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Abstract: In the paper, we propose a novel stochastic population model with Markov chain and
diffusion in a polluted environment. Under the condition that the diffusion coefficient satisfies
the local Lipschitz condition, we prove the existence and uniqueness of invariant measure for the
model. Moreover, we also discuss the existence and uniqueness of numerical invariance measure
for stochastic population model under the discrete-time Euler-Maruyama scheme, and prove that
numerical invariance measure converges to the invariance measure of the corresponding exact solution
in the Wasserstein distance sense. Finally, we give the numerical simulation to show the correctness of
the theoretical results.
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1. Introduction

With the rapid development of industry and agriculture, the environment pollution has caused
many serious ecological problems (see [1-3]), such as the reduction of species diversity and the
extinction of some species. Therefore, it motivates many scholars’ interest to study dynamic behavior
of population in a polluted environment by establishing mathematical models. The population model
in a polluted environment was first proposed by Hallam et al. [4, 5]. From then on, more
investigations and discussions on the dynamic behavior of the deterministic population model can be
found (see [6-10]). But in practical problems, population changes are affected not only by
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environmental noise but also by sudden changes of temperature and climate. Thus, several scholars
have introduced random perturbations into population model to study dynamic behavior. For
example, Liu and Wang [11] established the stochastic population model with impulsive toxicant
input and obtained sufficient conditions on extinction, persistence, stability in the mean.
Subsequently, Yu et al. [12] proved the existence of global positive solution for the stochastic
population model with Allee effect under regime switching and established the threshold. In [13], Wei
et al. proposed a stochastic population model with partial tolerance, discussed the conditions for
population the extinction and proved the stationary distribution with ergodicity by constructing the
Lyapunov function. Liu et al. [14] considered the significance of white noise and color noise on
population persistence and extinction and studied stochastic population model with Markov
switching. More research results on the persistence, extinction, and stability of random population
models and others have been presented (see [15-19]). However, the above mentioned references
didn’t consider the invariant measure of population system with diffusion.

In fact, in the real world, the population and toxins in the ecology spread around the medium such
as soil and water. In addition, we also know that the existence and uniqueness of invariant measure is
one of the important properties for stochastic population model with Markov switching and diffusion.
Nevertheless, if we introduce diffusion into stochastic population model, the corresponding
Kolmogorov-Fokker-Planck (KFP) equation will become more complicated. Furthermore, the
invariant measure of stochastic population model with Markov switching and diffusion is difficult to
obtain. Therefore, it is of great significance to choose an effective numerical approximation method.
To the best of our knowledge, the explicit Euler-Maruyama (EM) method has the advantages of easy
calculation and small calculation amount. Motivated by [20,21], in the paper, we first develop a new
stochastic population model with Markov switching and diffusion. Under suitable regularity
assumptions, we discuss the existence and uniqueness of numerical invariant measure generated by
the EM method. Subsequently, we prove that numerical invariant measure converges to the invariant
measure of exact solution in the Wasserstein distance sense. In particular, the main contributions of
the paper are as follows:

e We establish a novel stochastic population model with diffusion and Markov switching in a
polluted environment. By using the Chebyshev’s inequality, we obtain the existence and
uniqueness of invariant measure for the model.

e Under local Lipschitz conditions, we study the approximation of numerical invariant measure
generated by the EM method for the newly developed model.

The structure of this article is as follows: In Section 2, we introduce some necessary preliminary
knowledge results for the following analysis. In Section 3, based on the Perron-Frobenius theorem, we
study existence and uniqueness of invariant measure for the exact solution. In Section 4, we mainly
study the existence and uniqueness of numerical invariant measure for the EM scheme. In addition,
we also prove that the numerical invariant measure of the EM scheme converges to invariant measure
of exact solution. In Section 5, the numerical example is given to verify our theoretical results. In
Section 6, we give the conclusions of this study.

2. Preliminaries

In this paper, we introduce Markov switching and spatial diffusion into the model mentioned by Liu
and Wang [15], and obtain the following model
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dX(t, x) = [ki(t, x)AX, (2, x) + B(t, x, Xo(t, x), A) X1 (2, x)]dt
— u(t, x, Xo(t, x), A X (¢, x)dt + g(t, X, (¢, x), A)dW,, in (0,7)xT,
dX(t, x) = [ka(t, X)AX (2, X) + K(A)X3(2, x) — (I(A,) + m(A)Xa(t, x)]dt, in (0,T)XT, 2.1
dXs(t, x) = [k3(t, x) AX3(t, x) — M(A)X5(t, x) + u(t, x)]dt, in (0,T)xT,
X1(0,x) = 51(x), X>(0,x) = 52(x), X3(0,x) = 53(x), in xel,
Xi(t,x) =0, Xo(t,x) = 0, X5(t,x) =0, on (0,T]xdr,

where £ := (0,7T) x T, T is a bounded domain in R® with smooth boundary dI', ¢t € (0,7); X;(¢, x)
denotes the population density at the location x at time ¢ . X,(¢, x) is the concentration of toxicant in
the organism at time ¢ and in spatial position x. The concentration of toxicant in the environment at
the location x at time ¢ is described by X;(¢, x). K(A,) is the net organismal uptake rate of toxicant
from the environment at time . M(A,) is the total loss rate of the toxicant from the environment.
u(t, x, X5(t, x), A,) denotes the decreasing rate function of the population at time ¢ and in spatial position
x. ki > 0,i = 1,2,3 is the diffusion coefficient. 5(z, x, X5(¢, x), A,) describes the intrinsic growth rate
function of the population at time ¢ and in spatial position x. u(t, x) denotes the exogenous total toxicant
input into environment at time ¢ and in spatial position x. /(A,) is the net organismal excretion rate of
toxicant and m(A,) is depuration rate of toxicant due to metabolic process and other losses.

Throughout the paper, Let (V,|| - ||) and (H, | - |) be two separable Hilbert spaces, with norm denoted
by || - || and | - |, respectively. V is viewed as a subspace of H with a continuous dense embedding.

V € H represents the embedding is compact. V’ and H’ are the dual of V, H. We set
H; := HX H X H. Let (Q,F,P) be a complete probability space with {¥,}o<,<r the natural filtration
generated by the Brownian motion W,, which means 7, = o{W,;0 < s < t} augmented with all P-null
sets of 5. To construct such a filtration, we denote by N the collection of P-null sets, i.e.
N ={B € ¥ : P(B) = 0}. In the paper, C > 0 represents different positive constants. Let A,, t > 0, be
a right-continuous Markov chain on the probability space taking values in a finite state
S = {1,2,...,N} for some positive integer N < oco. The generator of {A,}.o is specified by
O = (gij)nxn, such that for a sufficiently small A,

gijA + o(A), L # ],

2.2)
1+ QiiA + O(A), I = j,

P(Ava = jIA = i) = {

where A > 0, o(A) satisfies limp_, ”(AA) = 0. Here g;; is the transition rate from i to j satisfying g;; =

— 2. qij- We assume that the Markov chain {A,} defined on the probability space above is independent
i#j

of the standard Brownian motion {W,};~o and the Q matrix is irreducible and conservative. Therefore,

the Markov chain {A,},;>¢ has a unique stationary distribution  := (7, ..., my) which can be determined

by solving the linear equation

N
7Q=0  subjectto > m=1withr >0.

i=1

Let P(H; x S) stand for the family of all probability measures on H; X S. For & = (£,&,,&3)" € Hi,
& > 0 means each component & > 0,i=1,2,3.
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Next, let’s give some necessary assumptions:
(H1) Setting X' := X*'(t,x), k = 1,2,3, there exists a positive constant p; such that for i € S,
(t,x)e L
|2

lg(e, X1 = g X7 DI < X = X[, 2.3)

where s; and §; are the different initial values of the first equation for system (2.1).
From (H1), for each i € S and X}, € H, we can obtain that for (, x) € £

StE 12 S1,112
g, X1 DIIF < C + pil XTI, (2.4)

Lt~

where C depends on the initial value of the function g(¢, ijt’i, 0.

(H2) For each i € S, there exist positive constants M, 8 and ji such that
M := max{M(A;)}, 0< M < oo;

0 < Bt x. X33 A) < B < oo 2.5)

0 < po < pu(t, %, X35, Ay) < fi < 0.
(H3) u(t, x) is non-negative measurable in £, there exists a positive constant # such that
0<uy<u(t,x) <iu< oo. (2.6)

We replace (X, Xa,, X3,), A;) with (X, x5 X;”), A}), especially the initial value

1L > 22 Jt
0 v0 O _ .
((X ’X27X3)$ AO) - ((Sla 52, S3), l)'

For any p € (0, 1], we set s := (s1, 52, 53) and define a metric on H3 X S as follows

3
dp((s9 l)7 (E’ l)) = f Z |sk - gklp + I{i#j}’ (S’ l), (E’ l) € H3 X S’
H3 =1
where I, denotes the indicator function of the set A, and § := (5}, &, 53) is different initial value. For
p € (0, 1], we define the Wassertein distance between v € P(Hz X S) and v' € P(H3 X S) by

W,(v,v') = inf Bd,(X;, Xu),

where the infimum is taken over all pairs of random variables X;, X;» on H; X S with respective laws
v, v'. Let P/((s1, $2, 53), I; ) be the transition probability kernel of the pair ((X fjt’i, X;ft’i, X;ft’i ), A;'), a time
homogeneous Markov process (see [22]). Recall that 7 € P(Hj3 X S) is called an invariant measure of
(X3 X530 X550, A if
N
(A x {i}) = Z L P,((s1, 82, 83), j3 A X {iDn(d(sy, s2, 53) X {j}),t > 0,A € H3,i € S 2.7
3

J=1

holds. For any p > 0, let
diag(p) = diag(p1,....o).  Qp% Q+ Sdiag(o). 1, £ ~maxRey. 2.8)

where p; is introduced in the assumptions and y € spec(Q,), spec(Q,,) denotes the spectrum of Q,(i.e.,
the multi-set of its eigenvalues). Rey is the real part of y and diag(p,,...,pon) denotes the diagonal
matrix whose diagonal entries are py, ..., py, respectively.
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3. Existence and uniqueness of invariant measures

In this section, we mainly prove the existence and uniqueness of the invariant measure for the exact
solution, under the assumption conditions (H1)—(H3). Firstly, in order to prove the existence and
uniqueness of the underlying invariant measure, we prepare the following lemma.

Lemma 3.1. (see [22]) Let N < oo and assume further that

N
> o <0, G
i=1

where p; is the stationary distribution of Markov chain {\};s0, and p; is introduced in the assumption
(H1). Then
(D)mp >0 if maxp; < 0;

IS

(2) n, > 0 for p < max {-2q;/p;} if max p; > 0.
i€S,pi>0 ieS

Remark 1: The system (2.1) is said to be attractive ” in average ~ if Eq (3.1) holds. The Lemma 3.1
provides great convenience to study the existence and uniqueness of invariant measure for exact
solution, i.e., the proof of Theorem 3.1.

Theorem 3.1. Let N < oo and assume further that (H1)—(H3) hold with maX,cs p; > 0. Then the exact
solution of system (2.1) admits a unique invariant measure m € P(H; X S).

Proof. The key point of proof is to divide the whole proof into two parts of existence and uniqueness.
(I) Existence of invariant measure. Let ((Yf"[”' , stft’i , Y;ft’i), A!) be the exact solution of system (2.1)
with ((sy, 52, 53), ) as initial value, where ((s1, 52, 53),1) € H3XS. A simple application of the Feynman-
Kac formula show thatlet Q,,, = e'% where 0, is given in Eq (2.8). Then, the spectral radius Ria(Q,,,)
(i.e., Ria(Q,,) = sup AESPEC(Q,.) |A]) of Q,, equals to e”™'. Since all coefficients of Q,, are positive,
by the Perron-Frobenius theorem (see [23]) yields that -7, is a simple eigenvalue of Q, , all other
eigenvalues have a strictly smaller real part. Note that the eigenvector of Q,; corresponding to e™"' is
also an eigenvector of Q, corresponding to —7,,. According to Perron-Frobenius theorem, for Q, it can
be found that there is a positive eigenvector &7 = (gﬁ" U 5\‘,’) ) > 0 corresponding to the eigenvalue
—1,, and €7 > 0 means that each component f;p ) > 0. Let

po=1A min {-2g;/p;}, (3.2)

i€S,pi>0

where 1 A min {-2g;;/p;} := min{l, min {-2g;;/p;}} . Combined with Lemma 3.1, we can get
i€S,pi>0 i€S,pi>0

0,7 = —,&P < 0. (3.3)

In order to investigate the existence and uniqueness of invariant measure for exact solution, we need
to prove the boundedness of exact solution for system (2.1). In other words, we need to prove whether
the following inequality holds.

E(1 + Y}V + Y227 + [Y3)P) < C.
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First, using the 1t0’s formula (see [24], Theorem 1.45 of p.48 ), we can have

S1,112 52,112 3,012\p/2 &(P)
SME((L+ VNP + VP + (Y P2ER)

!
(1 +151P + P + 5P + B fo VIR R+ R )
!
+(QE)NDfde + 27 fo V(L YR + VP + VP el o KDy
= ((AD + mADYE + 2] K AV + BY — ¥y + 2(Y 3, —-M(AD Y3

!
+ e + k3AYY) + 2<Ygzg,k2AYgzg>}de + ’—2’ f (L + VIV + VR + Y )
: : : o :

le X3
X (p) _2 1 YS],iZ YSz,iZ YS3,i2 -1 Ysl,i Ysl,i Al 2 Ysl,i Al 2 d
E0L(p =201+ IV + V2 + Y Y v gle, Vi ADIP + lgte, V1, ADIE e,

l,e l,e l,e’ l,e’

Using p(p —2)/2 < 0, due to p € (0, py), and combining with the following inequality,

!
ffk(t,x)AYk’EYk,edxde
0 Ja

!
- f f k(t, )V Yy VY, cdxde (3.4)
0 Q

IA

f
—kof 1YeelPde, k=1,2,3
0
where 0 < ky < k(t, x) < oo (kg is a constant). Further, we have

W2 W2 $3,012\p/2
SR+ YR+ 3R+ 1Yy Y RED)

!
2 2 2n2ap) P , 2 2 d2y2-1 i N
<+ [s1]7 + 5217 + [s3] )25,-’7 + EEfo 6"’6(1+|Yf,'5’| +|Y2Sf5’| +|Y3sf5'| )? {2<Yff5’,ﬁyff€'

. . . 1 . . . L ; 1
UV + el (KA + —VF + 2080 + mADITEE + el VEF + —luef
1

l,e

!
+ 2M|Y;fg|2}§<A‘?de + ’2—’ f B+ VU 4 VP 4 (Y P gls, v ADIPEY de
‘ A ‘

1,e le’
13
+E fo (1 +|y;;:|2+|ygf:|2+|Y;f:|2>’f{n,,f;’2+<Q§<”>)(AL>}de.

Therefore, based on assumption conditions (H1)—(H3) and the inequality 2ab < ga® + ébz, g>0we
can obtain
» S1,012 52,012 $3,i124p/2 ¢P)
B+ IV I+ 1YY ED)
!
<+l + Il +lssP) e + 28 f (U IV 4P+ 1Y P e+ 123
| : : ,
S1,0 i i 7% 52,1 v 1 1 3,1
= 1) + pA YT + 20AQ +m(AD) + et P NYP + 2M + — + IV + sz|uf|2}de
2 1
!
+E fo (L + YN+ Y+ |Y§;:‘|2)f{np§;? + <Q§“’>>(AL>}de,

where K := max{K(A,)}, foralli € S, 0 < K < oo. Then, setting C; := 2(8 — o) + po, po := max loail
L IS

C, = max 2(I(A) + m(A))) + &, K? and C3 := 2M + 5_12 + é, Cs := & + c are different constants and
IS
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using the inequality
(lal +16)" <27 Ylal” + b)), r>1, Va,beR, (3.5)

we can further estimate

ME((L+ VP + 1Y+ 1Y P

Lt i
l g (p)
)2 )12 3,012\5 P i

<c(1+ 51l + [52” +|53") + E f 1+ VP + VR Y5 )2{17,,.5",- + (Q& >)(A;>}de

0 )

CiYP + Col VP }
(L+IYPP + P+ 1Y)
GV P + Calul?
}de.

L+ YV + 2R+ VP

!
i i i2+ 2
+ BEI ML+ YV + VP + |Y;3”|2)z{
2 0 N3 ,E

1,e

!
+ gﬁ f (L + VP 4+ Y+ |Y;f;|2)5{(
0

Finally, by the Gronwall’s lemma, we can get the result

SME((1+ VYR + P+ YY) < e, (3.6)

and further estimates can be obtained as follows

sup B((Y}117 + Y3217 +Y33'17) < C. 3.7

t
>0

For ¥V t > 0, we can define a probability measure
1 1
X:(A) = ;f Pe(s,i;A)de, A € (H;XYS).
0

Then, let Y := (Y2, v Y3S3’i), for any € > 0, by Eq (3.7) and Chebyshev’s inequality, there exists

Lt 272,27 3¢
an r > 0 sufficiently large such that

sup,.q(E| st’i|p) S
rP -

1 t
XK, xS) = ;f P.(s,i; K, xS)de > 1 — 1 -e. (3.8)
0

Hence, y; is tight since the compact embedding V € H, then K, = {s € H3;|s| < r} is a compact subset
of H; (see [25], Definition 2, p.27 ) for each i € S. Combined with the Fellerian property of transition
seimgroup for P,(s, i; -) and according to Krylov-Bogoliubov theorem (see [26]), ((Y 1S,l[i , stft’i , Ygft’i), A}
has an invariant measure (see [27]). Next, we prove the uniqueness of the invariant measure for

(V) Y20 Y0, A).

1,0 > "2 2 t

(I1) Uniqueness of invariant measure. First, let ((ijt’i , stft’i , Y;ft’i), A!) and ((ij[”', Y;ft’i, Yff[’i), A!) be
the solutions of the system (2.1) satisfying the initial values ((si, s2,s3),7) and ((5i, 52, §3), ©),

respectively. Under assumption conditions (H1)—(H3), we take Ve € (0, 1) and use It6’s formula,
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combined with Eq (3.4), we have

t i 51,012 i 52,12 i §3,(12\p/2 ¢(P)
EME((e + Y)Y - YV + V5 - VP 4 Y - YR PR )
-2 - 12 =12 2
<(e+ 51— 51 + Is2 = 5P + 153 — HP2ED

t
+ g f e””e(s + |Yls}6,z _ Yls’lé,lll + |Yf: _ Yf:lz + |Y3vit _ Y;’36J|2)p/2—1§;(lj)
O €
_ . . _ : . 1 1 _ . .
x {[Z(B = po) + PV = VI + e KAV = VP 4 [— o+ — 4 2MY3Y = VP
1 2

+ 2(UAD + mAD) Y — YRR + eplu — u‘%”'lz}de

€
- 12 - 12 - 12 2
<(e+ |51 = 5117 + 152 = 5P| + |53 — 532/

t
4 np€ S1,0 51,012 8§21 52,012 53,1 53,012\p/2 &P
+ 5 fo e (e + |Y1,E - Y1,€| + |Y2’E - Yz’sl + |Y3’E - Y3,5| ) gAé

{CnY“’" — VP + Y = P + GV = VP + el — P
X

le
. — . — . — €,
SLE_ ySLipR $2.0_ ySnipn 53,0y
e+ |Y176 Yl,E |7 + |X2’E Xz,e [ + |X3,E X3’6 |

where C;, i = 1,2,3 have been explained before and p,; is introduced in the assumption (H1). In
addition, using the result of Egs (3.5) and (3.6), we can get

eT]],tE((g + |Yi€’1t,i _ Yi§’1[,l'|2 + |Y2Y’2t,l _ Yg,z[,i|2 + |Y:;Y’3t,i _ X§’3t,l|2)p/2é';(lj))
1

) -2 = 12\p/2 £(p)
(e +Is1 = 51 + Is2 = 5 + |53 — 5 HP2EP

!
p 1Np€ S1,1 51,012 82,1 52,012 53,1 53,012 p/2 (p)
+ ECEfO LUCE D N Al Gl SR Dl (3.9)
81,1 51,012 82,1 52,012 §3,1 53,012\—1
x {1 —a(e Y = YRR YR - YRR X - X }de
<(e+1s1 = 51 + 152 — 57 + |53 — 5:)P12EP 1 CePPem

when £ — 0, we can get the following result

sti_ ySLip 24 _ ySad\p S S 14
BV = Y1+ Y = Y+ [y — Y (3.10)
<Clls1 = 5ilF + |5y = SI7 + [s3 = S[7)e ™",

Define the stopping time
T=inf{t>0: Al = A/},

According to the definition of S and irreducibility of Q, there exists 6 > 0 such that
Pe>n<e” >0 (3.11)
Due to p € (0, py), and choose ¢ > 1 such that 0 < pg < py, where p is introduced in Eq (3.2).
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Using Holder’s inequality, we can have
B(Y; = Y+ 1V = Y+ Y = v)
=E(Y})" - Y ]|p1 (r>1/2) E(|YW -y jlpl{‘r<t/2 )+ E(YY - Yy j|p1 (r>1/2))
+ BY2Y = Y32 P ecyny) + BAYS = Y3 1P sy + E(|st,’l = Y3 1P ety

iy AL Y’m
<EIY = Y o) B > 1/2)'7 + B BIY, 7 =¥,
$2,1 s Szrl Al Szrj AJ
+ B2 = Y2 1P ) V1@ > 1)) + By BIY, 7 = Y27 1)
SslA: v3!

+ B3 = Y3 1P esyp) V1@ > 1/2)'7 + B sy E|Y3;TT - Y3; ,| ).
Applying the result of Eq (3.11), we further obtain
O TN Sl Sl VD Sl
e Tq"’(ElYf},” = Y1) + CE(Ljreype ™ ’)EIY“ LY
T NENYS - YT + CEQprame ™ VBV - YY)
e-‘%m(Ew-"“' — Y20 + CE(Lreyme " VEIYSY — X517
TOEIY - YT + Ce PEIY — Yip 4 e_%G’(ElY;ft’i — Y2y
- Ce‘T’]Elesz’i D Sl 1) e L) C R el =) S el

<SCA +[s1]” + 15117 + [s2]” + 5207 + [ s5]7 + |S3|p)€ o

where o = qqu)g A %+, and in the last step, it follows from Eqs (3.7) and (3.10) such that

sup B[V + Y3210 + Y1) < C,

>0
and
supE(lYS1 J|Pa 4 |YS“|”‘1 + |YS3’|P‘1) <C.
>0
Thus, we also have assertion
hm E(|Yv1 i 51 jlp + |Ys’2t,i _ s2 ]lp + |Ys’3t,i _ 83 le) —

Then, according to Eq (3.11), we can get
PN £ AN =Pr>1<e®” >0.
Next, according to Eqs (3.14) and (3.13) that

Wp(0((s1.52.52).0) P> O((51.52.53). P2)

Sl _ sup s2.0 sz]p $3,0 ssz i J
< B(Y;! P+ |y Py |)+IP(A # A
<C( +|S1|p+|S1|”+|S2|p+|S2|”+|S3|"+|S3|”)€ ‘e

<Ce™7,

Mathematical Biosciences and Engineering
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where o := 0 A 0. Assume 7, v € P(H; X S) are invariant measures of ((Y‘f}t”', Y;ft’i, Y;ft’i), A}, it follows
from Eq (3.15) that

W,(r,v) = Wy,(aP;, vP;)

N
< Z f f m(d(s1, 82, 83) X {IPW(d(31, 52, 53) X {THW,(0((s1.52,52).0 P> O(G51,50,59), ) Po)-
H3><S H3><S

ij=1

When t — oo, we find W,(r,v) — 0. Hence, uniqueness of invariant measure follows immediately.
The proof of Theorem 3.1 has been completed.

In the following section, we will investigate existence and uniqueness of numerical invariant
measure and prove the convergence of numerical invariant measure.

4. Numerical invariant measure

In this section, we mainly discuss existence and uniqueness of numerical invariant measure for
system (2.1) under the assumption conditions (H1)—(H3). In order to facilitate the discussion, we
consider the numerical solution in the discrete-time for system (2.1). For a given step size ¢ € (0, 1),
we define the discrete-time Euler-Maruyama (EM) scheme associated with model (2.1) as follows

Xff{inw = 5(;;,;; + [k (nd, x)A)‘(fj,;g + B(né, x, x;;;, A;6)ij,;g]5

— u(né, x, X;f,;;, Afw))‘(;‘j,jda + g(nd, ij};;, AL HAW,, @
X;,z(’;mw = X;i;lfs + [ka(né, X)AX;,ZIZS +K (A;&)Xg,};;is — (I(A) + m(A;(s))X;i:a]é’
X;‘ﬁ(;ﬂ)é = X3 + [ka(nd, ))AX s — M(A;;(S)X;;; + u(nd, x)16,

where n > 0 and AW, = W,.1)s — W,s denotes Brownian motion increment, A)_(,f’;;; is the Laplace

of )_(,jfl;g, with the initial data ((X?, X9, X?), A¢) = ((s1, 52, 83),i) € H3 X S which is introduced before.

Equations (4.1) and (4.2) are the discrete-time EM scheme and continuous-time EM scheme of the
corresponding system (2.1), respectively. For convenience, we define the corresponding approximate
solution to the system (2.1) on continuous time.

t
Xlsjt’l =5 + j(; [k1(Le/b]6, )c)AX]S"L’;/(sJ(S + B(Le/d]0, x, X;,ZL’;MJG’ Ais/éjé)xfj[é/éjé]de
! 15
o [ D800 5 5 N s Ry [ 1010 K3 M)W
i3
X =+ fo [ka(Le/816, IAXSTL 515+ KA 161K e 51)d€ 4.2)

!
- fo (U js16) + M 151D X5 5154€

t
X3 =53+ j; [k3(Le/818, DIAXT L 515 = MAL 5100 X5 0 j6) T+ U(LE/S16, )]dE,

where 1 > 0,A) =i € S, Vb > 0, |b] is the interger part of b. Obviously, by a straightforward

. S1,1 §2,1 53,1 _ USILE v S2,1 53,0
calculation, we can have (X705 5 X370 si0 Xaers08) = X1 Les160 Xotessior X te/s1s)"
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Let P°,((s1, 52, 53), J; -) be the transition probability kernel of ((X f,]r’,is’ )_(;’2,;"5, X;;is)’ A ). If n° € P(H5x

S) satisfies the following equation
N
(A x i) = Z f Pos((s1, 52, 83), 3 A X {INA°(d(s1, 82, 83) X {j}), 1 =2 0,A € H3,i €S, (4.3)
j=1 Vi

then we call 7° € P(H; x S) an invariant measure of (X", X525, X3), Al;) or a numerical invariant

. . . 1,n6° “72,n6° “*3,n
S1,1 82,1 53,0 i
measure of ((X]J ’XZ,I ,X3’[ ), A}). Let

qo := max(-gi), po = max |ol, & = max&”, & = (max&”) 7.
i€S ieS ieS ieS
Our main result in this section is as follows
Lemma 4.1. Under the conditions of Lemma 3.1 and combining Eq (3.2) with (3.3), it holds that
By = Xl + 1% = X5l + X555 = X3l )
< CA+s1” + [s2” + Is3l” + 5117 + 15217 + |55)e ™™,
for any p € (0, po), (s,i) = ((s1, 52, 53),0), (5, J) = ((51, 52, 53), J) € H3 X S. py is given in Eq (3.2).

: . VS rsa.i prs3.i S1J 952) w33
Lemma 4.1 shows that numerical solution (Xl’n 5 X2,n 5 X3J1 s) tends to (X Lng? Xz,n 5 X3’n s) whenn — oo

and 6 — 0 under different initial values and states. This lemma provides a great convenience for
the proof of Theorem 4.1. Applying a method similar to Theorem 3.1 can prove the conclusion of
Lemma 4.1, so it is omitted.

Theorem 4.1. Under the conditions of Theorem 3.1, there exists a sufficiently small 6 such that for any
0 € (0,06%), the solutions of the EM method (4.2) converge to a unique invariant measure n° € P(H3 X S)
with some exponential rate y > 0 in the Wassertein distance.

Proof. In fact, for any the initial data (sy, s,, 53), by Eq (4.2) and the Chebyshev’s inequality, we derive
that {6(3,,,3‘2,33)1?2 s} 1s tight. Therefore, there exists an exact subsequence which converges weakly to an
invariant measure denoted by 7° € P(H; x S). According to the Eq (3.14), we have the following result

P(Als # Al) = P(x° > n) < e, (4.5)
For any n > 0, combining with Eq (4.4), it is not difficult to get

W (B((s1.52.50).0Pogs O1(51.52.55).) g
< BOX s = X0l” + 1K = Xl + 1X555 = X300 + B, # A) (4.6)
< CA+ 517 + [s2” + Is3l” + 5117 + 15217 + |551")e 7™,
where ¥ := o A 6, and using the Kolmogorov-Chapman equation and Eq (4.6), for any n,m > 0, we
have
WP((S((Sl,Sz,Sz)J)szé’ 5((51,32,S2),l')P?n+m)5)
= Wp(8(t51,52,52).0F s O((51,52,52.0PinsPrs)

5 5 \DO e o e i
< Wp((s((sl,sz,sz),i)Pm;, 5((51,§2,§3),j)Pn5)Pm5((S1, 52, 82), 1, d(51, 52, 53), J)
H3xS “4.7)

= = = —yné
<> f C(L+ 5117 + 5217 + Is3l? + 5117 + 5" + |531)e " Hy
Jjes H3

—ynd
< Ce™,
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where H, = Pﬁw((s], 2, 82), 15 d(51, 52, 53), j), then taking m — oo such that
Wy(8((s1.550Fhg: 1) = 0, = o0, (4.8)

in other words, 7° is the unique invariant measure of {§, s, ;) P%s}. ¥7°,v° € P(Hs X S) are invariant

VSLL sl §rs3.l i VS 5] 53 J .
measures of ((Xl’n 5 XZ,né’ XM s)» I\,s) and ((Xl’n 5 X2,n 50 X3’m5), A ), respectively. Further, we have

Wy(n° V") = W, (' Bos, VP
N , N ' ; ] (4.9)
<> 7(d(s1, 52, 53) X AIDV (51, 52, 53) X UDWp(O(s1 52510 Fogs 0165,52.59.0 P
H3xS JH3xS

ij=1
The uniqueness for the numerical invariant measure have been completed. Therefore, the proof of
Theorem 4.1 is complete.

To show that the numerical invariant measure 7° converges to the invariant measure of the

corresponding exact solution under the Wasserstein distance, the following theorem is given.

Theorem 4.2. Under the assumptions of Theorem 4.1 and Eq (4.8), for 6 € (0, 1) there exists C > 0
such that
W,(m,7°) < C5%, p € (0, po),

where py > 0 is defined in Eq (3.2).

Proof. For p € (0, py), due to

- ~ 5 5
W (O((51,52,50).i)Prss ) < f m(d(51, 52, 83) X {THDW,(0((s1.52.50).0) Prns> O(G51,52,5). ) Pras)»

H3><S

and
) 1) - = = . ) )
Wp(O((s1.52.52).0) Pss ) < f 7(d(31, 525 53) X {THWp(0((51.52.52).0Pss O(51.52.53).) Prs)-

H3xS

Then based on the assumption conditions of (H1)—(H3) and Eq (4.8), there exists a sufficiently small
0" such that for any ¢ € (0, 6%), there is n > 0 sufficiently large such that

Wp(é((SI,Sz,SQ),i)Pné’ﬂ) + Wp(d((sl,sz,SQ),i)Pg(sa ”6) < C(‘)‘g’ (410)
For fixed n > 0 and using the triangle inequality, and by the similar way of [22], we can obtain

%i_r}lg Wi (8((s1,50,50).0)Prss O(s1,50,50.0P%5) = 0. In other words, there exists a positive constant ¥ such that

W, (8(s1.52.50)00 P O(ssmsm i P2s) < Ce™6%. According to Theorem 3.1 and Eq (4.8), we can get the
following result
Wy (S(cs1.s2.500.0Fn5: 1) + Wp(S(cs1 52,5010 F s 1) < Ce ™7™, (4.11)

where y* := 0 A %. Let C be the integer part of constant —pIn6/[2(v + y*)d], obviously, C - 0as

5 — 0. On the other hand, we have ¢"C%6% < 5777 < 6%, e77"C6 < 7’0 5% Therefore, W,(n,7%) < C6*
holds.

Further, to illustrate the validity of our theory which are discussed in the previous section, we will
give a numerical example.
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5. Numerical examples

Let A, be a Markov chain with the state space S = {1, 2}, and the generator

3 -3
(272
It is easy to show that its unique stationary distribution 7 = (7, m,) is given by m; = 1/2, 71y = 1/2.
On the other hand, we give the following setting: V(A,) := I(A;) + m(A;), when A; = 1, we choose
M) =1 exp(lfzt) K(1) =0.01 sin((3+(}2l)2) and V(1) = I(1) + m(1) = 1.99; when A, = 2, we choose
M) = 0 1H) K(®2) = 0.05 sm((3+0 2t)2) and V(2) = I(2) + m(2) = 1.6. In the state 1 and 2, setting

T =1,1€0,1),8:=B0txXtx,A) = 3(1 - ggmrs)(1 = 25), 1= ut, %, Xa(t, %), A) =
2(0.5 — (22200 (] — X g = g(f,x, X (£,x),A) = 0.05 + 0.3X,(t, x), and taking k; = 0.005,

1+0.5X>(2,x) 0.5+x

ky = k3 = 0.05, 51(x) = 52(x) = ﬁ, s3(x) = the system (2.1) is described as follows

0.2
(1+1.5x)2°

dX,(t, x) = [0.005AX,(t, x) + BX(t, x) — uX;(¢, x)]dt + gdW,, in (0,T)xT,

dX>(t, x) = [0.05AX,(t, x) + K(A)X5(t, x) — V(A)Xo(t, x)]dt, in (0,T)xT,

dXs(t, x) = [0.05AX5(¢t, x) — M(A)X3(t, x) + u(t, x)]dt, in (0,T)xT, (5.1)
. 0.2 _ '

X1(0,x) = X>(0,x) = m, X3(0,x) = m, in xel,

Xi(t,x) =0, Xo(t,x) =0, X5(t,x) =0, on (0,T]xdr,

First, for the system (5.1), we use the discrete-time EM method for numerical simulation. Figure 1 is
a simulation of Markov chain which describes switching between different states.

20 40 60 80 100
t(time)
Figure 1. simulation of a single path of Markov chain A,

Then, taking 7 = 1, N = 100, [W,; — W;| = V5 and 1 € (0, 1), step sizes 6 = 0.005. Among
them, the values of X;(¢, x) and X,(z, x) do not exceed 0.4. This satisfies the practical significance, i.e.,
0<X(t,x)<1,0< X5(t,x) < 1.
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As far as we know, the exact solution for system (5.1) is difficult to find. Inspired by [30] and
based on the method of [28], we can take the “explicit solution” Y;(z, x) = exp(— - L _ —)(1 + AW),

1-x
Y>(t,x) = K f(f Y3(t, x) exp{(l+m)(s —1)}ds + Cy, exp{—(I+m)t} and Y(z, x) = fo u(t, x) exp{h(s—1)}ds +
Cy, exp{— ht} replace exact solution, where Cy,, Cy, are initial values of ¥, and Y3, respectively. Setting
Cy3 (1+15x)2’ Cy, = (1+ )2, K =0.05l+m=19and h = 0.5, u(t, x) = 5((1+2x)2 - %)(1 —1)>. Then, The
simulation results are presented separately in Figure 2(a), Figure 4(a) and Figure 6(a). In Figure 6(b)
and Figure 4(b) reflect the numerical simulation of X3(z, x) and X,(¢, x) with Markov switching when
the step size is 0.005 under the state “1” and “2” switching.

In addition, Figure 7, Figure 5 and Figure 3 show mean-square error between “explicit solutions
Y3, Y> and Y, and the corresponding numerical solutions X3, X, and X;(Figure 6(b), Figure 4(b) and
Figure 2(b)) of stochastic population with diffusion and Markov switching in a polluted environment
system (5.1), when we take step sizes 6 = 0.005,0.0001. Obviously, when the step size 6 changes
from 0.005 to 0.0001, the error values decreases from 0.14, 0.4 and 0.04 to 0.012, 0.025 and 0.02,
respectively. Combining Figure 7, Figure 5 and Figure 3 , we have the assertion that the smaller the
step size, the smaller the error. Hence, it is not difficult to conclude that when 6 — 0, the numerical
solution Xj(t, x), X»(t, x), X;(t, x) under discrete-time EM method converges to the explicit solution
Y3(t, x), Ya(¢, x), Y1(t, x), respectively.

x 0 0 " t(years) x 0 0 t(years)

Figure 2. (a) is numerical simulation of “explicit solution” Y/(z, x) for system (5.1); (b) is
numerical simulation of EM numerical solution X|(z, x) for system (5.1) (when ¢ = 0.005).

o o
S 8888
S &g 82

(Y, (00X, ()
(Y, (60X, ()

°
2
&

o
s g
g 2

2
0o t(years)

Figure 3. Mean-square error simulation between EM numerical solution for X;(¢, x) and
“explicit solution” Y (¢, x) under step size 6 = 0.005, 0.0001, respectively.
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x 0 o t(years)

s 02
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Figure 4. (a) “explicit solution” Y, (¢, x) for system (5.1); (b) is a simulation of EM numerical
solution X, (¢, x) under the state A, = 1 and A, = 2” switching (when ¢ = 0.005).
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Figure 5. Mean-square error simulation between EM numerical solution X,(¢,x) and
“explicit solution” Y,(¢, x) different step size 6 = 0.005, 0.0001, respectively.

X o o ’ t(years) X 0 o t(years)

Figure 6. (a) “explicit solution” Y3(z, x) ; (b) is a simulation of EM numerical solution X3(z, x)
under the state “A; = 1 and A; = 2” switching (when ¢ = 0.005).
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- 0.2
t(years) 0 o t(years)

Figure 7. Mean-square error simulation between EM numerical solution for X3(¢, x) and
“explicit solution” Y3(¢, x) under step size 6 = 0.005, 0.0001, respectively.

6. Concluding remarks

In this paper, we establish a new stochastic population model with Markov chain and diffusion
in a polluted environment. Based on the Perron-Frobenius theorem, when the diffusion coefficient
satisfies the local Lipschitz, the criterion on the existence and uniqueness of invariant measure for
the exact solution is given. Moreover, we also discuss the existence and uniqueness of numerical
invariance measure for model (2.1) under the discrete-time Euler-Maruyama scheme, and prove that
numerical invariance measure converges to invariance measure of the corresponding exact solution
in the Wasserstein distance sense. At the end of this paper, the accuracy of the theoretical results is
verified by numerical simulation.
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