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Abstract: In the theoretical controller design of the high-speed supercavitating vehicle (HSSV), there
will always be the problem that the physical saturation limit has to be exceeded by the motion range
of the actuator to satisfy the requirements of stable motion of the supercavitating vehicle. This paper
proposes a solution which could satisfy the requirements of stable motion of the vehicle without
saturation of the actuator. First of all, the rotation range of the actuator and the motion performance of
the vehicle with robust controller are analyzed under the condition where saturation is neglected. Then,
according to the analysis conclusion, the controller is improved by using linear active disturbance
rejection control (LADRC) method, which provides the additional control component to reduce the
rotation angle and rotation speed of the actuator. Finally, the simulation proves that the solution could
realize the stable motion of vehicle without saturation of actuator.
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1. Introduction

A supercavitating vehicle sailing at high speed separates itself from the liquid with a cavity on its
surface, which is called hydraulic cavitation. Compared with a traditional full-wet underwater vehicle,
a supercavitating vehicle has greatly reduced the frictional resistance caused by the liquid, which leads
to a highly increased speed of a supercavitating vehicle. Therefore, supercavitation technology is also
known as a revolutionary method to reduce the resistance and increase the cruise speed of a
supercavitating vehicle. As the fastest underwater weapon, supercavitating vehicle is studied by many
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underwater weapon experts.

For the research of supercavitating vehicles, many scholars have published their research results
for modeling, system control and so on, and these results have promoted the development of theoretical
and experimental researches for supercavitating vehicles. For example, a four-state and two-degree-
of-freedom model in the longitudinal plane was proposed by Dzielski and Kurdila [1] proposes, which
retains almost all state information of a supercavitating vehicle, and features simple structure and easy
analysis. A six-degree-of-freedom mathematical model for a supercavitating vehicle was formally put
forward in a paper [2] which retains more state information of the HSSV and is suitable for scenarios
where more state information is analyzed. Semennenko and Arndt, REA et al. [3,4] conducted a lot of
hydrodynamic researches on cavities, HSSVs, model for HSSVs and carried out cavity shape
calculations, related water tunnel tests, etc. These tasks provided a theoretical basis for the control
research of a supercavitating vehicle. Sanabria et al. [5] conducted a series of studies on experimental
models of supercavitating vehicles in the water tunnel, and obtained the force coefficients of cavitators
in motion. In these studies [6], test platforms and schemes for testing mathematical model and control
algorithm are presented. On the other hand, in recent years, hydrodynamic mathematical models of
HSSVs have been continuously optimized or improved thanks to the improvement of experimental
conditions [7,8]. Due to the fact that a supercavitating vehicle is wrapped by a cavity, the forces on a
supercavitating vehicle are affected by a cavity, and the control of a supercavitating vehicle is also
more difficult than a full-wet underwater vehicle. In view of this, many scholars have also proposed
their own control schemes. Kirschner and Zhang et al. [9] used accurate cavitator, fin models and a
linear quadratic controller (LQR) for solutions to horizontal and straight motion as well a tilt-turn
control of a supercavitating vehicle. The switching controller selected different LQRs to realize the
switching control of a non-linear supercavitating vehicle model with planning force and a linear
supercavitating vehicle model without planning force [10]. Another switching control law was also
advanced, which is applied to feedback linearization models with or without planning force [11]. As
per Vanek et al., a supercavitating vehicle was controlled by a dual-loop controller. The inner loop
controller was designed based on a dynamic inversion technique and used to control the stability
performance of the HSSV. While the outer loop controller was designed by pole place or receding
horizon control (RHC), which is available for the control of the dynamic performance of a
supercavitating vehicle. A stable and controllable feasible scheme was put forward based on linear
parameter varying controller (LPV) for an uncertainty model of the HSSV, typically the LPV-H inf
scheme [12]. Robust control, as a classical control method, is suitable for nonlinear systems, uncertain
parameter systems, or time-delay uncertain systems [13—15]. Although the applicable range of the
robust controller is rather wide, the synthesis of robust controller remains very complicated and
cumbersome. Therefore, the sliding mode controller is widely used as an alternative to simplify
controller design. Although the sliding mode controller has been simplified for its comprehensive
design, the sliding mode control still has good robustness and ability to reject model uncertainties and
external disturbance [16—18]. Qiang [19] Considers the problem of the actuator saturation, proposed a
new output feedback control law that locally stabilizes the closed-loop system to enlarge the domain
of attraction subject to actuator saturation. But, this article does not consider the effect of the saturation
of the angular velocity of the actuator on the motion stability.

It can be seen from the above literature that a large number of researchers focus on the processing
of the model and quote the corresponding control algorithm to achieve stable motion control. However,
due to the characteristics of supercavitating vehicle, the model itself can not be accurately described
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in most cases, which makes it difficult for the traditional control scheme to realize the requirements of
stable motion control independently.

Therefore, in order to find the control methods that can adapt to the characteristics of
supercavitating vehicle, this paper analyzes the control methods that have been widely used in other
engineering fields: in reference [20] DERs are integrated with IEEE 33 bus system using fuzzy logic
controller and game theory for two different cases with unity and 0.9 power factor. In reference [21]
discusses the control system design of generator rotor speed that is tolerant of faulty sensors and
actuators, the sensor and actuator faults estimates are obtained by an extended state observer which
realizes a new state from a filtered signal of the measurement, then the sensor fault estimate is
submitted to a compensation mechanism in order to correct measurement value while the actuator fault
estimate is used to reconfigure control signal value in order to correct control signal. In reference [22]
discusses on adaptive protection of microgrids, including a wide range of applicability variants, their
strengths, and drawbacks and explores the state-of-the-art researches that utilize computational
intelligence to achieve adaptive protection.

In conclusion, fuzzy control [20], fault-tolerant control [21], adaptive control [22], these three
algorithms have low dependence on the model and have good adaptability to the supercavitating
vehicle model. By comparison, among these control schemes, adaptive control has the advantages of
being independent of the model itself and compensating control only according to the output, which is
very suitable for the supercavitating vehicle model. Therefore, this paper decides to use adaptive
control to study the stable motion control of supercavitating vehicle.

In this paper, the state feedback controller with strong robustness is designed for the
supercavitating vehicle using robust pole assignment algorithm [23], which can maintain the stability
of the vehicle even if the system parameters change in a limited range. However, it may cause the limit
cycle behavior by which the linear controller controls the nonlinear system, therefore, the circular
criterion is used to study whether there will be a limit cycle behavior near the equilibrium point. In
addition, because this linear robust controller may also lead to actuator saturation, this paper uses
LADRC technology to design the automobile outer loop controller, which provides an additional
control component for the automobile to reduce the rotation amplitude and speed of the actuator.

The remaining sections are arranged as follows: in Section 2, the longitudinal model of the
supercavitating vehicle and in Section 3, a state feedback controller for vehicle was designed by robust
pole assignment. The ability of the linear controller to control the nonlinear system was evaluated
according to the circle criterion, and it was judged whether the limit cycle could form near the
equilibrium point. From the fluid mechanics point of view, the mechanism of cavity instability induced
by the actuator was described in definitely. In Section 4, the linear active disturbance rejection
controller (LADRC) is introduced as the outer-loop controller which could reduce the rotation angle
and the speed of the actuator. After that, the analysis is done for state boundaries and tracking
performance of the control system. In Section 5, simulation verifies that the LADRC could realize the
stable motion of vehicle without actuator saturation.

2. Longitudinal model of the HSSV

The schematic diagram of an HSSV traveling in water and maintaining a stable cavity is shown in
Figure 1.
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Figure 1. The shape and force diagram of HSSV.

In the longitudinal plane, the body coordinate X,Y»Z is selected for establishing the Longitudinal
model of the HSSV. In Figure 1, the main forces on the HSSV include F . originated from the cavitator,
Fin rested on fins, its own gravity Fg, and the possible planning force F),. ¢ is the deflection angle of
the cavitator, which is relative to the body centerline, and the counterclockwise direction is defined as
the positive direction. ¢ is the deflection angle of the fin against the body centerline, and the
counterclockwise direction is defined as the positive direction. The immersion depth at the fin of the
HSSV is h. The total length of the HSSV is L. The distance from the center of gravity to the center of
the cavitator is xg, and the distance from the center of gravity to the fin of the HSSV is xy.

2.1. Motion analysis for the HSSV

Referring to the model presented by Dzielski and Kurdila [1], the mass of the vehicle M, the
distance xg, and the moment of inertia | are expressed as:

M :%mpzszL

11 133
x =2
9 28

m 1s the density ratio, p is the density of water, and R is the HSSV radius.

In the longitudinal plane, the motion Eqs (2)—(4) of the vehicle can be expressed by several
parameters, such as the speed V. onthe Xvaxisand Vy, ontheZ, axis, the position X onthe X, axis
and Z onthe Z» axis, the pitch angle @ and the pitch angle speed @ .

X=V, cos@—Vysina 2
2=V, sin@+V, cosd 3
0=aw (4)
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2.2. Dynamic model of supercavitating vehicle

According to the momentum theorem and the momentum moment theorem, the dynamic model
is presented as follows:

F =MV +oxV)

5
M, =H +oxH ©)

The symbol H denotes the moment of momentum. In addition, the symbol @ denotes the
angular speed of the body, and the symbol V' is the total velocity of the body. The symbol F» denotes
the total force on the Z» axis, which includes the force acting on the cavitator F. onthe Z» axis,
the gravity F,, the lift acting on the fin Fan, the thrust component Fr. on the Z» axis, and
planning force F;.

F=F+F +F +F +F, (6)

The symbol M, denotes the total moment on the Z» axis, which includes the lift moment on
the cavitator M., the lift moment on the fin Ms , the moment of gravity Mg , the moment of thrust
M., and the moment of planning force M, .

M,=M +M +M_+M_ +M, (7)
The force acting on the cavitator Fe is expressed as

F =C_0 (8)

cav cav - C

where Ce = (1/2)pV 7R Cw(1+ o) , and it represents the cavitator efficiency. The relationship between
the deflection angle of the cavitator ¢ and the attack angle of the cavitator a. is expressed as:

¢ V, ax, 5 9
a, =tan?| =+ —2 |+
¢ vV Vv ¢ ©)
Fa can be decomposed into Lift F. and Drag Fo acting on the cavitator, which are expressed as
F.=(1/2)pV*(7R?)C,, (1+0)cosa,sina, (10)
F,=—(1/2)pV*(zR})C,, (1+0)cos’a, (11)
The lift moment on the cavitator is
M L= FL Xg (12)
The lift and moment on the fin are denoted separately as

F.. =n(1/2)pV?(zR2)C, (1+0)cosa, sina, "
M, =F,X (13)

fin™ f
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where «, is the attack angle of the fin, and the relationship between «, and the deflection angle
s, 1s as follows

-1 Vy
@ =tant| ohe = |45 (14)
The resistance originated from the fin can be expressed as

F

m o =—N(12)pV?(zR2)C, (1+0)cosa, (15)

The gravity of the vehicle F; = Mgcos® . Because the origin of the coordinates XbvYoZo
coincides with the gravity center of the vehicle, the gravity moment M, equals to 0.

Due to the gravity or the disturbance to the speed of the HSSV, the fin of the HSSV is in contact
with the cavity wall. Due to the fact that the difference between the speed of the HSSV and that of the
speed of the surrounding water flow is huge, when the HSSV collides with the cavity wall, it will occur
in a short time that a large recovering force is generated to bounce the HSSV back into the cavity, and
this recovering force is called the planning force. F), and M, respectively represent the component of
the planning force on the Z» axis and the corresponding moment, which are specifically expressed
as Dzielski and Kurdila [1]:

R -R 1+h
F =-2pRV*(1-—= 2 o
jp PRYVA hR—RC+R) o
LMP =FL,
V.-R V (LV]| R.—
— >0 M—u otherwise
o = \ \Y ho RV
’ \ +RC . — (16)
- otherwise 0 BN
v R
40 1
L(192_3)71_1, (1 (1—ﬂ)k”)2
1 456 17)
R, =R,(0827%)7k, R ———(0 82“—“)2V —11;;
(o3
kz(T_g)

The thrust component of the vehicle on the z, axis and the thrust component on the X, axis are
expressed respectively

F, =0 (17)
F=F (18)
Because the thrust acts on the center of gravity, the moment of the thrust is expressed as follows:

M, =0 (19)

Assuming that the vehicle is in constant motion along the X5 axis, the dynamic equation on the
Xp axis is expressed as follows:
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Therefore, the thrust of the vehicle can be expressed as:

MV =F +F +F

F, =(—1— n)CCav

The dynamic model of vehicle can be expressed as:

MV, =F +F

fin

fin°f

2.3. Longitudinal model of supercavitating vehicle

fin_D

+F +F
lo, =F X, +F, X, +FX

(20)

€2y

(22)

Combining motion Eq (3) with angular relation Eq (4), letX, =z X, =V, X, =w, X, =0
and give the final longitudinal model shown in Eq (23), the technical parameters of this model are the
same as those Dzielski and Kurdila [1] shown in Table 1.

X, =X, =VX,
o — NX;
X2 = ( Ccav)XZ + ( MV Ccav)x3
C C
— s 4+ v 5 —
M ° M ]
272 R _ R
, PRV 1R ,,1+h
M hR-R_+R
2
. nX; — X, X —
X, = C. )X +
3 ( v cav) 2 ( v
X nC_ X
cav’'g 5 cav’t f §f

;va%fl R,-R

(23)

Ccav ) X3

’ | ( hR—&+R)( %,
X, = X,
Table 1. Parameter of the HSSV.

parameter description value
g gravitational acceleration 9.81 m/s?
m density ratio 2
M mass 22 kg
L length 1.8m
n rudder efficiency 0.5
Rn radius of cavitator 0.0191 m
R HSSV radius 0.0508 m
\Y total speed 75 m/s
o cavitation number 0.03

Mathematical Biosciences and Engineering
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3. Controller design and stability analysis
3.1. Controller design of robust pole assignment

Due to the existence of inevitable modeling error, this section selects the robust pole assignment
algorithm to design the controller for vehicle, though eigenvalues of a matrix are sensitive to design
the controller for vehicle [23].

Though eigenvalues of a matrix are sensitive to perturbation of elements in the matrix, eigenvalues
of the normal matrix are less sensitive to this perturbation.

Theorem 3.1: The reference model based on Eq (23) with parameters changes is expressed as
follows:

X=(A+AA)x+(B+AB)u
y=(C+AC)x (24)
X(0) = x,

The state feedback controller Eq (25) is added to Eq (24).
U=Kx+v (25)
The closed-loop system is expressed as:
X =(A+BK)x+(AA+ABK)x+ (B, + AB)v (26)
If the system is controllable, the desired state feedback matrix K satisfies.

(A+BK)X = XA 27)

where A =diag(4, --,4 ) isthe system eigenvalues matrix, the condition number of Matrix X needs
to be as small as possible, which makes the desired closed-loop poles robust.

The steps of robust pole assignment are as follows [19]:

Stepl: By means of the use of QR decomposition method, factorize of matrix B and
[Ur(A-20]

B=[U, ul]m,[u;(A—zil)]T{s"i si]{ﬂ (28)

where S, is a group base of the Nuclear Space Ker[U (A—-A1)]".
X, =S¢, (29)

where ¢ 1s p dimensional column vector, and p is the number of columns of Matrixes B.

Step2: Select a vector ¢, available to have Matrix X satisfy Eq (27) and make condition number
ke (X (&) =||X]. o||X |, of Matrix X as small as possible.

Step3: Search direction d, is obtained using quasi-Newton method and step size in search
a, 1s obtained under inexact line searches(Armijo Goldstein rule), therefore, new coordinate vector is
S ¢ Tad.

Step4: Gradient and norm of Matrix X and condition number k. (X(¢)) on point £ ,, are
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calculated; return to Step 3 if the norm is more than system error, otherwise continue with the next
step.
Feedback matrix K is given by

K =ZUT(XAX*—A) (30)

Theorem 3.2: (Bauer-Fike rule Theorem): if E € R~", u € C is characteristic value of matrix
(A+BK+E), in that case, the characteristic value of matrix (4+BF) will meet the demand in Eq (31).

2= ul< K OE], (31)

If the condition number k_(X (¢)) is limited, the change rate of its characteristic value will not
exceed k. (X (¢)) times the change rate of |g|,. When |g|, approaches to 0, the change rate of the
pole can be controlled. However, once k_(X(¢)) = oo, there must be an infinite sensitivity of the

eigenvalue A to the change of the matrix. At this time, the model needs to be redesigned or other
hidden conditions need to be considered [24].

In order to reflect the situation of exceeding the actual working range of the actuator in the
theoretical simulation of supercavitating vehicle motion control, the following example is given here.
To realize fixed-depth constant motion of the supercavitating vehicle in the longitudinal plane, the
expected poles are selected as —5, —15, =58, —178. According to Theorem 3.1 and Theorem 3.2, the
minimum condition number for vehicle model which has a system error of 10% was searched. By
conducting 126 searches, the minimum condition number is obtained as k. (X (¢)) = 6.2895 x10°,

therefore, the feedback Matrix K is as follows.

K_r100.1615 ~1.2001 -3.2425 -50.02]

(32)

-3.4707 0.4148 1.0375 62.8821
In this section, the mature robust pole design method is used in the controller design, and the
obtained controller will be used as the basis for analyzing the actuator saturation phenomenon in the
motion control of supercavitating vehicle, but this controller design part is not the point of this paper.

3.2. Analysis of simulation results

The Figures 2—4 show the state of motion of the supercaviting vehicle after robust pole
assignment, the planning force at the fin of the vehicle, and the immersion depth as well as the rotation
angle and rotation speed of the cavitator and the fin.

Under the joint control of the cavitation and the fin, the supercavitating vehicle in Figure 2 finally
showed the state of fixed-depth constant motion.

As shown in Figure 3, during the movement of the vehicle, the fin of the vehicle is in direct
contact with the cavity wall and glides along the cavity wall to form the planning force; while the fin
will support the fin of the vehicle, and the vehicle motion state does not suffer from a limit cycle
behavior. However, as shown in Figure 4, this state of motion is with a problem that the cavitator and
the fin turn at too high speed which cannot be achieved by the actual motor, and too high turning speed
will also cause damage to the stable motion state of the vehicle.
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Figure 2. The motion states of HSSV.
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Figure 3. The planning force and immersion depth of HSSV.
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Figure 4. The degree and rotate velocity of actuator of HSSV.
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3.3. Evaluation of control ability of linear feedback controller

Although the simulation results obtained in Section 3.2 show that the system runs stably without
limit cycle behavior in 0~2 s, it does not mean that the system can maintain such a state in the future.

Moreover, the linear feedback control method is prone to cause limit cycle behavior at the
equilibrium point [1], which destroys the stability of the system.

In this section, the circle criterion will be used to evaluate the control ability of the above linear
feedback controller for nonlinear systems, and predict whether it is possible to produce limit cycle
behavior.

As shown in Eq (33), following Lure-form systems exist (Figure 5), in which the linear portion
is G(s)=C(sl —A)'B, symbol s refers to Laplacian operator, and y (-) referring to the nonlinear

portion satisfies the sector condition (34).

r “__1G(s) Y

A\

w() [

Figure 5. Lure form system for application of circle criterion.

J)’( = AX + Bu

y=Cx+Du (33)
lu=-p(t,y)

ay* <yy(y) < py? Vyelab] (34)

Theorem 3.3: (circle criterion):
When Nyquist plot G(jw) of the single input and single output system is on the right side of

the vertical line Re[s] = -1/ #, and the system meets the requirement of 0 = «a < g, then the system

is absolutely stable (—a = b = «). However, when the sector condition (34) is only established in a
finite interval [a,b], the region of attraction (ROA) of the equilibrium point can be estimated with the

Lyapu function.
The evaluation values of the region of attraction are as follows:
Q={xeR*|V(x)=x"Px<c} (35)
where C, = minV (x), and matrix P and scalar & satisfy the following Riccati equation.
P{%JrA}{%JrAT}PJr(KCT—PB)%(KC—BTP):O (36)

The positive real scalar € must satisfy the requirements that 1 + ASG(s-0.5s) and (¢/2)1 + A
are to be Hurwitz [12].
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Figure 6. Nyquist diagram of G(s).

The nonlinear component is globally located in the sector condition [0, # = 85]. It can be seen
easily that the nyquist curve of the transfer function G(s) from s, to V, in Figure 6 does not meet

the requirements of sufficient conditions for global absolute stability.

However, controller (32) can make the system locally stable in the finite interval y = V, €[-3.5,
3.5] and under the sector condition [0, 76] (& = 0.02). In addition, the evaluation value of the region
of attraction (the equilibrium point x is [0, 3.5, 0,3])

Q={xeR*|V(X) =Xx"Px <21.3611} (37)

{0 0 0 0—‘
_| 0 1.7987 -0.5388 -0.0082 |
—-0.5388 0.2496  0.0038

{0 —-0.0082  0.0038 0.0114J

P

(38)

o

| slope k=76 ’,—«"‘l

planing force term - Fp(N)

vertical velocity Vy(m/s)

Figure 7. ROA estimation using circle criterion.

From the above results, it can be concluded that the region Q is within the set {jv,| <3.5} and the

system is absolutely stable in the limited region. The linear controller designed in Section 3.1 is
effective for the control of nonlinear systems, and the closed-loop system is available to resist large-
scale planning force interference in the region of attraction. During the motion, the fin of the vehicle
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is supported by the fin, and. in the time domain simulation (Figure 2), the system does not form limit
cycle behavior. Therefore, in the vicinity of the equilibrium point, the system will remain stable and
out of limit cycle behavior. However, this control method will bring about the phenomenon of actuator
saturation (Figure 3), therefore, this problem will be solved in Section 4 with a linear active disturbance
rejection controller.

3.4. Hydrodynamic causes of cavity instability induced by actuators

From the perspective of hydrodynamics, this section attempts to figure out the reasons for the
instability of the cavity induced by the movement of actuators when actuators exceed the angular range
and the angular rate range.

When the vehicle is sailing at high speed in the water, the pressure of the liquid behind the tip of
the cavitator is lower than the vapor pressure, and shedding will begin to occur [25]. Shedding is the
result of interaction between the bubble and the boundary layer of fluid in front of the bubble. Besides,
these small bubbles converge at the fin of the vehicle to form a closed cavity to enclose the vehicle [26,27].
The cavitator has direct impacts on the internal pressure and flow rate of bubbles by changing the
starting point of the shedding, thereby adjusting the position and shape of the cavity. The HSSV is
based on this principle to adjust the movement attitude of the vehicle and the cavity, while ensuring
that the cavity is not broken.

However, the movement of actuators will cause disturbances and further cause the cavity to fall
off or even collapse of the cavity [28,29]. The reason is that when the cavitator turns at high speed, the
delay effect of tip leakage vortex cavitation is strengthened and the maximum volume of the cavity is
reduced [30]. When a new disturbance is triggered by the cavitator, the pressure of the cavity wall
changes again, while the cavity will no longer be maintained in the optimal state. Since the change of
cavity shape is a delayed process which is superimposed with the previous change of cavity shape, the
current change will be more intensified than the previous one, even if it may induce cavity instability.
In view of the size of the cavity, if the angle of attack is too large, it will be easy to cause the rear of
the vehicle to scour the cavity and destroy the stability of the cavity. On the other hand, continuous
disturbance caused by a cavitator would lead to a huge impact on the boundary leakage mechanism of
the cavity. In the case that the cavitator swings relatively fast, a strong momentum exchange will occur
at the water-vapor interface. When the liquid velocity is greater than that of the water-vapor mixing
zone, the liquid will bring bubbles out of the cavity boundary and cause gas leakage. When bubbles
velocity inside the cavity boundary is greater than that in the liquid, the liquid will be entrained toward
the interior of the cavity under the influence of gravity. As the result, a fierce jet is formed to destroy
the stability of the cavity, as shown in Figure 8. Based on the instability of these two causes, a vortex
will be generated near the cavity boundary or on the cavity body. Sometimes this vortex is critically
stable, but it is prone to be unstable due to external disturbance. Unfortunately, it is a potential reason
for the instability of the cavity, this phenomenon should be avoided.

The effect of turning the fin is similar to that of the cavitator. At the same time, the hydrodynamic
at the fin of the cavity is very complicated. Besides, the turbulence and vortices generated by fins are
more harmful to the stability of the cavity [31]. Therefore, in order to stabilize the cavity, it is truly
necessary to limit the angular range and angular rate range of fins.
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Figure 8. Instability caused by rapid rotation of cavitator.
4. Design of anti saturation controller
4.1. Concept for LADRC

The core idea of LADRC theory is to use a linear expansion state observer (LESO) to estimate the
unknown generalized disturbance and suppress the disturbance.
Assume the following linear system:

a,ym () +a, ,yOU(@E) +-- +a,y(t) +agy(t) =b uM(t) +---bu(t) + bou(t) +c,dM(t) + mcld (t)+cod(t) (39)

where y(t), u(t) and d(t) are the output, input and disturbance of the system respectively.

Active disturbance rejection control does not need to be based on the accurate model of the
controlled object and the disturbance, however, the relative order p = n-m and gain b = bm/an must be
specified.

It is generally assumed that the controlled system includes the following model:

y®P () =bu(t) + f (y(t),u(t).d(t)) (40)

where y(t), u(t) and d(t) are the output, input and disturbance of the system respectively, in addition, p
and b are two known parameters of the controlled system, and f(3, u, d) is the combination of unknown
dynamics of the system and external disturbance, which is assumed to be unknown in the design of the
LADRC and called as generalized perturbation.

Set the status of the system as:

L=Y,2,=Y,.,2, =y, 2, = f(yud) (41)

Let f{y, u, d) be differentiable and f(y.u.d)=h , then the systemic model Eq (23) can be written
as:

7=Az+Bu+Egh
{ . (42)

y=C,z

where z=[z; z, -~ Z, Zp+1]T
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0 1 0
0 O cen
A=+ = = B, =]+ E,=|: C,=[t 00 - 0]1x(p+1)
0 00 0 1 b
0 00 O

(p+1)x(p+1) 0 (p+1)x1 1 (p+1)x1

Design a full-order Luenberger observer for this system. In the case that the observer is not only
used to observe the systemic output and its each derivative, but also observe generalized disturbance,
this observer is also called a linear expansion state observer (LESO).

{i:A02+Bou+L0(y—9) “3)

y=C,2

where L, is the linear observer gain: L,=[4 5, - 8, ﬁMT
The poles of the observer are arranged at —wo, the characteristic equation of Ao— LoCo 1is:
1) . . . .
|SI —(Ao— LoCo)| =SP4+ BiSP +---+ B = (S+ wo)"* and where [pr ] is the combination coefficient,

and @o is the bandwidth of the observer. The gain of observer L. is independently decided by the
parameter o .
Use the following control law:

L t
U(t) _ Zp+1()+uo() (44)
b
where u,(t) is the item to be determined, then, model Eq (40) becomes:
yPUt) = uy (t) - 2,4 (1) + f (y(t),u(t), d (1) (45)

When LESO is designed appropriately, 2«1~ f(y(t),u(t),d(t)) and the system becomes a p-order
integral system, that is:

y(P(t) = u, (t) (46)
This system may adopt the following state feedback control law:
Uy (£) = ky (1 () = 2(1)) + Ky (F (1) — 2(1)) + -+ + K, (r P (1) — 2PD (1)) (47)

where r(t) represents the reference signal. Due to the fact that (), 2(t) approach y(t), -, y®e-9(t)
respectively, the final control law can be expressed as:

K (r(®) —2,®) +-- +k, (r®H (M) -2, (1) 2,.,()
b b

u(t) = = Ko (F(t) - 2(1)) (48)

where ¢(t) isthe generalized reference signal, which is a vector consisting of the reference signal and
each of its order derivative.

PR =[r@) Ft) - revE) o] (49)
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The state feedback gain K, is defined as:
Ko=[k Kk, - Kk 1]E (50)
o p b
The poles of the state feedback controller are arranged at —@. and the characteristic equation of

Ao—BoKo is: [SI — (Ao — BoKo)| = 5(57 + kis ™% 4+ + K1) = $(5 + @)

n—-i+l

_( P —1- p:with n= P . o ,
where k'—[i_J“’ Joi=lospiwith n=p g (i_lj is the combination coefficient.

The gain of feedback controller Ko is independently decided by ..
The structure of the LADRC designed for the HSSV is shown in Figure 9.

;_r____________u_l Y
4:7’ Ko i HSSV _ System >
I - |
I |
| A I
z
| LESO !
LADRC !

Figure 9. structure of HSSV’S LADRC.

In Figure 9, Y refers to the output of HSSV system and U is the extra control variable provided
by the cavitator for the supercavitating vehicle. When designing a linear active disturbance rejection
controller for the cavitator, Y are chosen as 3 times of the partial control variable in formula Eq (32)
Y =y = 300.6x1—3.6X2—9.6Xs—150Xa.

The linear active disturbance rejection controller (LADRC) has the following state space
implementation:

c
Il

Ko(F — 2)
: (D
2 = (Ao— LoCo)z + Bou + LoY

4.2. Systemic bounded input and bounded output (BIBO) and tracking performance analysis
4.2.1. Systemic BIBO analysis

Let the evaluation error of the full-order Luenberger observer be:

e:Zi_zi!izlvz'.‘lp+1’ é=A6e+d (52)
where
[ _ﬂl 0 ]
_ﬂz 0
Ac=A-LC = , and d=Eh
-, 1
__ﬂpfl O_
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Lemma 1: if the selected parameter fi,---,Bs.: in the observer gain L, make A. Hurwitz

stable, the evaluation error % of the Luenberger observer is bounded when any bounded generalized
error A exists.
It is proved as follows: If A. is Hurwitz stable, now let v =eT"Pe be a Lyapunov function, where

P is the only solution to Lyapunov equation Ae'P+PA.=—Q, and Q is a positive definite matrix. Then:
V =—-€"Qe+2d"Pe=—(e'Q! —d"PQ *)(e'Q: —d"PQ )" + (d"PQ })([d"PQ})" (53
If

e'Q*—d"PQ}| >|ld"PQ*

>
2

(34)

2

or

d"PQ

eTQ%|| >2
2

(35)

2

V <0 establishes.

Specially Q@=1,if [el,>2[Pd[,, v <o also establishes.
Specially, Q=1, if ||e||2 >2||Pd||z, Vv <0 also establishes.
This means that evaluation error e owns a lower bound, once |e], > 2|Pd|, establishes. Therefore,

e is bounded.
It is worth mentioning that Lemma 1 is also applicable to the following dynamic system:

E=ME+g(8) (56)

where £e®R"and MeR™". Lemma 2 can be given as follows:

Lemma 2: The necessary condition for bounded ¢ in Eq (33) is: if and only if M is Hurwitz
stable, and at the same time, g(¢) is stable and bounded.

By connecting Lemma 1 with Lemma 2, we can get the bounded definition of LADRC:

Definition 1: If the appropriate observer Eq (43) and control law Eq (44) are selected, the closed-
loop system becomes a p-order integral system ( y®(t) ~u,(t) ) which is stable. Then the designed
LADRC can make the closed-loop system be BIBO stable by Eqs (43), (44) and (47).

Proof is as follows: According to Lemma 1, the evaluation error € of the observer is bounded.
Combining Egs (40), (44) and (47), the LADRC closed-loop system with the relative order r=p can

be expressed as:

; [2]
e

o 1 0 0] [0 0 0 O 0 0]
0 0 1 0 0 0O 0O O O 0 0
0 0 : : 0 0 O 0 O 00

P= N =
0 0 0 1 0 0 O 0O O 0 O
0 0 0 0 1 0O 0O O O 0 0

‘_kl ok _k‘j*l _kp—pxn _kl kP K, kp l_px(2p+1)
where z=[y y - y(p—l)]T , A=[r P o r(p—l)]T
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According to Lemma 2, when 2 and e are bounded and Pis Hurwitz stable, X is bounded.
4.2.2  Systemic tracking performance analysis

In Eq (57) includes:
YO =k (= y) 4o 4K, (KD — YD) 4k (2, — 1)+ K (2, = 2,) (2,0~ 2,)  (58)

Definition 2: When r = 0, the output of the system is zero input response, and the output only
depends on the system structure. Combining Eqs (46) and (47), there is

k(z,—2)+-+k (2, —2,)+(2,,, —2,.,) =0 (59)

Because the coefficients before each term in Eq (59) are not all 0, the necessary conditions for
the accurate state observation of LESO can be obtained, that is,

Zi ~ Zi (60)

The output of the closed-loop supercavity vehicle with LADRC designed in Figure 9 is fed back
to LESO which is available to accurately track the output and various derivatives

y(i—l) ~ 2i,i =1’2... P (61)

Definition 3: When r = 0,the output of the system depends not only on the structure of the
system, but also on the external input. In the case that Eq (58) is combined with the necessary
conditions for LESO accurate state observation (Eq (60)), Eq (62) is given by

yI(t) = Ky (r(t) = 2,(1)) + ko (F (1) = Z,(1) + -+ + K (r(P=D(t) — 2,,(1)) (62)

When Y and each of its derivatives are bounded, if and only if parameter k; of state feedback gain
K are all not 0, the evaluation value of LESO and each of their derivative 2, (t) converges to the input

of the system and each of its derivatives r (-D(t).
Proof is as follows: From Definition 1, we know that Y and each of its derivatives are bounded.
According to the convergent nature of the series, when p—oo and ki are all not 0, the p-order

derivative of systemic output y® (t) is equal to 0. Furthermore, the observations of LESO and their
derivatives are bounded. If and only if the evaluation value of LESO and each of their derivatives z,(t)

are equal to the input of the system and each of its derivatives r () , the conclusion 2, (t)=r(-b(t)
holds. Proof completes.

5. Simulation and results discussion
5.1. Selection of controller parameters

As mentioned above: LADRC must specify the relative order p=n — m and gain b=b,/a, of the

controlled object. In this paper, the parameters of LADRC are as follows: the relative order p =2 and
gain b = 10. For the design requirements of LADRC, it is also necessary to determine the parameters
of w.and wy. In this paper, w. = 6 and the parameter of the observer gain L. is also determined, that
is, wo = 8.
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After selecting the parameters, LADRC is designed for the cavitator when LADRC is not
designed for the fin, and it can be expressed as:

M 24 1 of[z] [0] [24]
22]=-192 0 1| 2:|+[10|+|192 |Y (63)
M 512 0 0[] |0 |[512
r 21
u=[3.6 1.2 0.1]|f|-|2: (64)
0] |2

In this article, only the rotation angle and speed of the actuator are studied, therefore, the state
vector in Eq (63) is expressed as [Y Y e], and e refers to the external disturbance. The nonlinear

dynamics of the actuator N(-) with reference to [25] is selected as the first-order motor model with a

transfer function of 300/(s + 300). In the simulation employed in this paper, models of both the
cavitator and the fin are selected as 300/(s + 300).

5.2. Simulation and verification

The parameters of the linear active disturbance rejection controller suitable for Section 5.1 are
not unique. At the time of design, definition 2 and 3 are needed to help determine whether the controller
design is reasonable.

Therefore, this section will use the simulation method to analyze the performance of the designed
LESO and verify whether the output of the LESO can accurately track the state value of the system. It
should be noted that in the simulation diagram in this section, all ordinates are test values, and these
test values will have no physical units.

Figurel0 is a comparison diagram of the system output Y and its first derivative Y with the
observation value 7 of the linear expansion state observer and its first derivative 7 when the
reference input of the active disturbance rejection controller is zero.

It can be verified that when the reference input r =0and the coefficients ki of the state
feedback gain K, are not all 0, the observation value 7 and its first derivative 7 of the linear
expansion state observer can track the output y of the system and its first derivative y very well.

= —

0.4

0.2

200 400 600 800 1000 1200 200 400 600 800 1000 1200
time(ms) time(ms)
0.6 - : - : - "

)

0.4 0

0.2 -5

-10
200 400 600 800 1000 1200 200 400 600 800 1000 1200
time(ms) time(ms)

Figure 10. Output VS state observe value (r=0).
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This verifies the correctness of definition 2 and shows that the linear active disturbance rejection
control designed in this paper is correct.

The Figures 11 and 12 are comparison diagrams of the reference input » and its first derivative fr
as well as the observation value 7 of the linear expansion state observer and its first derivative 2 when
the reference input of the controller is a unit step signal or a sinusoidal signal, respectively.

It can be seen from Figures 11 and 12 that when the linear expansion state observer is designed
reasonably and the parameters k: of the state feedback gain K, are not all 0, the observation value
2 and its first derivative 2 can track the reference input » and its first derivative i well. This verifies
that definition 3 is correct, and also shows that the active disturbance rejection control designed in this
paper is suitable.

200

100

200 400 600 800 1000 1200 200 400 600 800 1000 1200
time(ms) time(ms)

200 400 600 800 1000 1200 200 400 600 800 1000 1200
time(ms) time(ms)

Figure 11. Input VS state observe value (r is a unit step signal).

—
0.5

200 400 600 800 1000 1200 200 400 600 800 1000 1200
time(ms) time(ms)

200 400 600 800 1000 1200 200 400 600 800 1000 1200
time(ms) time(ms)

Figure 12. Input VS state observe value (r is a sinusoidal signal).

The Figures 13—15 show the motion state of the supercavitating vehicle, the rotation angle and
the rotation speed of the cavitator as well as the fin, planning force, and fin immersion depth at the
reference input r = 0.

Due to the influence of the additional control structure on the stable poles, the following
simulation only retains the term z = 0.05 m in the original expected poles.

Figure 13 shows that under the control of LADRC, the supercavitating vehicle moves linearly
with a fixed depth, and no large displacement occurs. During the motion, the fin of the vehicle is not
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in contact with the cavity wall (Figure 15), therefore, the control system designed in this section is
stronger in terms of stability than that of the control system designed in Section 3.1.

Since the active disturbance rejection controller provides the cavitator with an additional control
value u for the vehicle. It can be seen from Figure 14 that the rotation angle and rotation speed provided
the cavitator and the fin are not large. Besides, the rotation angle and rotation speed are in accordance
with the allowable range in which the actual motor can work normally, therefore, the vehicle can sail
stably without saturation of the actuator.
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Figure 13. The motion states of HSSV (with LADRC).
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Figure 14. The degree and rotate velocity of cavitator or fin (with LADRC).

The following experiment will offer a pulse disturbance which will be added to the variable of
vy to simulate the motion state of the supercavitating vehicle with planning force, so as to observe

whether the active disturbance rejection controller can maintain the stable motion of the vehicle and
restrain the actuator saturation phenomenon in the presence of the planning force.
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Figure 15. The planning force and immersion depth of HSSV (with LADRC).
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Figure 16. The motion state of HSSV.
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Figure 17. The degree and rotate velocity of cavitator or fin.
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Figure 18. The planning force and immersion depth.

Due to the fact that pulse interference are provided to vy, sudden changes occurred to the motion
state of the vehicle instantaneously, and the rotation angle or rotation speed of the actuator at this
moment is also the largest. Therefore, it can be seen from the above figure that the vehicle can still
maintain stable movement when the pulse interference e is applied.

However, the active disturbance rejection controller introduces interference into the state Z., and
mitigates the most drastic changes in the rotation angle and angular velocity of the actuator through
additional control variable u from the cavitator, in that case, the active disturbance rejection controller
restrains the actuator saturation phenomenon.

6. Conclusions

In this paper, firstly, by analyzing the actuator saturation problem of supercavitating vehicle in
controllable motion, it is concluded that the simulation results of stable motion of supercavitating
vehicle realized by general robust pole assignment control algorithm are not in line with the actual
situation. Then, based on the original controller, the outer loop controller of the supercavitating vehicle
is designed by using the LADRC, which provides additional control variables for the cavitator of
supercavitating vehicle. Finally, the simulation results show that the LADRC can reduce the deflection
angle and deflection angle speed of the actuator of the supercavitating vehicle, and ensure the stable
movement of the supercavitating vehicle on the premise of preventing actuator saturation.

However, the research of this paper also has limitations, the ADRC algorithm requires that the
input of LESO is an accurate value, however, the depth measurement of supercavitating vehicle has
always been one of the unsolved problems. In the future, the author will conduct more in-depth
research on the combination of active disturbance rejection control and motion control of
supercavitating vehicle, so as to promote the development of related topics of supercavitating vehicle
control.
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