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Abstract: A new method for lightweight gear design based on Michell Trusses Design method was 

investigated in this research to compare with the traditional Topology Optimization method. A 

workflow with detailed steps was established using example of constructing Michell Trusses to make 

lightening holes at the gear’s web. In this workflow, Michell Trusses are generated from a set of 

concentric circles. By solving the equation with the variables of concentric circles (complexity), the 

optimal orthogonality of trusses can be determined. Real experiments were conducted to compare the 

two design methods in the aspects of design costs and product mechanical property, including 

recording the time consumed in each link and detecting the force of failure of gears by a testing 

platform. The results indicate that this new method can significantly reduce design time while 

maintain the same power-to-weight ratio as the Topology Optimization design, which potentially 

provide a new research direction for lightweight structural modeling in mechanical engineering and 

aviation industry. The experimental product developed in this research demonstrated the promising 

prospects for real world applications. 
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1. Introduction  

It is well known that Additive Manufacturing (AM) can provide an exclusive design scheme for 

parts based on their characteristics. It can realize the macroscopic structural design in topology, and 

also make full use of the design domain brought by the changes on multiple scales or the spatial 

gradient, which greatly improves the product performance [1]. Therefore it applies to a wide range of 

industries, including medical engineering [2], automotive [3], aerospace [4] and civil engineering [5]. 

However, it is always necessary to provide a suitable design tool especially for a complex part design, 
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which is considered a major obstacle for the implementation of AM [6]. There are four mainstream 

AM design methods to generate lightweight structure: reinforcing shells with protruding rib design, 

lattice structure design, integrated structure design, and complex-shaped Topology Optimization (TO) 

structure design.  

TO is recognized as one of the most promising techniques in the design of aircraft and 

aerospace structure [7]. Technical difficulties in the development of aeronautics and aerospace 

structural engineering promote rapid progress in TO theories. Currently, the research on TO of 

continuum structures focused on Homogenization method, Solid Isotropic Material with Penalization 

(SIMP), Evolutionary Structural Optimization (ESO) and Level Set method. However, there are two 

problems in the implementation of the above methods: (a) overwhelmingly huge amount of 

computation in FEA (dimensional disaster); (b) time-consuming manual process of reconstructing 

models with computer-aided design (CAD) tools. Therefore, TO may not be applicable to all part 

design, and the approach to directly forward-design the structure needs to be further explored.  

Michell structures reveal the truss-like characteristics in TO, and its optimal trusses under load 

and boundary conditions are generated by analytical method [8]. Michell’s Truss, characterized by 

the minimal weight and the maximum stiffness, have significantly influenced the contemporary 

architectural forms as well as the structural design concepts in modern civil engineering. When 

applying Michell Truss Design (MTD) method in lightweight design, it is not difficult to find that 

MTD method is an analytical method with huge mathematical calculation cost, which requires 

designers having strong ability to solve equations and matrix calculation. Therefore, it is the reason 

why this directly forward design is lack of literatures reported in practical engineering applications. 

In this research, a new method was presented to create Michell Trusses from a set of concentric 

circles, which is a kind of analytical method with diagrams based on basic parameters of gears. By 

solving the equation with the variables of concentric circles (complexity), the optimal orthogonality 

of trusses can be determined. Compared with the traditional method, this new method is more 

efficient and cost effective to construct Michell Trusses. Lightweight gear bodies were designed 

using the new method and experiments were conducted to compare with the TO design in the aspects 

of design costs and product mechanical property. The results indicate that this new method can 

significantly reduce design time while maintain the same power-to-weight ratio as the TO design, 

which potentially provide a new idea or research direction for lightweight structural modeling in 

mechanical engineering and aviation industry. 

2. Literature review 

Due to its friendly-to-manufacture property, AM has been extensively applied to solving 

complex engineering design problems with a wide range of industrial applications. Meanwhile, 

several design methods for AM have been promoted rapid progress, such as TO, Michell Trusses 

Design and Lightweight Design. However, each of these methods have some problems which make 

it difficult to be implemented. In this section, a review of relative research of these methods are 

summarized as below. 

TO: As a freeform material distribution scheme, TO enables the creation, merging and splitting 

of the interior solids and voids during the structural evolution, therefore, a much larger design space 

can be explored [1]. A typical example of Topology Optimization solution is the leading edge droop 

nose ribs for Airbus 380, which achieved structural weight saving design meeting all mechanical 
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performance requirements [9]. A typical Topology Optimization design of an aircraft pylon, which 

satisfied stiffness, strength and weight requirements [10]. Unfortunately, two major challenges have 

limited the applicability of TO in applications: overwhelmingly huge computational expense and 

subsequent detailed post-processing. Zhang et al. [11] indicated that a TO problem often involves a 

large number of design variables to guarantee sufficient expressive power. In addition, many TO 

problems require a large number of expensive FEA model simulations, which cannot be parallelized. 

Niels et al. [12] indicated that TO is an iterative and sequential procedure, which is not 

straightforward to be parallelized. Joe et al. [13] indicated that a typical large-scale TO problem may 

involve hundreds or even thousands of design iterations, and for each iteration, the physical response 

needs to be solved to compute the gradient information through sensitivity analysis. Anton et al. [14] 

indicated that large-scale TO problem always involves millions of design variables, the associated 

computational cost is highly prohibitive and will be larger and larger in the future since the problem 

are becoming more complex with more details. Additionally, the resulting optimal design from TO 

often needs subsequent detailed post-processing. Otherwise, it is impossible to be applied directly in 

engineering practice because its material layout includes holes of arbitrary and complex shapes, 

zigzag boundary, grayscale images and many tiny features, etc. Zhang et al. [15] indicated that most 

engineering applications require simple geometric feature and smooth boundary, especially for 

manufacturing. For the reasons above, designers have to consider whether TO is the only effective 

solution to solve the problems. 

Michell Trusses Design method: MTD method is widely used in Civil and mechanical 

engineering, which illustrates the structure of the optimal force transmission path and inspires 

designers to adopt truss-like strategy to interpret the resulting conceptual design. Kwok et al. [7] 

indicated that studies usually solve the principal stress lines to predict the locations of possible 

cracks based on Michell Truss Theory and set reinforcement bars at those locations. Gao et al. [16] 

indicated that reinforcement will work more effectively in tensile and the overall structural stiffness 

can be improved, which has been successfully applied to the layout optimization design of support 

frames for high-rise buildings and long-span bridges. Krog et al. [9] proposed a way of interpreting 

regions with high density of material as structural truss and regions with low density of material as 

voids, the TO designs can be interpreted as truss-like structures. Based on truss-like approach it is 

easy to construct the parameterized optimization model. Zhou et al. [17] indicated if the positions of 

the nodes and the cross sectional areas of the members are optimized, the final optimal truss 

structures are established. The above examples show that MTD method has been successfully 

applied into some engineering applications and it is worthy being explored in other applications. 

Lightweight gear design: With the constant improvement of helicopters’ flight speed and load 

capacity, reducing weight and improving power-to-weight ratio are the goals pursued by 

high-performance helicopter transmission system. Upon reducing the weight of models through 

structural lightweight design, the weight and energy consumption of the helicopters can be 

effectively reduced, and the endurance and maneuverability can be improved. As one of the crucial 

parts in the mechanical power transmissions of helicopters, the lightweight design method of gear 

has gradually become the research focus of scholars worldwide. With the increasing demands on less 

weight, higher speed, and improved running conditions, Robert et al.
 
[18] brought composite spur 

gears into fabrication. The composite material serves as the web of the gear between the gear teeth 

and a metallic hub for mounting to the torque-applying shaft. Compared with an initially all-metallic 

aerospace quality spur gear, the composite gears were found to be 20% lighter. Ramadani et al. [19] 
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proposed a lightweight gear whose solid gear body was replaced by a lattice structure with optimal 

layout through TO and it was found to be 58.8% lighter, compared with the original solid gear body. 

Nowadays, lightweight modeling of gears based on MTD method is a research frontier with a lack of 

technical theories and has not been reported in literatures. Research presented in this paper aims to 

fill this gap. 

3. Workflow 

The design workflow is shown in Figure 1. The goal is to reduce the weight of gears is to design 

Michell Truss while maintain maximum stiffness of the gear bodies. This method is divided into 6 

steps: (a) obtain the boundary parameters of the gear; (b) create a frame for drawing Michell Trusses; 

(c) utilize topology and geometry information in Michell Truss method to generate skeleton lines; (d) 

extend skeleton lines and generate trusses; (e) combine the holes with the gear features (teeth, hub 

and keyway) into a new sketch; (f) stretch the drawing to generate the 3D model. 

 

Figure 1. Overview of the design framework. 

The detailed description for generating holes is shown in Figure 2. This process is divided into 4 

steps: (a) offset the skeleton lines to both sides, and generate a truss with width; (b) array the truss 

around the center by Z times; (c) remove extra lines and keep the holes; (d) array the holes around 

the center by Z times.  

In this process, several parameters related to design should be paid more close attention: 

(I) Michell Trusses are generated by arraying around the center and the times z in arraying is 

exactly the number of teeth z of the gear.  

(II) The width of Michell Trusses is obtained by offsetting the skeleton lines to both sides by w, 

which is related to the modulus m of the gear.  

(III) In order to improve the mechanical properties of gear, chamfering the holes can effectively 

reduce the stress concentration. 
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Figure 2. Detailed description for generating holes. 

4. Michell Truss method 

The Michell Truss is to be restricted in a group of concentric circles. The way to construct 

the Michell Truss is to connect the Michell Truss nodes into the Michell Truss, where the nodes 

of Michell Truss are geometry information and the connection order of Michell Truss nodes is 

topology information. 

4.1. Topology information 

Figure 3(a) shows 4 Michell Trusses, 
1 2 3 4, , ,M M M M , which are connected by the nodes on 

the concentric circles. The nodes is marked as 
mnN , and m and n are the node’s corners to describe 

the topology information of nodes in Michell Truss method. There are two definitions on the 

relationship of topology in Michell Truss as listed below. 

Definition 1: On the same concentric circle, the sum of corner values of two nodes are equal, 

and it is also the complexity of the concentric circle q (the total number of concentric circles) [20]. 

For example, for the nodes mnN  and ikN , m n i k q    . 

Definition 2: All nodes on the same Michell Truss will have the same corner mark equal, and 

another corner mark is the order of the concentric circle. The right side graph in Figure 3(b) shows 

the nodes on one of the Michell Truss are 1 2m m mnN N N， ，， , where the first corner mark values of 

these nodes are equal, and the second corner mark value is the order of the concentric circle where 

the node is located. 
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(a)                                           (b) 

Figure 3. Topology information of Michell Truss. 

4.2. Geometry information 

Through the intersection of the concentric circles and cutting lines, the nodes of the Michell 

Truss will be connected. The size of the concentric circle depends on three parameters: uniform angle 

 , complexity q  and the angle of intersecting Michell Trusses  . In Figure 4, four Michell 

Trusses are distributed to five concentric circles, whose radius values respectively equal the length of 

00ON ,
01ON ,

02ON ,
03ON ,

04ON and equals 
0r ,

1r ,
2r , ,

4r .  

There are two definitions on the relationship of geometric mathematics in Michell Truss as 

listed below. 

 

Figure 4. Geometric information of the Michell Truss. 

Definition 3: The length of each Michell Truss is multiplied from the inner loop to outer loop, 

i.e., 
0 1 2 3 4, , , ,l l l l l  with a multiplied relationship. According to properties of similar triangles, 

0 1 2 3 4, , , ,r r r r r  are also with a multiplied relationship [20]. 

1 1 0,1,2,3,4n n n nl kl r kr n   , ，   (1) 
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As depicted in Figure 5, in △ON04N03, based on Sine Law, there is 

 
34 4

sin sin sin +

rr l

   
                             (2) 

In △ON03N02, there is 

 
3 3 2

sin sin sin +

r l r

   
                            (3) 

So, the multiplied relationship of Michell Truss is 

 
4 4

3 3

sin

sin +

l r

l r



 
                               (4) 

 

Figure 5. Construct orthogonal relations in two similar triangles. 

Definition 4: The Michell Trusses are orthogonal i.e., their angles are as close to 90° as possible. 

If trusses are orthogonal to each other, the truss will be the shortest and the strongest [21]. By 

modifying the Michell Trusses’ length and complexity, the value of γ (the angle of Michell Trusses) 

can approach 90°. Figure 6(a) [21] shows the orthogonal properties of the Michell and Figure 6(b) 

shows the location of γ. 



1660 

Mathematical Biosciences and Engineering  Volume 18, Issue 2, 1653–1669. 

 

(a)                                        (b) 

Figure 6. Orthogonal properties of the Michell Trusses.  

As such, in order to develop the equation related to γ, △ON04N03 needs to be located in 

quadrilateral 
04 03 02ON N N . If taking Cosine formula for 

04 03ON N , then the following equation is 

developed: 

2 2 2

4 4 3

4 4

cos
2

r l r

r l


 
                              (5) 

4.3. Mechanical interpretation 

According to the boundary conditions and loads, the principal stress line can be calculated 

based on Michell Trusses method. Taking simply supported beams as an example, according to the 

geometric features of Michell Trusses: (a) the length of each trusses is multiplied; (b) the intersecting 

trusses are orthogonal, and the Michell Truss will be shown in Figure 7. In order to verify the 

consistency between the Michell Truss and the principal stress line in Mechanics, the method of 

drawing the principal stress field of the simply supported beam should be introduced: the beam is 

divided into uniform grids, and the stress states of all grid nodes constitute the beam's principal stress 

field [22]. The stress state of each node consists of , ,x y z   , where 

*

s z
x y

x y z

F SMx My

I I I t
    ， ，                            (6) 

where 
sF  is shear force, M  is bending moment, , ,x y zI I I  are polar moment of inertial and *

zS  is 

moment. 
3 3 3

12 12 12
x y z

hb bh th
I I I  ， ，                            (7) 
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                             (8) 

Then, we will get the direction angle 
0  

of principle stress of each node by the following 

formula 

0

2
tan 2

xy

x y




 
 


                          (9) 
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(a)                            (b) 

Figure 7. Principal stress line drawing of simply supported beams. (a) Shows the 

principal stress line created by Michell Truss theory, and (b) shows the principal stress 

field of the beam. 

If placing the principal stress line arrived from the Michell Truss theory into the principal stress 

field, it is found that the tangent direction of the points on the principal stress line coincides with the 

direction of the nodes of the main stress field. In this case, Michell Truss is the principal stress line. 

5. Experiments and results of lightweight gear design 

Michell Truss Method and TO were independently applied in lightweight part design of the 

same spur gear. The basic of design data are shown in Table 1.  

Table 1. Basic of design data of a spur gear. 

Parameters Values 

Number of teeth, z 24 

Normal module 6 mm 

Pressure angle 20° 

Root diameter, 
4d  129 mm 

Gear body outer diameter, 
3d  119 mm 

Gear body inner diameter, 
2d  54 mm 

Hub diameter 40 mm 
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As depicted in Figure 8, Number of teeth z, Root diameter 4d , Gear body outer diameter 3d  

and Gear body inner diameter 2d  are the key boundary parameters of a spur gear. 

 

Figure 8. Boundary parameters of a spur gear. 

5.1. Optimal design of Michell Truss gears  

5.1.1. Construction of geometry information of Michell Truss 

In this application, gear has 24 teeth, which means the concentric circles that generate Michell 

Truss will be divided into 24 parts and uniform angle   will be 15°. According to the Geometry 

Information in Section 4.2, an equation with variables with trusses’ angle   and complexity q
 

can be developed. 
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When γ value is 90°, q is 4.44. Since q present the number of concentric circles, q should be an 

integer. Therefore, q is rounded by 4 and k values 1.34. Then, according to Eq (1), when r0 value is 

40, diameter of concentric circles of each order can be calculated and they are listed in the Table 2. 

Table 2. Diameter of concentric circles of each order. 

Complexity 0 1 2 3 4 

Diameter value /mm 129 96 72 54 40 

5.1.2. Construction of topology information of Michell Truss 

Firstly, according to the concentric circle diameters of each order in Section 5.1.1, construct a 

frame with a set of concentric circles. Secondly, Michell Truss skeleton lines are drawn according to 

the topology information in Section 4.1. Lastly, expand outward the skeleton lines of Michell Truss 

to generate the final trusses with width. As depicted in Figure 9, the angle between each truss is close 

to 90°, which indicates that the trusses were approximately orthogonal and proves that the Michell 
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Truss was designed successfully.  

 

(a)                                        (b) 

Figure 9. Generated the skeleton lines of Michell Truss and the final Trusses with width. 

5.2. Topology Optimization design of gears 

The design workflow is shown in Figure 10. Design method of gears in TO can be divided into 

2 parts: (I) Topology Optimization solving , including 4 subprocesses: (a) transform spatial stress 

into plane stress, (b) mesh, (c) FEA and (d) Topology Optimization; (II) model reconstruction, 

including 3 subprocesses: (a) map the holes edges to the sketch, (b) combine the holes with the gear 

features and (c) stretch the drawing to generate the 3D model.  

 

Figure 10. Overview of Topology Optimization design for gears. 

In the TO software, there are mainly three parameters in design and they are design domain, 

retention rate and degree of symmetry. By setting the retention rate to 30%, 40%, 50%, 60%, 70%, 

80% and 90%, we get a series of gears after Topology Optimization in Figure 11.  
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Figure 11. A series of Topology Optimization gears and their deformation in FEA (when 

the retention rate was less than 30%, several broken trusses emerged in the gear body. So, 

the optional gear should be selected from which is more than 30%.). 

Power-to-weight ratio is the ratio between the bearing capacity of a structure and its mass, 

which is used to evaluate the effect of lightweight. When 100%, the structure will behave well in 

lightweight and Mechanics. Table 3 has shown Mechanical behavior of a series of Topology 

Optimization gears, such as mass reduction, strength weakness and power-to-weight ratio. Figure 12 

indicates: the gear with 60% retention rate, whose power-to-weight ratio was just over 100%, was 

determined to be the optimal design.  

 

Figure 12. Selection of optimal solution. 
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Table 3. Mechanical behavior of a series of Topology Optimization gears. 

Retention rate in Topology 

Optimization /% 

Mass reduction 

/% 

Strength weakness 

/% 

Power-to-weight 

ratio /% 

40 28.69 49.70 57.73 

50 23.99 28.79 83.33 

60 17.82 13.10 136.03 

70 14.12 8.40 168.10 

80 6.43 1.967 326.89 

90 2.95 0.173 1705.20 

5.3. Experiment 

In order to obtain the failure force of gears, a testing platform NHGearTest3000 had been 

constructed to simulate the loading process of a pair of gears when meshing in Figure 13. The 

platform consists of a Metal Gear, a Motor with variable-frequency drive (VFD) and a Fixed Shaft 

where Test Gear is fixed on the Motor by key while Metal Gear is fixed on the Fixed Shaft unrotated. 

There are two critical requirements for the installation: (a) the central axis of the two gears should be 

in the same horizontal position; (b) the center distance of the two gears equals the gear diameter. 

 

Figure 13. Mechanical loading platform to detect the force of failure of gear. 

With the increase of the torque from the motor, the torque on Test Gear also increased. The 

motor’s value was recorded when the gears got broken. According to the following Eq (11), the value 

of frequency could be converted to the value of failure force.  

60 f
n

p
 , 9550

P
T

n
  , =

T
F

R
                          (11) 

In this paper, we selected the spur gear (Number of teeth is 24, Normal module is 6 mm and 

thickness is 24 mm) as the lightweight object. As depicted in Figure 14, Solid gear Figure 14(a), 

Topology Optimization gear Figure 14(b) and Michell Truss gear Figure 14(c) were produced by 

SLA and their mass are 380, 302 and 297 g, respectively. 
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Figure 14. Solid gear, Topology Optimization gear and Michell Truss gear. 

In this experiment, the value of frequency was recorded when gear’s tooth fractured in Figure 15. 

Then, according to formula (11), the value of failure force can be calculated as follows:  

(I) Solid gear Figure 14(a) is 663.125 N;  

(II) Topology Optimization gear Figure 14(b) is 571.474 N;  

(III) Michell Truss gear Figure 14(c) is 566.082 N. 

 

Figure 15. Frequency value of the motor when the gear was broken. 

6. Discussion 

6.1. Comparison of design efficiency  

The design efficiency of the two methods was compared by recording the time consumed in 

each link of the design. 

In Section 5.2, we introduced Topology Optimization design method of gears which consists of 

2 steps: (a) Topology Optimization solving. For a general FEA solving, the number of design 

variables is directly determined by the mesh resolution of the finite element model. the time T 

consumed by CPU in an iteration step can be roughly estimated as  3T O n  and  T O m , where n 

and m are respectively the number of design variables and the number of effective constraint 

functions at the optimal solution. (b) Model reconstruction. Since one part after traditional Topology 

Optimization method is generated based on pixel, and the CAD system defines the geometry of 

model by B-spline curve. In order to get the final optimal model, designers have to carry out 
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complex reconstruction in geometry. (c) Reconstructed as many models as possible in order to select 

the best one. Topology Optimization is a problem where designers should explore weight reduction 

and keep stiffness to some extent. So, multiple groups of control experiments should be set through 

changing the retention rate, where time will be grown exponentially. 

When it comes to Michell Truss Methodology in Sections 4, it is just solving an equation with 

its boundary parameters. Putting the boundary conditions of the gear into our self-designed software, 

the solution can be faster. Compared with the former method in Table 4, the latter shorten 

approximately 12.8 times design time. 

Table 4. Comparison of design time.  

Method Time consuming process /h Total time /h 

Topology 

Optimization 

Default retention rate 50% 
Test retention rate (30%, 40%, 

60%, 70%, 80%, 90%) 

9.1 
Topology 

Optimization 

solving 

Model 

reconstruction 
Parallel design (× 6) 

0.5 0.8 7.8 

Michell Truss 

Design 

Construct topology and 

Geometry information 
Drawing Michell Truss 

0.66 

0.33 0.33 

6.2. Comparisons of mechanical behavior  

Table 5 indicates: (a) in the aspect of mass, Michell Truss gear is very close to Topology 

Optimization gear, which proves that Michell Truss gear is the geometric interpretation of Topology 

Optimization gear; (b) in the aspect of failure force, Michell Truss gear is also very close to 

Topology Optimization gear, which proves that Michell Truss gear is equivalent to Topology 

Optimization gear mechanically; (c) in the aspect of power-to-weight ratio, Michell Truss gear is 

superior to Topology Optimization gear, it is because that Michell Truss gear is generated by 

B-spline curve instead of the discrete surfaces after Topology Optimization, which reduces the stress 

concentration and improve the comprehensive mechanical performance of the gear. Compared with 

Topology Optimization gear, Michell Truss gear is lighter and with a higher power-to-weight ratio, 

which proves that Michell Truss gear behaves better in mechanics behavior. 

Table 5. Comparisons in mechanical behavior.  

Type 
Mass 

(g) 

Weight 

reduction 

(%) 

Failure 

force  

(N) 

Strength 

reduction 

(%) 

Power-to 

weight ratio 

(%) 

Solid gear Figure 14(a)  380 - 663.125 - - 

Topology Optimization gear 

Figure 14(b) 
302 20.53 571.474 13.82 148.55 

Michell Truss gear Figure 14(c) 297 21.84 566.082 14.63 149.28 
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7. Conclusions 

Two methods, Topology Optimization and Michell Truss Method, to design the lightweight spur 

gears are compared. Some conclusions are as follows: 

(I) By defining design domains, loads, and boundary conditions, Topology Optimization can be 

easily applied to the design of lightweight gears. However, FEA, model reconstruction and 

multi-groups of controlled experiments are time consuming. However, if the Michell Truss Method is 

applied for the gear bodies, it can reduce the design time to be approximately 12.8 times compared 

with Topology Optimization. On the other hand, utilizing B-spline curve and replacing the discrete 

surface generated from Topology Optimization, it can reduce stress concentration and slightly 

improve the mechanical properties of the gear. 

(II) The algorithm of Topology Optimization is complex and is not conducive to explore weight 

reduction and stiffness, Michell Truss Method is an analytical method. By adjusting the design 

parameters of the formula in Michell Truss Method, it helps designers to grasp the relationship 

between the distribution of material and structural mechanical properties, to construct the optimally 

orthogonal Trusses. 

(III) When dealing with low-dimensional gears such as those gears with fewer teeth or planar 

gears, this method can reduce considerable workload. As for high-dimensional gears, the effect will 

be more obvious. 
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