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Abstract: This note gives a supplement to the recent work of Wang and Wang (2019) in the sense
that: (i) for the critical case where Ry = 1, cholera-free steady state is globally asymptotically stable;
(i1) in a homogeneous case, the positive constant steady-state is globally asymptotically stable with
additional condition when R, > 1. Our first result is achieved by proving the local asymptotic stability
and global attractivity. Our second result is obtained by Lyapunov function.
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1. Introduction

This note is motivated by a recent work of [1], of which a cholera dynamical model with space de-
pendent parameters and bacterial hyperinfectivity is investigated. It is evident that risk factors for
cholera are diverse and originate from multiple routes of transmission, which allow us to rely on
advection-diffusion equations to describe the transport of a pathogen into host population along a the-
oretical river. From the standpoint of theoretical and applicable importance, in contrast to the previous
studies, Wang and Wang [1] distinguishes state of V. cholerae in the water environment as V;(x, 1)
(hyperinfectious (HI)) and V,(x, r) (lower-infectious (LI)) vibrios to measure the infectivity of vibrios,
where x and 7 are spatial and time variables, respectively. Recent advances on cholera dynamical model
can be found in [2-7].

We first introduce the model proposed in [1], that builds up our question. Let x = 0 be the upstreams
and L be the downstreams of the river. If there are no specific requirements, we suppose that the model
equations are governed in the domain (x, ¢) € (0, L) X (0, 00), initial condition at time ¢ = 0 are given
for x € [0, L] and boundary condition at time ¢ > 0 are given for x = 0, L, respectively. In [1], the
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following advection-diffusion equations was proposed:

6_ItJ — DyAU = A(x) - UG(x,I) - U[H(x, V) + Hy(x, V2)] — u(x)U + {(x)R,
—i — DAl = UG(x,I) + U [H(x, Vi) + Hy(x, V3)] — (u(x) + 8(x) + p(x))I,

R
i DrAR = p(x)] — [u(x) + {(X)]R, (1.1)
gVI aVl
W - Dy, AV, = —nvlaa—x + (X)) + Bi(x, Vy) — 61(x)Vy,
)% V.
a—f — Dy,AV, = —nvza—; +61(0)V) + Ba(x, Va) = 62(x) V2,

with initial and boundary condition

2(x,0) = 2°(x) 2 0, z = U, I, R, V), V,, respectively,

0 0
—Z(O, 1) =0, z=U,I,R, respectively; DZ—Z(O, 1) —nz(0,1) =0, z =V, Vs, respectively, (19
dx ox (1.2)

0
6—Z(L, =0, z=UILR,V,,V,, respectively.
X

Here U,I and R are the human densities for susceptible, infectious and recovered. D, z =
U,I,R,V,,V,, stand for the diffusion coeflicient. ny, and ny, are the convection coeflicient of two states
of vibrios along the river. A(-) represents the influx rate. The nonlinear functions UG(-, I), UH,(-, V})
and U H,(-, V,) stand for transmission rate among susceptible humans, infectious humans and two states
of vibrios. u(-), 6;(-) and d,(-) represent respectively the natural death rate. p(-) represents the recov-
ery rate. 6(-) is the additional death rate. £(-) represents the shedding rate of vibrios from infectious
individuals, respectively. {(-) represents the rate that recovered hosts will lose immunity. B, (-, V) and
B;(-, V») denote the saturation growth rate of two states of vibrios in the water environment, respec-
tively. We assume that all parameters are positive functions on [0, L]. Let ¥ (-,m) = G(-,m), H,(-,m),
H,(-,m) and B;(-,m),i = 1,2, respectively. Biologically, for m > 0, ¥ satisfies:

(AD): F(,00=0, Z > 0and 2% <0;

(A2) : For Bi(-,1),i = 1,2, there exists K; > 0 such that B;(-, V;) < 0 for all V; > K;. Further,
OB,

(., 0) < 5.

The well-posedness of (1.1)—(1.2), that is, the existence of global solution and ultimate boundedness
of solution have been confirmed (see Lemma 3.4 [1]). Further, the continuous semiflow ®(¢) induced
by (1.1)—(1.2) possesses a global compact attractor &. Clearly, Ey = (U*(+),0,0,0,0) is the a cholera-
free steady state of (1.1), where U*(-) satisfies

oU*(0) _ dU*(L)

DyAU*() + A() — u(HU*() = 0 with p

0. (1.3)
We now briefly give the basic reproduction number (BRN) of (1.1) by the method developed in [8].
Linearizing (1.1)—(1.2) at E, obtains below linear cooperative system for infectious compartments

(withu = (1, Vy, Vo)T):

Mathematical Biosciences and Engineering Volume 17, Issue 6, 7398-7410.



7400

;—l; = Bu = (F+ B)u,
/ ol
i, o
—(L,1) = Dy,—(0,1) —ny,V}(0,1) = 0, i = 1,2,
ox "Ox !
where
U()G(-,0) U*()Hyy,(-,0) U*(-)Hay,(-,0)
F() = 0 0 0
0 0 0
and
DA + hy 0 0
B = &) DA+ hy 0
0 (51() DzA + ]’l3

with by = —(u() + p() + 6()), hp = —ny, & + By, (-,0) = 6,() and h3 = —ny, 2 + Byy, (-, 0) — 6,().
Let X = C([0, L], R?) with general supreme norm
”lr//“X = max{ sup Wll()l , Sup W/Z()l , Sup W/%()l }’ lﬁ = (lﬁl, lr//2’ lﬁ%) € X,

x€[0,L] x€[0,L] x€[0,L]

and I1(r) : X — X (resp. II(¢) : X — X) be the solution semigroup with generator B (resp. B). Then
I1(1)¢(-) stands for the distribution by introducing initial cases ¢(-) over time. F(-)II(f)¢(-) represents
the distribution of new infection. Hence the next generation operator is the following positive operator
on X,

L)) = fo PO, ¢ € X, (15)

Substituting u = Yy with ¢ = (Yo(-), ¥1(-), ¥»(+)) into (1.4), which allows us to study the following
eigenvalue problem

Ay = By,
aWo(L) _ o) _ o

oLy _ 500 _, (1.6)
5%@) =Dy, 6w,(0) _ nvl//l(()) =0,i=1,2.

O0x ¢ oOx l

The following result gives the expression of BRN, R, principle eigenvalue of (1.6) and the rela-
tionship between them.

(R1): Ry = r(L), where r(L) is the spectral radius of £;
(R2) : s(B) is the principal eigenvalue of (1.6), where s(B) is the spectral bound of B;
(R3) : sign(Ry — 1) = sign(s(B)).

These assertions are obvious, and also can be found in Theorem 3.5 [9] and Lemma 2.2 [8]. By using
the BRN, R, the following sharp threshold dynamics of (1.1)—(1.2) was obtained.

Theorem 1.1. Let Ry = r(L) and z € {U,1,R,V,, V,} where (U,I,R,V,,V>) is the solution of system
(1.1)—(1.2) [1, Theorem 3.1], then we have
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(i) If Ry < 1 and {(-) = 0, then E, of system (1.1)—(1.2) is globally attractive.
(ii) If Ry > 1, for any 2°(-) € C([0, L], R}) with I°(-) # 0 or V() # 0 or V2(:) # 0, then exists o > 0
such that
ligr_lﬂimnf z(-, t; zo) > 0., uniformly holds.

Furthermore, in terms of homogeneous environmental conditions, the global stability of positive
equilibrium have been considered. The dependence R on model parameters was shown by the ana-
lytical and numerical approaches. It comes naturally to a question: When R = 1, what happens to the
dynamics of E for system (1.1)—(1.2)? In fact, the method used for the case of Ry > 1(or < 1) cannot
be directly applied to such a critical case. Thus, dealing with this question is the first motivation of
current work. Our second motivation is inspired by [10-13], the method developed there can indeed
show the dynamics of cholera-free steady state if Ry = 1. The first result of current work reads as:

Theorem 1.2. Let Ry = r(L) and Y = C([0, L], R?), then we have the following results:

(i) If Ry = 1 and {(-) = 0, then E is locally asymptotically stable in Y.
(ii) If Ro = 1 and {(-) = 0, then E, is globally attractive in Y.

In other words, Ej is globally asymptotically stable in Y when Ry = 1 and £(-) = 0. Before going
into proving Theorem 1.2, we first present the known result for the critical case of Ry = 1. s(B) =
w(I1(z)) = 0 is the principle eigenvalue of (1.6) (see (R2) and (R3)), corresponding to s(B) = 0, there is
a positive eigenvector, where w(I1(¢)) represents the exponential growth bound. Further, ||TI(z)|| < M,
for some M > 0.

In [1], the authors considered the global stability of E* by using Lyapunov functions when all the
parameters are constants, where E* = (U, I, V, V,) is defined as the positive constant steady state. In
a special case that {(-) = 0, ny, = 0 and B;(-,V;) = 0, i = 1,2, in system (1.1)—(1.2), we continue to
consider the following model:
ou
e DyAU = A-UG() - U[H\(V)) + Hy(V2)] - pU,

o_ DAl = UG+ U[H\(Vy)+ Hy(Vo)] = (u+ 0+ p)l,

g%ﬁ (1.7)
W —DV]AV1 = 51—51V1,

%)
o
with initial and boundary condition (1.2). Similarly, if there are no specific requirements, we suppose
that the model equations are governed in the domain (x, ¢) € (0, L) X (0, o). In [11], the global stability
of E* is achieved when G(I) = al and H;(V;) = i#, i = 1,2. In fact, without simulation purpose,
global stability of E* with general incidence functions G(/) and H;(V;) can be achieved by the same
Lyapunov function with additional condition. The second result of current work reads as:

— Dy, AV, = 6,V = 6,V

Theorem 1.3. Suppose that

@3 (7- &) (& - 1) =0 (7 - ) (65 - 1) < 0.i= 1.2

holds. Then the positive steady-state solution E* of system (1.7) is globally asymptotically stable if
%0 > 1.
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2. Proof of Theorem 1.2

Proof of (i) of Theorem 1.2. Let & > 0. Assume that initial data is around of E|, i.e., for small

¢>0,ll¢—Eoll <.

Define ue. t)
wi(, 1) = U()

By using the equality (1.3), we rewrite the U equation as

1 and O(¢) = max {w;(-, 1), 0}.
x€[0.L]

* U G(’I)+Hl(5 Vl)+H2('a V2)
ow, VU*()-Vw;  A() ( )
W - Dqul 2DU U*() + U*()Wl = - U*()

Solving above equation yields

U, s>(G(-, 1C,9) + Hi(\ Vi(, 8)) + Ha( Va(e, s)>)

wi(-, 1) = Ty(Ow] — fo Ti(t - s) 70 ds,

where w1 U°/U* — 1, and T (1) the positive semigroup induced by
VU'()-V  AQ)
Ut U
which satisfies ||T;(?)|| < M,e™" for some M; > 0 and r > 0. From the positivity of T(z), we get

DyA + 2Dy

O() < max T, (0wh, 0 < 17,0l < e | ((;) -1 <P @
where U* = min,o; U*(-). Hence,
UG -U = U (U( D _ )s U 100) < % 2.2)
Further by (A1), it gives
G, 1) < Gy(-,0)I, Hi(-, Vi) < Hiy(-0)Vi, and Bi(-, Vj) < Buv.(-, )V, 2.3)

Thus, from hypothesis £(-) = 0 and system (1.1), we know that (/, V;, V,) satisfies

ol

o7 S DI+ U OG0 + U"()(Hiy, (- O0Vi + Hay (-, 0)V2) = () + 60) + p()]
+U” (# ~ DG, 0)] + U* (ﬁ — D)(Hyy, (-, 0)V; + Hay, (-, 0)V2),

1A% oV,

a—; < Dy, AV) = ny, == + EO) + Byy, (-, 0)V, = §,(-)V,

3V2

V
< Dy,AV, - L 61(1)Vi + Bay,(-,0)Vy = 6,(-) V2,
Z(X 0) = 2°(x) > O z=1,V,,V,, respectively,

—(O, 1) =0; Z—(O, 1) —n,z(0,1) =0, z =V, V,, respectively,

6
—Z(L 1) =0, z=1,V,,V,, respectively.
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Namely, by a zero trick, we know that u(-, ¢) satisfies
0
6—‘; < Bu + (H,0,0)"

where H(-,1) = U* % - DG;(-,0)] + U* % - D)(Hyy,(-,0)Vy + Hyy,(-,0)V>). Hence,

u(-, ) < Ou’C) + f TI(t — 5) (H(-, 5),0,0)" ds.

0

Since R equation is decoupled from the other equations in (1.1), we only focus on the I, V,,V,
equations. By (2.1), we directly get

max{[[1¢, Oll, Vi G, Dl V(- I} <M max |17, VY1, V311

+ MoaIIU*IIf OSSN+ Vi + [IV2(s)Dds
0
SMo§+Mz§f e (I + Vi)l + [IVa(s)lDds,
0

where @ = max{max{G,(-,0)}, max{H,y, (-, 0)}, max{H,y,(-,0)}}, M, = MM, a||U*||/T*. This yields
that

WG, Ol + [IVAG Ol + V2, Dl < 3Mo + 3M2§f0 e (U DI+ VI I+ IV, 9)lDds.

With the aid of Gronwall’s inequality, one obtains

3Mye

GO+ IViCL Dl + [IVaC. 0l < 3Miggeh 2257 < 3Mpge ™. (2.4)

Let U be the solution of

A

ou

= = DyAU + A() — (u(-) + K)U,
U, 0)=U°C), (2.5)
oU oU

E(L’ t) = a(o’ t) = 09

where K = 30zM0ge%r2c. Further from (2.4) and (2.3), combined with comparison argument, U(-, t) >
UG, 1), (-,1) € (0,L) x (0, 00). Let U, be the positive steady state of (2.5). By letting ¢ := U - Ug, it

then follows that ¢ satisfies 59
I = DyAd — (u(-) + K)9,
9(,0) = U° - U,
oY oY
—(L,t) = —(0,1) =0.
8x( ) é)x( )

Let T,(¢) be the semigroup induced by DyA — u(+) and p,. = minyep 1;{u(x)}. Solving (2.6) yields

(2.6)

I, 1) = To()(U° - UY) - f Ta(t — $)KI(:, s)ds.
0
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Choosing M3 > 0 large enough that ||T,(z)|| < Mze™', which produces
!
I9C, DIl < M3||U° — Ullle™" + f Mse IK|OC, 5)llds.
0

Again from the Gronwall’s inequality,
10,0y = ULl = 19, DIl < M3l|U° = Uzl
where K = KM;. Further, by letting ¢ > 0 small enough that K < &, we then have
10C,0) = Ul < M| U° = UZlle™". 2.7)
Recall that U(-, 1) > U(-, 7). This combined with (2.7) and a zero trick indicate that
Ue.0-U>200,0-U=000-U.+U.-U"
> -M||U° - Ullle™ " + U, - U*

-Ma(|U” = U+ IIU" = UID = U = Ul
—Msg — (M3 + DIIU; = U7l
By (2.2) and (2.8), we get
M, || U™
UG, 1) - U°ll < max {M3g +(Ms + DU - Ul %} (2.9)

Consequently, by (2.4), (2.9) and lim;_,, U = U~,
NWUC, o) = U, Wl VG, Dl and [|[Va(, 0l < &, V>0,

which is achieved by choosing ¢ = ¢(5) > 0 small enough.
Proof of (ii) of Theorem 1.2. We shall prove that & = {E,}, where & is a global attractor of ®(7).
We first confirm that

e Forany ¢ = (U%I°, V), V) € &, w(¢) C 0X, :={(U,1,V\,V,) € X* : [ = V|, = V, = 0}, where
w(+) is the omega limit set.

From Lemma 1 [14], we know that for any Dp > 0, A(-) and u(-) which are continuous and positive
on [0, L] and P°(-) 0, the following scalar reaction-diffusion equation,

——DPAP+A() u(-)P,

5

D= —(o 1) =
P( 0) = P°()

(2.10)

admits a unique positive steady state U*(-), which is globally asymptotically stable in C([0, L], R,). It
follows from the U equation of (1.1) that

——DUAU< AC) =),

8

—o (L) = —(0 0=

Mathematical Biosciences and Engineering Volume 17, Issue 6, 7398-7410.
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From the standard parabolic comparison theorem, we have that

limsup U(-, t) < limsup P(-, 1) = U*(-), uniformly for x € [0, L]. (2.11)
t—o00 t—o00
Hence, we have that U° < U*(-). Since X is invariant for ®(¢), the claim directly follow if 1° = V? =
V2 = 0. Hence we assume that I° # 0 or V' # 0 or V) # 0. By Lemma 3.5 [1], we know that a(-, ) > 0,
where @ = U, I, R, V, V,, respectively. Hence, U satisfies that

8—2] — DyAU < A() —p()U,
U ou
Uue,0)<U",

By the comparison principal, we must have U(-, ) < U*(-) uniformly holds.
Inspired by [10, 12], let

e(t; @) := inf{E e R: I(-,1) < &by, Vi(-, 1) < & and V,(-, 1) < gwg}

Then €(t;¢) > 0, t > 0. We next prove the strictly decreasing property of €(¢; ¢). In fact, let us fix
t; > 0 and define

IC,1) = e(ti; o, Vi(,1) = e(ti; @)1 and Va(-, 1) = e(ti; p)a, fort > 1.
By U(-,t) < U*(-)and i = (I, V;, V,)T, we have

ou
_>8"
or =

l_l(_', t) > u(',_l‘l),

ol ol

—(L,t) = —(0,1) =0,
&x( ) ax( _)

oV, ov; _ )
—(L,t)y=Dy—0,1) —ny V(0,0 =0,i=1,2,
ox "Ox !

where .
D[A + hl alU alU
B = 170! DA + hy 0
0 51(:)  DrA+ g

with iy = —(u()+p(-)+6() +aU, hy = —ny, % + By, (-,0) = 6:(-) and il3 = —”V2% + By, (+,0) = 02(:).
Hence, for all (x, ) € (0, L) X (¢;, o),

ﬁ('a t) 2 u(" t)’ V(a t) € (Oa L) X (tl’ OO),
by the comparison principle. Further,

e(t; oo = I(-, 1) > I(-, 1), €(tr; o)1 = Vi(-, 1) > Vi(-, 1) and €(t1; @)o = Va(-, 1) > Va(-, 0).

Due to the arbitraryness of #; > 0, the strictly decreasing property of €(t; ¢) directly follows.

Mathematical Biosciences and Engineering Volume 17, Issue 6, 7398-7410.



7406

Denote by €, = lim,_,, €(t; ¢). In fact, by setting Q = (0>, O3, Q1) € w(¢). It follows that there
exists {#} with #; — oo such that O(#;)¢ — Q. By the following equality,

tlim Ot + 1) = D(1) tlim O(t)p = O(1)Q,
k0 k00

we directly get €(t; Q) = €., Vit > 0. If O, # 0 or Q3 # 0 or Q4 # 0, repeat the above procedures if
necessary, one can obtain the strictly decreasing property of e(¢; Q), which leads to the contradict with
€(t; Q) = €. Consequently, O, = Q3 = Q4 = 0andu — 0 as ¢t — oo. Further, U(-,t) — U*(:) as
t— oo,

We next confirm that & = {Ej}. From the discussions above, {Ey} is globally attractive in 0X].
Further, {E,} forms the only compact invariant subset in dX;. Then, w(¢) C 0X; for any ¢ € &, which
leads to w(¢p) = {Ey}. By Lemma 3.4 [1], we know that & is compact invariant in C([0, L], R®). This
combined with Lemma 3.11 [12] indicate that & = {Ej}. This proves Theorem 1.2.

Remark 1. Theorem 1.2 still holds if the nonlinear incidence functions UG(-,I), UH;(-, V;) and
UH,(-,V,) are replaced by general nonlinear incidence G(-, U, I), H,(-, U, V) and H,(-, U, V>).

3. Proof of Theorem 1.3

For any positive solution (U(-, 1), I(:, 1), Vi(-, 1), Va(-, 1)) of (1.7), from the proof of Theorem 3.1

(1) [1], we know that %, §, % and % are bounded and bounded away from zero. Inspired by [15-17],

one consider the following Lyapunov function:

W) i=fL(U(-,t)J(',l), Vi(, 0, Va(, 0)dx,
Q

where

~

2
-1 .~V
—]1H:)+ a; Vi—Vi—VilnTl
i)+ 7

. .U
L:= L(U,I,vl,vz)zaO(U—U— Uln5)+a0(l—

and

ag = 6, V1,
= . _ 16V
ar = U [H (V1) + Ho(7)] i

a, = UH, (V).

(3.1)

For convenience, we assume
GV =6YWU,1,V,,V,) = A = UGU) - U [H\(V}) + Hy(V,)] — uU,
G =G ULV, V;) = UGU) + U[H\(V)) + Hy(V))] = (u+ 6 + p)I,

G =GII,V))=¢&1-6,Vy,
Gy =G (Vi,Vp) =6,V =6,V

Mathematical Biosciences and Engineering Volume 17, Issue 6, 7398-7410.
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Then
dW(t)

(LyU; + LiI; + Ly, (V1) + Ly,(V2),)dx

=~ 2
( - —)(DUAU) + ao( - -)(D,AI) + Za, (1 - %)(DVAV)

1

I
Ll

i=

+L Clo(l—%)QU-FCZ()(I—;)gl‘i';ai(l—%)gi dx

Combining integration by parts with the boundary conditions, one can obtain

U I 2 Vi
L[ao (1 - ﬁ) (DyAU) + ay (1 - ;) (DAl + ; a; (1 - vﬁ) (DVIAV,)] dx

U I 2 % G2
2 2 i 2
— L [CIQDUﬁ|VU| + a()D]I—2|VI| + ;a,‘DViV—iZ|VVi| dx <0.
Next we shall show that
~ ~ 2 ~
U\ V;
J —ao(l—ﬁ)g +a0(1——) +Zal( _7) . <0.
In view of
0= A-0GWI) - U[H (V) + Hy(V2)| -
0= TG + U |[H(V\) + Hy(V2)| - (u+ 0 + p)i,
0= &-6,V),
0= 6,V -6V,
we have
A=UGH+ T [Hl(Vl) + HQ(VZ)] +ul,
UG(i) + U [HI(VI) + Hz(VQ)]
u+0+p= 7 ,
1
01 = f— and 6, = 61‘/1
14 vV,
It follows from direct calculation that
~ ~ 2 ~
._ U\ v AP, Vi
J .—ao(l - E)Q +(10(1 - ;)Q +;Cli(1 - VI)QZ
~ 2 ~ ~
U . u I GU) 1UGU
=ay —uU(l - —) + UG(I)(Z - — — =+ (~) - — Q)
U U I GU) 1UGH) (3.3)

2

+ZUHi(V,~)(2——__~+ Vo) _1U (~))

=1 U T H(WV) IUH(V)

= 1 V.1 3 N

+ 0151(1 + - — & — V_]~) (1 + Y] 2% VZ)
1 Vl V]I

Mathematical Biosciences and Engineering Volume 17, Issue 6, 7398-7410.
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Note that

5 Q 1 . G(I) TUG()
U I GWU) I10GU)
7 I TUGU IG) 1 n 1 I
:2—2—:— INJG(~)+1—NG()+—~]—(@—:)(@—1) (3.4
U T 10GU) G 1| \cd) I1)]\GU)
o 016D 16D
U 1UGU) IG()
Meanwhile, with the help of 1 — x < —In x for all x > 0, one see that
LU 1 H() TUH(V)
U T H(V) IUH(Vy)
~ [2 O_1_IUHW) | VHW) v,-] (Hi(vi) vi) (Hi(f/,-) 1)
T U T 10H(W) VH(V) Vil \HWV) VJ\H(V)
U _1_IUHY) ViHV) Vi
B U i IUHZ(VI) VIHZ(Vl) Vi (3 5)
| J H.(V: TUH(V: ’
= &—:)+(l—g)+(l— YI ’(Vl))+(1—[~]—’(‘~/’))
Vi 1 U ViH(V}) IUH(V))
v, 1 U V:H(V,) TUH(V))
ST—:—IH——IH = —h’lf
Vi U ViH(V}) IUH(V))
=< —ln&)—(i—lni).
f V; 1 1
Likewise, one can show that
R A ()
I Vv, Vi I 1 Vi Vi (3.6)
Vi WLV, W, Vi Vi V, V,
1+ ————=— —-In—|-|=-In=—
V1 V2V1 V2 V1 Vl VZ 2

Applying (3.1), (3.4), (3.5) and (3.6) to (3.3), we have

2
v N o N,
I <ay Y OH(V) [(K —In K) - (: —In :) + [(— —In :) - (E —In E)]
. v, 0w P 1) \Y Y,

l 1

+ a0,V [(& —In &) - (& —1In 2)] =0.
V] V] Vz VZ

Hence, by means of the selected constants ay, a; and a, in (3.1), J < 0. In addition, if J] = 0, one can
find a constant « such that

U=0U,1=«l, Vy =«V, and V, = kV,.

Adding the U equation to I equation of the system (1.7) causes
A—pulU—u+0+pxl =0,
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and hence, « = 1. Hence,

0 I N %
L[ao(l - E)QU-FCI()(I —;)QI-F;CIZ'(I _Vi)gi

In view of (3.2) and (3.7), we can obtain % < 0, and one also knows that the largest invariant subset

A ={ULV,V,): d‘gf” = 0} be constituted by just one singleton {£*}. From section 9.9 [18] and the

LaSalle’s Invariance Principle, the proof is complete.

dx <0. (3.7

Remark 2. We can still give the corresponding hypothesis

I UGWUDH\(UGU.) Vi _ UHUV)\ (UHO, V) .
(A4) (i UG(ﬁ,i))(ﬁG(U,D 1) <0, (V,- UH,-(U,V,-))(UHI(U,v,-) 1) <0.i=12,

and prove the global stability of positive equilibrium E* of system (1.7) when UG(-, I),UH,(-, V) and
UH,(-, V,) are replaced by general nonlinear incidences G(-, U, I), H,(-, U, Vy) and H,(-, U, V>).
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