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Abstract: The aims of this paper to explore the dynamics of the vector-host disease with saturated
treatment function. Initially, we formulate the model by considering three different classes for human
and two for the vector population. The use of the treatment function in the model and their brief
analysis for the case of disease-free and endemic case are briefly shown. We show that the basic
reproduction number (< or >) than unity, the disease-free and endemic cases are stable locally and
globally. Further, we apply the optimal control technique by choosing four control variables in order
to maximize the population of susceptible and recovered human and to minimize the population of
infected humans and vector. We discuss the results in details of the optimal controls model and show
their existence. Furthermore, we solve the optimality system numerically in connection with the system
of no control and the optimal control characterization together with adjoint system, and consider a set
of different controls to simulate the models. The considerable best possible strategy that can best
minimize the infection in human infected individuals is the use of all controls simultaneously. Finally,
we conclude that the work with effective control strategies.
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1. Introduction

Mathematical modeling is used often for better understanding the infectious diseases dynamics.
Mathematical models not only describe the mathematical process of the infectious diseases but also
give useful information about the disease possible control and spread. There are a lot of infectious
diseases in our world by providing many infected cases and death around the world. In which,
vector-borne diseases are regarding a major threat to the human health causes many death and
infection each year.

Vectors are the biological agents, which are the considered to be the main source of infection
in human society. Dengue, malaria etc are the important vector-borne diseases that provide many
infections and death cases to the human world. Vector-host disease mostly targeted the children
especially in the developed countries. Some of the symptoms such as joint pains, headache, muscle,
fever, and a skin rash similar to the measles. It is documented in infected cases few number of cases
become the life-threatening dengue hemorrhagic fever. This results to bleeding, blood platelets with
low level and with leakage of blood plasma, or the dengue shock syndrome in which a low blood
pressure occurs. Approximately, one million deaths occurs per year and with over all 17% in all
infectious diseases, so vector-borne diseases are considered to be responsible. Due dengue only,
approximately 2.5 billion people in almost 100 countries of the world are currently at risk. Similarly,
each year globally, 0.4 millions deaths are reported due to malaria, in all these cases most of the
children are under the age of 5 years. Besides this, the infectious diseases such as leishmaniasis,
chagas disease, and schistosomiasis provide millions of cases to the human population globally. Due
to dengue, malaria, human African trypanosomiasis, yellow fever, schistosomiasis, onchocerciasis,
and Japanese encephalitis contributed more than one billion cases and due to these a lot of deaths
recorded/discovered globally [1].

Regarding the infectious diseases, the prevention is a useful protective tool to safe the society
from infection whenever there is no vaccine or treatment. Dengue is a contagious disease caused by
a virus, which is still epidemic in many regions such as tropical and sub-tropical areas of the world
[2]. The disease is common in South Asia, Africa, USA and Western Pacific regions. There were 9
countries before 1970, which faced this problems but the increment were four times larger after 1995
[3]. The report of World Health Organization (WHO) suggested that dengue fever cases per year vary
50 to 100 million cases with approximately 10000 children death due to bleeding caused by dengue [4].

In order to understand the mechanism of vector-host diseases, the researchers developed numerous
mathematical models in literature. For example, a mathematical model suggested by Ross [5] and
then it is extended by the authors in [S5] suggested the modeling and its analysis with optimal control
analysis. The vector-borne disease transmission can be horizontally or vertically. A vector-borne
disease model with time delay has been analyzed in [6]. The dynamics of vector-host model is studied
in [7]. The analysis of vector-host disease with demographic structure is considered in [8]. The
analysis of dengue dynamics with different mode of transmission is studied in [9]. The phenomenon
of backward bifurcation analysis in dengue dynamics is considered in [10]. A vector-host disease with
direct transmission is considered in [11]. Computer simulations and modeling formulation of dengue
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fever is analyzed in [12]. The dynamics of dengue infection in Pakistan with optimal control strategies
has been proposed in [13]. Dengue dynamics with variable population is discussed in [14]. The
authors considered in [15], the dynamics of malaria disease and presented the optimal control analysis
with different control strategies. The dynamics of vector-host model with delay differential equation is
studied in [16]. A dynamical model of vector-host disease with analysis of backward bifurcation and
optimal control is considered in [17].

We aim here to formulate a mathematical model for vector-host dynamics through saturated treat-
ment function. The use of the treatment function in mathematical models have been used by many
authors, see [19, 20, 21, 22]. The authors in [19] used the saturated treatment function in SIR model
related to the network and presented the bifurcation analysis. The saturated treatment function for the
age structured viral infection is analyzed in [20]. The rumors spread dynamics in social network is
studied in [21]. The dynamics of SIR model with age dependent susceptibility with nonlinear inci-
dence rate is investigated in [22]. We first develop the model and present mathematical results briefly.
Then, we formulate a control problem and suggest a set of control combinations for possible control
of infection. The rest of work is as follows: brief model formulation is given in Section 2. Model
equilibria and its stability has been discussed in Section 3. Optimal control problem and its related
results have been discussed in details in Section 4. The results are discussed briefly in Section 5 while
the work is summarized in Section 6.

2. Model formulation

We present here briefly the dynamics of vector-host disease by denoting the total population of
human by N,, subdividing further into three different classes, namely, the susceptible humans S ,(z),
infected humans /,(#) and the recovered humans R, (¢) at any time ¢, thus N,(¢) = S,(t) + I,(¢) + R,(2).
The population of susceptible human is increased by the recruitment of the individuals at a rate of Ay,.
It is decreased by the effective contact with 8,5 ,1,/(1 + a41,), where the disease contact rate between
susceptible human and infected vector is represented by 5; and « is the saturation constant. It is further
decreased by the natural death rate y;,. This rate of change can be represented through the following
differential equation:

sy _ A — BiSul,
d " Tval,
The population of infected humans is generated by the effective contact rate 8,5 ,1,/(1 + a;1,) and
decreased by the natural death rate uy,, the disease related death rate ¢, and yul),/(1 + bul,). It can be
seen when / or u is considered to be very small, then the treatment function converges to a near-zero
value and whenever if the value of [ is considered to be very large, then it approaches to a limit of finite
value. The using of such type of function (treatment) will naturally reflect the epidemic system and
thus, we consider it in our considered model. The term /b is defined to be the the maximal supply
of medical resource per unit time while 1/(1 + bulj,) shows the reverse effect of infected people that
are delayed for treatment and have an important effect on the disease spread, for details see [18]. We
mathematically write the discussion in the form below:

dl, — BiSul, yuly
= - + o)l — .
(i + on)ly T+ bul,

= MS - (2.1)

dt - 1+a11v

(2.2)
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Hurmcin Population Vector Population

Figure 1. Flow chart.

The individuals in the recovered class are generated by the treatment function yul,/(1 + bul,) while
due to the natural death y,, it becomes decreasing. We mathematically obtain the following form:

dR,  yul
dt 1+ bul,

— UnRy. (2.3)

We denote the vector population by N, and distribute it into two subclasses, namely, S, susceptible
vector and I, infected vector. Thus, we can write N, = S, + I,. The susceptible vector population is
generated through the birth rate A, while decreased by the contact rate 5,5 ,1,,/(1 + @, 1;,) and the natural
death rate y,. This discussion leads to the differential equation given below:

dSv = A ﬁZSth

ZA, - — S, 24
dt 1+ anl, H 24

The infected vector population is generated through the contact rate 5,5 ,1,/(1 + a,1;) while decreased
by the natural death rate y,. This dynamics of the infected vector can be represented by the following
differential equation:

al, _ BSvln
dt 1+ al,

ol (2.5

The equations (2.1-2.5) above can be written as a single system as follows:

dsy As — BiSul,

2hn —w,S s
dt 1+a/11V Hied b

- h
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dly BiSul, yuly

@ — (un + S — :

dt Tra, Wt ol
dRh _ )’Ixtlh R

dr 1+ bul, M
dSv ﬁZSth
= Av - - vS Vs

dt 1+ arly, H

dlv ﬁ2S vlh

dr, - _ ol 26
dt 1+ sl K ( )

subject to the initial conditions (ICs)
S»0) >0, 1,(0) >0, R,(0) >0,5,(0) >0, 1,00) > 0. 2.7)

Let N, = S, + I, + Ry, describes the dynamics of human population at time ¢ and then it is given by

dN,

=A —{.11N — 0l 2.8
’t h hiVh hih ( )
i.e.,

th
dt

According to the results that are given in Birkhoff and Rota [23], we have the following result:

+ upNp < Ay, (2.9)

A
0 < (Sp Iy Ri) < —2(1 — &%) + Nh(Sh(O) + 1,(0) + Rh(()))efm,t_
Hn

Now, taking t — oo, we obtain 0 < N, < 2”
Let N, = S, + I,, describes the total dynamics of vector at time ¢ and then it is given by

=A, N, 2.10
dt — Uy Np. (2.10)

The exact solution of (2.10) is N, = ’;— The feasible region for the proposed model is

A Ay } 2.11)

E ={Sn IR, S\, 1) € R®, Ny < ==, N, <
:uh Ky
Proposition 2.1. The set

A A,
E={(SulnRS1) R, Ny< ==, N, <=},
Mh My

is positively invariant.

Proof. To show the above result that is Z is positively invariant, we use standard comparison theorem

A A,
0 < Nj < Ny(0)e ™ + =2(1 = &™), 0< N, < Ny(0)e ™ + —(1 — e ).
Hn Hy

Ast— oo, (0<N, <5, <N, <) O
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3. Equilibria and local stability

In the present section, we examine the dynamics of the model (2.6) by the available fixed points.
There exists two fixed points namely, the disease-free and the endemic equilibrium. We denote the
disease-free equilibrium by P, and obtained the following:

Py = (59.0,0,59,0) = (%,0, 0, %,0).
h v

In order to find the stability analysis of the model (2.6), we need to calculate the basic reproduction
number R, of the model (2.6) by considering the next generation method [24]. The desired matrices
are computed as follows:

Ay
F:l 0 P l
,32#—: 0

and

[(ﬂh+5h+7u) 0]
V= .
0 Wy

The spectral radius Ry = p(FV "), that represents the basic reproduction number of (2.6), shown by

R _ ﬁlﬁZAhAv
0 — 2 .
M (pp + 65 + yu)

Based on Ry, the following are suggested:

Theorem 3.1. If Ry < 1, the disease-free equilibrium Py of the system (2.6) is locally asymptotically
stable.

This result based on Theorem 2 in Van den Driessche and Watmough (2002) [24].

Endemic Equilibria
We obtain the endemic equilibria of the system (2.6) denoted by P} = (S}, I;,R;, S, I}), and get,

v iy

(5/1 (bul;lk + 1) + up (bulZ + 1) + yu) (I; 18, + w, (By + anu,)] + /,L‘%)

Sr = :
BiBaA, (bul; + 1)
ul’

R = _ M

,uh(bul;;+1)

A, (aad; +1)

St o= ,

Bl + axlyu, +
o BalA,

1y (Bal; + aalips, + 1)
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We have the following solution by using the above in first equation of the model (2.6):
Col;* + C\I; + C, = 0, (3.1)
where

Co = bu@n+m) (tn (@A, + py By + aopr,)) + 1A ) (> 0),

Cr = (o (bt (B + ap) + a2 O + i+ y10)) + B (O + uy + w)) + @182 A (On + pn + yu)]

+,81,82Av (—bI/tAh + 5h + up + ’)/I/t) ,

Co =ty On + p + yu) (1 — RY).
Lemma 3.1. Endemic equilibrium(s) and their existence criteria

e Consider if b or u is zero then equation (3.1) represents a linear equation in I, and thus the
existence of a unique endemic equilibrium, feasible if and only if Ry > 1.

o If b or u are non-zero, then equation (3.1) becomes a quadratic equation with two roots for I, if
Cy <0and Ry < 1. Also, if C f > 4CyC, then there exists two positive roots, and namely the two
positive equilibria E\ = (S,,1},R;,S ), 1)) and E; = (S;,I7,R;, S2,I2)

VoY vty

e [f b and u are both non-zero and Ry < 1, then equation (3.1) has only one change of sign and so
by the Descartes rule of sign it can be claimed that the system has a unique feasible equilibrium
E,=(S;. I}, R;, S5, I2).

Ve

Now, we have in the following the results for the local asymptotic stability of the model at P7.
Consider the theorem given below:

Theorem 3.2. For Ry > 1, then the vector-host system (2.6) at P} is locally asymptotically stable.

Proof. We obtain the Jacobian matrix below at Py:

Bl BiS;,
“Hh T T 0 0 _(1+g11:)2
Bl =y — = _PiS,
. T+ l; Hi = On (T+bul )2 0 (+arl; 2 30
J = 0 _ BaS; _ Bal;, 0 ( . )
(I+aal))? T+l
BaS5 Bl
0 (I+al})? T+anl; ~Hy
det[J* — AI] = 0, gives
A+l + ko + kA +ky =0, (3.3)
where
ki = up+my+my+ms+ Qp+2u, >0,
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3979

ky = g (ms+ Q1)+ 24, (uy + ms + Q1) + my (W + Q1 + 1) + my (mg +ms + Oy + 2u,) +
+ (mgms — moms),
—_—
ky = m4(Q1ﬂh + o (uy, + Ql)) +ﬂv(2ﬂh (ms + Q1) + py (up + ms + Ql))
i (ma (ms + Q1 + ) + 1y (2 (ms + Q1) + ) ) + (mams — mams) (uy + ),
~—_—
ky = ,Uv(,uh ((ms + Q1) puy + myQy) + my (ms + Q) (my + #v)) + (myms — moms) fppd,y. 3.4)
—_—

The coefficients involved in (3.4) are

my = Pl my = P25, ms = Pisi my = Pad, ms = i Q1=0,+u
1= T, My = ——————,Mm3 = ~5. M4 = TsMs = —————, 1 = op + p.
I +al; (1 _|_a,21;;)2 (I+aIx)? 1 +asl; (1 +bu];)2
If the term (m4ms — myms) > 0, then all coefficients ki, ..., k4 become positive and then the Routh-
———————

Hurwitz condition k; > 0, k3 > 0, k4 > 0, and k 1 koks > k% + kfk4 can be satisfied easily. The eigenvalues
of the characteristics equation (3.3) then will have negative real parts if k; > 0 fori = 1,2,3,4 > 0 and
Ro > 1 and the term under braces is positive. So, the result follows from Routh-Hurwitz criteria that
the system (2.6) is locally asymptotically stable, if Ry > 1 and the terms under braces is positive. O

3.1. The existence of backward bifurcation

Here, we investigate the phenomenon of backward bifurcation for the system (2.6) using the center
manifold theory described in [25]. Consider 8, to be the bifurcation parameter and at Ry = 1, we have

gty Op + iy + yu)

ﬁl ﬁ2AhAv

Further, we make changes to the model variables by S, = yi, I, = y2, Ry = y3, S, = y4, and [, = ys.
Using the vector notation y = (1,2, y3, V4, ys)! , then, we write the model (2.6) in the form dy/dt = f,
where f = (fi, ..., f5) is given by

@ — A Biy1ys _

dt h 1+ a1ys h1

dy, Biy1ys Yuyz

D2 o PO sy, - 22

di T+ gy, He o2 =

dy _ _yw

dt 1 + buy, HhY3,

dvs _\ _ Poyay iy

dt ’ 1+ [0 23%) v

dys Bayay»

—_— = — W,Ys. 3.5
dt L+asl, M (35)
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Evaluating the Jacobian matrix at Py with 8, = B}, we have

o 0 0 0o - (W*Zl;tlh)ﬂg
(uy+Sp+pp)ie
0 —uwuy—-96,—u, O 0 -y
J=1 0 uy -, 0 0
0 T 0 —pu 0
0 BAy 0 0 —u,

v

It is obvious that a simple zero eigenvalues exists for the matrix J while the remaining have negative
real part, so, it is possible now to apply the center manifold theory to the model (2.6). Next, we
compute the left and right eigenvectors denoted by V = (vy,...,vs) and W = (wy, ..., ws) and is given by

Vopty (Op + iy + yu)

vi=0,v3=0,v4, =0,vs5 = ,Vva =1y >0,
ﬁZAv
and
~ owa Ot tyw)  yuwy  BowpA,  BowpA,
wp = — W3 = s W4 = — ) » Ws = ) ’W2_W4>O-
HMn Mh My K

Now, computing the values of a; and b, given by

2V2W§ (,U%L] + Q]ﬁ]ﬁ%AhA%)
U

a) =

)

where L, = (,Uh,uv (/lv (Clz (On + pp +yu) — b)"flz) + B2 (Op + pp + VM)) + 1B\, (64 + pp + )’M)) and

_ Bavawr AR,

by
M3

> 0.

It can be seen that a; is negative while for the backward bifurcation a; and b, should be positive.

3.2. Global stability of DFE by Lyapunov method

We now consider the model (2.6) by obtaining its global stability at the disease-free and endemic
case. First, defining the Lyapunov function for the model (2.6) at the disease-free case and present the
result in the following theorem:

Theorem 3.3. The disease-free equilibrium of the model (2.6) is globally asymptotically stable, if
Ro < 1 and otherwise unstable.

Proof. In order to have the proof for the above result, we define the following Lyapunov function.

S Sy
Lo = ﬁzse(sh—52—521n5—3)+ﬁ2381h+mh+5h+yu)(sv—58—581n@)
h v

+(up + op + ywl,, 3.6)
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Now, by taking the time derivative of (3.6) and using the equations of the system (2.6), then we get

_SO s _SO
5 S = oS hsh h)lﬂfahlll o pus0 BiSih

2 "1+allv
S,
'82 ? = (p + S + YL, = BoS 2wy + 65 + ywl

B g+ W+ o (=) A - S

S, =S S
oS

S
L) = s~

+(up + 0p + 7”)

(3.7)

Use SY = Ah and S? = 2 in (3.7) and taking some arrangements of the terms, then we get

, By (S = S))? (S, —S9)7° I
U = — — 1y + 6+ ) 2 B §Obu + 6
() A S, My, + O + yu) Sv BaS bu(uy, + h)1+b 7

I? I,
- %) ) v 5 (1 =R2). 3.8
(un + h+yu),ua1(1+all) d+a (uh+ n + yw( o) (3.8)

L'(1) is negative if Ry < 1 and L'(1) = 0if S, = §) , S, = S(v) , I, = I, = 0. Hence, the largest compact
invariant set (S, 1, R;, S,,1,) € E : L'(t)) = 0, is the singleton set E,, where E is the disease-free
equilibrium. Thus, by Principle [26], P, is globally asymptotically stable in E. O

3.3. Global stability of endemic equilibrium

We determine the global asymptotical stability of the model (2.6) by applying the geometric ap-
proach at P}. To do this, we reduce the system (2.6) by using §, = Moith i the last equation of the
model (2.6), and have the reduced system given by a new endemic equ1hbr1um point P3:

asy _ _ BiSaly S

dr h 1+ a1, Hio hs

dly BiSul, yuly

Rl — il — Suli — :

dt 1+ al, Hicth heh 1 +bulh

dl, I(A, — 1,

aly  _ BaIin( wol) ~wl, (3.9)
dt u (1 + azly)

subject to the non-negative initial conditions
Sw=5840)2(0),1, = 1,0) 2 (0), 1, = 1, > (0).

Lemma 3.2. [f the model % = g(x) where g(x) : D — R" possesses a unique equilibrium x* and also
a compact absorbing set exists for x*. Then, x* is globally asymptotically stable given that a function
P(x) and a Lozinskii measure { exists such that g = lim,_,, sup % fol C(H(x(s,x))ds < 0 [27, 28],
where the symbols P, € and H shall be defined in the result below.

Theorem 3.4. The reduced vector-host model (3.9) is globally asymptotically stable at P whenever
Ro > 1.
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Proof. The Jacobian matrix evaluated at P; of the model (3.9) is given by

,Bllv ,B]Sh
Hn = Tl 0 +ail,?
J= Bily —y — &y — — 2 BiSh
= T+ail, Hi = Oh = Tpul,)? (+arl,?
0 Bo(Ay—p 1) _ Bl _
o (T+asl,? Tranly v

Related to the matrix J, we define the following second additive compound matrix:

0 BiSs BiSh
BoA o Wl ey
21 _ vyl
= e, 920 0
0 1@&, O3
where
yu ﬁllv
— _ — - 2 - 6 s
On A+bul? T+l %
0n = - Bil, By
22 1+, 1+al, Hn =
yu By
0n - 5 — h — ity (3.10)

(U +bul)? 1+ o,

Consider a matrix P

1 00
p=[0 2 0],
v 11
00 %
with
1 00
p'=|0 2 0|,
h
00 2
h

where Py in the direction of vector field f shows the derivative of P. More precisely, we have:

0 0 0
LI-LI,
Pf =" i 11’01'1 ’
0 0 v h[; vih
and
0 0 0
PPl=0 2% 0
f - I, I p >
L
0 0 L1

Mathematical Biosciences and Engineering Volume 17, Issue 4, 3972-3997.
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We obtain the matrix as follows:

Blshlv

Q B1Suly
) Iﬁ(A“ . (+a1 1),
[ ] _1 p— , v~ HMviy
PpJ P = Ilv(12+cr2152uv O
O ﬁllv
1+a 1,
where
H
A=PP 4+ P JRIP = [ 5
‘ Hy;
where
Yu :811\/
Hy, = 2u,-06,- - ,
i M o A X bl ~ 1+ ail,
Ho = BiSul, BiS i,
12 = max >
Li(l+a,)? I, (1 + ay1,)?
1 Av_ vlv
Hy, B2 ( u ),O ’
Ly, (1 + aply)?
_ Bl Bl L L
H22 — i: 1+(121h /lh lﬁ-l-l(zllv 'uv + Iy I,
1+(I|Iv

Let the vector (&, 9, W) in R? and its norm ||.|| is defined as

1@, b, Wl =

v _
(1+bul; )2 On

(+a1 1)1,

0
O3

0

Baln L 5

1+a/21h Ih IV

max{|al, V], (W]}

Let uH denote the Lozinski measure with the norm defined above. It follows from [27, 28], we have

u(H) < sup(fi, ),

where

fi = wp(Hny) + |Hpl, fo = |Hy| + p(Hy),

|H>1| and |H},| show the matrix norm related to the vector ¢ and u, denote the Lozinski measure with

respect to £ norm, then

yu

ﬁllv

H(Hy) = =2u, -6

Mathematical Biosciences and Engineering
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BiSul, BiSul,

Hpy| = , .
Il maX{Ih(1+allv)2 L+ a2

(3.11)

Therefore,

fi = u(Hp) +|Hpl,

_ yu Bil, BiSul,
= —2tp = 6p — = +
(1 + bl/llh)2 1+ a1, Ih(l + Cl’llv)z
I, S,
<~y — Bi oy — S — yu n BiSn '
1+ llv (1 + bI/tIh) Ih(l + (lev)
Now using system (3.9),
I L S, o yu
I, I,1+al, " " 1 + bul,
Then, we get
I I,
i< o2
I 1+ al,
Also,
— IhﬂZ (Av _ﬂvlv)
2T L (L4 anly)
L, I Bil Bl g, I, I
H = S L L — Uy — iy + L Lt_Y_K
H(Hz) ”p{l,, L T+al, 1+aady, M M Tran'n, 1,
I r Bl u
h v 24p Y
= T MMy~ - - + 0, + 1),
L TR T T el T T bur,  Hn T On )
where K| = m - lfffz”lh — 6, — pp — iy. Now,

f = |Hul+ p(Hzp),

LB (A, —w,1,) I I I
WA ) G L Bl v s o,
LI +ady) I I, 1+ad, 1+Dbuly

L, 1 Bl Yu LB (A — 1)
< v 2R — Quup + Oy + 21y) + 22 v
S0 T L Tead,  Tabup,  CHRT ORI
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In f, above, we used the third equation of the system (3.9).

Il,’ — ﬁﬁZ(Av_,uvlv)_
L L w(d+ady

Then, we can get

I Bl Yu
- - - = Qup + 65 + 2u,).
f2 I, 1+ anl, 1 + bul, ( K h K )
So,
I,
HH) < Sup(fi. o) < 17— .
h
Then,
1 (" 1 (I | ()
= - Hds < — = —wds = -1 — U
q tfou s_tj;(lh /»t)stnlh(o)u
This implies that g < -5 < 0. So, it follows from [27] that considered system is globally asymptotically
stable. O

4. Optimal control problem

This section investigates the application of the optimal control technique to the system (2.6) by
modifying the birth rate of susceptible human and vector by the assumptions of the density effects
Ay, — A, +cN, and A, — A,N,, while the constant ¢ shows the density impact on the birth rate.
Our main purpose is to formulate an optimal control problem and provide the best possible strategies
of control for minimization of infection in human population. The use of optimal controls to the
biological models with brief analysis are used by many researchers, see [29, 30, 31, 32, 33]. Here,
in the optimal control system, we consider four controls, u; for i = 1,2,3,4, which are defined as
follows: u; is defined to be drugs or vaccine which can decrease the human and mosquitoes contacts
such as insect repellents, the second control u, shows the level of larvicide and adulticide utilized in
order to control mosquitoes breading places, the third control u3 shows the minimization of human
and mosquitoes contacts by the use of bed nets as a preventions and the control variable u, represents
the control (through some specific prevention or treatment). The term (1 — u;), is considered for the
reduction of the force of infections in human population and b, is a positive rate constant. The factor
(1 —uy) is used for the reduction of the reproduction rate of mosquito population. The discussion above
leads to the following control system:

dsS BiSul,

D Ayt eNy— 222 (4 )y S,

dr h T CIVp 1+C¥11v( up) = tpSn

dl, BiS i, yusly
@ =) = (uy + Sl — — L2
di A U 2 ey
dR,  ywly, R

di 14 bugl,
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ds, BaS I
= AN,(1 - - 1- —u,S, — bourS,,
dt ( u2) 1+ a/zlh( us) = H 02
d]v ﬁzS vlh
- = 1 - —u, 1, — bousl, 4.1
dt 1+ azlh( us) = 02 @1

with the ICs (2.7) .

In optimal control system (4.1), we considered the controls u(t) = (uy, us, us, uy) € U with a brief dis-
cussion. The control variables u(t) = (uy, u, up, u3) € U are subjected to the state variables S, Ej, I1,, S,
and I, which are measured and bounded with

U = {(uy,us,us,uy)|u; is Lebsegue measurable on [0,1], 0 < u;(r) <1,

tel0,T], i=1,2,3,4}. 4.2)

We have the objective function for the vector-host control problem, given by,
’ 1
J(uq, Uy, uz, Uy) = L [D]Ih + D,N, + E(Dj,l/l% + D4l/l§ + D5M% + D6l/l421):|dl‘. 4.3)

The constants in (4.3), Dy, D,, D3, D4, Ds and D¢ denote the weight or balancing constants. The con-
stants Dy and D, are used respectively for infected human and for vector population. The weight
constant D3 for drug or vaccine, D, for larvicide of mosquitos control, Ds is for minimizing the
mosquitoes-humans contacts by using the repellents and Dg for control through specific prevention
or treatment. Further, these constants D;, D, and D5, D4, D5, Dg show the cost relative measurement of
the interventions in the interval [0, T'].

To determine the control problem for u; where i = 1, ..., 4, such that

Ju;) = min J(u;), (4.4)

where U is defined in equation (4.2) and subjected to the system (4.1) with non-negative initial con-
ditions. Consider the technique Pontryagin’s Maximum Principle, to get the desired solution of the
optimality system mathematically.

4.1. Existence of the optimality system

We use the results given in [34] for the control problem existence. The equations of the control (4.1)
are bounded, which enable us to apply the result in [34] to our problem, if the following conditions are
met:

1. Oq: The state and control variables are nonempty.
2. O;: The control U is closed and convex.

3. O3: In system (4.1), the equations on right side are bounded and continuous and can be shown as
a linear function of u, where the coefficients depend on time and state.

4. O4: The constants /;,l, > 0 and m > 1 exist such that the integrand L(y, u, t) of the objective
functional J is convex and satisfies
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2 2 2\
Ly, u,t) > Li(lug|” + [ua|” + us|?)? = L.

To show these conditions (C; — C4), we follow the results of [35] to find the result for the existence
of (4.1). The controls and the state variables are clearly bounded, which confirms O;. The claim O,
is confirmed because of bounded solution and convex. In order to fulfill Cs, the model is bilinear in
control variables. The last claim O, and their verification is given below,

1 "
D\l + DoN, + E(Dwf + Dyt + D5t + Do) = 1y (s + o + s + ) ¥ = Do,

where D;, [1,l, > 0and m > 1 fori =1, ...,6. Thus, we have

Theorem 4.1. The objective functional (4.3) with the control set (4.2) subject to the optimality (4.1),
then there exists an optimal control u* = (u;) such that J(u;) = ming J(w;) fori =1, ..., 4.

For the solution of an optimal control problem, the construction of the Lagrangian L and the Hamilto-
nian H is required, which are defined below:

LI, Ny, uy, s, 3, ug) = DI, + DoN, + %(Dy/t% + Dyu3 + Dsii3 + Deir}), (4.5)
and X = (Sy, I, Ry, S, 1), U = (uy, up, us, ug) and A = (A4, A, A3, A4, As), to get:
HX, U, ) = Ly, Ny,ui,uy, u3)
BiSnly

+/11[Ah+cNh— (1 — 1) — S
yualy
2 1- Sy — ——"
+ 2[ ( ur) = (up + o)y — 1+bu4lh]
)’144Ih
2 — R
* 3[1 +bu41h K h]
Y/
+/l4[AN(1—u2) ﬁz L (1—u3) 1Sy = bosS, |
S.I
w221 ) - v—bouzlv]. (4.6)

4.2. Optimal control problem solution

Using Pontryagin’s Maximum Principle [36] for the solution of the optimality system as follows:
suppose u; for i = 1, ...,4 denote the optimal solution of the optimality system (4.1), then the adjoint
variables say, A; for i = 1, ..., 5 exists which satisfy the conditions below,

dx aH(t l/tl, I/lz, I/l3, l/t4, /lla /12, /133 /14, /15)

dt oA
0 - OH(t, uy, uy, uy, uy, Ay, Az, A3, Aa, As)
ou ’
d_/l _ 8H(t u15u25u39u45 /119/129 /l3$/l4’/15) (4.7)
dt ox

Using these conditions to H, the following are obtained:
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Theorem 4.2. For the controls u; fori = 1,...,4 and S;,I;,R;, S, I, represent the solution of system

of state, then there exists adjoint variables, say, A; fori = 1 5,
, Bil,(1 —uy)
A= A o)+ - —,
1 1(up — )+ (A1 — A2) T+ all,
, Yy BaS (1 — u3)
A, = =dic+A +05,) + (A /l—+/l—/l——D,
> 1€+ Ao(pn + 6p) + (A2 — 3)( WAS (g — As) T+ al,) 1
/1’3 = _/llc + /13/-111,
I(1 -
Xo= - 292 ) s — AT = 1) - Ds,
1+ azlh
B o= =) - )5, = AL = 1)) + Asbous — D, (458)
(1 + allv)z
with transversality conditions
AM(Ty) = (Ty) = 23(T¢) = 4(Ty) = As(Ty) = 0. 4.9)
Further, the control u? fori =1, ...,4 are
u, = max{mm — ARSIy }
b ’ (1 +aIND; L
N A\, N>k + boS + /151701*
u, = max{mm },O},
Dy
u, = max{mln (s — L)(BaS 1)) } 0}
3T (1+al)Ds 0
Az — L)yl
u, = max{mm %} 0}, 4.10)

(1+ bu4l*)2D6

Proof. To obtain the results stated in above theorem, we solve the control system together with the
Hamiltonian H (4.6) to have the results for the adjoint system (4.8) and the transversality conditions
(4.9), with setting S, =S, I, = I;, R, = R;, S, = §,, and I, = I} and the derivative of H with respect
toS, I, Ry, S, 1, we have (4.8). To get the equations of optimal control characterization in (4.10), we
use § =0, fori = 1,2,3,4. O

5. Discussion

This section describes the numerical results of the proposed model (2.6) and the optimal control
problem (4.1), which are solved numerically. The optimal control solution is obtained through
backward Runge-Kutta order four scheme. We denote the solution of the control system via dashed
line and those without control by a bold line. The time unit considered in the numerical solution is
per day. The numerical values for the parameters are presented in Table 1. The weight and balancing
constants with their proposed values are D; = D, = 1000, D; = 10, D4 = 0.005, Ds = 0.03 and
D¢ = 3. We choose different cases to investigate the optimal control solutions. We present the
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following cases:

Case (i): In this case, we consider the control variable u; = 0 and make the rest of the controls
u, = us = uy # 0 and simulating the model. The resulting graphical results are depicted in Figure
2 with subfigures (a-f). In this case, the population of infected humans decreases and the recovered
human increased. Also, the vector populations decrease sharply. This case effective for the infected
population as it decreases very fast after day 14 and becomes steady.

Case (ii) In this case, we set u; = 0 and u; = u3 = us # 0. The resulting graphical results are
presented through Figure 3 with subfigures (a-f). In this case, the population of susceptible human less
increased compared to Case (i), but no decrease in the population of infected vector and susceptible
vector. Although the population of the recovered and infected human the same as in Case case (ii).
Thus, the strategy is not a good one.

Case (iii): In this case, we set u3 = 0 and u; = u, = uy = 0. The resulting graphical results are
presented through Figure 4 with subfigures (a-f). In this case, the population of susceptible humans
increases sharply compared to Case (i) and (ii). The population of infected humans, infected vector
and susceptible vector is increasing more compared to previous strategies. Also, the population of
recovered human increases.

Case (iv): In this case, we choose to set uy = 0 and u; = u, = u3 # 0 and simulate the model and
obtain the results graphically given in Figure 5 with subfigures (a-f). Comparing the control system
with and without controls system, the population of susceptible individuals increases and decreases
the population of infected but it can be seen that there is no increase in the population of recovered
individuals. It can also be observed that this strategy minimizes the infection in the vector population.

Case (v): In the above combinations of the controls and their simulations, which suggest the in-
crease or decrease in different compartments of the humans and vector populations. In all these strate-
gies from (i-iv) no one get the desired results for the humans and vectors population to be minimized as
desired. So, we utilize all the controls active and simulate the model of control in connection with the
model having no controls. We observe that this set of controls provide that the population of suscepti-
ble and recovered human increase sharply while the population of infected humans, susceptible vector
and infected vector are decreasing better, see Figure 6. Comparing to the above cases, this strategy is
comparatively better.
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Tablel. Parameters used in simulation.

Notation Value

Ay 0.0002/day

c 0.0002/day
Bi 0.000044 /day
a 0.003 /day
W 0.00020 /day
b 0.4/day

On 0.002 /day

0% 0.1/day

A, 0.08/day

B 0.007 /day
s 0.02/day

My 0.2/day

b, 0.01/day

6. Conclusions

We presented a mathematical model for vector-host disease with saturated treatment function and
presented its dynamical results with optimal controls analysis. Stability analysis of the model for the
disease-free and endemic cases are obtained and discussed. The disease-free equilibrium is stable when
the basic reproduction number R, < 1. When the basic reproduction number R, > 1, then the endemic
equilibrium found to be stable both locally and globally. The optimal control problem with controls
variables are formulated and the desired results are obtained and discussed briefly. The optimal control
problem together with controls function, and with adjoint equations are simulated and the results of
both the models with and without controls are showed. A set of different controls were used to obtain
the graphical results and we found that the Case (v) is considered to be the best strategy to control the
infection in humans. The use of saturated treatment function in the modeling of vector-host disease
is a novel practice and could be useful for the mathematicians and scientists working on vector-host
diseases research.
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