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Abstract: This paper uses the stability of the delay differential equation to study its impact on online
advertising, helps analyze Hopf branch characteristics in a big data environment, helps companies
make online advertising decisions, and maximizes the benefits of product sales. The thesis fully
considers various factors such as advertising volume, advertising schedule, and advertising investment
level, discusses the singularity types of the advertising delay differential equation, and gives the best
decision for advertising investment.The stability of the time-lag differential equation studied in this
paper is to study its impact on online advertising, to help analyze the Hopf branch characteristics in
the big data environment, and to help companies make online advertising decisions. structure of this
article is also from the amount of advertising, the time of advertising, Advertising investment level
gradually expands with a certain degree of continuity.
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1. Introduction

Advertising is a paid, organized, and comprehensive non-personnel information dissemination
activity about products (goods, services, ideas) carried out by identifiable investors through various
media. Advertising has two main purposes: 1) to constantly tell consumers that they have multiple



4762

choices; 2) to create opportunities for businesses to more effectively fight for consumer money [1].
Advertising can stimulate competition (more sellers and buyers), and in countries where consumers
earn more than their basic living needs, advertising can also lead to product innovation or innovation.
The nature of advertising determines that advertising is not "complete information". It will show
content that is conducive to advertisers or brands. People are psychologically prepared for this, and
they will not care, but if the advertiser goes beyond simply expressing views and creating scams People
began to oppose the limits of [2].

This paper uses the stability of the delay differential equation to study its impact on online
advertising, helps analyze Hopf branch characteristics in a big data environment, helps companies
make online advertising decisions, and maximizes the benefits of product sales. The thesis fully
considers various factors such as advertising volume, advertising schedule, and advertising investment
level, discusses the singularity types of the advertising delay differential equation, and gives the best
decision for advertising investment. The stability of the time-lag differential equation studied in this
paper is to study its impact on online advertising, to help analyze the Hopf branch characteristics in
the big data environment, and to help companies make online advertising decisions. structure of this
article is also from the amount of advertising, the time of advertising, Advertising investment level
gradually expands with a certain degree of continuity.
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Figure 1. Supply chain where product advertising is located.

This article introduces the effect of time lag into supply chain advertising decisions, and studies
the advertising strategies of supply chain members considering the dual effects of delay and memory.
As shown in Figure 1, this is a supply chain model for product advertising. Generally, before the
product enters the market, consumers do not understand the product. Manufacturers carry out a series
of strategic planning in order to open the product market, so that the product quickly accumulates a
certain brand reputation, that is, to obtain the initial value of the brand reputation; product entry After
the market, manufacturers and retailers advertise products, and the brand reputation of products will
change dynamically over time. The rate of change is directly affected by the manufacturer’s advertising
investment and the decline of brand reputation itself, not by the retailer’s advertising. Retailer
advertising directly affects product sales. Because the advertising effect is delayed and memorable,
neither the positive effect of the manufacturer ’s advertising investment on the brand reputation nor
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the negative effect of the decay of the brand reputation itself will occur immediately.
2. Modelling of delay differential equations

Consider a supply chain consisting of a manufacturer and a retailer, where the manufacturer and
the retailer collaborate on advertising. Retailers conduct local advertising through a variety of
advertising media. First, three types of advertising media are considered. In the model expansion,
multiple advertising media will be considered. It is assumed that the local advertising input of the
retailer in the three communication channels is A;(t),i = 1,2,3, and the proportion of the
manufacturer's advertising cost to the retaileris y(t), and 0 < y(t) < 1. Let the retailer's advertising
cost function be A?(t) [3]. Assume that retailers can increase demand by advertising. According to
the research in [4], a differential equation that reflects the relationship between demand and advertising
expenditure and the three types of advertising synergy is as follows.

S(©) = Lu(piAi () + M (kipy[A,(DA D) ~ [, u@®d®) (1)
=12, i,j=1,2,3,i%]

Suppose that the manufacturer and the retailer have the same and positive discount rate r. The
goal of both parties is to seek to maximize their own profits in [0, o). The marginal profits of both
parties are m,, and m,, which are constant. The objective functions of the manufacturer and retailer
are

max{Jm(S) = [ e [rmS(©) = x(O(A3(®) + 43(0) + A3 (1)) ]dt} o)
womex ) = [7eT [ms® - (1-x@)(41® + 436 + 45(®)]de} (3)

The constraint condition is (1). Formulas (2) and (3) indicate that the retailer decides the amount
of advertising investment for various media, and the manufacturer determines the sharing ratio. This
is because the retailer is close to the end customer, and it is more beneficial for the retailer to promote
the advertising campaign to sell more products; the reason for the manufacturer to determine the share
is that the manufacturer is the leader in the supply chain. A large number of literatures have adopted
this decision model. References [5] and [6] show that the feedback control strategy and the empirical
data fit better than the open-loop solution through empirical research. On the other hand, the feedback
control strategy is also optimal for local countermeasures. Model feedback control strategy.

3. Centralized decision

Centralized decision-making means changing from two decision-makers under decentralized
decision-making to one decision-maker under centralized decision-making. The following shows the
optimal advertising investment and optimal supply chain profit for the three media under centralized
decision-making. The superscript "C" indicates the optimal value under centralized decision-making.
Figure 2 shows centralized decision making.
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Figure 2. Centralized decision mode.

Proposition 1: Under centralized decision-making, the optimal advertising investment for the
three media is

c _ (T +m)w, c _ (T +1) @, c _ (T +my) w3 4
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The optimal profit of the supply chain is

I _ T+ (T[m‘l‘T[T)Z 2 2 2
Ve(s) = —y S+ (1572 (o + @5 + @3) (5)
Where @, @,, w3 is determined by the following equations
3 y g¢q
kiz | ki3 ki2y1 |, K23
W =p 2R g, =p, 222
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Proof: Under centralized decision-making, the two parties will jointly determine the optimal
advertising investment of the three media with the goal of maximizing the profit of the supply chain
system. Then the objective function of the supply chain is

max {J = Jn + = [ e T [((my + m,)S — (AF + A3+ AD)dt} (D)

Its optimal profit function V(S) must satisfy the following Hamilton-Jacobi-Bellman (HIB) Eq (8)

rV($) = max {(mn +m)S — (4] + AZ + AD) +V'(S)S) (8)
1,442,443
Where V'(S) = d‘;gs) the first-order condition for the right end maximization of Eq (9) is

V’(pi+%\/§+%\/%—z,4i=0,i,j,k=1,2,3,i¢j¢k )

Z(A% + A% + A%) = V,(Zi=1,2,3 piAi + Zi,j=1,2,3,iij kl]w/AlA]) from Eq (9), which is substituted
into the HJB equation of the supply chain.
TV(S) = (my + 1, — SV)S + (A2 + A2 + 42) (10)
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Let y; = \/j::,yz = \/j::,yg = \/j:z be the optimal advertising input from Eq (9) to be 4; =

i1 =1,2,3 is determined by the system of equations of Eq (6). Since Eq (6) does not

contain unknown variables, @;, @,, @3 and Y;,Y,, Y3 are positive values. Substitute A; into Eq (10),
N2 2, 2, 2
and combine to get rV(S) = (m,, + T, — 6V)S + ) (wliu‘a +@5)
The linear optimal profit function on S is the solution of this HIB equation. Let V(S) = [;S +
[, where C is the undetermined constant. Substituting V(S) and its derivative for S into (10), find
the parameter value

T +1Ty _ (mptmy)?

I, = = —
1 r+s 2 4r(r+6)2

(@f + @5 + w3 (11)

Then we get the optimal advertising investment and optimal profit function of the three media
under centralized decision-making.

Under centralized decision-making, the higher the profit margin of the manufacturer (retailer),
the higher the advertising investment and the total profit of the supply chain for the three media. It
shows that the marginal profit is the driving force for the two sides of the channel to invest in
advertising. The two sides can increase the marginal profit by reducing unit costs or operating costs.
Substituting the optimal advertising investment of 3 media into (1)

; (Tm+my)
S@) = :(HZ) (Biz123 0@ + T j=123i%) kijy/@@;) — 85(1) (12)

The initial conditionis S(0) = S,. Solving the differential equation of formula (12) gives S(t) =
s¢ _ s¢
S te ot (SO — ?)’ where

C ( + r)
S¢ :E::;) (Tic123pi®i + Xije123i%) kij\[@@;) (13)

. s¢
Then at t — oo, the stable sales volume 1s 5

Proposition 2: Under the optimal advertising investment of centralized decision- maklng, (1) when

s¢ s¢
6 > —, the sales volume decreases continuously over time, but is always greater than —; when 6 <
0

SC
o the sales volume continues to increase over time, but is always less than — ; When § = — the
0

sales volume is always Sy; (2) The greater the profit margin of the manufacturer or retailer, the more
stable the sales volume; however, the greater the discount rate or the attenuation coefficient, the less
the stable sales volume [8].

4. Decentralized decision
Under decentralized decision-making, the relationship between the manufacturer and the retailer
is established as a sequential non-cooperative game model with the manufacturer as the leader and the

retailer as the follower. From the manufacturer's point of view, the use of cooperative advertising
strategies by manufacturers can motivate retailers to increase their local advertising spending. Under
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the Stickler game, the order of the game is as follows: first, the manufacturer determines the proportion
of local advertising sharing for the retailer; then the retailer chooses the three-local media with the best
local advertising investment. As shown in Figure 3, it is a decentralized decision mode.

< 4

s z
« 2

Figure 3. Decentralized decision mode.

Proposition 3: In the case of the Stickler master-slave game, the optimal advertising investment
for the three media of the retailer is

« _ Quptrp)wr 4y _ QEmtr)®s 4 CEptry)ws
L™ a0+e) Az = ar+8) T3 T a@+d) (14)
The optimal advertising sharing ratio for manufacturersis y* = 82’“—;?;, and the optimal profits
m T
for manufacturers, retailers, and supply chains are
Qrm+my)? (2, +1y)

2 2 2 * _ Ttr 2 2 2
16 T Tergroyr (@1 T 02 +@35),W(S) = 555+ = (@i +wg + wS)(IS)

x x * (Tm+7y) 2rm+mr)(2m +37y)
VH(S) = Via(S) + ' (S) = T35S + = SR (wf + @ + @)

Vn(S) = 228 +

Proof: In order to obtain the Stickler equilibrium of this game, the reverse induction method is
used. First solve the retailer's optimal control problem. The optimal profit function V,.(S) must satisfy
the HJB equation.

% (S) = max {mS — (1 - x)(A7 + A + 43) + K (S)S} (16)

1,412,413

The first-order condition for maximizing the right end of the formula (16) is
Vr'(pi +%\/§+%\/§) —24;(1—x)=0,i,j,k=123,i#j+k (17)

From Eq (17), 2(A% + A3 + A (1 — 1) = W/ (Tiz1,23 PiAi + X jm12,312) Kijy[AiA;) and the

optimal advertising input are A;(y) = (2‘(/;?;())’ which is substituted into the retailer HIB equation to
obtain 7V,.(S) = (m, — 6V,)S + (1 — x) (42 + A3 + A2). The manufacturer's HIB equation at this

time is
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Vo, (S) = max{nmS x (A% + A3 + A2) + V. S} (18)

Substituting A;(x) into (18) and simplifying
rVi(S) = max {((tm — 8U)S +; W( + @} +w3)] (19)
(2Vm=1r) So, the retailer and

To maximize the right side of the above equation, get y = )’

manufacturer HIB equations are

' N2
, 2V +Vy
PV(S) = (T — 8Vy)S + Zmtl) - L @2 + o2 + o?) (20)

V() = (x, - DS + 2 (2 4 02 + ) e

From (20) and (21), we can know that the linear optimal profit function of S is the solution of
the manufacturer's and retailer's HIB equation, respectively. Let V,,(S) = g,S + g2,V (S) = h, S +
h, ,where C is the undetermined constant. Substituting V,,(S) and V,.(S) their derivatives for S
into Egs (20) and (21), find the parameter value of the optimal profit function

Tm _ @mrptmy)?

Tm 2Tm )" o2 2 2 _T — mr@rmtny)
r+6’ 92 167(r+68)2 (wl + w2 + ZD'3), hl

1o’ 2T Tgrrr0)2 (512"‘522"'573?)(22)

g1 =
Therefore, the optimal advertising investment of three media and the optimal profit function of
manufacturers, retailers, and supply chains are obtained.

Proposition 4: (1) if Z—m > %, then the manufacturer provides positive advertising subsidies to the
T

retailer; if 7;—"1 < %, then the manufacturer does not provide subsidies to the retailer; The more local
r

advertising, and the higher the retailer ’s marginal profit, the less local advertising shared by the
manufacturer; the higher the marginal profit for both the manufacturer and the retailer, the more the
local advertising investment of the retailer, At the same time, the more profits manufacturers and
retailers have [9].

Similar to the centralized decision-making situation, the stable sales volume under distributed

. . §
decision-making is > where

= Qrm+m,)
S = rre) (Ziz123 001 + B jo1,23,i2) Kij /0 0;) (23)
Proposition 5: When 1, > ym,, the profit of the manufacturer is higher than the profit of the
retailer when it is stable; when m,, < }m,, the profit of the manufacturer is lower than the profit of
the retailer when it is stable; when 1, = 17, the profits of both parties are equal, where

<w%+w% +w3 B>
7+_
T 9

-

24)

2(w?+w3 +w3) B
T

>e(0 1)

As long as the manufacturer's marginal profit is not very low, its profit will be higher than that of
the retailer. This shows that whether manufacturers or retailers want to make more profits in
cooperative advertising, it is necessary to improve their own marginal profits. Even when the marginal
profits of the manufacturer and the retailer are equal, the profit of the manufacturer is greater than the
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profit of the retailer when stable. This is due to the leading position of the manufacturer in the Stickler
game, the so-called "first mover advantage". The optimal advertising under centralized and
decentralized decisions and the profit of the supply chain are related to @;, and (6) determines the
value of @;. For Eq (6), it is difficult to give analytic solutions about @; and y;. Now consider a
special case-a symmetrical medium, suchas p; = p,k;; = k. Then @w; = @ = p + k is obtained, and

the optimal advertising investmentis A; = A* = %. The optimal profits for manufacturers,
retailers and supply chains are
* — Tm 3Q2mm+mr)?(p+k)? * _ r 31, (2 m+7y) (p+k)?
Vm(S) - r+é‘S + 167(r+6)? Ve (S) - r+é‘S + 8r(r+6)2 25
32 +1,) 21, +3m,) (p+k)? (25)

* * * ( m+ T)
4 (S) - Vm(S) t Vr (S) - nr+; S+ 16r(r+6)2

5. Expansion of the model—multiple advertising media cooperative advertising model

The above studies the cooperative advertising model with the input of three types of advertising
media. As an extension of the model, this section considers the cooperative advertising model of
multiple advertising media. When retailer n type of advertising media is invested, Still set
A;(i el ={12,--n}) as the advertising input of the i-th type of advertising media, and the sales
volume satisfies the following differential equation

S(t) = Yier pidi + i jerizj kijr[AiA; — 85,5(0) = S, (26)

With n type of advertising media investment, the impact of advertising investment on demand
is as follows: (1) the impact of a media advertising investment on demand, there are C;} items; The
impact has item C2? [10]. First consider the asymmetry of n types of advertising media, then study
the situation of symmetry. For n asymmetric advertising media, the objective function for
manufacturers and retailers is

max{fy = [y 7" (TS — x Rier AD AL}, max {Jy = [77e™ (S = (1= 1) Rier 4Dt} 27)

The constraint condition is (27).

Proposition 6: For n kind of symmetrical advertising media, such as: p; = p, k;; = k, the more
the number of advertising media (n) chosen by the retailer, the retailer ’s advertising, stable sales
volume, and the optimal performance of the manufacturer, retailer, and supply chain. The more profits
are made.

According to Proposition 9, in order to obtain more profits, retailers should choose as many media
as possible. This is because the greater the number of media, the greater the demand for increased
synergy between media, and the greater the profit. In fact, when a retailer chooses a media
advertisement, it often incurs a fixed cost (mainly used for advertising design payment, such as: hiring
celebrities to shoot advertisements, online advertising production costs, etc.) and this part of the cost
does not depend on the amount of advertising Change. Once the retailer selects an advertising medium,
this part of the advertising costs will become a sunk cost. Record this part as F;, i € I. This part of the
cost will only be incurred when the retailer first advertises in a media. So, the question arises, should
the company choose a medium for advertising? Take the retailer as an example (the analysis of the
manufacturer and the supply chain is similar), given the sales volume S, the profit when i — 1 media
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is selected is V(i — 1|S), where i € I,i # 1, then the profit when adding an advertising media is
17*(i]S), and the increased The fixed costis F;. Then when V,.**(i|S) — V,;**(i — 1|S) = F;, the retailer
chooses to advertise on the media i; while V,**(i|S) — V,**(i — 1|S) < F;, the retailer should not
advertise on the media i. The above analysis shows that although increasing the number of advertising
media can increase profits, the size relationship between increasing profits and fixed costs must be
considered. When the fixed cost of choosing a media is zero or low, retailers should invest in a larger
number of media.

6. Conclusions

(1) The profit of the supply chain under centralized decision-making, the retailer ’s advertising
investment, and the stable sales volume are higher than the corresponding values under decentralized
decision-making. The utility theory was used to divide the incremental profit under centralized
decision-making. The stronger party will get the profit subsidy of the other party. The size of the
subsidy fee depends on the relative value of the bargaining power of the two parties. (2) The stable
sales volume of the retailer is related to the attenuation coefficient of the advertisement. Advertising
cannot prevent the decrease in sales, but companies do not invest in advertising to reduce sales faster;
and when the attenuation coefficient is relatively small, advertising will increase sales; (3)
manufacturers continue to improve production methods and other means to reduce production Costs
and the introduction of advanced management experience by retailers to reduce operating costs can
improve supply chain performance, while the party with a high level of profit margins will gain more
profit in the cooperative advertising strategy; (4) the multi-media cooperative advertising investment
model of this article Compared with single-media cooperative advertising, it is found that both sides
of the supply chain are invested by multiple media advertising Profits have increased. The stability of
the time-lag differential equation studied in this paper is to study its impact on online advertising, to
help analyze the Hopf branch characteristics in the big data environment, and to help companies make
online advertising decisions. The structure of this article is also from the amount of advertising, the
time of advertising, Advertising investment level gradually expands with a certain degree of continuity.
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