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Abstract: In this paper, a reaction-diffusion vegetation-water system with time-varying delay, impulse
and Lévy jump is proposed. The existence and uniqueness of the positive solution are proved. Mean-
while, mainly through the principle of comparison, we obtain the sufficient conditions for finite-time
stability which reflect the effect of time delay, diffusion, impulse, and noise. Besides, considering the
planting, irrigation and other measures, we introduce control variable into the vegetation-water system.
In order to save the costs of strategies, the optimal control is analyzed by using the minimum principle.
Finally, numerical simulations are shown to illustrate the effectiveness of our theoretical results.
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1. Introduction

Vegetation and water resources are important components of the ecosystem. In arid regions, the lack
of water resources and the destruction of vegetation lead to desertification. If desertification is formed,
it will seriously affect human survival and economic development. From [1], worldwide, economic
losses caused by desertification are more than 40 billion dollars every year. On the other hand, in
the rainforest ecosystem, abundant vegetation and water resources provide sufficient oxygen for the
survival of life on earth. If the rainforest ecosystem is destroyed, life on earth will inevitably suffer the
disaster. Therefore, it is of great significance to model a reasonable dynamic system and analyze its
dynamic behavior. Meanwhile, studying the optimal control strategy is helpful for the reasonable and
effective protection of vegetation ecology.
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In the natural environment, the vegetation-water systems are usually disturbed by human activities
and natural disasters, such as planting vegetation, irrigation, pruning vegetation regularly, and so on.
These phenomena can be more accurately described by impulsive differential equations. Therefore, in
recent years, some results were proposed on modelling impulsive vegetation systems [2-5]. In these
references, only some impulse events that reduce the biomass density of vegetation were considered,
such as forest fires. In vegetation restoration and protection, we mainly adopt measures, including
planting and irrigation, etc. Obviously, these behaviors can increase the density of vegetation and
water. However, the corresponding impulsive vegetation-water systems are rarely analyzed.

On the other hand, in ecosystem, delay is also a ubiquitous phenomenon that may cause a dramatic
changes on dynamic behavior [6-8]. In recent years, delay has been taken into consideration in re-
search on vegetation systems [9, 10, 18]. In [9], Han et al. took constant delay into the vegetation water
system and studied the dynamic behavior. In [10], Wang et al. analyzed the asymptotic stability of the
equilibrium and Hopf bifurcation in a constant delay vegetation ecosystem. In [11], the authors consid-
ered the delay into vegetation-water system and studied the stability and Hopf bifurcation. However,
the papers mentioned all consider constant delay. In fact, in real ecology, the delay can be affected
by various factors such as temperature, soil moisture content and so on. Therefore, the delay of pen-
etration is related to time. In this paper, we consider the time-varying delay into the vegetation-water
system.

In addition to impulse and delay, there are many achievements evidence that noise also plays a
major role in vegetation systems [12, 13]. In the real world, it is known to all that there are various
environmental factors (such as organic matter, climate and so on) that can affect the ecosystem, which
is manifested by fluctuating ecological material density. Recent research results support the importance
of stochastic processes in ecosystems [14—16]. For example, Pan et al. [17] studied the near-optimal
control of a stochastic vegetation-water system. Zeng et al. [ 18] analyzed the catastrophic regime shifts
of a stochastic grazing ecosystem to explore the impact of noise on vegetation degradation. However,
the stochastic process they mainly consider is Gaussian white noise in the system. The Gaussian noise
is suitable to simulate non-abrupt and uniform environmental disturbances such as small-scale rainfall,
temperature change, etc. It is worth noting that the phenomenon of large disturbance exists in nature,
such as volcanic eruptions and earthquakes [19]. Meanwhile, there is evidence that the transition from
forest to drought will not be smooth but will exhibit sudden transitions. For example, in [20,21], a
large-scale, long-term experiment showed that the mortality of vegetation will increase abruptly to
226 and 462 percent in the dry season. These sudden changes may have a profound impact on the
natural ecosystems and cannot be ignored [22]. The scholars have done some researches and shown
that for abrupt random pulsing phenomenons can be described by the Lévy process [23,24]. There
are several existing works on the impact of the Lévy process on ecosystems. For instance, Zhang et
al. [25] considered the Lévy process into the grazing ecosystem and analyzed its impact on system
dynamics. Larissa et al. [26] introduced Lévy process to model the Amazon vegetation ecosystem and
analyzed metastability of system. However, there been no research that introduced Lévy process into
vegetation-water system to analyze dynamic behavior.

In the last several years, the dynamic behaviors of vegetation system were extensively investigated.
For example, R. Lefever and O.Lejeune [30] introduced a single-equation (vegetation biomass den-
sity) system and studied the bifurcation theory and the stability of the steady-state solution. Klaus-
meier et al. established a vegetation-water (soil water) system and explored the Turing instability of
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the system [31]. Rietkerk et al. proposed a vegetation-water (soil water and surface water) system
and analyzed the stability of steady-state solution [32]. Obviously, they mainly paid attention to long-
term dynamic behaviors. Noteworthy, finite-time stability plays a significant role in modeling real-life
problems and arises in a wide range of applications, such as economic-controlled system, neural net-
works and so on [33-37]. In arid ecosystems, the density of vegetation and water is closely related
to eco-quality. Low-level vegetation and water density means desertification. Meanwhile, because the
environmental capacity is limited, the high density of vegetation and water will also harm the ecolog-
ical environment. Therefore, it is of significance to study the finite-time stability of vegetation-water
system. On the other hand, as is known to all that controlling drought land and rainforest degradation
have posed a huge economic burden. Because of the large affected area, it is costly to use control
strategy, such as planting vegetation, rational irrigation, etc. Therefore, from the perspective of eco-
logical economics, how to formulate optimal control strategies to balance the costs and benefits is an
important and meaningful question. However, there are few papers introducing control strategies to
study optimal control problems in the vegetation system.

In this paper, we propose a new vegetation-water system and analyze finite-time stability by using
comparative principles. Then, we introduce the control variables into the system and analyze the
optimal control of the controlled vegetation system by using the minimum principle. In summary, our
main contributions are as follows:

(i) We propose an impulsive stochastic reaction-diffusion vegetation-water system driven by Lévy
process with time-varying delay. Our model is an extension of literature [2,9, 32].

(i1) The sufficient conditions for finite-time stability are given as theoretical results which reflect
the effects of diffusion, impulse, delay, and noise disturbance. Compared with existing work, in the
analysis of finite-time stability, our contribution is the study of system with time-varying delay and
Lévy noise. In order to deal with time-varying delay, we use the idea of classification.

(ii1) The control strategies are considered into the impulsive stochastic vegetation-water system with
delay, such as planting vegetation, irrigation, applying chemicals etc. Then, the explicit expression of
optimal control is obtained through the minimum principle.

The remaining structure of the paper is organized as follows: in section 2, a stochastic diffusion
vegetation-water system, with varying-time delay, impulse, and Lévy jump is established. In section
3, we complete the proof of the existence and uniqueness of the global positive solution. Further,
we analyze the finite-time stability of the system and give sufficient conditions for the establishment of
stability theorem. In section 4, we analyze the optimal control problem by using the minimum principle
under the vegetation-water system with control. In section 5, a numerical simulation is presented to
illustrate theoretical results. In section 6, we discuss and summarize the main results of this paper.

2. Model formulation and preparations

2.1. Model formulation

In this section, a vegetation-water system with spatial diffusion, time-varying delay, impulse, noise
is proposed. Before driving our system, let us recall a classic vegetation-water system proposed by
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Rietkerk in [32]

‘%‘g’ D _ dg.Aucx, %‘(x 1) — di(x, 1),
ov(x, kaf) _ mV(X
V(a’; D _ dAv(x, 1)+ ko—(”(f ti)i ,jf D) - —f Vt() .
ow(x,1) _ @ n +kaf)
- dyAw(x,t) + R, — kg 2D Tl w(x, 1),

) u(x, 1) — bv(x,t),

2.1)

here u(x,t), v(x,t), w(x,t) represent the vegetation biomass density, soil water density and surface
water density, respectively. A is the Laplace operator. The 6T is the boundary of I' € R?. All parameters
in model (2.1) are assumed non-negative constants and are described in Table 1. In the following, we

complete the construction of the new vegetation system.

Table 1. Parameters description.

Symbol Physical significance Units

i Plant density g/m?

v Soil water mm

w Surface water mm

d; Plant dispersal m*/d

d; Diffusion coeflicient for soil water m*/d

dy Diffusion coefficient for surface water 2/d

c Conversion of water uptake by plants to plant growth g-mm'-m?
&m Maximum specific water uptake mm-g~t-m?-d!
d Natural loss rate of plant density due to mortality d!

ky Half saturation constant of plant growth and water uptake mm

ky Rate at which infiltration increases with specific plant density g/m*

b Natural loss rate of soil water due to drainage d!

p Natural loss rate of surface water water due to evaporation d!

R, Rainfall mm/d

f Minimum water infiltration in the absence of plants s

ko Proportion of surface water available for infiltration d!

¥ Perturbation of Poisson process to loss rate d!
o;(i=1,2,3) Perturbation of random Brownian motion to loss rate d!

pi (i=1,2,3) Intensity of the Lévy process

L, Intensity of the impulse applied to the vegetation
L, Intensity of the impulse applied to the soil water
Ly Intensity of the impulse applied to the surface water

(1) Surface water evaporation

In the real world, it is ubiquity for surface water (mainly refers to rivers) to evaporate under the
influence of some factors such as temperature, wind, etc. In arid regions, the problems of low rainfall
and high evaporation are widespread. The evaporation of surface water can hinder the supply of
soil water and further affects the growth of plants. Therefore, they may be the cause of ecological
degradation. For example, in Yinchuan, China, the annual evaporation reaches 2000 mm, but the
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rainfall is only 200-300 mm and the desertification situation here is serious [38]. For this phenomenon,
we take the loss rate of surface water into account in vegetation-water system. The system (2.1) can
be transformed to

D = dabn(r )+ L) - i,
— 1 =
Tl — sty ko O gy - Dy e, 22)
ow(x, 1) (U(x, 1) + ko f) _
or =d; wAw(x, 1) + R, kom w(x, 1) — pw(x, 0.

(2) Time-varying delay

The transfer of surface water to soil water is considered as a time delay process. Meanwhile, because
the infiltration rate of surface water is affected by the water content of soil, we take time-varying delay
into system (2.2). In Figure 1, we show the time delay from surface water to soil water. Thereby, in
infiltration item of system (2.2), we replace w(t) with w(¢ — 7(¢)) and get the following system

‘9”_‘(8);’ D _ dhie ) + —C(g’"v)(x 2 a(x, ) — di(x, 1),
Tl = deaste) + ke r) - B s - bren, @23)
ow(x,1) (@(x, 1) + ko f) _

% = dyAw(x,t) + R, — kom w(x,t —1()) — pw(x, 1),

where the 7(¢) is bounded, which implies that there is a constant T > 0, such that 0 < 7(¢) < 7. Besides,
we assume that 0 < 7(f) < 7 < 1. In fact, the hypothesis about 7(f) > 0 fits the real situation. Because
the time required for surface water to penetrate will increase with time. And when there is enough soil
water, the time required surface water infiltration will tend to a fixed value 7.

(3) Impulse phenomenon

Impulsive phenomena are very common in vegetation ecosystem. For example, human behavior
such as planting and felling vegetation, irrigation and so on can be described by impulse differential
equations. In this subsection, we introduce the impulse into the vegetation system. The details are as
follows:

(i) We define I, as the impulse intensity that affects vegetation biomass density. It is worth noting
that the planting trees, planting grass and other events correspond to I;,, > 0 and felling plants corre-
spond to I, < 0. However, based on practical factors, vegetation can not be completely destroyed by
impulse events. Meanwhile, the impulse intensity can not be too large. We have reason to assume that
-1 < Iy, < 1, where I, is the maximum allowable impulse on vegetation.

(i) We define I;,, I;,, as the impulse intensities that affects soil water density and surface water
density, respectively. Irrigation, rainfall and other events correspond to I, > 0, I, > 0 and industrial
water, drainage and other events correspond to Iy, < 0, I;,, < 0. However, from reality, soil water and
surface water never thoroughly disappear due to impulse events and the impulse intensity can not be
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Time-varying
delay T(t)

Soil water

Figure 1. The time delay between surface water and soil water.

too large, which means that -1 < [, < [,,,, -1 < I, < I, where I,,, and [, are the maximum
allowable impulse on soil water and surface water, respectively.
Therefore, the system (2.3) rewrites as

0D _ 1 a1y L8P D s b~ de ),
a_at v(x, 1) + ky . 1#1,
D) e, kg e D e ) w»——( L it | ken),
ot u(x, 1)+ ky V(x, 1) + >0
—bvx. 1), er 2.4)

e (e, 0) + ko f) ) xeT, -

o =dpAw(x, l)+Ro—kom w(x, t —7(1)) — pw(x, 1),
a(x, ) = (1 + La(x, ty),
P00t = (1 + Lo ), b1 =1 (k€ N).
W(.x, t]-:) = (1 + IkW)W(x, tk)’

where {#;} (k € N) is impulsive sequence satisfies 0 = 1) < t; < f, < -+ < f} < +++ <ty = 09,
I(x,t)) = lim,_,,; Hx,t) (F = u,v,w). We define d,, = maxpen{ty — tic1}, dy = mingeny{ty — ti_1}.
x € T ¢ R? is a bounded measurable set which means that there are constants b; > 0, such that |x;| < b,
where x; (i = 1, 2) are components of spatial variables x.

(4) Lévy processes

In the real world, there are physical environmental disturbances such as volcanic eruptions, sudden
sandstorms, temperature surges and so on, and biological environmental disturbances such as mass
migration of herbivores. It can affect the natural loss rate of species, can be modeled by the Lévy
noise. Therefore, we let

d — d+p1dLi(t), b = b+ pdLy(t), p — p+ p3dLs(1),
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where L;(t) is Lévy process which is composed of a Brownian motion with a linear drift term and a
superposition of centered (independent) Poisson processes with different jump sizes y € Y. It follows
from the Lévy-Itd decomposition theorem that

dL(t) = a;dt + 0,dB;i(t) + fjiN(dt, dy) (i=1,2,3),
Y

where @; (day™) € R, &; (day™") > 0, Bi(¢) is standard Brownian motion, N(dt, dy) = N(dt, dy)—A(dy)dt
is a compensated Poisson process and N(dt,dy) is a poisson counting measure with characteristic
measure A on a measurable subset Y € (0, oo) with A(Y) < co. Thus, the model becomes

a_ b - In_ b — - —
”(a’; D _ donit, t)+;(‘i:—)(ici_2u(x, £) — La(x, ))dt — py&(x, DBy (1)
— prii(e. 1) f SN, dy).
Y
ov(x,0) . _ (U(x, 1) + ko f) _ B e 1+ 1y,
o A DR e T T e v e ) | ke,
— Lv(x, £)dt — pydav(x, H)dBo(t) — pav(x, 1) f yN(dt, dy), t>0,
o(x, 1) ) @(x, 1) + ko f) o vel. 2)
o :dWAW(X, t)+R0—komW(X, t—1(1) — l3W(.X, t))dt
— p303W(x, NAB;(1) — p3w(x, 1) | §N(dt,dy),
Y
a(x, ;) = (1 + Ly)a(x, ty),
o tl) = (1+ I)o(x.6), vt =1 (k € N).
w(x, 1) = (1 + L, )w(x, 1),

where [| = d + p\dy, [, = b + p2ds, I3 = p + p3ds. Besides, we assume that B;(¢) is in dependent of
N(t,dy). The initial value and boundary condition of system (2.5) are given as follows

Hx, 8) = We(x,8) (P =u,v,w), xel, se(-7,0],

09(x, 1) 09(x, 1) 09(x,1)
=( ,
on 6x1

)=0@@ =u,v,w), xeol, t>0,
8X2

where 7 is the out normal vector of dl'; Yy(x, s) (¢ = u, v, w) are bounded and continuous functions
on (—7,0] xT.

2.2. Preparations

In order to facilitate the subsequent theoretical analysis, we implement the dimensionless processing
for the system (2.5) using the method of Zelnik et.al. [12]. Therefore, we obtain the following non-

Mathematical Biosciences and Engineering Volume 18, Issue 6, 8462—-8498.



8469

dimensional vegetation-water system with time delay and impulse

ot
du(x, 1) = (dyduCe, 1)+ — 0 1) = LuCe, )dt — pyoryute, DB, (@)
v(x, )+ 1
— t N(dt, dy),
pru(x, )fy (dt,dy) tn,
dv(x, 1) = (d,Av(x, 1) + a“g PLw(x, t = 7(0) = yesru(x, 1) (keN),
— Lv(x, 1))dt — proav(x, ABy (1) — pav(x, ) f yN(dt, dy), t>% 2.6)
Y X€El, .
dw(x, 1) = (dAw(x, 1) + R — @525 w(x, 1 — 7(1)) — w(x, 1)dt
— p303w(x, DdB3(1) — p3w(x, 1) f yN(dt, dy),
Y
u(x, ) = (1 + I )u(x, 1),
vix,tf) = (1 + Iv(x, k), t=1t(keN),
w(x, ) = (1 + L)w(x, ),
il v _ kow _ koduo _ kodyo
whereu—k—,v—g,w—cgokl M—m,dv—m,d =1, 11—Cg,7 Ckl lZ—cg R =
Cgljjkl’ a = %’ = Cgm f=rf5 o= :n (=123, y= cgim’ I = C&mloriginnal, X = \,dlznx()rtgmnal

The ?oiginnar and Xoriginnar are the time and space variables before the dimensionless transformation
processing.

Let X = {(u,v,w) € WZ’Z,W = 0 on 0Q}. Define C? as a family of bounded and con-
tinuous functions. M, = L*(I" X [0,),R?) represents the set of square integrable functions de-
fined on I' X [0, c0), which is equipped with the norm || - ||, where |[y(x, )| = ( j‘: y(x, HyT (x, t)dx)%.
y(x,t) = (u(x, 1), v(x, 1), w(x, ). Let (Q, F, (Fo«<r, P) be a complete filtered probability space with
a filtration {(7,)o</<r}. E denotes the probability expectation corresponding to . Additionally, there is
a hypothesis that needs to be given.

Assumption 2.1 There is a positive constant L; such that fY pv(Eiy+2m(I)-2)A(dy)) < L; < +oo0 (i =
1,2, 3), where m(I') is the measure of T..

Remark 2.1 The assumption 2.1 implies that the intensity of random noise is constrained, which
Jfollows the biological background.

3. Main results

In this section, the positivity, existence and uniqueness of the global solution of system (2.6) is
analyzed by a method similar to [39,40]. Then, we study the finite-time stability of vegetation-water
system. In the end, we introduce control variables into the vegetation-water system and study the
optimal control of the control system.

3.1. Existence and uniqueness of positive solutions

Theorem 3.1 For any given initial data (Y, (x, s), ¥, (x, 5), ¥, (x, 5)) € Clj, there is a unique global
positive solution (u(x, t), v(x, t), w(x, t)) of system (2.6) on t > 0 almost surely, which means the solution
will remain in M, with probability 1.

The proof of Theorem 3.1 is given in Appendix.
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3.2. Finite-time stability

Definition 3.2 Given positive number T, By, B, with B, < B,, system is said to be finite-time stabile
with respect to (T, By, B,), ifany t € [0, T],

lyO)ll = sup fy(x, Y (x,0)dx < B; = Elly()|| = Efy(x, ny' (x,1) < By,
-7<5<0 JT r

where y(x, 1) = (u(x, 1), v(x, 1), w(x, 1)).

Remark 3.3 Definition 3.2 implies that when the initial value of the state variable is within a given

limit, it does not exceed the given threshold in a finite time. The image of finite-time stability is dis-

played in Figure 2.

B:

/7

Figure 2. Illustration of finite-time stability. P is the initial value of the state variable.

In the following, we give the theorem of finite-time stability of impulsive stochastic reaction-
diffusion system with time-varying delay. We present some parallel sufficient conditions of finite-
time stability of the system. These conditions reflect the influence of random disturbance and spatial
diffusion on finite-time stability. Before proposing the theorem, assign

c1 =B84 |Ksl, ¢y =828, 3 = B2+ K, ¢y = B2 w=1nB, —In(B, + |2,

0= max{(l + ), (1 + 1), (1 n Ikw)z} Ky=m(), K,=a(l + f),

K;, —1+p10'1+L1—ll—2d le ,K3v:a(1+f)+p20'2+L2—lz—2d le
Ky =R*+a(l + f)+plol+ Ly - 13 -2d, Y2, b2, Ky=max{Ks,, K3,, K3,}.

Theorem 3.4 The system (2.6) is finite-time stable with respect to (T, By, B,) if one of the following
condition holds:

Cl:0<0<1,K3+0, c10< K4€_c2%<0 —Inf < w,
C2:0<6<1,Kz#0, —K4e™7" <,0<0, (c1+9(1 e
C3:0<0<1,K3>0,¢;>0, (Ky+c))T —1nf < w,
C4:60>1,K3>0,¢c3>0, (K4+c3)T < w,

C5:0> 1,K; <0, ¢35 >0, (K4+C4)T§(,(),

)T + Ktz _ng < w,

9(1 )
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C6:0>1,K;<0, c3<0, (c4+l%e‘c4f)T+%§e‘cﬁs .

Proof. For a given number By, letting sup_;_,, fr u*(x, s) + v(x, s) + w?(x, s)dx < By. Set

V() = f u?(x, Hdx + f V2(x, dx + f w?(x, )dx.
r r r

An application of Itd formula yields that

av(r)
du(x, H)Au(x, 1) + %u(x, 0% — L (x, )dx + 2 f dv(x, )Av(x, 1)
) T
a”(x D+ f w(x, t = T(E)V(x, ) — &u(x Wx 1) — by (x, dx
u(x,t) + v(x, 1) +
+2 Ww(x HAW(, 1) + Rw(x, £) — ”(x ) + MOD T et Oy ) — w?Cx, f)dx
u(x, Hn+1

(1 —ply) u?(x, Hdx — fu (x, ydx + pu(x, t)nyu(x NdxdA(dy)

f (1 — poy)*V*(x, )dx — f VA(x, dx + pov(x, 1)y f 2v(x, t)dxdA(dy)
r r

jI f p3y)2w2(x, Hdx — f w?(x, Ndx + p3w(x, t)y f 2w(x, )dxdA(dy)

I r

f{ pro 1 (x, 0)dB; (x, dx — | pr02v*(x, H)dBy(x, t)dx — f 303w (x, 1)dBs(x, H)dx

r
f (1 — p1y)*u?(x, t)dx — f u?(x, )dxN(dt, dy) + f f (1 = p2y)*V*(x, H)dx
r r

jzv2(x HdxN(dt, dy) + f ﬂl —p3y)2w2(x, Ndx — j(wz(x, HdxN(dt, dy)
v Jr r

w%

pIO' u’(x, 1) +p20' V2(x, 1) + p%o%wz(x, tdx.
r

By using some basic inequalities and applying of Green identity (lemma 2, [41]), we have

dV(t)

S—Z(Zm;bi_ fa’ i (x, t)dx+Zb fd VA(x, t)dx+Zb f d, w2 (x, t)dx)+fu2(x, Hdx

r

- fllu (x,Hdx + fa(l + HW(x, t = 7(0)) + v (x, 1))dx — flzvz(x, Hdx + m(I')
r r
+ f R*wW(x, H)dx + f a(l + YW (x,t — 7(t)) + w(x,1))dx — f Lw?(x, f)dx
r

r

+ JI f p1y(p1y + 2m(D) =2)d A(dy)u’ (x, t)dx+ f f p2y(02y +2m(1) =2)d A(dy)v*(x, H)dx
T JY r'JY
p3y(p3y + 2m(T) — 2)dA(dy)w*(x, H)dx + p1y(p1y — 2)N(dt, dy)u*(x, t)dx

rJy

+ f f( p2y(p2y = 2)N(dt, dy)v*(x, )dx + f f p3y(psy — 2)N(dt, dy)yw*(x, 1)dx
Y

rJy
- f plmuz(x, NdB;(x,)dx — f p20'2v2(x, HdBy(x, t)dx — f p30'3w2(x, 1HdBs(x, t)dx
I, r r

p10' u’(x, 1) +p20' V(x, 1) + p%o%wz(x, tdx
r

3.1)
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<K, +K3(fu (x,Ddx + fv (x,DHdx + fw (x,Ddx) +K4(fu (x,t—7(t))dx
r
fv (x,t—7(t))dx + fw (x,t—1(t))dx) + ffply(ply 2)N(dt, dy)u (x,dx

r
f f p2y(p2y — 2)N(dt, dy)v*(x, H)dx + f f p3¥(psy — 2)N(dt, dy)yw*(x, t)dx
LJY rJyy

— f p10'1u2(x, HdB;(x, t)dx — f p20'2v2(x, 1dB,(x,t)dx — f p30'3w2(x, HdBs(x, t)dx.
r r

I
where K;=m(), Ky=a(1 + f), K3 =max {1l +p?c? + L, - I, —2d, Y7 b2, a(1 + f) + p20? + L, —
L=2d, Y7 b7 R +a(l + f) + p202 + Ly — I - 2d,, 37, b7}

For ¢ = 1, one can derive that
V(u(x, ), v(x, 1)), w(x, 1))
= f (1 + L)t (x, t)dx + f (1 + L)YV (x, t,)dx + f (1 + I, *W*(x, t;)dx
I I r

(3.2)
0 f V(t)dx.
r
where 6 = max{(1 + I;,,)%, (1 + I,)>, (1 + I,,)*}. Taking expectation on Eq.(3.1), Eq.(3.2), we get
dEV(1) < K» + KREV(H) + K4EV(t — 1(1)), t # L k € N¥,
EV(t]) < OEV(1).
Next, we choose b(7) satisfies
b(t) = K, + Ks3b(t) + K4b(t — 1(1)) t# 1,
b(t}) = 6b(ty) t=t, (3.3)
b(s) = EV(s) -7<s<0.
It follows from comparison lemma [42] that
EV(t) < b(1).
According to the method of variation of constant on (3.3), we have
b(r) = VO 2 4 V0K (b(0) + K2) + [TOVEI[K,b(s — 7(5))eX 0 ]ds, (3.4)
for t > 0. Noting that
t—s—d, < N(.s) < t—
_ ,8) < .
dw dy

Therefore, a direct computation gives that

exp{N(t, s) In0 + K5(t — )}

— dm
< exp{zl— N6+ Ki(7 — 5))

= exp{(l;l—g + K3)(t — 5) — In 6}.

m
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Hence, based on (3.4), for ¢t > 0, there is

e( % +K3)t

K K 1 (" .
b(t) < —QNO’(’% n (b(0) + ?2) ts f i KNI KL b(s — 7(s))]ds. (3.5)
3 3

0

In the following, we continue our analysis under two situations.

Situationl : 0 < 6 < 1.

CaseCl-1: K3 >0.

Take a continuous function (1) = Kse™* — 6(1 — 1“9 K3) We have h(—o0) = +oo, H(0) =
K4+ 0(K5 + ln9) Form C1, we can know 6( 7~ o+ K3) < K4e an tET Therefore, we can easily yield

that £(0) = 9(“‘9 + K3) + K4 < 0. Besides, h(/l) —7K,e~*" — 0 < 0. Therefore, there is at least one
number A; < 0 such that Kse 7 = 6(1; — 1“—9 — K3). It is clearly that

1 K
mwsymm+éyw,—ﬂg<o

In the following, we prove the inequality
b(r) < é(b(()) + %)e*", t>0. (3.6)
If the inequality is not true, there is a t* such that
b(t*) > 3(b(0) + 2)e"", 3.7)

and
b(t) < (b(0)+ )eﬂ'f t<t.
K;
However, it follows from (3.4) that

LKy eldn R K 1 (" e
b(t") < - ’O)Fz + eT(b(O) —) + = 2 f i K K b(s — 1(s))]ds
(ln9+K )t 3 1 % 0
dm 3 K no
< 7 (b(0) + f)+ g f elin P K b(s — 1(s))]ds
3 0
(l;T?+K3)t* K 1" N
= eT(b(O) s f e~ KOS K, b(s — T(S))]ds)
3 0
(i K K g K K
<t . (6(0) + ?2 + f e—%”@”[—“(b(o) + —Q)eﬁl“-f“”]ds) (3.8)
3 O
el TK K,
< (b0 + 1 00 + K—“f L= e)sgg)
3
(lne K3) 2 4T
< elan ™ 3 (b(o) . & K4(b(0) + )e 1 ( (/11 (ln9+K3))t 1))
0 Ks; 64, - 1"9 + K3))

1
< —(b(0) + —)e””
0
It contradicts (3.7), so (3.6) holds. Furthermore, we have

1 K 1
EV(1) < b(0) < 5(b(0) + Ej)eﬂ' 5B+ —)
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Based on C1, we have —In6 < In B, — In(B; + %) for K53 > 0. This implies that EV(¢) < B,. It shows
the desired result.

CaseCl1-2: K3 <0.

From (3.4), we have

K K f
b(1) = —9N<”°)—2 + V0Kt (b(0) + —2) + f 0V I [Kyb(s — 7(5))e ) ds
0

< ex {(—)(r— m)}<b(0)——>+ f eI Kyb(s — 7(s))Ids (3.9)
0
é ]"9’(b(0)——)+ f ("’5“’ [Kab(s — 7(s))1ds.
0

. _(lntyz . . . )
Based on C1, we can obtain 9(1211—9) < —Kue @7 <0, By the same discussion as in C1 — 1, we obtain
that

b) < %(bm) _ %)eﬂﬂ, >0, (3.10)

where A, is the root of equation A(1) = Kze ™ — 6(A — 1;—(’) and 4, < 0. C1 implies that —1n6§ <
In B, — In(B; — %) for K3 < 0. This means that

1 K
EV(t) < b(1) < -(b(0) — —>) < B,.
0 K;
It is the desired result.
CaseC2-1: K5 >0.
Ing =
Contrary to C1-1, we consider —Kye lan TR < 9(% + K3) < 0. Assign
q1(1) = b(t)e™(in K 5 0,

Form (3.5), 0 < 1 < 1 and Gronwall inequality [43], one has

1 1 ! n n
010 < 5(bO) + L 5 f ¢ BTN KO TR (s — 1(5))]ds
0

K3
1 | N
Sé(b(0)+—)+ — e (@ Tk f e KIS K, (s — 1(5))]ds
1 K, 1 o

< GO+ + e f [Kaqi(9)lds

6(1 —m) =
< l(b(O) + KZ)exp{g(f4n) (4 7))

Then, there is

EV() < b(r) = ql(ne('d“*"”“)’
1
5(31 + —) exp {(— + K

Ky e—(%ﬂﬁ)?)t_,_ Kyt e—({;Tf+K3)%}. (3.11)
o(1 —n) o1 —n)

C2 gives that (22 + Kj) + ;Ko Gt M7 4 KT o-(G7 _1ng < In B, — In(B; + £2). Therefore,
we obtain E V(t) < B,. It means that the system (2.6) is finite-time stability under COHdlthIl C1.
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Case C2-2: K;<0.
Contrary to C1-2, we consider —K4e‘(1d"7ng)f < 9(1;11_,,,9)' In this case, choosing

Ba(0) = bty ",
Similar discussion as in C2 — 1, one obtains

g2(t) = b(r)e ™ '

K K ! n6
( QN(I’O)?Z + HN(I,O)eK3I(b(0) + _2) + f GN(I,S)[K4b(S _ T(S))eK3(t—s)]ds)e—lcl—mt
3
1 K, 1 [
< —(b(0) - 2) + - SIKb(s — 7(s))1d
?(() KJ+9,£6d [4(f 7(s))lds
< 500~ 2+ e B [ e s

1 4
E(b(o) - —) eXP{(l o

Further, we can compute that

EVU)<bU) gr(ten’

Ing K no - Kyt no -~ 12
—(B1——)exp{(n— i e_b'*:T) L] e‘ﬁT}. (3.12)
(I -m6 (1 -mo
In view of C2, one can calculate that 1“9 _Ki_ (G )T)T+ K“T ¢ @~ 1ng < In B, — In(B; - —)

( - )
Therefore, EV () < B,.

CaseC3-1: K3 >0.
Contrary to the above case, we consider K3 + 1“9 > 0. Let f() satisfy the following equation

e( dm +K} )t

f@)=-6" (1’0)% (f(0) + —) + - f el NI, (s - 7(s))Ids, 1> 0,
0

(3.13)

f(s) = EV(s), -7<t<0,

where f = Sup_;_, f(s). By virtue of (3.5) and (3.13), we derive 0 < b(¢) < f(¢) for t > —7. Before
the following proof, setting

A ={tlt<t@®), t€0,7]}, A,={t|t>7(), t € (0,7]}.
It is obvious that A; U A, = (0, T]. For t € A, one can obtain

1 - K
@) = ft=7(1) 2 f(0) = S(F0) + —2

= —(f(0)+ )(e@“’“)’ 1>+$ f IR, £(s = T(s))]ds > 0.
0
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Fort € A, U (7, T], a direct calculation leads that

f@O) = ft—7()
_ (—GN(I’O) + QN(t—r(z),O))& + (le(%ﬂﬁ)t | (14“9+K3)(t r(t)))(f(o) 2)
3

K5 0 9
1 ! Ing K 1 I_T(t) Ing K
+ Ef eldn * 3)(1‘—.?)[K4f(s —1(s))]ds — Ef (¢1m+ 3)(t—7(t)— Y) K4f(S —7(5)))ds
0 0
= (—6VO 4 9N(t—‘r(t),0))& + le(ly—nfwg);(l = 1 )70 + K2
K; 0 exp {(F + K3)T(1)}

L ok t ~(B1K3)s 1 (1"—9+K )(t—(1)) 0 ~(Be1K3)s
+ i dm "3 e i P [Kyf(s = 1(s))]ds — i dm ™3 e tdm TR0
0 0

[Kaf(s —1(s)))ds |

> (—gV0) 4 QN(H(z),O)) + —elin +Ks )t(l 1
ks 0 exp {(52 + K3)7(1))
1

!
In6 In6
+ Eew”@("’“))f e~ PKIK, f(s — 7(s5)))ds > 0.
t—7(1)

N K,
)((O) + E)

This implies that f(¢) > f(t — 7(¢)) when ¢t > 0. Then, in light of (3.13), we can deduce the following
inequality

f@ < (f(0)+ )e(l; +K’>’+; f elin KNIK, f(5))d s
0

The Gronwall inequalities [43] gives that

1 K
{ (F2+K3) o — 0) + —2)eKet.
fe g(f() K3)e
That is to say

n K n
EV®) < () < f0) < 7(FO) + ) et (B 4 22K T
3
By virtue of C3, one can see that (K, + 1“9 + K3)T —1Inf < InB, — In(B; + %). This implies that
EV(t) £ B,. Then we can obtain the requ1red statement. ‘
Situation 2: 6 > 1.
In this situation, one can calculate that

expIN(t, 5)In 60 + Ka( — 5)} < exp {t; 10+ kst - 5))

o] g | (3.14)
= exp ds ,
and © © t
b(t) < —9N<”°>?2 + RN (B(0) + ?2) + f KNI K b(s — 7(s))]ds. (3.15)
3 3 0

It is clear that inequalities (3.15) and (3.5) have the same form and properties. We can use the same
method as the discussions in Situation 1, and yield the desired result. For the sake of simplicity, we
omit the details.
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Remark 3.5 In the theorem 3.4, we have dealt with sufficient conditions that are more stringent than
the actual situation. For example, in C1, we show the system 2.6 is finite-time stable when the condition
€10 < —Kue " < 0 holds. In fact, in our proof, we put forward that the system 2.6 is finite time stable
under the condition ¢0 < —K;e " < 0. It is clearly that —Ke™" < —K e 7.

Remark 3.6 For an ecosystem, the initial material (vegetation and water) density B, can be estimated.
Similarly, the desired maximum density B, of vegetation and water can also be given. In addition, the
desired time T to keep the density of plants and water between B, and B, can also be given. Therefore,
we can judge whether the system is finite-time stable through the relationship between the parameters.

4. Optimal control strategies

Desertification can bring great economic losses. We need to adopt some control strategies to in-
crease the amount of vegetation and water density. There are many strategies for the management of
vegetation systems such as replanting, irrigation, and so on. The cost of strategy is inevitable. It is
easy to think that the way to save costs is the search for optimal control. In the following, we mainly
use the principle of minimum value to find the optimal control in the vegetation system.

Consider (u(x, 1), v(x,t), w(x,t)) € X where X is defined in preparations. We define a control func-
tionsetas U = U, |J U, = {m; = mi(x, 1) where (x,t) € I x {t|[0,T] — {t,, (k € N)}}|i = 1,2,3} Uf{n; =
mi(x, ty) where x € I, t, € [0,T] and k € {1,---N}|i = 4,5,6} where the meaning of x; are listed as
follows:

(a) m; indicates that the planting strategy is used to increase vegetation density.

(b) m, is the strategy of applying aquasorb which can reduce the infiltration and loss of soil water
[44].

(c) m3 1s the use of chemical substances such as Hexadecanol, Octadecanol, Cetyl and Stearyl alco-
hols strategy which can inhibit the evaporation of surface water [45—47].

(d) The control strategy of x; (i = 4,5, 6) can be explained by human control or government inter-
vention.

Due to the limitation of technology or cost, each control strategy n; has an upper bound 7,,,,,. A
vegetation model with control strategy can be given as

, 1
du(x,t) = (d,Au(x,t) + mu(x, 1) + &u(x, 1) — Liu(x, ))dt
v(x,t) + 1
— p1ou(x, 1)dB (1) .—Plu(X, )] L)’N(df, dy), (e [0.7].
dv(x, 1) = (d,Av(x, ) + az(ég:{ w(x, t — (1)) — yv(v)ml u(x, t) 141,
— (I = m)v(x, 1))dt — pr02v(x, )dBy(t) — pav(x, 1) ny(dl, dy), ];ZY’ @1
Y , )
dw(x, 1) = (dAW(x, 1) + R = @525 w(x, 1 = (1)) — (Is — w3)w(x, 1))d!
— p303w(x, NdBs(1) — p3w(x, 1) f yN(dt, dy),
Y

u(x, 1) — u(x, ;) = Iymau(x, ty),
v(x, 1) = v(x, i) = Iyrsv(x, i), ot =1 (k€ N),
W(X, t]:—) - W(-x7 tk) = Ikw7T6W()C, tk)’

The conditions of initial value and boundary are the same as system (4.1). The set X is admissible
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trajectories is given by
X = {X(-) € W (I x [0, T); R)| (4.1) is satis fied)},
and the admissible control set U is given by
U={U() € LT x[0,T];R®)|0 < mi(x, 1) < Mpax < 1, V(x,£) € T x [0, T]}.

We consider the objective function

N 3
XU =Y [ [P P P 3 3 O,
k=1 * k-1 i=1

N _ _ _ 1 6
JXOU) = Y, [ PP =P+ 3 Y Ot
k=1 T i=4

It is worth noting that Q; (i = 1,2---6) are the weight constants for control strategies, P; (P;) (i =
1,2, 3) are positive weight constant of vegetation, soil water, surface water, respectively. %Q,-ﬂf i=
1,2,---6) is the cost of control strategies. The square of the control variables means that the cost
of strategies is gradually increasing [48]. Our goal is to obtain the most plants and the lowest cost
of corresponding control strategy. Therefore, optimal control problem is equivalent to finding the
optimal control U* in the allowable control set U and determining the corresponding vector function
(u*,v*,w") € X to satisty the objective function:

JXOUO) = | min (KO UE) +IXC), Ua0). (4.2)

Further, we introduce adjoint equation and Hamiltonian function [49-52]

+
H(t,u,v,w, p1, p2, p3) = p1|d.Au + mu + : 1u — Lul + pa[d,Av + a/—u +]ltw(z‘ - 1(1))
v u
+
=y = 7] + paldAw + R — @ Lot 2(0) = (1 — 7]
v+ 1 u+1

— P10 1U — G202072V — q3P303W — f p1uyri(y)A(dy) — f P2vyra(y)A(dy)
Y Y

1 3
- f p3wyrs(NA(dy) = Pit = Pov = Pyw + 5 3" Oir?
¥ 245

6
1
TH(ty, u, v, w, p1, p2, p3) = 3 Z Qimi(t)? + p1(t) urts(t)u + pa(t)Lnms(t)v
i=4
+ p3(t) e (ti)w — Piu — Py — Pyw.

Theorem 4.1 The optimal control problem (4.2) with fixed time T admits a unique optimal solution
(u*, v, w") associated with an optimal control U(x, t) for (x,t) € I' X [0, T]. Moreover, there are adjoint
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functions p;(-,-) (i = 1,2,3) such as

k 1 _
dp\=—[d,Api+(m; = [)p1+ V*v+ 1(Pl - 7P2)+G’(M*T];)2W*(l = 7(0))(p2 — p3)
- pP101q1 — fplyi’l()’)/l(d)’) — P]dt + q1dBy (1) + f ri(y)N(dt, dy)
Y ¥
dps=—[dAps+——(py = yp2)~(ly — T)pa—pacr —f noady | 1S9
D2 vAP2 v + 1) P1 = yp2)—l2 = 2)P2—P202q> Y,Ozy 2 Y t£1,,
~ Pydt + qydBa(1) + f RN, dy) (e
Y xerl,
_ X10.7—2(1)(?) B wit+s®)+f
dpy=~[d,Aps+———= P g(t))(Pz(f +¢(1)—ps(t + S‘(f))a/u*(t ) 1 1
+73p3 — p303q3 — | payrs(VA(dy) — Psldt + gzdBs(t)+ | rs(y)N(dt,dy)
¥ ) ¥
p1p) = pi(t) = ~lama(p1(8) = P,
pa(ty) = p2ti) = =lums(1)p2(te) = P, ¢t =1 (k € N) x€T,
p3(t)) — p3ty) = —Lms(t) p3(te) — Ps,
i(T)=0 .
é’l,.(_)o }(1:1,2,3),
ox
4.3)

where ¢(t) is introduced to take into account the function dependence of the time-varying delay 1(t) on
time; if s =t—1(t), 0 <t < T, is solved for t, () is given by t = s + ¢(s). Additionally, the x|, () is
a characteristic function defined by

— 1’ if t € [a’ b]a
Xiani(t) = { 0, otherwise.
Furthermore,
ﬂ-? = maX[Oa min(ﬁi’ ﬂmax)] (l =1,2,3,4,5, 6), (44)
where ) ) )
7= —piu 7 = —Dp2v A= —p3w’
1= = /) — , T3 = s
(0 (0} 0;
= _pllkuu>I< Fie = _pzlkvv* 7= —p3IkWW* (45)
4= ’ 5= s 66— - .
04 0s Qs

The proof is omitted. Interested readers can see the reference [49].
5. Numerical examples

In this section, numerical simulations are given to illustrate our theoretical results. We select the
parameters from the Table 2.

5.1. Finite-time stability

In this section, we discuss that the system is finite time stable when the sufficient conditions are
satisfied. We take I' = [-0.25,0.25], d = 0.1, kp = 0.05, R, = 3, p; = 0.3, a; = 0.5, 0 = 0.9
(i = 1,2,3). Then, one can obtainthe m = 1, L; = L, = L3 = 0.09, K, = 0.500, K5 = 0.7809 # 0,
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Table 2. Parameters Value.

Symbol Value Reference Symbol Value Reference
d, 0.1 m?/d [53] c 10g-mm™" - m™? [53]

d, 0.1 m?/d [53] &m 0.05mm-g~'-m?-d' [53]

dyo 100 m?/d [53] d 0, 0.5)d! [32]

ki 2 mm [32] R, (0, 3) mm/d [53]

k> 2 g/m? [32] f 0.2 [53]

b 0,0.5)d! [53] p 0, 1)d™! Estimated
ko (0.05, 0.2)d™! Estimated p; (i=1,2,3) [0,1] Estimated
a; (i=1,2,3) [0,1] Estimated o;(i=1,2,3) [0,1] Estimated
Iy (0 =u,v,w) (-1,1) Estimated

K, = 0.12. Letting B; = 1.44, B, = 841, T = 4, (up(x,1),vo(x, 1), wo(x,1) = (0.9,0.9,1) where
t € (—7,0) and taking I, = I, = I,, = —0.2, we can get ¢; = —0.3348, 60 = 0.64 € (0, 1) and y(0) = 1.144
by simple calculation. We set the impulse sequence 7, = {0.4,0.8,1.2,1.6,2,2.4,2.8,3.2,3.6,4,4.4}.
Therefore, d,, = 0.4, d; = 0.4. Additionally, we choose

Lsin(BLZy),  tel0,1]
()= 07T b 5.1)
and noise (Figure 3(a)). Through calculation, we have T = ﬁc =1/2,n = % = n/4. For noise,

we choose a a stable Lévy process which is randomly generated and shown in Figure 3(a). A directly
calculation shows ¢ = —0.2143 < —K,e " = —0.2096 < —K4e“'" = —0.1419 < 0, and —In(d) =
0.4463 < In(B,) — In(B; + %) = 2.8619. Therefore, the condition C1 is holds. From Figure 4, we
can know |[y(x,0)|| = 1.144 < VB, = 1.2 < rril[(z)uT(] lly(x, 1)l = 2.8814 < /B, = 2.9, which means the

system (2.6) is finite-time stable.

(a) (b)

Figure 3. The different state trajectories of a stable 1évy process where @=0.9.

Mathematical Biosciences and Engineering Volume 18, Issue 6, 8462—-8498.



8481
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Figure 4. State trajectories of vegetation-water system which is finite-time stable. The unit
of time is d (day) and unit of space is m (meter).

(1) The role of impulse

In this section, we consider the impact of impulses on finite-time stability. Obviously, from suffi-
cient conditions, we can find that the finite time stability of system (2.6) can be effected by impulse.
In order to intuitively indicate the effect of the impulses through numerical simulation, we keep the
system parameters, time delay function 7(¢) and noise (Figure 3 (a)) unchanged and show the variation
of the finite-time stability of the system (2.6) under different impulse intensities. Therefore, we choose
I,=1,=1,=0.

Through simple calculations, we can get § = 1, ¢ = 0.7809 >, K, = 0.5, K5 = 0.7809 > 0,
K4 = 0.12 and (K4 + ¢3)T = 4.0541 > In(B,) + In(B; + K2/K3) = 1.3969. Therefore, the conditions
of theorem 3.4 is not satisfied. The results of the numerical simulation of I, = I, = I,, = 0 are shown
in Figure 5. We can find y(1.9154) = 4.0297 > /B, = 2.9 which means system (2.6) is not finite time
stable. Comparing with the results of I, = I, = I,, = —0.2 which are shown in Figure 4, we can know
that the impulse can affect the finite-time stability.
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Figure 5. State trajectories of vegetation-water system with I, = I, = I,, = 0. The unit of
time is d (day) and unit of space is m (meter).

(2) The role of time delay

Time delay does affect the finite-time stability of system (2.6). For example, in details, the larger
7 plays an opposite role in satisfying the inequality ¢;0 < —Kje " in C1. Retaining the system
parameters, the impulse intensity and noise (Figure 3 (a)) unchanged, we choose 7,(f) = T, = 4.5.

Through a direct calculation, it can be known thatn = 0,6 = 0.64 < 1, K, = 0.5, K5 = 0.7809 > 0,
K, = 0.12, ¢y = —0.3348 and (c; + K4/0/(1 — n)exp(—c;T)T + K47/60/(1 — n) exp(—c;T) — In(0) =
6.5531 > In(B») +In(B; + K,/ K3) = 1.3969, which means the conditions of theorem 3.4 is not satisfied.
Further, from Figure 6, we find |y(3.3980)|| = 4.0454 > 2.9 = +/B, which implies the system is not
finite-time stable. Compared with T = 1/2 in Figure 4, the change of delay affects the finite-time
stability.
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Figure 6. State trajectories of vegetation-water system with T = 4.5. The unit of time is d
(day) and unit of space is m (meter).

(3) The role of noise

It is essential to analyze the impact of environmental noise. For comparison, we choose p; = 0 and
pi = 0.5 (@G = 1,2,3) to carry out numerical simulation. The time delay function 7(¢), noise path as
Figure 3(a) and system parameters except p; (i = 1, 2, 3) are also unchanged.

When p; = 0 (i = 1,2,3), we have —In(f) = 0.4463 < In(B,) — In(B; + %) = 1.3918 which
means the system is finite time stable. Meanwhile, through calculation, when p; = 0.5 (i = 1, 2, 3), the
sufficient condition for finite-time stability also is not satisfied. The results of the numerical simulation
are shown in Figures 7 and 8. Comparing with the p; = 0.3 (i = 1,2, 3) in Figure 4, we can observe
that noise intensity does affect the finite-time stability.
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1,2,3). The unit of time is d (day) and unit of space is m (meter).

(4) The role of diffusion

In this section we mainly analyze the impact of the diffusion on finite-time stability. In the ecologi-
cal environment, different types of plants have different diffusion intensities. The vegetation structure
of the area can be changed through human planting, etc. However, the diffusion strength of water is
fixed and not easily changed. Therefore, we adjust the diffusion coefficient of vegetation to analyze the

impact of diffusion. We choose d,,, = 10 (m?*/d) while keeping all other parameters unchanged.

Through calculation, it can be obtain that d, = 0.1, § = 0.64 < 1, K, = 0.5, K3 = —0.0991 and
—In(@) = 0.4463 > In(B,) — In(B; + %) = 0.2599. This is obvious that the conditions of theorem 3.4 is
not hold. The results of the numerical simulation are shown in Figure 9 which confirmed the analysis.
Comparing with the results of d,, = 0.1 (m?/d) which are shown in Figure 4, we know that diffusion
can affect the finite-time stability.”
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Figure 8. State trajectories of vegetation-water system with noise intensity p; = 0.5 (i =
1,2,3). The unit of time is d (day) and unit of space is m (meter).

5.2. Optimal control

In this section, we mainly show optimal control through numerical simulation. We choose ¢ €
[0,300], x € [-5,5],d = 035,b =05,2=07,a; =02,0; =02,p; =0.1,q; = 02, r;, = 0.2,
Pi=1,P=10=1(@G(=1,2,4,5,6), 03 =5, Ity = I, = I, = 0.2 where i = 1,2,3. We set the
impulse sequence #;, = {25, 50,75, 100, 125, 150, 175, 200, 225,250, 275} and choose noise (Figure 3
(b)). Other parameters can be found in Table 2. Because of technical limitations, we set the maximum
value of the control variable m; € (0,0.3), 1, € (0,0.4), 15 € (0,0.5), 74 € (0,2), 75 € (0,2), mg € (0,2).

From (4.1), (4.3), (4.5), we can get the numerical solution of optimal control which are shown in
Figures 9 and 10. Meanwhile, under optimal control, state trajectories of vegetation-water system is
shown in Figure 11 (a). For comparison, we give state trajectories of vegetation-water system without
control, which is shown in Figure 11(b). Obviously, the biomass density of vegetation has increased
significantly under control. From the view of ecology, this is beneficial to the ecological environment.
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() (b) (©

Figure 10. The three-dimensional diagram of control variable 7y, 75, 73.

6. Conclusions

The desertification phenomenon caused by the destruction of the ecological environment by human
beings is becoming more and more serious. Severe desertification may cause a food crisis and bring
the disaster. Therefore, it is necessary for us to study the dynamics of vegetation-water system in arid
areas and consider control strategies. In this paper, we propose a vegetation-water system with delay,

Mathematical Biosciences and Engineering Volume 18, Issue 6, 8462—-8498.



8487

0.5F 2
- —, » Ty
__________________ ---T, * ° o Ty
Ty 1.5 g [l
1 o R
+
° [
05 o ° °
o ° o
o2 1
100 150 200 250 300 0 50 100 150 200 250 300
t (days) t (days)
(@) (b)

Figure 11. The two-dimensional cross section of control variable my, 7, 73 and control
variable for impulse 74, s, 6.

100 ‘ ‘ ‘ ‘ ‘ 8 :
u(x,t) —u(x.t)

....... v(x,t) s v(x,t)
80+ w(x,t)\j 6l w(x,t)

60 -
40 -

20 1 <

e o
‘‘‘‘‘ J "~ ‘ PR R e e WP ey
0 o 3 05 il . .
0 50 100 150 200 250 300 0 50 100 150 200 250 300
t (days) t (days)
(a) (b)

Figure 12. State trajectories of vegetation-water system under optimal control.

impulse and noise. Through the proof, we show that the system has a unique global positive solution.
Different from the analysis of the long-term dynamic behavior, we give the sufficient conditions for the
finite-time stability of the system. It is worth noting that what we analyze is the finite-time stability of
the system with time-varying delay. Some simulations are provided to support the theoretical results.
Furthermore, we considered several control strategies and formulated an optimal control strategy to

increase the density of vegetation. Through numerical algorithm, the numerical path for optimal control
is given.

It is well-known that the initial values and parameters can affect the dynamic behavior of the system
[54,55]. Obviously, this phenomenon can also be observed from the conditions of Theorem 3.4. For
example, from C2, we can find that delay has a negative impact on the finite-time stability. As the
delay increases, the system may lose finite-time stability, which is shown in Figure 6. The effect of
diffusion coefficients d,, d,, d,, noise intensities o, L; (i = 1,2,3) and impulse intensities 1, I,, I,
on the finite-time stability also can be obtained from Theorem 3.4 via similar discussion. Furthermore,
through the analysis, we naturally raise a question. Whether changes in parameters can cause more
complex dynamics of the system, such as the change of basins of attraction [54] and the generation of
branching phenomena [55]. These will also be our further investigation.
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Appendix

The proof of Theorem 3.1 is as follows
Proof Considering the following stochastic partial differential equation without impulse:

dX(x, 1) =(duAX(x, 1)+ 72P L X (x, 1) = (L = Ay (8) In(1+T) X (x, 1))t

- 101 X (x,)dB (1) — p1 X(x, 1) f yN(dt, dy),
AOX D1 f

dy(x,t) =(d,AY(x,0)+aA, (1) A OXo )+ 1AW(tA —(:)(;)()f(t);, t—1(1))

L _ -1
(L=Ay(D) In(1+1;,) Y (x, 1) — yA(?) AV + 1Au(t)X(x, n)dt 6.1)
— P20 Y (x, DBy () = po Y (x, 1) | yN(dt,dy),
Y
o ADOX(x D+ fAE = T()
dz =(d,AZ RA, ('~ Z(x,t -
(x,1) =(dwAZ(x,)+RA()™ —« A OXaorl A (x,t = 7(1)
—(l=A(0) In(1+ 1) Z(x, )dt — p303Z(x, )dB5(t) — psZ(x, 1) f yN(dt, dy),
Y
with initial value (X(0), Y(0), Z(0)) = (#(0), v(0), w(0)), where Ay (¢ = u, v, w) can be defined by
1 1€[-7,0),
Ag) =3 A+ L)1 %1, (6.2)
A+Iy)" =1 r20keN).
Clearly, Ay (3 = wu,v,w) is left-continuous, bounded and 1-periodic when r > 0. Next,

we explain that system (2.6) and system (6.1) are equivalent. Let (u(x,1),v(x,t),w(x,t)) =
(A (OX(x,1),A, (Y (x,1),A,()Z(x,1)). It can be easily checked that (X(x,1), Y(x,1),Z(x,t)) are con-
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tinuous on (k,k + 1) € [0, 00), k € N. For t # t;, one can compute

du = A,(OHX(x,1) + A,()dX(x, 1)

- A,(OY(x, 1)
= AuD((dAX(x, 1) + 2o

~ 1071 X(x, DBy () — 1 X(x., 1) f yN(dr, dy)) = Au(t) In(1 + L)X (x, 1)
Y

1X()c, 1) =l — A, In(1 + L)X (x, 1))dt

= (d,Au(x, 1) + Mu(x, 1) — Liu(x, 1))dt — prou(x, 1)dBy(t) — pru(x, 1) f yN(dt, dy)).
v(x, 1)+ 1 ¥
(6.3)
For k, we have
u(x, k™) = hr/? AOX(x, ) = (1 + L)V X k) = (1 + L) X (x, k) = ulx, k),
t—k~
u(x, k) = lim,pe A (DX (x, 1) = (1 + L) X (x, k) = X(x, k).
This means that u(x, k*) = (1 + I, u(x, k) for t = ;. Similarly, we can derive that
dv(x, 1) = (d,Av(x, 1) + a%wu, ) x.t — 7(£)) — y%u(x, ) = Ly(x, 0))d1
= p202v(x, NdBy (1) — pav(x, 1) | yN(dt, dy), 64

Y
dw(x, 1) = (d,Aw(x, 1) + R — @230 (x, 1 — 7(1)) — lyw(x, £))dt

u(x,n)+1

— p303w(x, )dB3 (1) — paw(x, 1) f yN(dt, dy).
Y

In this way, we have shown that the system (6.1) without impulse is equivalent to system (2.6). There-
fore, in the following, we just need to analyze the solution of system (6.1).

Obviously, the coefficients of the system conforming to the local Lipschitz continuous, for any given
initial data (X(x, s), Y(x, s), Z(x, s)) € C(I x [-7,0]; R3), the system (6.1) has a unique maximal local
solution (X(x, 1), Y(x, 1), Z(x,1))) on 'X[-7, 7.), where 7, is explosion time. Make k, > O be sufficiently
large number for

1 .
_ <
k() < F>I;I[l—120]{X(x’ t)7 Y(.X, t)’ Z(-x7 t)} = Fir[li)i)]{X(x’ Z)$ Y(.X', t)’ Z(-x$ t)} < kO'

Define the stopping time

7, =inf{r € [0,7,) : min ){X(x, 0, Y(x,1),Z(x, 1)} < kl or max ){X(x, D, Y(x,0),Z(x, 1)} = kol,
0

xel',te[0,7, xel,t€[0,7,

for each k > ko, k € N. We set inf ) = oo (usually 0 is the empty set). We can easily know that 7 is
increasing as k — oo. Besides, we set lim;_,., 7, = T, Whence 7., < 7,. Hence, if we can show that
T = 00, then 7, = oo and the solution of system (6.1) is positive.

Define a C*(R,; R) function

V() = f X*(x, H)dx + f Y?(x, H)dx + f Z%(x, t)dx.
r I r
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For 0 <t <1 AT, Applying It formula to V(¢) leads to

dV(7)
=2 [ X(x, t)((duAX(x, 1)+ 2 OYCD e 1) — (1 = Au(f) In(1 + L)X (x, 1))dt — 1o X (x, £)X

A,(OY(x,H)+1
JADOXx D)+ f
dB, (1))dx +2 fr Y(x, O)(dyAY (x, 1)+ @A, () X AW = TO)Z(x. 1 = 7(0)

Av(t) Y(.X, t)
AT 0 3 T OX (D)l = paoraY (v, DB (1)) dx

a0 AOX(x 0+ f AW —T(D)
+2 fr Z(x, D((dwAZ(x, 1)+RA,, (1) O XA

~(l—-A,, () In(1+ I, ) Z(x, £))dt — p303Z(x, t)dB3(t))dx + f (O X2 (x, 1) + p3o3 Y2 (x, 1)
+p203 72 (x, 1))dtdx+ f [ f (1=p1y)°X*(x, )dx— f X*(x, dx|N(dt, dy)+ f [ f (1=poy)*Y2(x, H)dx
- f Y2(x, )dx)N(dt, cj';)i f [ f (1 = p3y)°Z%(x, Z)dx— f Z(x, t)dx]N(d:f dyg

+ f [ f (1 - p1y)°X(x, t)zdxi f X(x,1)%dx + f 2X(x, t)c;xplyX(x, D1A(dy)dtdx

+ j: f [ fr (1 - poy)’Y(x, t)zdx—r f Y(x, t)zdx—l-r f 2Y(x, NdxpayY (x, D) A(dy)didx

+ f f{ [ f (1 = p3y)°Z(x, 1)*dx — f Z(x,t)%dx + f 2Z(x, H)dxpsyZ(x, )] A(dy)dtdx.
Y JI' r

r r

—(L=A/® In(1+ L)Y (x, 1) = yA,(D)

Z(x,t —1(1))

Through some simple calculations and Holder inequality, we can get

dv(t)
! A,(DY(x,1)
_9 fr X(x, )(d,AX (x, 1)+ A,OY(x,0) + 1

— P10 X(x, DBy (1) )dx + 2 f Y(x, 0)(d,AY (x, 1)+ A, (1)
r

X(x, 1) = (I =A, () In(1+ [, )X (x, 1))dt

AOX(x, 1) + f><

AOX(x, 1)+ 1
A, (DY (x,1)

AOYED+1
A (DX (x,1)dt — pro, Y (x, t)a’Bz(t))dx +2 fZ(x, t)((dWAZ(x, N+RA, ()"
A=) ADXCD) + f F

A0 AGXGDTI Z(x,t — (1)) (ls— A, () In(1+ I, ) Z(x, 1))dt
— p303Z(x, t)dB3(t))dx + f (20 X2 (x, 1) + p303 Y2 (x, 1) + p30aZP(x, 1))dtd x
r
+ f f p1y(pry — 2)N(dt, dy)X*(x, )dx + f f p2y(p2y — 2)N(dt, dy)Y?*(x, t)dx
+ f f{ p3y(psy — 2)N(dt, dy)Z*(x, t)dx + f f p1y(p1y + 2m(I) — 2)A(dy)X(x, t)*dtdx
N rJy

+ f f{ 02Y(02y +2m(T) — 2)A(dy)Y (x, H*dtdx + f f p3y(o3y +2m(I) — 2)A(dy)Z(x, 1)*dtdx.
Y Y

r r

At = T()Z(x, 1 = 7(1)) = (= A1) In(1+1,)) Y (x, 1) — YA (1)
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Assign

LV(1) = [ X(x, {duAX(x, t)+AA(t()2(Y)ff;+)1X(x ) = (h=Au(0) In(1+1,))X (x, 1) )dx

S AOX(x, 1) + f
f Y(x, t)(d AY(x,)+aA, ()™ (t))f GOt At —1))Z(x,t —7(1))
(h=ADIn(1 + 1) ¥ (x, 1) — YR A ROIES D AOX(x, )dx

A,Y(x, 1)+ 1

o At -t)AMX(x, D)+ f
+ fr Z(x, t)(dWAZ(x, H+RA, () —a 0 AOXe t)+lZ(x,t—T(t))

— (3= Au(t) In(1+ I, ) Z(x, 1))dx + f (P10 X7 (x, 1) + p305 Y2 (x, 1) + p303Z7(x, 1))dx
r

+ f f p1y(p1y +2m(T) = 2)A(dy)X (x, 1)*dx + f f p2y(pay + 2m(T) = 2)Ady)Y (x, 1)°dx
rJy
+ j; f( p3y(pzy + 2m(I) — 2)A(dy)Z(x, 1)*dx.
rvy

In view of the partial integral formula, some basic inequalities and hypothesis (H1), we deduce that

ﬂi(tfi d(VX(x, 0)dx + [ X(x, DFEHELX(x, dx + [ A0 In(1+ L)X (x, )dx

Y(x, Dd, (VY (x, 1)dx + fr Y(x, DA, (1) iigﬁ g i ; i { At = T()Z(x, 1 — T(D))dx
A, (07! Aj(‘tv)(?(if):)’ 2 AUDX (e, DY (x, Ndx + i Ay (O In(1+1, Y?(x, t)dx

d,(VZ(x, 1))%dx + fr RAWD ™' Z(x, 1)dx + fr aﬁigﬁi i ; i { AW(;W_(:)(I D7t - ()

Z(t)dx + f A (O In(1+1,)Z* (x, Hdx + f (T 1X*(x, 1) + P30 Y2 (x, 1) + p303Z%(x, £))dx
r r
f pry(pry + 2m(I) — DA(dy)X(x, 1)*dx + f f p2y(pay + 2m() — 2)A(dy)Y (x, 1)*dx
rJy
f( p3Y(psy +2m() — 2)A(dY)Z(x, 1)’ dx

(1 + A, (O In(1 + L) + YA, ()" A () + p2o D)X (x, t)dtdx + RA, ()" 'm(I)

+

|
|
ST LY

+

IA
"H%%

a(A,(O)7 (1 + HALE - 17(1) + A() In(1+1,) + YA AL(0) + p303) Y (x, H)dtdx

+

(@A) (1 + HALE = 1(0)) + a1 + A1 — T(O)AO)VZP(x, t — 7(1))dtdx

(1 + A, In(1+1Ly,) + a1 + HHA( — T@)A, )22 (x, t — T() + p303)Z7(x, Hdtdx
f puxpry-+ 2m(D) = A+ [ [ paytoay + 2m(D) =AY 7y
i f:{ p3y(p3y +2m() — 2)A(dy)Z(x, 1)*dx

< Ko(1 + fr X2 (x, H)dx + fr Y2(x, H)dx + fr Z2(x, dx + f Z2(x, t — 7(1))dx)

r
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where

Ky = max{ sup (1 +A,(0In(1l +I,) + pio; + yA,() A0 + Ly),
te[0,7xAT)

sup (A7 (1 + HALE—7@®) + a(l + f) + p305 + YA A + Ly),

te[0,7x AT)

sup (1 +A,(0)In(1+1,) + a(1 + At — T@)A(D) + p305 + Ls),

t€[0,7xAT)

sup (@A) (1 + HALE — 7)) + a(l + )AL = ()AL (D),

1€[0,7x AT)

sup  (RA,(t)"'m(D)).}.

t€[0,7x AT)

Therefore, we can know that

dv(t) = LV(tdt -2 f P10 X(x, )%dB (1) + o0, Y (x, £)*dBy () + p303Z(x, 1)*dB3(t)dx
r

+ f p1y(p1y — 2)N(dt, dy)X*(x, 1) + f p2y(p2y — 2)N(dt, dy)Y*(x, 1) (6.5)
Y

+ f{ p3y(p3y — 2)N(dt, dy)Z*(x, 1)
Y

Integrating bosh sides of (6.5) from O to #; A 7; and taking expectations gives that

11 ATk

EV(t; A1) = V(0) + Ef (Ko(1 + V(s) + fZZ(x, s —1(8))dx))ds
0

ATk ATk KO 1 ATk
< V(0)+Ef Kods+Ef I sz(x, s —1(8))dxd(s — T(S))+Ef KoV(s)ds
0 0 —nJr 0

0 K() ATk KO
<V(O)+E f ( f Z%(x, s)dx)ds + E f ( f Z%(x, s)dx)ds
-7 t1|/\_rkn r 0 L-nJr

+ KoT + Ef KoV(s)ds

0
1 ATk 1
<C/ +E f f KoX?(x, s)dx + f KoY?(x, s)dx + f Ko(1 + IT)Zz(x, s)dxds
U r r n
<C;+K, f V(s)ds
0
where C, = V(0) + E [, {< ([ Z2(x, )dx)ds + KT < oo, K, = max{K, K + {). Further, we can drive
that

11 AT 11 1]
EVitinT) <Ci + KlEf V(tdt < C, + KlEf V(i AT)dt < Cp+ K f EV(t A T)dt.
0 0 0

(6.6)
For V ¢, € [0, T], (6.6) holds, then, it follows from Gronwall inequalities [43] that
EVitiAT) <CiefT, 0<t <T, (6.7)
for any k > ky. Particularly,
EV(T A1) < C]@KIT, Yk > k. (6.8)
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Define

Bk) = inf V), Yk=k.

min{u(x,1),v(x,1),v(x,t)}=k, 0<t<co

Thus, (6.8) implies that

BRP(r <T) < EVa)ly<r) S EV( AT) < Cef7. (6.9)

However, we can easily see that

lim B(k) = co.

Letting k — oo in (6.9), one can deduce that P(7., < T) = 0, that is

Pt >T) = 1. (6.10)

For the arbitrariness of T, we must have 7., = co. Then, the system (6.1) has a unique global positive
solution. Therefore, we complete the proof.
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Algorithm

Step1l: fori=1:N,
for j=-Ny, : 0
Uij = Up; Vij = Vo, Wij= Wo,
end
for j=N,+1:N,+ N,
pi; =0 pi;=0; pl;=0;
end
end
0 =1[01,02,03," -] 7(j) = tau
Step2: fori=1:N,-1
for j=0:N, -1
Wije1 = Wij+ Statey; v = vij+Statey; wij = w;;+ States;
fork=N,—-j+1
p},k_l = pil’k — Ad joint; pzk_l = plkJr1 Ad jointy; p el = ?’k — Ad joints;
for m =1 : length(o)
if j+1=o0(m)
uij =1+ ]kuﬂ'ij)ui,j+l; vijsr =+ Ikvﬂij)vi,j+1; Wi =+ Ikwﬂ?’j)wi,jﬂ;

else
Ujj+1 = Uij+15 Vijrl = Vijrls Wi+l = Wijrls
end
end
ifk—1=o0(m)
1 _ 2 _ 5,2 5 .
Pix-1 = (1- Ik"‘ﬂ-l ])plk 1t Pl’ Pix-1 = (1~ Ikvﬂ.l',j)pi,k—l + P
zkl_(l Ikwﬂl])plk]+P3a
else
T 1 . 1 _ 1 . 1 _ 1 .
Pis1 = Pig—1> Pigx-1 = Pix-1> Pix-1 = Pik-1>
end
end
1 2 3
1 _ TPy, o TPiuVii, 30 TPV,
T T o T T T T T
71_4 _ _p,'_klkuui,j. 5 _ _p;-,klkvvi,j. 6 _ —P,-,klkai,j_
i,J [N | Os > Tij Os >
end

ul} I/tzj, vlj sz, Wl] WZ]» MNY] uN —1,j> VN\,j VN —l]» WNY,] WN 1,j»
PLj = Poj PLy= Paj P1j= Paj PN = Phois Phoj = Phetss P = Pt
end

end

where

Uit = 25 + Uiy,
2
Ax

Vi il
State, = [d, + g+ —— = L |,
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2

— p101u; jrand \J A, 2 0'1u (ranal2 - DA, —Z»n)
Vielj = 2Vij + Vii1 w;+f Vij
State; = [d,— A2J ! au.J. Wi =Y j_ Tl ~ (L = m)vij|A,
ij

2
Jo,
— P20V jrand \/K, - fo’zvij(randz — DA, — Z(n)
Wistj = 2Wij + Wiy uj+f
States = |d, +R—a——w; ;i ;) — (5 - A
atey = | A2 P Vst 10 (I — m3)wi 1A,
— P303W;, ]rand\/_ -5 0'3w (rana’2 - DA, - Z(n)

1
pz+1 k zpzk D1k

Ad joint, = [d, e +(m ~L)piy + ,-,-li (Pl k= ypi)
+a (ull]_—+f1)2 )Pk — P — p101g1 — prir — Pi]A, + qirand \JA, — Z(n)
2 2
Ad joint = [dvpm’k zi;"‘ P + (b —m)pi, + (u—l)z(P i,k —yp}) — p202qs — para — P2 A,
+ qzrand \/— ) Z(n)
Ad joint; = [d,, P 2§;k P + X 10NN Piksr = Pips) o :J; + (1}, — )P}, — p30343

i.J

— psr3 — P3]A, + gstand \[A, — Z(n)
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