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Abstract: In this paper, an HIV infection model with latent infection, Beddington-DeAngelis infection
function, B-cell immune response and four time delays is formulated. The well-posedness of the model
solution is rigorously derived, and the basic reproduction number R, and the B-cell immune response
reproduction number R; are also obtained. By analyzing the modulus of the characteristic equation and
constructing suitable Lyapunov functions, we establish the global asymptotic stability of the uninfected
and the B-cell-inactivated equilibria for the four time delays, respectively. Hopf bifurcation occurs at
the B-cell-activated equilibrium when the model includes the immune delay, and the B-cell-activated
equilibrium is globally asymptotically stable if the model does not include it. Numerical simulations
indicate that the increase of the latency delay, the cell infection delay and the virus maturation delay
can cause the B-cell-activated equilibrium stabilize, while the increase of the immune delay can cause
it destabilize.
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1. Introduction

Human immunodeficiency virus (HIV) mainly infects CD4* T-cells in human body and destroys the
immune system gradually, which leads to the occurrence of various opportunistic infections. HIV can
persist in a latent form in resting CD4" T-cells, and it can give rise to infectious virus upon stimulation
in vitro, which becomes an obstacle to the eradication of virus [1,2]. The mathematical model of HIV
infection has attracted more and more scholars’ attention, and the classical virus dynamics model is
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composed of three populations: healthy T-cells, infected T-cells and virus [3, 4]. Recently, the four-
dimensional mathematical models incorporating latent infection have been developed to describe the
mechanism of the latency [5, 6].

When HIV invades the human body, the human body makes two modes of immune responses: one
is the humoral immune response mediated by B-cell, and the other is the cellular immune response
mediated by cytotoxic T lymphocyte (CTL). It is not clear which immune response mode is more
effective. Previous studies have established that the humoral immune response is more effective than
the cellular immune reponse in malaria infection [7]. Therefore, we focus on the humoral immune
response mediated by B-cell here.

In the process of virus infection, we are more concerned about the number of new infectious virions
in unit time, that is, the incidence rate. The incidence rate function of virus infection model is mostly
bilinear STV, and then gradually develops to saturation function f +TaVT [8], Holling type II function
ﬁi‘; [9] and Beddington-DeAngelis function ; +’§ ;va [10-12] (B is the infection rate, and a, b > O are
the inhibition constants). The Beddington-DeAngelis function is firstly proposed by Beddington [14]
and DeAngelis et al. [15], and it is a generalized infection function, which includes the cases of bilinear,
saturation and Holling type II functions. Hence, we will consider the Beddington-DeAngelis incidence
rate.

In the process of HIV infection, it takes time for the virus to infect healthy T-cells and then release
infectious virus particles. Herz et al. first introduced an intracellular delay to reflect this time period
and showed that the model with time delay could shorten the half-life of free virus [16]. Since then,
many researchers have analyzed the effect of intracellular delay on the stability of the equilibrium of
the virus infection models. Their results showed that the intracellular delay could prolong the progress
of the virus, but did not affect the stability of the equilibrium essentially [9,11-13,17-28]. In addition,
it also takes time for antigenic stimulation to generate an immune response [29]. It shows that the
immune delay makes the positive equilibrium unstable and leads to Hopf bifurcation. So, both the
intracellular delay and the immune delay will be included in our model, which can reflect the progress
of virus more practically.

Motivated by the works of [17-19], we propose an HIV virus infection model incorporating the
latent infection, the Beddington-DeAngelis function infection rate, the humoral immunity and mutiple
time delays, which can be described as

o BTV

T ==l - = T ovay

BTG —TOVa-T)

M = Tt s oV =y~ WO~ &L, -

(1 =me™2pT(t —1)V(t — 12) :
+al-n)+bVi-1) aL(t) = ds1(1),

V(1) = kI(t — 73) — ds V(1) — pV(1)B(),

B(t) = qV(t — 14)B(t — 14) — dsB(t).

(1) =

Here, T(¢), L(t), I(t), V(t) and B(t) denote the number of healthy T-cells, latently infected T-cells,
actively infected T-cells, virions and B-cells at time ¢, respectively. The healthy T-cells are assumed
to be input with a constant rate A, and it can be infected by the virus with the Beddington-DeAngelis
functional response % The constant 7 is the fraction of the infected T-cells leading to latency.
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Latently infected T-cells can be activated and then becomes the productively infected T-cells with a
constant @. Parameter k is the production rate of each infected T-cell, and d; (i = 1, 2, 3, 4, 5) is the
death rate of each population. p and g are the B-cell effectiveness and responsiveness, respectively.
Here, we consider four time delays: (1) 7; represents a time delay between the initial virus entering into
the cell and the subsequent viral latency; (ii) 7, represents a time delay between the cell infection and
the subsequent viral generation; (iii) 73 is the time it takes from the newly produced virus to be mature
and then infectious; (iv) 74 is the time for the B-cell immune system to be activated. Factors e™™ and
e denote the probability that an infected T-cell survives the interval 7, and 7, respectively.

The rest of this paper is arranged as follows. In section 2, we analyze the well-posedness of the
model solution, and obtain the basic reproduction number, the immune response reproduction num-
ber and three equilibria. In section 3, by analyzing the characteristic equation at each equilibrium
and employing appropriate Lyapunov functions, the global asymptotic stability of uninfected, B-cell-
inactivated and B-cell-activated equilibria is obtained, respectively. Furthermore, Hopf bifurcation
occurs at the B-cell-activated equilibrium if the system including the immune response delay. In sec-
tion 4, numerical simulations are given to further investigate the delays and their effects on the stability
of the B-cell-activated equilibrium. Finally, we conclude our work in section 5.

2. Preliminary results

2.1. Well-posedness

Assuming that system (1.1) satisfies the following initial value:
T(0) = y1(0), L(O) =y, 1(0) = y3(0), V(0) = yu(0), B(O) =ys(6) for6e[-7,0],  (2.1)

T = max{ry, T, T3, T4}. Here, ¢, is a given non-negative constant, (), Y3(6), Y4(6), ¥5(0) € C([-7, 0],
R,) with R, = [0, +00), and ¥ = (1, Y2, ¥3, ¥4, %5) € CXR, X C X CxC.

Theorem 2.1. For system (1.1), there exists a unique non-negative solution with initial value (2.1), and
the solution is ultimately bounded for all t > 0.

Proof. By the basic theory of the functional differential equations [30], there exists a unique solution
satisfying the initial condition (2.1). According to the proof process in Theorem 3.1 of reference [20],
we can obtain the nonnegativity of the solution and we omit the proof process here. In the following,
we prove the boundedness of the solution.

By the first equation of system (1.1), we calculate that [1_1)5120 sup T(t) < Ty, and see Eq (2.2) for the

expression of 7.
Define

d d
P(1) = ne™™ T (t — 71) + (1 = e T (t — 1) + L(2) + I(t) + ﬁvu +73) + %B(t + T3+ Ty).
q
Calculating the derivative of P(¢) along the solution of system (1.1), we obtain

P=[ne™ + (1 =me™] A= dine™™ Tt = 7)) = di(1 = me ™™™ T(t = 72) = o L(2)

ds dsd, pdsds
- Z2nn -2y -
> ) % (t+713) 2kq

<[ne™" + (1 —n)e ] -dP(),

B(f + 713+ T4)
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where d = min{d,, d,, %‘,d4, ds}. Therefore,

A
lim sup P(r) < = [pe™™™ + (1 —n)e™™™],
t—+o00 d

which indicates that T'(¢), L(¢), I(¢), V(t) and B(t) are all ultimately bounded. This completes the
proof. O

Suppose that there exists a positive constant M > O such that T < Ty, L, I, V, B < M for large t.
We will analyze the dynamics of system (1.1) in the following bounded feasible region

I={X=(T,L,I,VB)eCxR, XCXCXC:T<T,y L, I,V, B<M).

2.2. Reproduction numbers and equilibria

System (1.1) always has one uninfected equilibrium E (7, 0, 0, 0, 0), where

A

Ty = —.
0 d

(2.2)

For convenience, we define

ane "M _ BTV
+(1 - me o F(T, V)= —
a+d, (1=me (Z.V) 1+aT +bV

p(Tl 5 TZ) =

Following the derivation method [31,32], we obtain the basic reproduction number of model (1.1),

kBT, ane "

- _ kBTop(t1,72)
d3d4(1 + ClT()) a + d2

R ==
0 d3d4(1 + aT())

+ (1 —me ™ (2.3)

We also define the B-cell immune response reproduction number,

_ _ kBThp(71,72)
d3d4(1 +al, + ng)’

Ri

and see Eq (2.6) for the expressions of 7, and V.
System (1.1) has a B-cell-inactivated equilibrium E; (Ty, Ly, I}, Vi, 0) if Ry > 1, where,

kbp(ti,72)A + d3dy

T, =
! kbd\p(ty, T2) + kBp(t1,T2) — adsd,
B [kbp(T1,T2)A + d3ds]A
B kbdlp(Tl,Tz)/l + d1d3d4R0 + ad3d4/l(7€0 - 1),
ne""” d4V1
L, = F(T.,V), I,= s
1 o+ d2 ( 1 l) 1 k
1 (kBT \p(71,72)
V)= o | T g yar
1 b dyds ( aTy)

_ kAp(ty, T2)d3dy(Ro — 1)(d; + ad)
bkd]/lp(Tl, T2) + ﬂodl d3d4 + Cld3d4/l(R0 - 1),
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and BT,V
F(T,, V)= ——"1 2.4
( ! 1) 1+al; +bV, ( )
Let
R* = kBT1p(t1,T2)
d3d4(1 + aTl)'
Since T < T in the bounded region I', from the expressions of R, and R*, we can derive that
Ry>1 =R >1. (2.5)
System (1.1) also has a B-cell-activated equilibrium E; (T, L,, I, V,, B,) if R; > 1, where,
al =BV, —di(1 +bVy) + VA ne~"m
T, = s L, = F(T: ’ V. ’
2 2ad, 2 a+d; (12 V2)
p(T1,72) ds 1 kBT>p(t1,72) (2.6)
L = F(T,,V,), V,=—, By=-— —ds|,
: ds (2. V2), V2 q T pld +am,+bVa)dy

A = [ad = BV — di(1 + bVy)|* + dad, A(1 + bV5),
and
BTV,

F(Ty,V,) = ———.
(2 2) 1+aT, + bV,

3. Stability analysis

To study the stability at equilibrium E (T, L, I, V, B), we let Y\(t) = T(t) = T, Y»(t) = L(t) - L,
Yy(t) = 1) = I, Ya(t) = V() = V, Ys(t) = B(t) - B, and Y(1) = (Y;(0), Ya(0), Y(0), Ya(0), Ys(1)). The
linearization of system (1.1) at £ (T, L, I, V, B) becomes

Y1(1) = —(dy + A)Y1 (1) — NY4(0),
Y2(t) = ne "M AY (1 — 71) — (@ + d)Ya(t) + ne "N Y, (1 — 1),
Y3() = (1 = e "AY (t — 12) + a¥a(1) — d3Y3(1) + (1 = p)e " NY4(t — 12), (3.1
Y4(r) = kY3(t — 73) — (ds + pB)Y4(1) — pVY5(0),
Ys(t) = qBY,(t — 4) — qVYs(t — 74) — dsY5(0),
where, B ) B .
__BVA+bY) o BT(+al)
(1 +aT +bV)?’ (1 +aT +bV)?

The characteristic equation of linearized system (3.1) at the equilibrium E can be written as

—(di+A+&) 0 0 -N 0
ne "M Ae ¢ —(a+d, +§) 0 ne "M Ne ¢ 0
(1 = e ™ Ae™ a —(d3+ &) (1 —n)e™Ne ™™ 0 =0.
0 0 ke —(dy + pB + &) -pV
0 0 0 gBe~¢™ qVe ™ —ds — ¢
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3.1. Global asymptotic stability of the uninfected equilibrium E

Theorem 3.1. If Ry < 1, the uninfected equilibrium E, is locally asymptotically stable for t; > 0,
i=1,2,3,4, and it is unstable if Ry > 1.

Proof. The characteristic equation of the linearized system (3.1) at the uninfected equilibrium E| is

(¢ +d)(& +ds5)gi(6) =0, (3.2)

where,

§1(&) = (€ + @ + do)(€ + d3)(E + di) — kanNoe™ "I E% — (¢ + @ + dy)k(1 — p)Noe "0,

BTy
Ny = .
0 1+aT,

It is clear that £ = —d; < 0 and ¢ = —d5 < 0. The remaining roots of Eq (3.2) can be determined by the
following equation

816 =0. (3.3)

It is equivalent to the following equation

B ka,n No e~ (m+é)T1-¢73 k(1 - 77) No e~ M+ET2=¢13
C(Etatd)E+d)E+dy) (€ + d3)(€ +dy)

(3.4)

It is assumed that ¢ = x + iy (x > 0) is a solution of Eq (3.4), and we take the modulus on both sides,

B kan Nye m+oT1=¢m3 k(1 —1) Nye ™ m+om2=¢m3
Eta+d)Erd)Etdy) (E+dyE+dy)
" e—f(T1+73) 1 e—f(Tz+T3)
< kanNye ™! + — N Nae ™™
ot e )@+ dn@+dn| PN e e )

kanNoe™™" k(1 —m)Noe ™™

< + .
= (@ + dy)dsd, dyd, 0

If Ry < 1, the above inequality does not hold. Therefore, Eq (3.3) has only negative real part roots.
Hence, E| is locally asymptotically stable if Ry < 1 forall r; > 0,i =1, 2, 3, 4.
IfR() > 1, gl(O) = d3d4(a+d2)—kN0p(T1,Tz)(a’+d2) = d3d4(a+d2)(1—7€0) < 0, and‘flim gl(é:) = +400.
—+00

So, Eq (3.3) has at least one positive real root. Therefore, the uninfected equilibrium Ej is unstable for
all time delays. O

Theorem 3.2. If Ry < 1, the uninfected equilibrium E is globally asymptotically stable for t; > 0,
i=1,2,3,4

Proof. We employ a particular function
Gx)=x-1-1Inux,
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and it was first proposed in literature [33]. The function G(x) > 0 for x > 0, and G(x) = 0 when and
only when x = 1. We define a Lyapunov function W: CXR, X CXCxC — R

W = W1 + WQ,
_ Too(t1,72) ., (T(D) o d_ dsp
= T +al, G( T ) t— L(t) +1(t) + =V() + kq B(t)
cme‘"”l 0 i 0
V=T f F@(t+9),94(1 + 5)ds + (1 —me™ f F(t + ), Ya(t + $))ds

0 d3p 0
+d3f Y3t + s)ds + 7[ Yalt + st + s)ds.

The derivative of W, and W, along the solution of system (1.1) is

—mT]

ane
+ dz

d
+ (1 =me™F(T(t — 1), V(t —12)) — d31(1) + f [kI(t = T3) = ds V(1) = pV(O)B(@)]

F(T(t=7),V(t—11))

oo _PaLT) (0 Toy o B
W He (1 T)[/l 4, T(t) — F(T(®), V()] +

d
+ ki;[qV(t - T4)B(f — T4) — dSB(t)],

—mT

Wy =L [F(T(), V(1) = F(T(t = 7). V(t = 7)] + d3 [I(£) — I(t — 13)]
a + dz

+ (1= me™™ [F(T(0), V(D) — F(T(t — 12), V(1 — 7))]
d
+ %p[vaa) — V(- Bt - Ty)].

Using the equality A = d, T at the uninfected equilibrium and Eq (2.3), we calculate that

W :Wl + Wz
p(t1,72) Ty p(T1,72) Ty
- m (1 T(t)) (d\To—d,T(1)) - 1+ al, ( T ))F(T(t) V(@)
B
ol (@), V)~ B v - %;(”
_ pr,1)d (T(1) - To)* N P, )BTV +aT(1))  dsdy V() - szds B(r)
= (1 +alo)T®) A +alo)(+aT®) +bVD) &
_ P, 12)d(T(1) - To)* _ddV() | Ro(I+al(1) | pdsds B()
(1 +aloT®) X +aTO)+ VD) | kg
_ P, 12)d(T(1) - To)* _ d3dy(1 —Ro) +aT (@) V()
(1 +alo)T®) k(1 + aT(t) V@)
bdsd, P 3ds

VA1) - B(n).
kq

k(1 +aT(t) + bV(1)

If Ry < 1, then W < 0. Clearly, the singleton Ej is the largest invariant set in {X € I|W = 0}. By the
LaSalle’s invariance principle [34], we obtain the global attractivity of Ey. Combining with Theorem
3.1, we derive the global asymptotic stability of E. O
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3.2. Global asymptotic stability of B-cell-inactivated equilibrium E,

Define a critical condition

qVi
Ry, = —.
2 ds

Theorem 3.3. If R, < 1 < Ry, then the B-cell-inactivated equilibrium E, is locally asymptotically
stable for t; > 0,i =1, 2, 3, 4, and it is unstable if R, > 1.

Proof. The characteristic equation of the linearized system (3.1) at the B-cell-inactivated equilibrium
E] is
(& +ds — qVie™™)ga(é) = 0,

where,

&) =E+di +ADNE+a+dr)(E+d3)(E+dy)

—(€ + dy) [kamN,e €T 4 (£ + @+ dyk(1 — )Ny EmEn |
_ pVid +bVy) N = BT (1 +aT))
T (A +al; +bV)2 ' (L+aT, +bV)?

1 3.5

(I) Transcendental equation
f + d5 - que_fT“ =0. (36)

If 74 = 0, then ¢ = gV — ds. Under the condition R, < 1, thatis gV; —ds < 0. If 74, > 0, suppose
¢ =iw (w > 0), then Eq (3.6) can be written as

ds = gVicoséw,
w = —qV;sinéw.

That is to say,
W’ = (qV1)’ —d; = (qV1 +ds)(qVy — ds).

Under the condition R, < 1, there is no positive w such that the above equation holds. Therefore, Eq
(3.6) only has negative real roots. If R, > 1, then Eq (3.6) has positive real roots.
(IT) Equation
82(8) =0, (3.7)

and it is equivalent to the following equation

E+di+A kanN, e ¢rmm—ts N k(1 — )N, e ¢rmm<ms
&+d, (€ +a+dy)(& +d3)(& +dy) (& +d3)(& + da)

(3.8)

Assume ¢ = x + iy (x > 0) is a solution of Eq (3.8), and we take the modulus on both sides. Clearly,
the modulus of the left hand side of Eq (3.8) is greater than one. Suppose that the modulus of the right
hand side of Eq (3.8) is A, use Eq (3.5) and equation

kBT p(t1,72)

1+al,+ bV, = d
3d4
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at the B-cell-inactivated equilibrium E, we have

< kanN;e "™ N k(1 —n)Nie™"™ kN, an
"= (@ + dy)dsd, dsd, T didy |a+do
_kBTip(r1. 7)1+ aTy) _ dsdy(1 +aTy) _ 1

 dydy(1 +aTy +bV))? kB Tip(t1,T2) R

e+ (1 —n)e "

If R* > 1, thatis Ry > 1 (see Eq (2.5)), then A; < 1, which leads to a contradiction. Therefore, Eq
(3.7) has only negative real part roots.

Combined with the above two steps, we conclude that, under the condition R, < 1 < Ry, E; is
locally asymptotically stable for all time delays, and it is unstable if R, > 1. i

Theorem 3.4. If R, < 1 < Ry, then the B-cell-inactivated equilibrium E is globally asymptotically
stable fort; >0,i=1, 2, 3, 4.

Proof. Define a Lyapunov function U : CXR, X CXCXC — R

U = U] + U27
TO (A +as+bV)T, aL Lo
Uy =p(, o) |T0) —T1 - d Az
1 =p(Ty Tz)( (1) fn (1 +aT, +bVy)s S)+C¥+d2 (Ll)
10\ dsVy (V)  dsp
iy + —B(t
1G(11) kG(Vl) kq “

_ane™ FWn(t + ).t + 5)
" sz(T"Vl)f( F(T, V1) )ds

+(1 = me ™ F(T, Vl)f G(F(wl(l;;;?,lé?y + S)))ds

0
+dsly f G(@) T f Wa(t + sWs(t + $)ds
-T3 1

where, the expression of F (74, V;) can be found in Eq (2.4). Computing the derivative of U; and U,
along the solution of system (1.1), we obtain
L,
L(1)

L
(1 - ﬂ) [(1 = me™F(T(t = 12), V(t = 12)) + aL(t) = d31(1)]

d Vi d
k3 (1 - m) [kI(t —13) —d,sV(D)] + ]:qp [qV(t — 14)B(t — 14) — d5sB(1)],

U = p(r1,7)DiD; + — (1 - )[77€_Wl F(T(t—711), V(t — 71)) — aL(t) — d2 L(1)]
a+d,

where,
_ (I +aT()+bV)T, (1 +bV)(T(t)—T))

(1+aT; +bV)T() (1 +aT; +bV)T(@)’
Dy =A—-d\T(t) - F(T(0), V(1))
=diT,+ F(T\,V\)-d\T(t) - F(T(2),V(1))
=d(T, - T@®) + F(T1,V\) - F(T@), V(@)

D]Z
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Thus,

L+ BY)T(@O) - Ty (1 +aT(®) + VDT,
DDy = = o v T [1 B
1 (1 +aT(t)+bV))T,

=-D3+|1- (I tal, + bVl)T(t)] [F(Ty, Vi) = F(T (1), V()]

where,

(1+bV)(T () = Th)

D;=d .
ST A+ aT, + V)T

It follows that,

. 1 T bvV\HT
U\ = - p(t1,72)Ds + p(t1,72) [1 - El : ZTI(ZZVI)IT) (;)] [F(T\, V) - F(T(0), V(1)]

L
- f d> (1 - Tlt)) [7e™" " F(T(t — 11), V(t = 71)) — (@ + d2) L(1)]

+ (1 - %) [(1 = e F(T(t — 12), V(1 — T2)) + aL(t) — d31(1)]

d Vv

d
+ kic‘lp [qV(t —T4)B(t —14) — dSB(t)] .

Thereafter,
U :U1 + Uz
ane ™™ [,
< = p(11,12)Ds + p(11, T)F(T1, Vi) = F(T(t = 1), V(1 = 71)) — 1

a+d, m
A+aT@®+bV)T, A+aT@®) + bVl)V(t)]
- 1

—p(t1, ) F(T,,V))

(I+aT;+bV)DT() (A +alT(@)+bV()V;
_ I L(1)
— (1 =me™F(T(t—1), V(t —12)—— —al,

1() 1(t)
—%V(t)—agV]I(t_ﬁ) dsp

d5
+—B@)|Vi——|+E +E,+ Ej,
k V(t) k ()(1 C]) 1 2 3

d3d4 Vi

+d3]1 +

where,

_ane™™™ F(T(t—11),V(t—11))
B v P Vo= vy
Ex = (1 - pye ™ F(Ty, V) In LU~ T2 VU~ 72))

F(T(n), V(1)

I(t — 13)

E;s =dsI 1
3 341 1n 1)

Note that

—mtTy

dsd, ane
d;1) = p(r1, ) F(T), V) = %VI, aL, il

= F(T{,V)).
4 (T, V1)
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Then, we have

U <= p(t1,72)D3 = p(t1, 72)F(T1, V1) [G ((1 +al(o) + bVI)Tl) +G (—I(t TV )]

(1 +aT, +bV)T() LV(t)
F(T(t—1), V(- Tl))Ll) N G(IlL(t))]

F(Ty, V1)L(2) 1)L,
F(T(t — 1), V(t — 1) )

F(Ty, V)I(1)

—mT]

ane
+ d2

F(T1,V1)[G(

— (1 =me™F(Ty, VI)G(

dsd
- 3k;p (1 = R)B(®) + p(r1, T2)F (T}, V1)Es,
where
_(A+aT@+bV)V@) V@ | (1+aT(@)+bV(D)
CTAvaTO+ v, v N\ T+ aT o) + bV,
(Lt aT@+bV@) (A +aT @) +BVOV@W) V() 1+aT@)+bV()
N 1+aT(t)+bV, ) (A +aT@+bV@®)V, V, = 1+al(t)+bV,
__olreT@+ V@) b(1 + aT () (V(t) = V)
Bl 1 +aT () + bV, (1 +aT (@) +bV)(1 +aT (@) + V)V,
Therefore,

X ane—m?’l
U<- ,T2)D3 —
p(t1,72)D;3 @+ da

—P(Tl,Tz)F(Tth)[G(

F(T(t—7),V(t—11))L I L(1)
FL VY [G( F(T,, VL) ) to (Ia)Ll )]
(1+afT(t)+ bVl)Tl) LG (I(t - T3)V1) LG ((1 +aTl(t) + bVl)V(t))]
(1 +aT, +bV)T(1) LIV(t) (L +aT(t) + bV()V,
F(T(t =), V(t - rz))ll)
F(Ty, VI(0)

_ bp(ri, TF (T, V(L + aT )V = Vi) ddsp

(I +aT(@)+ bV +aT()+bV(r)V, kq

— (1 =me™F(T,, V1)G(

(1 =R)B().

If R, < 1, we obtain U < 0. When U = 0 if and only if

roy=T,, V@®=V, B@=0,
F(IT(t—7),Ve-7)Ly _ §LL&# FT@t-1), V-1 _

F(Ty, Vi)L(t) CIOL, F(Ty, VDI -
(L+aT(®)+bVDTy _ It—-1)Vi _ 1+aT()+bV(©) _ |
(1+aT, +bV)T@®)  LV@©@) — 1+aT@®)+bV,

Thatis, T(¢t) = Ty, L(t) = Ly, I(t) = I, V(t) = Vi and B(¢) = 0. It is obvious that the singleton E is the
largest invariant set in {X € I'lU = 0}. By the LaSalle’s invariance principle [34], we obtain the global
attractivity of E;. Combining with Theorem 3.3, if R, < 1 < R, we conclude the global asymptotic
stability of E| for7; > 0,i =1, 2, 3, 4. m]

Mathematical Biosciences and Engineering Volume 18, Issue 1, 274-299.



285

3.3. Global asymptotic stability of the B-cell-activated equilibrium E, if T4 =0

Theorem 3.5. If R, > 1, the B-cell-activated equilibrium E, is locally asymptotically stable for t; > 0,
i=1,2,3and T4 =0.

Proof. The characteristic equation of the linearized system (3.1) at the infected state E; is
(€ +ds — dse™™)(E + dy + A€ + a + dy)(€ + d3)(€ +dy + pBy)
+dspBre™ (€ + dy + A)E+ a + dr)(é + dy) — (€ +ds — dse™™)(E + dy) (3.9)
X [kanNge_‘f”e_(’”J“f)” + (€ + a+ dy)kNy(1 - n)e“f“e_(’”“f)”] =0,

where,
BVo(1 + bVy) _ PT(1 +aTy)

A, = N, = .
2 2T (1 +aT, + bV,

(1 +aT, + bV,)?’
If 74 = 0O, then

(€ +di + A€+ a+do)(€+d3)[E(E+ds+ pBy) +dspBy]
=E(£ + dy) |[kanNae ™™ 4 (£ + @ + dykN(1 — e e
Divide both sides by € + a + d,, and the equation simplifies to

(& +di + A)(E + d3) [§(6 + ds + pBo) + dspBs]

kanNze—fTa e—(m+§)71
=£(E+d
EE+dy) [ Fratd

(3.10)

+ kN, (1 — n)e‘fﬁe_(’mf)”] )

Leté = x+ iy (x > 0) is a solution of Eq (3.10), then

(x+iy+d +A)(x+iy+ds)[(x+iy)(x+iy+dy+ pBy) + dspB]

a e—m‘r] e—(x+iy)(‘r|+7'3)
—(x + iy)(x + iy + d)kN, |

- +(1 - )e—mrze—(x+iy)(‘r2+r3) )
x+iy+a+d, (1=

Take the modulus on both sides, and it is easy to see that
[x+iy+d +A) > [x+iy+d|, |x+iy+ds|>ds,
|(x + iy)(x + iy + d4 + pB;) + dspB;|
=|(x+iy) + (x + iy)(ds + pB2) + dspBa| > |(x + iy)(ds + pBy)|.

Assume that A, and Aj are the modulus of the left-hand side and the right-hand side for above equation,
respectively. Then,

Ay > |x +iy+di| - |(x + iy)| - d3(ds + pB),

mrt|

. . kBT>(1 + aTy) |ane” _
A <|x+iy|-|x+iy+d]- +(1 - el
3 < x+iyl-|x +iy+di QrahLibVhe | atd (1 —me
At the B-cell-activated equilibrium E;, we have
BT,V ane " _ dy(dy + pB,)
+ (1 - "l = di, = ———==V,.
Tval, 20V, | ava, THTM¢ 3 k 2
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So,
A3 < Ix + lyl . |)C + ly + dll . d3(d4 + sz).

Obviously, this leads to a contradiction. Therefore, under the condition R; > 1, E; is locally asymp-
totically stable forr; > 0,i =1, 2, 3 and 74 = 0. m]

Theorem 3.6. If Ry > 1, the B-cell-activated equilibrium E, is globally asymptotically stable for
7,20 i=1,2,3andt, =0.

Proof. Define a Lyapunov function Q : CXR, XxCxCxC — R

0=01+0,,
B T (1 + as + bVy)T, al, (L@ 1(t)
01 = p(11,72) (T(f) -T> - ﬁz Atals+ sz)sds) +— de(L_z) + LG (1—2)

N p(11, T2)F (T3, Vz)VzG V() N pp(t1, 1) F(T>, Vz)BzG B(1)
k]z Vz kC[IZ BZ

_ 0
_ane™™ F(i(t+ 5),Yu(t + 5))
Q= a+dy F(I V2) «f—n G( F(T5, V) )ds

0
H (= E Yy [ G(F (‘”1(27{3"5‘2‘5””))ds

L PaOLT)F(T, Vo) f‘) G(%(H s)) s
4] s b

Take the derivative of Q; along the solution of system (1.1), and we obtain

(1 +aT(t) +bV,)T,
(1 +aT, +bVy)T(1)

Q1 =p(71,72) [1 - ] [A=diT(1) - F(T(1), V()]

a L2 — _ _ _ _
a+d2(1—m)[77€ F(T(t—711), V(t —71)) — aL(t) - d L(1)]

; (1 - i) [(1 = e ™ F(T(t = 12), V(i = 5)) + aL(t) — d1(0)]

1(t)
p(T1, T)F (T, V>) Va
+ i (1 - V(t)) [KI(t — 73) — ds V(1) — pV(O)B(1)]
pp(T1, 1) F(T>, V) B,
+ kal, (1 - B(t)) [qV(®)B(t) — dsB(1)] .

Use the equalities at the B-cell-activated equilibrium E,

A=d\T, + F(T,,V,),

ne”"F(Ty, V) = (@ + dy) Ly,

(1 =me™?F(Ty, Vo) + al, = d31,
kI = (dys+ pB2)Va, qV2 =ds,
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and we have

. L -mt (T, V.
01 =p(ri mDDs + (1 - L(j)) [ne‘"”‘ F(T( =10, V(= 1)) - & Li : 2)L<r>]
* (1 - i) [(1 eI 1) V(i - 7)) + oL — DT V) “—Lzl(ﬁ]
1(?) I 14
p(t1, 1) F (T2, V) Vs
+ i (1 - V(t)) [kI(t — 13) — dsV (1) — pV(H)B(1)]
pp(t1, ) F (T2, V) B,
+ vl (1 — %) [qV()B(t) — qV,B(@)],
where,
by HaT @ +bV)Ty _ (L +bVa)T (@)~ To)
YT (U +aT, +bV)T() (1 +aT, + bVo)T(t)’
Ds =A-d,T(t) - F(T(1),V(1))
=d\ T, + F(T5,V,) —d\T(t) - F(T(2), V(1))
=di(T, = T) + F(T,, Vo) — F(T(1), V(2)).
Thus,
DuDs = — di (1 + bVo)T (1) — T)> . [ [ _(taT®+ sz)Tz]
(1 +aT, + bVy)T (1) (1 +aT, + bV,)T(7)
X [F(T2,Vy) = F(T(), V(1))]
. _(1L+aT() +bW)T,\
= D6 + F(Tz, V2) (1 (1 n aT2 n bVZ)T(t)) F(T(t), V(t)
(1 +aT(t) + bV)V(t)
R V) T s v,
where,

(1 + V)T (1) — T,)?
(1 +aT, +bVy)T(1) .
Take the derivative of Q, along the solution of system (1.1), and we obtain

D¢ = d,

—mT]

. ane
Q2 - a+d,
+ (L =me™? [F(T@),V(®) — F(T(t —12), V(t — 12))]
" p(T1, T2)F (T, V>)
14}

[F(T®), V(D) = F(T(t—71), V(t = 71))]

It —I(t—T3)]+ F1 + Fr + F3,

where. F(T(t - 1)), V(t = 71))
_ane™™ t—1), Vit —1
Fr= g PV =m0
F(T(t—1),V(t —12))
F(T (), V()
_ p(t1, 12)F (T, V3) In I(t —713)

153 1(r)

Fy = (1 —ne™F(Ty,V2)In

F3
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Then, we have
0=01+0,

=—p(71,72)Ds — p(71, T2)F (T2, V>)

(1 +aT@®)+bVo)T, (1 +aT (@) +bVy)V(@)
A +aT, +bVy)T(®) (A +aT@) +bV()V,

V(i) ane™ | L, LL(t)
—p(11, 12)F (T2, V>) v, R A [L(t) F(T(t—1),Vit—-11)+ 1Ly F(T,, Vz)]
I Vo I(t —
-(1- n)e—"”zr'j)F(T(z ~ 1), V(t = 1)) = (11, T2)F (T, vg%,f)

ane—mT]
a + dz

= _p(TI’T2)D6 _p(TIaTZ)F(T29 VZ) [G(

+ 3p(t1, 1) F (T2, V2) +

F(Tz,V2)+F1+F2+F3

(1 +aT(t)+bVy)T, G VoI(t — 13)
A +al, + VT (0] VoL

mTt|

ane” F(T(it-71),Vit-11))Ll, LL(t)
T ara T2V [G ( (T2, VH)L() ) to (1(t>L2 )]
F(T(t = 1), V(t = 1))
(1= me ™ F (T, Vz)G( ( (’F(;’i VZ;;@”)) 2) + p(r1,T2)F(T5, Va)F,
where,
_(1+aT@+bVV@ _ V@) | 1+aT(0)+bV()
A+ aTO+ bV, Vs N T4 al(0) + bV,
o (1 +aT+ VO | (1+aT@+bVOV(O) _ V@) | 1+aT@)+bV(D)
- T+alT)+bV, ) T A+aTO+bVa)V, Vo | 1+al(0)+ bV,
o (1 +aT() +bVQ)\ b(1 + aT(0)(V(1) — V»)?
= 1+alT()+bV, ) (1 +aT@) + bV +al (@) + bVy)V,
Then,

Q =—p(t1,72)F(T>, V) [G ((1 +aT(@ + bV2)T2) +G (—Vzl(t _ 73)) +G (1 +al®) + bv(t))]

(1 +aT, +bVy)T(1) V(Hl, 1+aT(t)+ bV,
F(T(t—1), V(- Tl))Lz) N G(@)]
F(T>, V2)L(1) (1)L,
F(T(t—1), V(i —1)h
F(T2, V)I(2)
b(1 + aT())(V(t) — V2)?
B (1 +aT @) +bV@)(1 +aT () +bVy)V,

mTt]

o F (12, V2) [G(

2

ane

- (1 =me " F(T>, Vz)G( ) — p(71,72)Ds

If R, > 1, we obtain Q < 0. When Q = 0 if and only if

It =T, V@)=V,
A +aT(®)+bV)T, It—13)Vo  1+aT@®)+bV() _

(1+aT, +bV)T@®)  LV®@)  1+aT@)+bV,
FXG-7), V-1l _ LLY) _ FT@-1), V-1 _
F(T,, V,)L(1) I(t)L, F(T,, Vy)I(1)
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That is, T(t) = T, L(t) = L, I(t) = I, V(t) = V, and B(t) = B,. Clearly, the singleton E; is the
largest invariant set in {X € I'|Q = 0}. By the LaSalle’s invariance principle [34], we obtain the global
attractivity of E,. Combining with Theorem 3.5, under the condition R; > 1, we derive the global
asymptotic stability of E; for7; > 0,i =1, 2, 3and 74 = 0. O

3.4. Stability of the B-cell-activated equilibrium E, if T4 > 0
For the characteristic Eq (3.9) at the B-cell-activated equilibrium E,, let 7y = 7, = 73 = 0, then it
yields
(€ +ds)(E+dy +A)E +a+do)(§ +d5)(§ +ds + pBo)
= (£ +ds)(E + dDkNy [an + (£ + a + dy)(1 - )]
—dse™ ™ (& + dy + A)(E + a + dy)(é + d3)(€ +dy)
+ dse (& + d)kNylan + (€ + a + dy)(1 — )] = 0.

For convenience, let hy = d| + Ay, hy = a + dy, h; = d3, hy = dy + pB, and hs = ds, the above equation
can be rewritten as the following,

E 4 patt + p3E 4 prf® + prE+ po+ e EHE + 8 + @+ qiE + qo) = 0, (3.11)

where,
ps =hy + hy + h3 + hy + hs,
p3 =hs(hy + hy + hs + hy) + hihy + hhy + (hy + hp)(hs + hy) — kN2 (1 — 1),
P2 =hslhihy + hshy + (h + h2)(hs + ha)] + h3ha(hy + hy) + hiho(hs + hy)
— kNran — kN (1 — n)(dy + ha + hs),
p1 =hs[hihy(hs + hy) + hshy(hy + ho)] + hihahshy — kNyan(dy + hs)
— kN>(1 — n)(d1hy + hohs + dihs),
Po =hihahshshs — kNyand hs — kN2 (1 — m)dihahs,
qa = — hs,
g3 = — hs(hy + hy + hs + dy),
g2 =hs[kN>(1 —n) — hihy — hady — (hy + hy)(hs + dy)],
q1 =hs[kNyan + kNo(1 — n)(dy + ha) = hads(hy + ha) — hiho(hs + dy)],
qo =hs[dikNram + kNo(1 — m)dihy — hihyhsdy].
From Theorem 3.5, we know that the B-cell-activated equilibrium E, is locally asymptotically stable
whent;=0,i=1, 2, 3, 4.

Now, assume that 74, > 0 and let ¢ = iw, w > 0 of Eq (3.11). Separating real and imaginary parts
yields

Paw’* = pre® + po = SinWT(g30° ~ 1w — €08 WT4(qaw”* — G0 + o), (3.12)
(" = p3w” + pr)w = sin wT4(qaw* — Gw* + qo) + oS WT4(G3W” — g1 w. '
Squaring and adding these equation, we obtain
" + myw® + myw® + myw* + mw® +my =0, (3.13)
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where,
my :Pi - CIZ - 2ps
=(hy + hy + hy + hy)(hy + hy + h3 + hy + 2hs) — 2hs(hy + hy + hs + hy)
— 2h1hy — 2hs3hy — 2(hy + hy)(hs + hy) + 2kN>(1 — 1) > 0,
ms =p3 +2p1 +2q2qs = 2papa — 43,
ma =p3 + 2popa + 24193 — 2p1 3 — 45 — 240, (3.14)
mi =pt + 2qoq> — 2pop2 — 4
mo =pg — qg = (Po + 40)(Po = qo)
:h1h2h3h§PBz[h1h2h3(2d4 + pBy) = 2kN>and, — 2kN>(1 — n)d, h:]
=hhyhsh3pBaJy,
and

Ji =(di + Ay)(a + dy)d3(2dy + pB,) — 2kN>d, [a + (1 — n)d,]

~(dy + e+ do)d 2+ pB) - 2 Ridds(a+ )
—Ao(a + dy)ds(2dy + pBa) + dy(a + da)dspBy + 2dydsds(a + do) ‘IYE);IT;R;; bV,
Let z = w? > 0, then Eq (3.13) becomes
H®Z) =2 + maz* + m3z® + mz*> + myz+mgo = 0. (3.15)

and the derivative of H(z) with respect to z is
H'(2) = 57" + 4my2® + 3m32% + 2maz + my.

From the expressions of m, in Eq (3.14), we know that we could not determine the sign of my,
and it depends on the size of R;. According to the relationship between root and coefficient, from the
expressions of my in Eq (3.14), we derive that Eq (3.15) has at most four positive real roots.

Theorem 3.7. Assume Ry > 1 and v\ = 7, = 73 = 0, then the B-cell-activated equilibrium E, is locally
asymptotically stable when 14 € [0, 7T4) and unstable when t4 > t49. Furthermore, if H’(wé) # 0,
system (1.1) undergoes a Hopf bifurcation to periodic solutions at E, when T4 = T4.

Proof. Without loss of generality, suppose that Eq (3.15) has four positive real roots zi, 22, z3 and z4.
Then Eq (3.13) has positive roots w; = /z; (i = 1, 2, 3, 4), and thus +iw; is a pair of purely imaginary
roots of Eq (3.11). From Eq (3.12), the corresponding 74, are

w 1 W' (W' - p3w?® + p)(@aw” — q1) — ('’ — @w* + qo)(paw* — prw® + po)
T4i =— arccos 1 ) P B B P
w; (qsw* — grw* + qo)* + W(q3W* — q1)
2
+ i 21.2.3.4:0=0,1,2.....
Wi

It is clear to see that

lim 79 = +o0,i=1,2,3, 4.

n—+oo
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Define
T =min{r;i=1,2,3,4,n=0,1,2,....}, wy = W(74). (3.16)

Now, differentiating Eq (3.11) with respect to 74, we obtain
SE + A& +3p3E + 2paf + pi+ e (AGE + 308 + 2006 + )

— T4 (@ + @38 + RE + i€+ qo) —f
4
= e (qué" + 38 + @E + 1€ + qo).

Then,

(ﬁ)_l _(BE +4paf + 3p3E” + 2paé + pr)et™
dry E(qul* + 38 + @6 + qi€ + q0)
4qa&® + 3qE% + 226 + @ T4

EQul* + &+ &2+ qié+qy) &

Using Eqgs (3.12) and (3.16), we get

[ d(Reg) ]‘1 :Re[<5§4 +4pa’ +3psE + 2paf + poef“]

dry |, . Equl* + 38 + &+ qié+q0) =y
4q48° +3q3E + 20 + q,

E(qaét + @38 + @28 + qié + qo)

Jr+ J3

+ Re

T4=T40

w} [(61360(2) — 1)) + (awy — Qi + 610)2]

where,
i, 4 2 . 4 2 2
Jo =(Swy — 3pswy + pi)wo [sm woT4(qawy — Qawiy + qo) + COs wWoT4(q3wy — ql)wo]
+ (2p2 — 4pawy)w; [COS WoTa(qaw = G204 + qo) — SiN WoT4(g3w5 %)wo]
=wy[5wh + (4p; — 8p3)wh + 3(p3 +2p1 — 2papa)wy
+2(p5 + 2p1p3 + 2popa)w + Pt — 2popal,
s = |-Agief + 324204 — Bl + 220195 — G5 — 200945 — 4 + 20192 |
Thus,

Jr+ J3 :w%[Swg + 4(p‘21 —-2p3 — qi)wg + 3(p§ +2p1 +2g2q94 — q% - 2p2p4)wg
+2(p3 + 2popa + 29193 — 2pop3 — 45 — 240qa)wy + Py — q; — 2popa + 240qa],
=wiH' (w)).

Thereafter,

(Ref)_l _ H'(wp)

dry) (30} — 1)L + (et — g0} + qo)*
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Since (g30] — ¢1)*wW§ + (qawy — 2w + qo)* > 0, then

-1
sign [d((l;eg) ] = sign {[d(ﬁe‘f) ] } = signH'(wp).

T4 T4

Therefore, a Hopf bifurcation occurs at 74 = 749 under the condition H ’(wé) # 0. Furthermore, a family
of periodic solutions occurs for system (1.1) when 74 > 7g9pand 7; = 0,i =1, 2, 3. O

4. Numerical simulations

In this section, we perform numerical simulations to show the dynamical behaviour at the B-cell-
activated equilibrium E, of system (1.1), for different values of the cell infection delay 7, and the
immune system delay 74. We choose parameter values from the modelling literature (see Table 1), and
let a = b = 0.015 in the following numerical simulations.

Table 1. List of Parameters.

Parameters Definition Unit Data  Source
A T-cells source term ,ul‘lday_1 100 [35,36]
d; Death rate of healthy T-cells day™! 0.10 [36]
B Viral infectivity rate ul day™ 0.007 [36]
m The death rate of infected but ulday™ 0.10

not yet productive cells
n Fraction of infections that leading to latency 0.001 [5,6]
a Activation rate of latently infected T-cells day™! 0.001 [5,6]
k Production virions rate virions day_lcclel_1 10 [36]
p B-cell effectiveness ul day™ 0.001 [36,37]
q B-cell responsiveness ulday'day™! 0.004 [36,37]
d> Death rate of latently infected T-cells day_1 0.001 [5,6]
d3 Death rate of actively infected T-cells day_1 0.5 [36]
dy Clearance rate of virus day™! 3 [36]
ds Death rate of B-cells day™! 0.15 [36,37]

In order to study the effect of cell infection delay on the dynamical behaviour of system (1.1), we
fixty=13=1,74=0and choose 7, =0, 7, = 2, 7, = 6 and 7, = 12, respectively. Using Data values
in Table 1, we calculate that Ry > 1 and R; > 1 when 1, = 0,7, = 2 and 7, = 6, while Ry < 1 when
7, = 12. From Figure 1, we can see that, the B-cell activated equilibrium E, is globally asymptotically
stable for 7, equals 0, 2 and 6, respectively, which is consistent with Theorem 3.6; the uninfected
equilibrium E; is globally asymptotically stable for 7, = 12, which is consistent with Theorem 3.2.
Moreover, as the cell infection delay 7, increases, both the number of actively infected T-cells (/) and
B-cells (B) decrease, while the number of healthy T-cells (7') and virus (V) remain unchanged. It is also
observed that the cell infection delay 7, can cause the T-cell, virus and B-cell populations to oscillate in
the early stage of infection, and prolong the time for system to reach the B-cell-activated equilibrium.
In fact, for the immune delay 7, = 0, when system (1.1) has only the latency delay 7, or the virus
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maturation delay 73 and the remaining delay values are fixed, we can obtain graphs similar to Figure 1
(not shown here).

(a) Healthy T-cells (b) Infected T-cells

200

{ - 7,=0
1000 fpp=rm = = = = = = = = = = 1 - E >
1 H Y T.=
T —— i 2
%\ H1 E: g l ............. 7'226
= 500 ¥ =100 - - - 7712
50 &
W
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Figure 1. System (1.1) with 7y =73 = 1l and 74 = 0, R; > 1 when 7, =0, 2, 6, while R, < 1
when 1,=12. Populations 7', I, V and B are shown when 7, =0, 2, 6, 12, respectively.

Next, we investigate the system behaviour at the B-cell-activated equilibrium E, when the immune
delay 74 > O and 7y = 7, = 73 = 0. Choose = 0.0032 and all the other parameter values can be
seen in Table 1. By calculating, we obtain that R; = 1.2781 > 1, Eq (3.13) has only one positive real
root w = 0.0925, and 149 = 4.9066. In this situation, Theorem 3.7 is satisfied. Figure 2 shows that the
B-cell-activated equilibrium is locally asymptotically stable when the immune time delay 74 = 4 < 749,
while Figure 3 demonstrates that Hopf bifurcation and period solutions occur at the B-cell-activated
equilibrium when 74 = 7 > 74.

Now, we examine the dynamics of system (1.1) when all time delays 7; > 0,7 = 1, 2, 3, 4. The
two delays 7; = 1 and 73 = 1 are fixed, and all the other parameter values are from Table 1 in the
following numerical simulations. Let 74 = 6 be fixed, and 7, € (0, 12] varies. With the increase
of the cell infection delay 7,, from the left panel of Figure 4, we observe that, (i) the system firstly
undergoes the Hopf bifurcation at the B-cell-activated equilibrium E;, and the amplitude of the periodic
solution decreases gradually; (ii) then the system experiences the local asymptotic stability of the B-
cell-inactivated equilibrium E;, and finally reaches the local asymptotic stability of the uninfected
equilibrium E,. Similar figures can be obtained when 7, or 73 varies and the other delays are fixed
(not shown here). Moreover, let 7, = 2 be fixed, and 74 € (0,20] varies. With the increase of the
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Figure 2. B-cell-activated equilibrium Ej is locally asymptotically stable if 7, = 4 < 749 and
'Rl > 1.
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Figure 3. Hopf bifurcation and periodic solutions occur at the B-cell-activated equilibrium
E, ifT4 =7 > Ty and Rl > 1.
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immune delay 74, from the right panel of Figure 4, we find that, the system firstly reaches the local
asymptotic stability of the B-cell-activated equilibrium E,, then undergoes the Hopf bifurcation at the
B-cell-activated equilibrium. In fact, the periodic solutions still exist when 7,4 is greater than 20 (not

shown here).
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Figure 4. Bifurcation diagrams when 7, and 74 are varied. (Left) 7, increases from 0 to 12
days, and 74 = 6. (Right) 74 increases from O to 20 days, and 7, = 2. 7y = 1, 73 = 1, and all
the other parameter values are given by Table 1.
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5. Conclusions

In this paper, we have formulated an HIV infection model including the latently infected cell, the
Beddington-DeAngelis infection function, the B-cell immune response and multiple delays. The la-
tency delay, the cell infection delay, the virus maturation delay and the immune delay of B-cell activa-
tion are considered in our model. Two basic reproduction numbers and three equilibria are obtained.
Theoretically, by constructing the appropriate Lyapunov function, we obtain that both the uninfected
and B-cell-inactivated equilibria are globally asymptotically stable for the four time delays. The B-
cell-activated equilibrium is globally asymptotically stable for the first three delays, while the immune
delay may destabilize the stability of the B-cell-activated equilibrium and lead to Hopf bifurcation.

It is a challenging problem to analyze system (1.1) for the joint effect of four time delays theoret-
ically. So, numerical simulations are performed to investigate the dynamical behaviour at the B-cell-
activated equilibrium E; for r; > 0i = 1, 2, 3, 4. It was discovered that, the latency delay 7y, the cell
infection delay 7,, and the virus maturation delay 75 can stabilize the B-cell-activated equilibrium, and
the bifurcation disappears gradually; while the immune response delay 7,4 can lead to its instability,
and bifurcation occurs.

As far as we know, HIV infection model considering the latent infection, the Beddington-De Angelis
incidence function and the B-cell immune response is rare, and the theoretical study on the analysis of
multiple time delay models is also rare. In this paper, we analyze the global stability of the equilibrium
through constructing suitable Lyapunov functions, which is a generalization of the existing models.
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