLF group control
protocol.
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