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Abstract: In this paper, we discuss global existence, boundness, blow-up and extinction properties
of solutions for the Dirichlet boundary value problem of the p-Laplacian equations with logarithmic
nonlinearity u, — div(|Vu|?>Vu) + Blul*>u = Au/2ulnul, where 1 < p < 2,1 < g <2, r > 1,
B, 4 > 0. Under some appropriate conditions, we obtain the global existence of solutions by means of
the Galerkin approximations, then we prove that weak solution is globally bounded and blows up at
positive infinity by virtue of potential well theory and the Nehari manifold. Moreover, we obtain the
decay estimate and the extinction of solutions.
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1. Introduction

In this paper, we consider the following p-Laplacian equations with logarithmic nonlinearity.

u; — div(|VulP2Vu) + Blul">u = Au/uln|ul, inQx(0,T),
u(0) = uy, in Q, (L.1)
u=20, on 0Q x (0, T),

where 1 < p<2,1<g<2,r>1,81>0,T € (0,+x], Q € R" is a bounded domain with smooth
boundary and uy(x) € L*(2) N Wé”’ (Q) is a nonzero non-negative function.

Problem (1.1) is a class of parabolic equation with logarithmic nonlinearity, it is worth pointing out
that the interest in studying problem (1.1) relies not only on mathematical purposes, but also on their
significance in real models. Among the fields of mathematical physics, biosciences and engineering,
problem (1.1) is one of the most important nonlinear evolution equations. For example, in the
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combustion theory, we can use the function u(x, f) to represent temperature, the —div(|Vu|’~>Vu) term
to represent thermal diffusion, Blu|? ?u to represent absorption, and Alu|"?uIn |u| to be the source. In
the diffusion theory, we can use u(x, t) to represent the density of a type of population at position x at
time ¢, the —div(|Vu|’~>Vu) term represents the diffusion of density, Alu|"?uln|u| and Blu|?u
represents the absorption and the sources, respectively. We refer the reader to [1,2] and the references
therein for further details on more practical applications of problem (1.1).

The research with logarithmic nonlinearity terms is the current research hotspot. The literature on
the evolution equations with logarithmic nonlinearity term is very interesting, we refer the readers
to [3-6] and the references therein. At the same time, the study of p-Laplacian equations has also
achieved many important results. The study of p-Laplacian equations can be divided into two cases,
namely 1 < p < 2 and p > 2. For the case of p > 2, most researchers discuss the global existence
and blow-up of solutions of the equations (see [7—10]). For the case of 1 < p < 2, the extinction and
attenuation estimation of solutions are mainly discussed, we refer the readers to [11-13].

In particular, there are also some papers concerning properties such as global existence or extinction
for the problem (1.1) for special cases.

In [14], Liu studied a more general form

u, — div(|VulP2Vu) + Blul? = Aul”, in Q x (0,T),
u(0) = uy, in Q, (1.2)
u=0, on 0Q x (0, T),

where 1 < p <2 g<1,r>1,841>0QcR'Y(N > 2)is abounded domain with smooth
boundary and up(x) € L*(Q) N Wé’p (Q2) is a nonzero non-negative function. The author gave the
extinction properties and attenuation estimates of the solutions by comparison principle and differential
inequality.

In [15], Cao and Liu considered the following initial-boundary value problem for a nonlinear
evolution equation with logarithmic source

u, — div(\VulP*Vu) — kau, = [u’>ulog |ul, in Q x (0, T), (1.3)

where 1 < p <2, uy € Hé(Q), T € (0,+00),k>0,QcR"(n > 1)is abounded domain with smooth
boundary 0Q. They proved the global existence of weak solutions and studied the asymptotic behavior
of solutions and gave some decay estimates and growth estimates by constructing a family of potential
wells and using the logarithmic Sobolev inequality.

In [16], Pan et al. considered the following pseudo-parabolic equation with p-Laplacian and
logarithmic nonlinearity terms

u, — Auy — div(\VulP > Vu) = [ul*ulog(ul), t>0, x € Q, (1.4)

in a bounded domain Q ¢ R"(n > 1) with smooth boundary, where u, € Wé ?(©)\{0} and the parameters
p.qgsatisfy2 < p<qg < p(l+ %). They gave the upper and lower bound estimates of blow-up time and
blow-up rate, and established a weak solution with high initial energy.

In [17], Xiang and Yang studied the following initial-boundary value problem for the fractional
p-Laplacian Kirchhoff type equations

;= MQlullP)(=a)pu = Aulu — plul'u, (x,1) € Q% (0, 0), (1.5)
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where 0 < s <1 <p<2,1<qg<2,r>1,ud1>0,QcRYisabounded domain with Lipschitz
boundary, M : [0,00) — (0,00) is a continuous function. By flexible application of differential
inequalities, they gave the extinction and the decay estimates of solutions.

Inspired by the above work, we study problem (1.1). Compared with problem (1.2) and (1.5), the
focus of our work is partial differential equations with logarithmic nonlinearity. If the nonlinear term
Alu/"2uIn |u| in problem (1.1) is transformed into Alu|""2u, then the problem (1.1) can be transformed
into problem (1.2). For more research results of the logarithmic nonlinear p-Laplacian equations, we
refer the readers to [18-21] and the references therein. But as far as we know, no work has dealt with
the global existence and extinction properties of solutions for problem (1.1) with both the absorption
and source effects as well as the term of logarithmic nonlinearity. To state our main results, we need
the following two definitions.

Definition 1.1 (Weak solution). A function u(x,?) is said to be a weak solution of problem (1.1), if
(x,t) € Qx[0,T), u € LP(0,T; Wé”’(Q)) N CO,T;L(Q)), u; € L*0,T;L*(Q)), u(x,0) = uy(x) €
W, (Q), for all v € Wy (Q), t € (0, T), the following equation holds

@, v) + (IVul” >V, Vv) + Blul’u, v) = (Aul uln |ul, v),

where (-, -) means the inner product of L*(Q).
Definition 1.2 (Extinction of solutions). Let u(f) be a weak solution of problem (1.1). We call u(¢) is
an extinction of solutions if there exists 7 > 0 such that u(x,t) > O forall r € (¢, T) and u(x, ) = 0 for
all t € [T, +00).

Further, we respectively define the energy functional J(«) and the Nehari functional /() of problem
(1.1) as

1 1 1 1
Ju) = —||Vu||§ - A- f |u|" In |uldx + /1—2 f lul"dx + B— f |u|dx, (1.6)
p rJo r=Jo q Jo

and

I(u) = ||Vull? - /lf |u|" In |u|dx +ﬁf |ul’dx. (1.7)
Q Q
By the subsequent Lemma 2.1 and a simple calculation, we can obtain

r+o = 2 >

1 1
flulrlnluldx < —lulliy < —IIVull3™
le) ge oe

for0 < o < 2" —r. So J(u) and I(u) are well-defined for u Wé’p(Q).
Next, the potential well W and its corresponding set V are defined by

W = {ue WP (Q) | I(u) > 0, E(u) < d} U {0}, (1.8)
Vi=f{ue WyP(Q) | I(u) < 0, E(u) < d). (1.9)

Let
d := inf J(u). (1.10)
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and define the Nehari manifold

N = {u € Wy (Q\{0} | I(u) = 0}.

Moreover, we define
N, = {ue WyP(Q) | I(u) > O},

N = {u e Wy (Q) | I(w) < 0).

Next, we state our main results.

(

(
(

1.11)

1.12)
1.13)

Theorem 1.1 (Global existence). Assume that uy(x) € L*(Q) N Wé’p (€2). Then problem (1.1) admits a
global weak solution u € LP(0, T, Wé’p(Q)) NC(0,T; L>(Q)) with u, € L*(0, T; L*(Q)) for 0 < < +oo.

Theorem 1.2 (Globally bounded and blow-up). Let u(x, ) be the weak solution of problem (1.1) and
r=p.If J(up) <d, I(up) > 0 and p = ¢q, then the weak solution u(x, ¢) is globally bounded. Moreover,

if J(up) < 0 and p > ¢, the weak solution u(x, ) blows up at +co.

Theorem 1.3 Assume that /(1) > 0, r = pand g = 2.
(1) If A < Ry, then the weak solution of (1.1) satisfies

luC, £)I5 < lluollze" for all t > 0.

2)IE2N/(N+2s)<p<2andAd<Ryorl < p <2N/(N + 2s) and A < Ry, then the nonnegative

solutions of (1.1) vanish in finite time, and

1
{uu(-, Dl < [(luolly” + S )ew2p — 2|7, te0,Ty),
”M(, t)”Z = 09 re [Tla OO)’

for 2N/(N +2) < p <2, and

1
{nu(-, Dllier < [(lolls) + S )e” 28 = S, 1e[0,T),
(-, Dlle1 = 0, t € [T, ),

for1 < p <2N/(N + 2), where

2N — (1 +N)p

In(R)

A Np_1 1
Ry = , Co=CPIQ'™ 2P(1 = AT(p, Q) — — In(R)), [ =
0= oo @ = (1 - Ar(p, @ - - InR)
A1pP! B IpP I(p,Q)
[ T(p, Q) + In(R)](p + [ — 1)» (p+1- 1) p+il-1

and C is the embedding constant, I'(p, 2) will be given in section 3.

L(p+1-1)

)
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Theorem 1.4 Letr = pand p > ¢g. If 0 < J(up) < R, and I(ug) < 0, then the solution u(x, ¢) of (1.1) is
non-extinct in finite time, where

A()'"’

AnL,

Theorem 1.5 Assume I(uy) > 0, r > p and g = 2, then the nonnegative weak solution of problem (1.1)
vanishes in finite time and

1

2- 3C. -2y 3C4 |2-r
{llu(',f)llz < [ (laolly ™ + 35 e — 322 |*7 1€ [0,Ts),
”I/l(', t)||2 = O’ re [T3’ OO)’

for 2N/(N+2) < p <2,1 <R, and

7

1

2- C -2 Cs |2-»
laller < (ol + S)er 2 — |7 1 e [0, Ty),
l|zllzs1 = O, t € [T4, ),

forl < p<2N/(N +2s),A <R3 = E—" where

s -
Ey = Bec|Q| = C;V*z 1)11,

4 vp—1
E = (27 o5 i,
3(p+1-1)

and C,. is the embedding constant, /;,v,, s, will be given in section 3.

The paper is organized as follows. In section 2, we give some necessary Lemmas such as some
properties for Nehari functional and known results for ODEs. In section 3, we present the proof of the
main theorems.

2. Preliminaries and Lemmas
Lemma 2.1 ([22]) Let « be positive number, then
1 +a
' In(t) < —, forall p,t > 0.
eq

Lemma 2.2 Let u € W,”(Q)\{0}, then

f lul” In uldx < T(p, DIIVully + In(|[Vullp)llull;,
Q

where ['(p, Q) := ':;' + e(p = CI’; , C,» is the best constant of embedding from Wol’p (Q) to L7 (Q).

Proof. For convenience, we provide complete proof. As we know, for 1 < p < 2,
llullio = llully g = [IVull,. 2.1)
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Let Q) = {x e Q: |u(x)| < |lull; o} and Q, = {x € Q : [u(x)| > ||ull; o}, we can obtain

fl()l"l(l()l)d— I()I”l(l()l) I()I"l(l()|

llull . llull .o o llull .o

Using the properties of logarithmic, we have

Q
J ol mcEhe < [ [ inElax <
i o Tl e

Taking o = p* — p in Lemma 2.1, and by Sobobev embedding inequality, we obtain
|u(0)| 1 . 1
lea(20)I” In( )dx < —lull?. < ———C". llullf ¢
fgz llull1.0 e(p = pllulll " " " elpt=p) "
By (2.2), (2.3) and (2.4), we get

() Q1
”In —
f'”( L e P L

By direct calculation and Eq (2.1), we have

f |ul” In |uldx < T(p, DNIVull} + In(l| Vel |p)luel [}
Q
The proof is completed.

Lemma 2.3 ([23]) Let p > 1, u > 0, and u € W,”(Q), then we have

o n (L) ¢ —1 E2) [ weoprdr < p f Vupdx,
RV ”u”LP(RN) p RN N
where I 4 1)
1,0 o TGHD o2
Lp — B p )p lﬂ'_f[ 2 :In-

n e T +1)

Lemma 2.4 Letuc Wé”’ \{0} and r = p, then we have
(1) If O < ||Vull, < R, then I(u) > 0;
(i) If I(u) < 0, then ||Vul||” > R;

where R = /lp(

p )”2 and A, is the first eigenvalue of the following equation

—div(|[Vul|P2Vu) = AulP%u in Q,
u=>0, on 0Q.

Proof. (i) By (1.3) and Lemma 2.3, we can obtain
I(w) =|IVull) - /lf |u|? In |u|dx +,8f [u|%dx
Q Q
2||VM||§ - /lf lee|? In |u|d x
Q

Au pue.
>(1 = DIVl + A( In ()" - In(lue]) el 2.

)dx

(2.2)

(2.3)

(2.4)

(2.5)

Mathematical Biosciences and Engineering Volume 18, Issue 4, 3957-3976.



3963

Taking ¢t = 1p in (2.5), we get

I(u) > /l( ln(

)7 = In(lall, )l 2.6)

17

If 0 < ||Vull, < R, then ||ull, < ”IIVullp < (m)i we have I(u) > 0.
(11) If I(u) < 0, by (2.6), we have

2

pe .5
In ()" < )
namely
s PeNE
R=21 (MLP)P < AlNull, < IVaull,.
The proof is completed. O

Lemma 2.5 ([24]) If 1 < py < py < p1 < oo, then we have

1-6
letllpy < Neall o lell

for all u € LP°(Q) N LP'(Q) with 6 € (0, 1) defined by pie =10, 0

P p
Lemma 2.6 ([25]) Let y(#) be a non-negative absolutely contoinuods function on [T, +o0) satisfying

d
Yot rpys0, 120, 3020,

where «, 8 > 0 are constants and k € (0, 1). Then

1
(1) < [ (To) + §)et P00 — g |TE e [T, T,
y(1) =0, t € [T, +o0),

where T, = mln(l + By (Ty)).

Lemma 2.7 Assume that J(uy) < d, then the sets N, and N_ are both invariant for u(?), i.e, if up € N_
(resp. up € N,), then u(t) € N_ (resp. u(t) € N,) forall t € [0, T).
Proof. We only prove the case of u(t) € N_, and the proof of u(t) € N, is similar.

Step 1: J(up) < d. If u(r) ¢ N_, there exists a #y > 0, such that

I(u(ty)) = 0, and I(u(r)) < O for all ¢ € [0, #p).

By (2.1), we have

1) =lullf o — 4 f |ul” In |uldx + f |ul?d x
Q Q
1
2l g = A—llull; 2 2.7)

r+o

1 r+o—
>(1—/1 Sl Il g
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where S is the embedding constant, 0 < o < p* — r. Note that I(u) < 0, we have |lull; o = [|Vull, >

(2Z=)™ > 0, which implies [lu(to)ll1.o = IVu(to)ll, > (3Z=)™ > 0, so we get u(to) € N. Choosing

r+o
S r+o

v = u, in Definition 1.1 and integrating with respect to time O to ¢, we can obtain
t
f Null3dx + J(u(®)) = J(up) < d, forall t € [0,T), (2.8)
0

namely
Jw(t)) = J(up) < d, forallt € [0,T).

While by the definition of d in (1.10), we get J(u(ty)) > d, which gives a contradiction.
Step 2: J(up) = d. Similarly, we assume that the conclusion is incorrect, then it exists a #; > 0, such
that I(u(z;)) = 0, and I(u(z)) < O for all # € [0,1,). By calculation of (2.7), we get [|Vu||, > 0, which

implies u(t;) € N. Since 3 4|lull3 = —I(u(r)) for all 7 € [0, #;), combining with boundary conditions, we

obtain u, # 0. By (2.8), we have

J(u(t))) < J(uo) — f llu-|3dx < d, (2.9)
0

which gives a contradiction with the definition of d. O
3. Proof of main results

In this section, we prove that the main results of problem (1.1).
Proof of Theorem 1.1

First we let {w;(x)} be the basis function of Wé’p (Q). Next, we construct the following approximate
solutions u,,(#) of problem (1.1) as follows:

Up = Zgjm(t)wj(x), J=12-

J=1

which satisfy
(Us> @) + (VP2 Vityy, 07) + Bltt Tty ) = (At 1 |14, ), (3.1)

and

(%, 0) = )" Ej,(X) = g, in Wy (<), (3.2)
j=1
where j = 1,2,...,m, and &;,, = (u,(0),w;) are given constants. We use (-,) to represent the inner
product in L*(Q). The standard theory of ODEs, e.g. Peano’s theorem, yields that
gjn(t) € C1([0, 00); Wy () and g;,,(0) = &j,, thus u,, € C'([0, 00); Wy (2)).
Next, we try to get a priori estimates of the approximate solutions u,,. Multiplying (3.1) by g, (t) ,
summing for j from 1 to m and integrating with respect to time from O to #, we can obtain

! 1 1 1 1
f el 3T + = Vit — A= f |tt|" I |t dx + A= Nl + B=lttll]
0 p rJao r q (33)

1 1 1 1
= —IIVu,, (O)ll; - - f |t (O 10t 24,/ (O)ldx + A [t (O + B2, (O[5
p rdo r q
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For sufficiently large m and by (3.3), we have

1 1 1 1
—IVu,, Ol — A= f |t (O)]" 1 |24, (O)d X + A= et (O]}, + B= et (O[T < D(uo),
P rJo r q
where | . |
D(uo) = lluoll) — A= f luol” In [uoldx + A= lluolly + B—Iluollg + 1.
rJo r q

Multiplying (3.1) by g;»(?), then summing j from O to m, we obtain

1d
Ezllumllﬁ + IVl + Bllully = ﬂflumlrln |ttynldx.

By Lemma 2.1, we have

1 r+o
/lf|um|r 1n|um|dx < /l_(f |um|2dx)T-
eTg Jo

For o € [1,2 — p), namely
1d

l r+o
__ 2 < — 2d 2
2dt”um”2 < w(fgluml x)?,

which implies

(r+o)

2 - 2
2 2— —=
Nt < ( £+ ol ) 05,
eTg

By (3.3), (3.4) and (3.6), we can obtain

! 1 1 1
2 r
fo etz llrdT + l-)lqumllﬁ + /lﬁ”um”r +ﬂgllumllg
< D(up) + Y(uo, 1),

where 12 )
~(r+o 2- v
Wup, 1) = A—(=———1 + lluoll; )"

eo e

(3.4)

(3.5)

(3.6)

(3.7)

Therefore, by (3.6) and (3.7), there is a function u € L”(0, T; Wé’p (Q))) with u, € L*(0, T; L*(Q)),
and a subsequence of {u,,}>_, (still denoted by {u,,}_,) such that for 7 € (0, c0), as m — oo, we obtain

Uy — U, weakly in L*(0, 00; L*(Q)),

u, — u weakly star in L>(0, oo; Wé’p (Q)),

IVitl?2Vu,, — y(£) weakly star in L¥(0, oo; L1,

(3.8)

(3.9)

(3.10)

Since WS P s LP(Q) is compact, by (3.8), (3.9) and using Aubin-Lions compactness theorem, we have

U, — u strongly in C(0, co; L*(Q)),

(3.11)

which implies u,, — u a.e. in Q x (0, o), and then |u,,|"~>u,, In |u,,| — |u|’>uln|u| a.e. in Q x (0, o).
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Fixing j in (3.1) and letting m — oo, we get
(ur, ) + (), Vo) + Blul?2u, w)) = Al uln |ul, w)),
which implies
(s v) + (1), Vv) + Blul**u, v) = (Aululn|ul, v), (3.12)

for all v € Wé”’ (). The next work is to prove that y(#) = |Vu|P~>Vu, that is to say, we should change
Eq (3.12) into the following equation

(s, v) + ((VulP 2V, Vv) + Blul’*u, v) = (Aululn |u], v).

The remainder of the proof is the same as that in [15]. O
Proof of Theorem 1.2
We first consider the case 0 < J(up) < d and I(up) > 0. Choosing v = u in Definition 1.1, we obtain
ld, o 14 q r
=—llully + [[Vully + Bllully = 2 | |ul" Inuldx, (3.13)
2dt Q
which implies
1d
EZt||u||§ +1(u) = 0. (3.14)

Taking v = u, in Definition 1.1 and integrating with respect to time O to 7, we get
!
f lull5dx + J(u(®)) = J(uo) < d, for t > 0. (3.15)
0

Next, we proof that u(x, ) € W for any ¢ > 0. If there exists a 7y > 0, such that u(x, t)) € OW, namely
I(u(x,ty)) = 0 or J(u(x, ty)) =d.

By (3.15), we get J(u(x, ty)) = d is not true. If u(x, ty) € N, then by the definition of d in (1.10), we get
J(u(x,t))) > d, which also contradict with (3.15). So we have u(x,t) € W.
By (1.6), (1.7) and (3.15), we have
1 1
—I(u) + /1—2||M||Z =Ju) <d.
4 4

Note that I(z) > 0, we obtain

Allulh < pd. (3.16)
Through (3.14) and a simple calculation, we have the following inequality
3 < llutoll3. (3.17)
By Lemma 2.4, we have )
IVull? < A%(ﬁfp);z. (3.18)
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Thus, combining with the above inequality, we know that the weak solution of problem (1.1) is globally
bounded.
Now we consider J(uy) = d. Take a function p,, which satisfies p,, > 0 and lim p,, = 1. Let

n—+oo
u(x,0) = ugy(x) = pnto(x), x € Q, for the following equations
u; — div(\VulP2Vu) + Blul?>u = Au/uln|u|, in Qx(0,T),
u(x, 0) = upn(x) = Pmito, in Q, (3.19)
u=0, on 0Q x (0,T).

Since uy(x) € L*(2) N Wol’p (Q) is a nonzero non-negative function, p,, € (0, 1) and I(uy) > 0, then we
have

IIVuo|IZ+ﬂIIMIIZZj;lulrlnluldx, (3.20)
and
I(pmuo)=p£’n||Vuo||§+,3p31||uo||‘q’—p,’nfglulrlnluoldx—prln(pm)LIuolrdx
> pllVuoll}, + Boglluollg —p,’nfglulrlnluoldx (3.21)

= oo (IVuoll? + Bos P lluoll?, - o}, f ol In [uellx).
Q

Note that r = p and p = g, we have

1pmio) = P (IIVuoll? + Bluoll?, - f ol 1n [uldlx). (3.22)
Q

If [J luolIn|uldx < 0, by (3.22), we can obtain

Ipmito) > p([IVuoll} + Blluollt) > 0. (3.23)

If fg |uo| In |uldx > 0, by (3.20) and (3.22), we can obtain

1ouito) = P2 (IIVuoll? + Bluoll?, f ol In uldx) > 0. (3.24)
Q

Moreover, by a simple calculation, we have

T (omito) = p IV uoll? + Bob Nuoll?, - o™ f Jutol? 0 Jugldx — pf”" (o) f Juoldx
Q

Q

1
= —(eLlIVuoll? + Bt luoll — o, f uol” In uoldx = pf, In(0,,) f ol x) (3.25)
Q Q

m

1
= —I(pni),
Pm

thus, we get
, 1 1
J (pmuo) = p—I(PmMO) = —I(uom) > 0,

m
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which implies that J(p,uo) is strictly increasing with respect to p,,. Then we have

J(uom) = J(pmito) < J(up) = d

From the results above, we can derive that the weak solution of Eq (3.19) is globally bounded.
Then, we discuss that weak solution blows up at infinity. Let M(7) = % fQ lu(x, 1)?dx, then we have

M () = fgutudx = —I(u). (3.26)
By (3.26) and the following equation
J(u) = —I(M) + /l—llull” +ﬂ ||u||
which implies
M (0) = —pJ(u) + g2 IIMII" w2t IIMIIP (3.27)

Making v = u, in Definition 1.1, we get

fu,utdx = —(|Vul’"Vu, Vu,) + /lf w,|ulP>u In |uldx —ﬁf u,|u|?udx.
Q Q

Q

By a simple calculation, we get

d 1d
B = ;Euvung—a f ", In Juldx + B fQ |l undx.

Thus, we can obtain
t
) = Iy~ [ it (3.28)
0
By (3.27) and (3.28), we have

1
M'(t) = —pJ(uo) + pf lucll3d +p4 7 D u Il + ﬂpllull”,
namely
M'(t) = —pJ(up) > 0.
Therefore, the following inequality holds

lull? = —2pE(uo)t + 2|uoll3, for all £ > 0.

The proof is completed. O

Proof of Theorem 1.3
(1) Choosing v = u in Definition 1.1, we get

1d

2 2
3 Qu a’x+||Vu||§+ﬁfu

Q

dx = /lf |ue|? In |u|dx. (3.29)
Q
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By Lemma 2.2 and (3.29), we have
1ill 113+ IVall? + Bllull; < AT(p, DIIVull? + An([Vll,)|ull?
2dtu2 ull, + Bllull; < AI'(p, ull; ullp)|leell-
Combining (3.30) and Lemma 2.4, we can obtain

d 1
iallulli +(1- /1—1/1(/111"(19,9) + In(R))[IVull}) + Bllull; < 0.

Note that A < R, it follows that
d
gﬂm@+mmw§sa

so we have
2 2 2
luC-, I3 < lluollze™".

Therefore, we conclude that ||u(-, )|, — 0 as t — .

(3.30)

(2) We consider first the case 2N/(N+2) < p < 2 with 4 < Ry. Multiplying (1.1) by u and integrating

over 2, we have J
1
= —lull3 + IVull? + Bllull; = /lf |u|” In |uldx.
2dt Q

By the first eigenvalue A; and Lemma 2.4, we obtain
1d
2dt Jo

By virtue of Holder’s inequality and the embedding theorem, we obtain

1_N-p 1_N-p
lloello < 1€ adll o < CIQA= 7 [Vl

where C is the embedding constant.
By (3.32) and (3.33), we get the following differential inequality

d
E”””% +2Col[Vull} + 2B|lull; < 0,

where {
Co = C|Q|<ﬁ—%>P(1 —AL(p.Q) - — In(R)) > 0.
1

Setting y(1) = |lu(-, 1)l5, ¥(0) = [lup(-)Il3, by Lemma 2.2, we obtain

1
{Mw%sﬁw£ﬂ+%MHW—%rﬂ (0,7,
”l/l(', t)”z = 0’ te [Tla 00)9
where . P
T, = In (1 + =|[uoll").
T 2-pB (1, woll, ™)

We now turn to the case 1 < p < 2N/(N + 2) and A < R;.

1
wdx + (1= —AUT(p. Q) + InR)IVull] + B f Wdx < 0.
1 Q

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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Multiplying (1.1) by u! (I = ZN_(IT”V)” > 1) and integrating over €2, we can obtain

” 141+ ( Ip? _ﬂPF(P,Q)_ ApIn(R)
ldt T\ p+l-1r  p+l—-1  A(p+l-1)

By the embedding theorem and the specific choice of /, we have

-p

pl-l p+1 1 Np Np
.. = ( Vidx)" < ClIVu'"7
Q

where C is the embedding constant. Thus (3.37) becomes

7l

1+1 +1-1 1+1
——II i1 + Cillullyyy ™ + Bllullyy <0,

[+ 1dt [+1
where Iy F(p. Q) In(R
(p+1-1)7 p+l-1 AZ(p+1-1)

Setting y(t) = [|u(-, O)||;+1, ¥(0) = ||luo(-)|l;+1, by Lemma 2.6, we can obtain

1
C Ci|2r
{||M('J)||1+1S[(||M0||l+p+ Qe _ Q1T e[0Ty,

e+, D141 = 0, t € [T, 00),
where | 5
T, = In(1+ = P
2= G M+ Gl
The proof is completed.
Proof of Theorem 1.4
We first define

t
M) i=f||u||§dr,
0

then, we obtain
M (1) = |lull3,

and

M (t) = =21(u)

p

1 1 1
= =2pJ(u) + 2pB(= — —)llullg + 2A—Ilull;.
q P p

By (3.28) and (3.41), we can obtain

!
’” 1
M () > -2pJ(uy) + 2pf lluerlldr + 24—[lull}.
0 p
Not that

1) 2|IVullh - /lf |u|? In |u|dx
Q

Ap pue.
>(1 = DIVl + A( In ()" - In(lue]) el 2.

Mathematical Biosciences and Engineering

a1 + Blullsst < 0,

))>O.

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)
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Choosing u = 1p in (3.43), we have

e
An

I(u) > A(In(

e n
D" (el el

Since () < 0, we get

2

(4 n
(L) <l (3.44)
P

By (3.42), (3.44) and p > g, we obtain

’” ! 1 p2€ n
M (1) > -2pJ(uo) +2p | llulldr + 2/l—(/l 3 )’
o P (3.45)
= 2p(Ry — J(up)) + 2pf \lut, ||d,
0
where R, = /ll% %)%. Multiplying both sides by M(¢) in inequality (3.45), we get
., ! !
M ()M(1) = 2p(Ry — J(uo))M(1) + 2p f et [|dr f llee(r)lldr. (3.46)
0 0
Since
| B ! 2 ' 2 ' 2
Z(M ) <( u(Nu(r)dxdr)” < | |lu(®)lizds | llu.(r)ldr,
0 Ja 0 0
thus we have
M (OM(t) 2 2p(Ry - J(uo))M (1) + §<M'<t>>2.
namely
M (M1 - %’(M'(t))2 > 2p(Ry — J(ug))M(1) > 0.
So, there exists a finite time T, > 0 such that
lim M(t) = +o0,
t—>T6
which implies
lim [jull5 = +c0.
t_>T(;
The proof is completed. m|
Proof of Theorem 1.5
We consider first the case p < r <2 and 2N/(N +2) < p < 2. Choosing v = u in Definition 1.1, we
have
ld 2 p 2 r
s— | wdx+|ull|,+B | wdx= || In |u|dx. (3.47)
2 dt o) ’ Q )
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By Lemma 2.2, we have

1d
—— | dx+ul’,+pB f w’dx < AT (p, Qlull} o + A1n(lulli o) f u'dx.
2dt Q ? Q Q

Since (1) > 0, combining Lemma 2.4 and Lemma 2.7, we get

1d

3 d 2a’x + (1 - al'(p, Q)R"”)llullfQ +,8f wdx < AIn(R)||ull).
’ Q

To facilitate discussion, we let

oo t-w o 20-p)
2 T T re-p)

(3.48)

(3.49)

Note that s; > r and v; € (0, 1), by the Holder’s inequality, the Sobolev embedding theorem and

Lemma 2.5, we have

o -9 1-
Nl < 1977 [fuell, < Ml a5,

Further, by the Young inequality for any € > 0, we get

s1-r r(vi=1)
llull” < |Q|LTC;£1_ﬁ1)(sIIuII + &7 |l ).
By (3.49) and (3.50), we can obtain
LR + (1= AT, QR Pl g, + BllullE < An(RIQYT CO (el + 740 ),
5 gy P 1.0 2= P 2
namely
1d ,
5 ol + Calll] o + Callul; <0,
where
€= 1= A(p. QR — ed IR T CI1 ", €y = p— An(RIQY T €7,
5 4 (V(l ;)1)
. i Ll .
Taking € = (—uln(R)mlC’“ »1)) in (3.51), we have
1d 2
5l + Calull g+ SBlully < 0

where

c’ B FOE

Cy=1-A0(p, )R — AIn(R)IQ| i e
' i o 1n(R)|Q|c;9‘V“)

Since A < R, thus C4 > 0. By Lemma 2.6, we can obtain

1

2—- 3C. -l 3Cy |2-p
{HM('J)HZ < (ol + e )etr-2 - 3177 e j0,Ty),
”M(', t)”Z = 09 re [T3a 00)9

(3.50)

(3.51)

(3.52)
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where 3 28
In(1+—
(2-p)pB ( 3C,

T; = |l/£0||2 )

(3.53)

When 1 < p <2N/(N+2),p<r<2and A< R;. Taking v = u' (I = w > 1) in Definition

1.1, we obtain

1 I+1 Ip? v p I+1 =110 uld
T+ 14di || ully + (P"‘l—)” U o || + Bllull;, = |M| n|uldx.

By Lemma 2.1, we have

1 I+1 lpp

1
_ - V p p + I+1 < /l_
" 1dt” Il + ri=1y I\ || Blluellycy llell,

pr1’
where py =1+ p+o0—1. Let

I v 1-w  pl+1) _bh=-p) .,  pp
==+ o= ——= v = = :
o l() p* l+p—1 ll(lo—p) l+p—1

Thus we have [, > [; > p, v, € (0,1) and

1 Lp-l lpp bel I Lp=l
- I S— + y < /l— b
l+1dt” || ( +l—1)p” || Bl 7 || e ||

By the Holder’s inequality, the following inequality holds
o5 < 00 < 0 g

Further, by the Young inequality for any £ > 0, we get

[ ||“ <l v Cl AT [T 108 + et |y ).

Substituting (3.57) into (3.56), we get

1 d
md—tllu ’ ||l +CslIVu T ||p+C6||u ’ ||0 <0,
where
Cs= Ty lfp 5 SO C = g - 015 U A g
pti—D7F eo
1 —s;
Taking & = 1227 |Q|’Tzc;z—1 in (3.58), we can obtain
I d Ip? tp-1 b1
I+ S 9+ ol < 0,
where -
Cr = -l cyta (;( Ifzwl)p' ey,
p —

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)
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Since /y < p*, by the Sobolev embedding theorem and the Holder’s inequality, we get
a5 1 < QISP | = 191G PCT V| (3.60)

Combining (3.59) with (3.60), we obtain

1 bp=1 Ept et
— 12”” T+ Csllu I+ Collu 7P <0, (3.61)
where | Iy
p (F=1)p-p
=—— Q" WCF>0.
Y L R
Since A < Rj3, thus C; > 0. By Lemma 2.6, we can obtain
{||M||l+1 <[(Ioli? + @)er2er — &7, e 0,7y,
lleellz+1 = O, t € [Ty, ),
where i c
Ty= ————1n ! +1 3.62
U pves ( ||Mo||,+ )- (3.62)
The proof is completed. O

4. Conclusions

In this work, we study the initial boundary value problem for a class of p-Laplacian diffusion
equations with logarithmic nonlinearity. Compared with the research in literature [26], we further
discussed the integer-order Laplacian equations when 1 < p < 2, and proved the global existence of
the solution of problem (1.1) by the Galerkin approximation method. Compared with problems (1.2)
and (1.5), we give the extinction and attenuation estimates of the weak solution of problem (1.1) by
using potential well theory and Nehari manifold. In addition, we also prove that the weak solution of
problem (1.1) is globally bounded and blows up at infinity. In the next work, we will further discuss
the properties of the solution of Eq (1.1) when r # p and g # 2, and study the diffusion p(x)-Laplacian
with logarithmic nonlinearity.
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