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Abstract: This study formulates and analyzes an susceptible—exposed—infectious—treated—failed
treatment-recovered (SEITFR) model for conjunctivitis transmission. The compartments represent
susceptible individuals, exposed individuals, infectious cases, treated cases, detected treatment failure
cases, and recovered individuals. The model separates two clinically relevant effects: Treated
individuals may still transmit infection at a reduced rate, while detected treatment-failure cases are
assumed to be isolated or referred for further care and therefore do not contribute directly to community
transmission. We prove the positivity, boundedness, and uniqueness of solutions; derive the basic
reproduction number Ry; and establish the local stability of the disease-free equilibrium for Ry < 1
and its global stability for Ry < 1. The endemic equilibrium is globally asymptotically stable for
Ro > 1 under a constant-population assumption and in the absence of immunity loss. Eigenvalue
computations using the baseline loss-of-immunity rate further support the local stability of the endemic
equilibrium over the tested supercritical range. A center manifold calculation for the full system
confirms a forward transcritical bifurcation at Ry = 1. The sensitivity analysis shows that reducing
contacts and residual infectiousness during treatment is essential and that increasing the treatment rate
is beneficial only when treatment is accompanied by sufficient isolation or rapid clinical resolution.
Numerical simulations illustrate the threshold behavior, the convergence to disease-free or endemic
states, and the parameter regions where eradication is expected.
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1. Introduction

Compartmental models provide a rigorous framework for evaluating intervention strategies in
infectious disease dynamics [1]. Classical formulations often treat clinical intervention as a binary
process: Infected individuals either recover or remain fully infectious [2, 3]. This simplification may
miss an important intermediate stage in conjunctivitis control: Treated individuals can reduce their
contacts and infectiousness but may still contribute to transmission before recovery. We address
this issue by proposing a conjunctivitis model with six compartments: Susceptible (S), exposed
(E), infectious (I), treated (T), failed treatment (F), and recovered (R). In the present formulation,
the residual transmission reservoir is the treated class T, whereas F represents detected treatment
failure cases that are isolated, referred for further management, or otherwise removed from effective
community transmission. This distinction keeps the biological interpretation consistent with the
standard incidence force of infection adopted in the present study.

Conjunctivitis, commonly known as “pink eye”, is an inflammation of the conjunctiva characterized
by redness, itching, and mucopurulent discharge [4]. Although often self-limiting, acute or poorly
managed cases can result in corneal damage and permanent vision loss. The infection spreads rapidly
in crowded environments, such as schools and healthcare facilities, thereby imposing significant
economic and psychosocial burdens on healthcare systems [4]. Previous studies have investigated the
pathophysiology of ocular inflammation, distinguishing between seasonal allergic and infectious forms
of conjunctivitis [5, 6]. For viral strains, the clinical progression of acute hemorrhagic conjunctivitis
(AHC) is characterized by a short incubation period of 1-3 days [7]. Furthermore, global assessments
highlight a disproportionate burden of visual impairment in tropical regions, where environmental
factors such as high humidity and rainfall facilitate viral persistence [8—10].

The evolution of conjunctivitis modeling has shifted from basic deterministic systems to
frameworks that incorporate multiple transmission routes, nonlinear thresholds, and memory effects.
Early clinical work emphasized inflammatory mechanisms [6], while deterministic SIR-type models
showed how public behavior can alter epidemic estimates [11]. Threshold quantities have since become
central for determining the disease’s persistence and eradication [10, 12]. More recent conjunctivitis
models have incorporated direct and indirect transmission [13], fractional derivatives and media
awareness [14, 15], bifurcation analysis [16], and fuzzy uncertainty [17]. Related epidemic models
have also examined threshold dynamics and long-term behavior in spatially diffusive and multistage
settings, including degenerate diffusion [18], heterogeneous environments [19, 20], discontinuous
incidence [21], and exponential convergence [22]. These studies provide useful analytical tools
but they do not address the treatment failure structure considered here. Other recent works using
fractional operators [23-25], residual power series methods [26], delayed interactions [27,28], optimal
control [29], and data-supported disease modeling [30] further illustrate the breadth of contemporary
mathematical epidemiology.

Despite this progress, conjunctivitis models rarely distinguish between successful treatment and
detected treatment failure. We therefore separate the treated class 7' from the failed treatment class F.
The class T remains partially infectious through the factor €, capturing residual shedding, imperfect
adherence to hygiene recommendations, or continued close contact during treatment. The class F
represents treatment failure cases that have been identified and are assumed to be isolated or referred for
further clinical management; it is therefore not included in the force of infection. The model includes
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constant recruitment II, three recovery routes (a;, @», @3), treatment initiation «, and the treatment
failure rate W. We derive the threshold quantity, analyze the stability under clearly stated assumptions,
verify the bifurcation at R, = 1, and support the analytical findings with numerical simulations.

The remainder of this paper is organized as follows. In Section 2, we present the model’s
formulation, providing the nonlinear differential equations and the biological justification for the T
and F compartments. We also establish the mathematical well-posedness of the model by proving
the positivity, boundedness, and uniqueness of solutions. In Section 3, we derive the disease-free
equilibrium (DFE) and the basic reproduction number (R) using the next-generation matrix method.
We provide an epidemiological interpretation of R, and establish the local and global stability of the
DFE. We also derive the endemic equilibrium (EE). The global stability is proved only under the
additional assumptions N = N* and 6 = 0. In Section 4, we perform a sensitivity analysis of R, with
respect to the model’s parameters. Using the normalized sensitivity index, we quantify the relative
impact of each parameter on disease transmission. These results are discussed from a public health
perspective to help prioritize intervention strategies, with § identified as the primary driver of the
epidemic. In Section 5, we investigate the nature of the bifurcation at the critical threshold Ry = 1.
Using the transmission rate § as the bifurcation parameter, we compute the normal-form coefficients for
the full model and show that the bifurcation is forward transcritical. In Section 6, we provide numerical
simulations based on daily parameter values. The simulations illustrate the DFE threshold, the EE
behavior under the assumptions used in the analysis, the numerical local stability of the EE under the
baseline loss-of-immunity rate, parameter sensitivity, and the forward transcritical bifurcation. Finally,
Section 7 offers concluding remarks.

2. Model formulation

We model conjunctivitis transmission by partitioning the total human population N(¢) into six
mutually exclusive compartments: Susceptible S (¢), exposed E(f), infectious /(¢), treated T'(¢), failed
treatment F(¢), and recovered R(7). The total population is given by

NO=SO+E@®+I1t)+ Tk + F(t) + R@®).

Susceptible individuals enter the population at a constant recruitment rate I and experience natural
mortality at rate u, which is assumed to be the same across all compartments. Infection occurs through
contact with infectious individuals according to the following force of infection:

_ BUW + €T()

A1) NGO

2.1
where 3 is the effective contact rate and € € (0, 1] is the relative infectiousness of treated individuals.
Thus, € = 1 means that treatment does not reduce transmission, whereas smaller values describe lower
infectiousness due to clinical care, hygiene, isolation, or reduced contact.

The failed treatment class F is not included in A. In this model, F' denotes detected cases for
whom the first treatment did not lead directly to recovery but who are assumed to be isolated, referred
for further care, or otherwise removed from effective community transmission. This assumption
is consistent with public health advice that individuals with infectious conjunctivitis should reduce
transmission by practicing hand hygiene, using separate towels, avoiding close contact, and remaining
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at home when close contact cannot be avoided [31]. Hence, F is a clinical management class rather
than an active infectious reservoir. Because this is a simplifying assumption, Section 4 also records the
threshold expression for an auxiliary model in which failed treatment cases have residual infectiousness

€r. This auxiliary calculation is used only as a robustness check; the main analytical results below
correspond to the isolated-failure case e = 0.

Exposed individuals progress to the symptomatic infectious stage at the rate ®@. Infectious
individuals either recover naturally at the rate @ or enter the treatment class at the rate . Individuals
in the treatment compartment recover at the rate a, or move to the failed treatment class at the rate ‘.

Individuals in F eventually recover at the rate a3. Recovered individuals lose temporary immunity at
the rate 9, returning to the susceptible pool.

The dynamics of the model are described by the following system of ordinary differential equations:

ds

— =II—-(+wsS +0R,
7 (A+ )

dE

— = A8 — (D + u)E,
7 (®+p)
dl
E:(DE—(O,’I-FK'F/J)I,

AT (2.2)
— =kl —(a, + ¥ + )T,

dt

W BT _ (s + wF

- = — (@ R

ar 3TH

dR
E:a11+a2T+oz3F—(,u+5)R.

The flow of individuals between compartments is illustrated in Figure 1. The model parameters are
summarized in Table 1.

Table 1. Description of model parameters.

Parameters Description

I1 Recruitment rate of susceptible individuals

u Natural death rate

B Effective contact rate

€ Modification factor for infectiousness of treated class
d Progression rate from exposed to infectious

K Treatment rate for infectious individuals

v Rate of treatment failure

a Natural recovery rate from /
%3 Recovery rate from 7'

;3 Recovery rate from F

0 Rate of loss of immunity
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Figure 1. Flow diagram of the SEITFR model (2.2). Susceptible individuals are infected at
the rate 4 = B(I + €T)/N, where I denotes fully infectious individuals and T denotes treated
individuals with reduced residual infectiousness. The failed treatment class F is assumed to
be noninfectious in the main model and contributes to recovery at the rate a;. The definitions
of the state variables and parameters are given in Table 1.

2.1. Positivity of solutions
Theorem 1. Let the initial conditions satisfy
S0)>0, EW0)>=0, 10)>0, TO)>0, F@O)>0, R(©O) =>0.
Then the solution (S (t), E(t), I(t), T(t), F(t), R(t))" remains in the non-negative orthant RS for all t > 0.
Proof. System (2.2) can be written in the following compact form:

dX
= = /&) (2.3)

where X(t) = (S(1), E(1),1(2), T(t), F(t),R(t))" and X(0) € RS. The vector-valued function f(X) is
defined by

Si(X) IT— (A +u)S +6R
F(X) AS — (D + pE
X OF — (o + k + )l
0= JfC:EX; ) kI — (ciz +¥ +:))T
f5(X) YT — (a3 + WF
f6(X)) \ail + arT + a3F — (u + 6)R

According to the theory of ordinary differential equations, System (2.3) has a non-negative solution if
and only if, for each component i, f;(X) > 0 whenever X; = 0 and X; > O for all j # i [32]. From
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System (2.2), we deduce the following:
ds

— =II+0R>1I1>0,
dt |s-
dE
— =AS >0,
dt E=0
dl
— =QFE > 0,
dt =
dr
— =kl >0,
dt 7= .
F
d— =YT >0,
dt F=0
dR
— =al +aT +azF > 0.
dt |r=o

Since each derivative is non-negative on the boundary of the non-negative orthant RS, the solution
cannot cross into the negative region. Therefore, the non-negative orthant R is positively invariant,
and any solution starting from non-negative initial conditions remains non-negative for all # > 0. O

2.2. Invariant region
Theorem 2. All solutions of System (2.2) with non-negative initial conditions satisfy
O<y<N@t) <M forallt>0,
where y = min {N (0), %} and M = max {N (0), %} Consequently, the closed set
Q={@S.ELT.F.R)eRS:0<y <N < M|

is positively invariant and globally attracting.

Proof. Summing all equations in System (2.2), the rate of change of the total population N(¢) is given
by

— —=1I-uN. 2.4
7 M (2.4)

The solution to this first-order linear differential equation is
IT I1

Nt =—+ (N(O) - —) e, (2.5)
H H

If N(0) > IT/u, then N(f) decreases monotonically toward the carrying capacity I1/u as t — oo. In this
case, N(t) < N(0) for all + > 0. Conversely, if N(0) < II/u, then N(t) increases monotonically toward
I1/u, implying N(¢) < I1/u for all > 0. Thus, for all # > 0, we have

N(t) < max {N(O), %} =M. (2.6)

AIMS Mathematics Volume 11, Issue 8, 26640-26676.



26646

Furthermore, since N(0) > 0 and N(¢) is continuous, it follows from Theorem 1 and Eq (2.5) that
N(t) > 0 for all # > 0. Specifically, the population is bounded below by

N(t) > min {N(O), g} =y>0.

This lower bound is uniform because y depends solely on the initial population size and the model
parameters.

Therefore, all solutions starting in R® are uniformly bounded, and the set € is positively invariant
and globally attracting. O

2.3. Uniqueness of the solution

Theorem 3. For any initial condition X(0) = (S (0), E(0), I(0), T(0), F(0), R(0))" € Q, there is a unique
solution X(t) = (S(1), E(t),I(t), T(1), F(t), R(¢))" to System (2.2) for all t > 0. This solution remains
bounded in Q.

Proof. Let f(X) denote the right-hand side of the system defined in (2.3). The linear terms in f(X)
are continuously differentiable and thus locally Lipschitz continuous. The only nonlinearities in the
system arise from the force of infection (2.1). On the invariant set € established in Theorem 2, the
total population satisfies

0<y<N@t)<M<oo forallz>0.

Because the denominator of A is bounded away from zero, 4 is well-defined and smooth on . We now
establish bounds for the partial derivatives of 1 on Q.

Given 0 < I, T < N and € € (0,1], it follows that I + €T < (1 + €)N. For any state variable
X; €{S,E, F,R}, we have

‘ B + €T) ON ,8(I+eT) B(l+e) PB+e)

—_— < < < o
N2 GX N2 N 0%

For the infectious class I, we have

,8 ,8(I+6T) ,8_|_,6’(I+ET)<,6’(2+¢5)<,8(2+e)<Oo

N2 |TN N2 T N Ty

For the treated class T, we have

Q ﬁe ,8(1 + eT) ﬁe ,8(1 + €T) ,8(1 + 2€) ﬁ(l + 26)
oT N N? N vy
,8(2+e)

, we obtain the uniform bound

01
X,

Since all partial derivatives of f(X) are bounded on €, the function f is Lipschitz continuous on 2.
By the Picard-Lindel6f theorem [32], for any initial condition X(0) € €, there is a unique local solution
X(?) on the interval [0, #,,,,). Furthermore, since the solutions are uniformly bounded (Theorem 2), they
do not blow up in finite time, ensuring the solution exists globally for all > 0. O

Setting I' =

<T < forall X; € {S,E,I,T,F,R).

By Theorems 1-3, the mathematical and biological consistency of System (2.2) is rigorously
established.
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3. Equilibrium analysis and the basic reproduction number

3.1. The disease-free equilibrium (DFE)

At the DFE, the infected compartments vanish; thatis, £ = [ = T = F = 0. Substituting these
values into System (2.2) yields

0=1II-uS®+6R°, 0=—(u+06)R"
This implies R® = 0 and S° = I1/u. The existence of the DFE is summarized in the following theorem.

Theorem 4. The DFE of System (2.2) exists for all parameter values and is given by

u

In epidemiology, the basic reproduction number, Ry, is a fundamental threshold parameter used to
quantify the transmission potential of an infectious agent. It determines whether the disease will persist
in the population or be eradicated.

I
Py = (SO, E° I° TO,FO,RO) = (—,0, 0,0,0, 0). (3.1

3.2. The basic reproduction number R

Theorem 5. The basic reproduction number R for System (2.2) is

- P20 ek
7zo_(CI>+,U)(a1+/<+,u)(1+OQ_F\IJ_,_'U)' (3.2)

Proof. To derive Ry, we use the next-generation matrix method [33, 34]. The relevant infected
compartments are E, I, and T. Note that F is excluded because it is assumed to be noninfectious.
Let F denote the matrix of new infections and V the matrix of transition rates

AS d\E
F=|0], YV =|-DE + d,I],
0 —«l + d3T
where
di=0O+u, dy=a+x+u, dy=a,+¥+u (3.3)

At the DFE, S° = IT/u and N° = IT/u, which implies S°/N° = 1. The Jacobian matrices F and V
evaluated at P, are

0 B PBe d 0 0
F=10 0 0], V=|-® d, 0].
00 O 0 -« ds
The inverse of the transition matrix V is
1
— 0 0
d,
) 1
visl —  — 0
did> d,
() K 1
didrdy  drds  dj

AIMS Mathematics Volume 11, Issue 8, 26640-26676.



26648

The next-generation matrix FV~! is

@(]4_6,() E(]_Fﬁ) ﬁ_E

Pyl = did, ds) ds dy] ds
0 0 0
0 0 0

Therefore, the eigenvalues of FV~! are

BO €K
—(1+—1],0,0;.
{dldz( +d3)’ ’ }

The basic reproduction number is the spectral radius p(FV~') and is therefore equal to the nonzero

eigenvalue
() 0]
Ro = e 1+ <) = A 1+ il .
did, d3 (@ + w(ay +k+ ) a,+¥+u

The basic reproduction number R, admits a clear epidemiological interpretation. The first term

0 _ Bo
O (@ +p)ar +k+p)

represents the contribution of the infectious class I: An exposed individual survives the latency period
with probability ®/(® + w) and, during their infectious period (1/(a; + k + u)), transmits the infection

at rate 8. The second term,
) ) €K

Ry =Ry ————,
0 O +¥+u
accounts for the contribution of treated individuals. Following the infectious stage, an individual enters
treatment with probability «/(a; + k + ). Once in the treatment class, they transmit at a modified rate
€ for an average duration of 1/(a; + ¥ + 1). Consequently, the total transmission potential is the sum
— @ (T)
Ro = RO + ﬂO .
The exclusion of F from the next-generation matrix follows from the modeling assumption that
failed treatment cases are detected and removed from effective community transmission. If failed
treatment individuals were assumed to retain residual infectiousness, the force of infection could be

written as
_ BU + €T + € F)

N b
where €7 > 0 is the relative infectiousness of F. In that auxiliary model, the reproduction number
becomes

Ap (3.4)

F O (1 €x €r P (3.5)

P @@kt \ e ¥ (¥t
Thus, the main model corresponds to the special case ez = 0. Any positive value of €7 increases the
reproduction number and lowers the admissible eradication threshold for 8. This expression is used
again in the sensitivity discussion as a robustness check, while the main stability and bifurcation results
are proved for the isolated failure setting.

AIMS Mathematics Volume 11, Issue 8, 26640-26676.



26649

3.3. Stability analysis of the DFE
Theorem 6. The DFE P, is locally asymptotically stable if Ry < 1 and unstable if Ry > 1.
Proof. The Jacobian matrix of System (2.2), evaluated at the DFE Py, is

—u 0 -B —Be 0 0
0 —(D+p) B Be 0 0
10 () —(ay +k+ ) 0 0 0
TP =1 0 K —(ar + ¥ + p) 0 0 (3:6)
0 0 0 b d —(a3 + p) 0
0 0 aq (0% a3 —(/,l +0)

The block-triangular structure of J(Py) yields the following three immediate negative eigenvalues:

o1 =—M, 0y=—(+06), o03=—(a3z+pu).

The remaining eigenvalues are determined by the submatrix J, corresponding to the infected classes
x=(E,I,T)T

-di B pe
Jx = (I) _d2 0 s
0 K —d3

where d;, d», and d5 are given in (3.3). The characteristic polynomial of J, is given by
P(o) = o+ a0 + ao + a3,
with the coefficients
a, =dy +dr+ds,
a, = d]dz + d1d3 + d2d3 —IB(D,
az = didyd; — pOd3 — BeDk = didrdz(1 — Ry),

where

_ PO Pedk
T did | dvdods
By the Routh—Hurwitz criterion [35], all eigenvalues have negative real parts if a; > 0, az > 0, and
aia, > az. Given that all parameters are positive, a; > 0 is trivially satisfied. The condition a3 > 0
holds if and only if Ry < 1. To verify the third condition, we evaluate the difference a,a, — as

Ro (3.7)

aa —az = (d] + d2 + d3)(d1d2 + d1d3 + d2d3 —ﬁ(D) - (d1d2d3 —,B(I)d3 —IBE(DK)
= (d, + dy)(d\dy — BD) + dds + dads + d\d5 + dyd5 + 2d,d>d3 + BeDx.

When Ry < 1, the definition of R, in Eq (3.7) implies

BD
0<—<Ry< 1.
Sdid, D0

This ensures that d,d, — f® > 0. Since all parameters and remaining terms are positive, it follows that
aja, — az > 0 whenever R, < 1. Conversely, if Ry > 1, then a; < 0, ensuring at least one eigenvalue
with a positive real part. Thus, Py is locally asymptotically stable if Ry < 1 and unstable if Ry > 1. O
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At the critical threshold Ry = 1, the DFE is nonhyperbolic and is therefore not covered by
Theorem 6. We apply the boundary-equilibrium criterion in [36] to complete the local stability analysis
at Ry = 1. The critical transmission rate for which Ry, = 1 is

d\drd;

Pe= S+ e

(3.8)

where d,, d,, and d; are defined in (3.3).
Theorem 7. If Ry = 1, then the DFE P, is locally asymptotically stable in the feasible region Q.

Proof. To apply Theorem 2 of [36], partition the state variables as follows:
H T
x:(EaIaT)T5 y:(S$FaR)T9 }70:(_’0,0) .
u

In these coordinates, System (2.2) has the form

x=flxy),  y=gkxy),
and the DFE given in Theorem 4 has the boundary-equilibrium form
(%) = (0,)").
We first verify Assumptions (B1)—(B6) of [36]. By Theorem 4,

£(0,)°) =0, 2(0,y") = 0.

Moreover, since N’ = I1/u > 0, there is a neighborhood U of P, in which N is bounded away from
zero. Hence, the right-hand side of System (2.2) is of class C? on U. In addition, the feasible region Q
is positively invariant by Theorems 1 and 2. Since Theorem 2 of [36] is a local result, it can be applied
on U N Q. Thus, the local regularity and invariance requirements in (B1) and (B2) are satisfied.

The matrix

A= Dxf(oayo)

is the infected block J, obtained in the proof of Theorem 6, evaluated at 8 = ... Its off-diagonal entries
are non-negative, and the transitions

E— I, 1 — E, 1 — T, T — E

make its associated directed graph strongly connected. Thus, A is cooperative and irreducible, which
verifies (B3).

The regular splitting of A, together with the non-negativity of the new-infection matrix and the
inverse of the transition matrix, was established in the proof of Theorem 5. The spectral radius of the
corresponding next-generation matrix is Ry given in (3.2). Therefore, (B4) also holds.
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The remaining Jacobian blocks at the DFE are

B = D,f(0,)°) = 03,

0 —B. —Pce
C=Dg0y)=|0 0 V¥ |,
0 (03] (0%) (39)

D=Dg0,))=|0 —(az+p) O
0 @ —(u+9)

—u 0 6]

In particular, we have
det(D) = —u(asz + w)(u + 6) # 0.

Hence, B = 0 and D is invertible, verifying (B5) and (B6).
At Ry = 1, Theorem 2 of [36] ensures that zero is a simple eigenvalue of A. Using (3.3) and (3.2),
positive right and left zero eigenvectors may be chosen as

@ 1
() qE d]
g =1 ]=]a| =0l @ | (3.10)
x qr B.e
d3 d3
where |
di+d €K\
w=[Brd | Bek) Ty (.11)
o &
Thus
Ag, =0, prA =0, prg. = 1.
Let

n=-D"Cqx = s.nr.70)"
be the correction associated with the variables in y. From (3.9) and (3.10), we obtain

N K N a3 Wk
a —_— _—
7% "Udy T da(as +p)

. L S _ 3.12
A N S ©+0 ©-12)

In the original ordering (S, E, I, T, F, R), the corresponding full right zero eigenvector is

/q\ = (nS’ QE, QI, C]T, nF7 nR)T'
Since the total population satisfies (2.4), the Jacobian at the critical point satisfies
lTJ(PO’ﬂC):_/JlTs 1:(1’1,1’1’1,1)7"

Using
J(Po,Bc)q =0,
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we obtain
= 1"J(Po,B)q = —117q.
Therefore, we have
Ns +4qe+qr+qr+nr+1nr =0,
and hence

ns = —(qe+q+qr +nr+ng) <O0. (3.13)

Following Theorem 2 of [36], denote the threshold coeflicient as

3 3
L= (po [ Z (g
i=1 Jik=1
3 3
+2]Zrz aazf 0,)(g:),71r (3.14)

+Za oy (Oy)nrn]

r,s=1

Only the Exposed equation contains nonlinear terms. Using (2.1), (3.10), and (3.13), Eq (3.14)
reduces to

/= Zﬁcw
2 ﬂc (3.15)
All factors in (3.15), except ns, are positive, whereas g < 0 by (3.13). Therefore, we have
£ <0.
The conclusion now follows directly from Theorem 2 of [36]. O

Theorem 8. If Ry < 1, the DFE P is globally asymptotically stable in the feasible region Q.

Proof. Define

L-e+dr Per
o

where dy, d,, and d; are defined in (3.3). The function L is non-negative in Q and vanishes only when
E =1=T = 0. Along with the solutions of (2.2), we have

L =218 —d\E + ﬂ(cDE —do]) + %(KI —dsT)
3
= '8_(1+ €T) — —dldzl ’Bdﬁl PeT,
3
ﬁEK d1d2
—,8 — T)I Be (— - I)T (3.16)
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Since 0 < §/N < 1 in Q and using (3.7), it follows that

ﬁEK d]dz d]dz
ds ()

LS(ﬁ+——— I = F(Ro—l)l- (3.17)

Thus L < 0 whenever R, < 1.

It remains to identify the largest invariant set contained in {L = 0}. If Ry < 1, Inequality (3.17)
implies that / = 0 on this set. On any invariant subset of {L = 0}, the equation for / in System (2.2)
then gives ®F = 0; hence E = 0. Moreover, the exact expression (3.16) implies that 7 = 0. Therefore,
the largest invariant set contained in {L = 0}is M = {(S,E,I,T,F,R) € Q: E=1=T =0}. On M,
the equation for F becomes F' = —(a3 + p)F, and hence F(f) — 0 as t — oo. The equation for R then
implies that R(f) — 0. Finally, the susceptible equation reduces asymptotically to S = IT — uS, so that
S(t) - IT/pu.

By LaSalle’s invariance principle [37], every solution in Q approaches M. Since every trajectory in
M converges to Py, it follows that every solution in ) approaches P, as t — oco. Therefore, the DFE is
globally asymptotically stable in © whenever R, < 1. O

3.4. Endemic equilibrium (EE)
Theorem 9. If Ry > 1, System (2.2) admits a unique positive EE P* = (S*,E*, I*, T*, F*, R*), where

S* = 11
Ry’
. HRe-1)
UR(®; + Op)’
" a+k+u
E'=———I
D ’ (3.18)
a+¥+u ’
. Yk r
(@ +¥+u(as+p)
R>k = ®RI*’
where the auxiliary constants are defined by
+ Kk + ¥
@="T"TH = - : (3.19)
(O] a+¥Y+u (ap+V¥+ (s +p)
v
O = e RER (3.20)

= —— o + + ,
u+o @ a+¥Y+u (p+¥+p(as +up

Proof. At the EE, the state variables are constant; hence, all time derivatives in System (2.2) vanish.
This leads to the following set of equilibrium equations:

IT=(Q"+wS"* —6R", (3.21)
'S = (D + p)E", (3.22)
OE" = (o) + k+ I, (3.23)
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k" = (ap + ¥ + )T, (3.24)
YT* = (a3 + p)F", (3.25)
all* + Q’2T>k + CU3F“’< = (/,l + 5)R*, (326)

where the force of infection A* and the total population N* at equilibrium are defined in (3.27)
and (3.28), respectively, as follows:

I' + €T
g Pl (3.27)
N*
N =S"+E"+I"'+T"+F" +R". (3.28)
Summing all equations in System (2.2) at equilibrium yields O = IT — uN*, which implies
. I
N = —. (3.29)
u
From Egs (3.23)—(3.25), we express E*, T*, and F* in terms of [*
+ K+ Y
p=""Ep o = p prs - r. (3.30)
(O] a, +Y¥Y+u (@ +Y¥ + w(as + W)
Substituting these into Eq (3.26) leads directly to the following expression for R*
1 anK a’3\PK
t = + + I' = Ogl". 3.31
u+o & a+¥Y+u (p+V¥Y+ (s +p) K ( )
Using the definition of A" in (3.27) together with the expression for 7" from (3.30), the force of
infection can be written as
I*
r=Phlry (332)
N* a,+Y¥Y+u

Equating the expression for 4*S* from (3.22) with the expression for E£* in (3.30) gives

I d
B |4 K S*:( +u)(a1+K+u)I*. (3.33)
N* a,+¥V+pu ()
Canceling I > 0 and solving for S* confirms the relationship with the reproduction number
N* N*
S*r= — = (3.34)
ﬁd)(l+a2f7(§,w) Ro
(D+u)(ay +x+1)
We now substitute all expressed compartments into the conservation equation for N* in (3.28)
N*
N =S"+(E"+I'+T"+F)+R = R + O;I" + OrI", (3.35)
0
where Q) is the sum of the coefficients for (E*, I*, T*, F*) derived in (3.30). Rearranging gives
1 0; + )R
N (1- 1) =@ +00r = N = @Oy (3.36)
RO R() -1
Combining the total population size from (3.29) with (3.36) gives the following equilibrium value for 7*
MRy - 1
e H&=D (3.37)
HR(O) + Og)

Since Ry > 1, it follows that 7* > 0. All other state variables are positive linear multiples of I*, thereby
ensuring the existence of a unique positive EE P*. O
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3.5. Stability of the EE

For the present conjunctivitis model (2.2), proving the global stability of the EE is nontrivial because
the standard incidence force of infection depends on both the fully infectious class I and the treated
class T with reduced infectiousness. To facilitate the Lyapunov analysis, we first establish a structural
identity that expresses the ratio 4/4* as a weighted average of the normalized infectious components
I/I" and T/T*. This identity allows the transmission terms to be handled in a balanced form and is
essential for applying the arithmetic mean—geometric mean (AM—GM) inequality in the global stability
proof.

Lemma 1. Assume that the total population remains at its equilibrium value, N = N*. Then % satisfies

the convex identity

A 1 T

Zow (—)+W (—) 3.38

> I\ 7 (3.38)
where the weights W;, Wr € (0, 1) represent the relative contribution of each infectious class to total
transmission at the EE P*:

_ Br
~A*NF

_ BeT”

WI - ’
A*N*

Wr and Wr;+ Wr=1. (339)

Proof. Consider the force of infection at an arbitrary state and at equilibrium as follows:

I+ €T I+ €T
L_Buxery . BU+el)
N N+
From the equilibrium relation for A%, it follows that
A'N* = BI" + BeT". (3.40)

Dividing both sides of (3.40) by A*N* confirms that the weights sum to one

_BI'+fel” _ BI' el

1 =

Finally, normalizing A with respect to 4* and assuming N = N*, we use (3.40) to obtain

A Bd+e€T)
A B+ €T™)
B +€T)
- N
_ Bl el
N A*N*

(B I .\ BeT*\ T
AN \eNE) T

(L) om(Z)

O
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Theorem 10. Assume that Ry > 1, 6 = 0, and N(O) = N* = I1/u. Then the unique EE P* is globally

asymptotically stable in the positive interior of the reduced feasible region

Q ={(S,E,I,T,F,R)eR® : N = N*}.

Equivalently, every solution in this reduced region with S (0), E(0), 1(0), T(0) > 0 converges to P".

Proof. Define the Volterra-type Lyapunov function L = Lg + Lg + L; + Ly, where

E * * * *
L:S*G(i)+E*G(—)+ A5 I*G(i)+ Wrd'S T*G(l),
S* E* OE* I* kI* T*

andG(x) =x—1—-1nux.
The coefficients are chosen in accordance with the equilibrium conditions as follows:

M=A2S"+uS"
AS "= @+WE" = d+u= T
OFE*
OE" =(a;+k+ W= a+k+u= T
. . kI
kI'=(+¥Y+WT " =>a+¥Y+u= v

We compute the time derivative of each component of L along solutions of System (2.2).

Using § = I1— AS — uS and the equilibrium relation (3.42), we have

LS: 1—? S
S* * i< *
= (1= %)@ 4wt - s - us)
s* 8
- 1——[— S—s" /I*S*(l— )]
S e ( )+ TS
S —§*Y st as 2
A C et Y PP AL LA |
S s rs T w

Using E = AS — (® + p)E and the equilibrium relation (3.43), we have

. E*\ .
LE: 1- E
(-E) s -2
E E*
E*
(-l - £
E st E*
E E*
Tl § AL L L |
E* AS*E  A*S*

(3.41)

(3.42)
(3.43)

(3.44)

(3.45)

(3.46)

(3.47)
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Using I = ®E - (a; + « + p)I and the equilibrium relation (3.44), we have

. /’l* * * .
L[ = S 1 - I— I
OE™ 1
- D (o - BE
OLE* 1 I
S I E 1
(D or(E- )
OLE* 1 E+ I*
_ s I ( E 1 )
B I\E* I
I EI' E
=AS |l -—==-—+ —=]. (3.48)
I E*I E*
Using T = I — (a + ¥ + p)T and the equilibrium relation (3.45), we have
. W ﬂ* ¥ T* .
fp= WS (T
kIl* T
:WT).S 1_T_ KI—KIT
kI* T T+
WesS [ (. T\(I T
= k[l — — (— - )
k| AV
T\ T
= WS (1——)(———)
T )\ T*
T IT* 1
=WpA'S* |1 — — — +—. (3.49)
T I'T I*

Summing L = Lg + Ly + L; + Ly, the terms +-2% and +£ cancel. Collecting the remaining terms,

T s+
we have

feoyB S perlpo S L _EL ASER A
S S I EI US'E A
T IT* 1
+ WrA'S* (1 - — - — + —|. (3.50)
T T I

Using Lemma 1, we substitute ﬂi = Wllé + WT% and multiply the terms (3, %, Ié, %) by (W; +
Wz) = 1 as follows:

: (S =572 . I SEI T SET
L=l s was|— - + WSt | = —
K% MO TR | T T+ S'ET"
S* I EI
+W1/1*S* 3 - — -
S I+ EI
S* I EI
+ WrA'S* 13— — - — -
r S[ S I E*I]
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T H*I] 351

+WrA'S* |l = — — — + —|.
T+ I'T I
Expanding the sum and grouping by the weights W;1*S* and WyA*S*, the terms + L

7 and i% cancel.
We obtain

(S -5
u——27

S* EI" SE'I
S EI S *EI*]
+WT/1*S*[4—S——2—£—SET]. (3.52)
By the AM—GM inequality, the expressions in the W; and Wy brackets are nonpositive because the
product of the ratios in each bracket equals one. Hence, L < 0 in the positive interior of Q.
We now identify the largest invariant set contained in {L = 0}. Equality in the AM—GM inequalities
implies
E I T
E* I T
Let this common ratio be ¢ > 0. On the largest invariant set contained in {L = 0}, the susceptible
equation satisfies

S =5

0=8 =I1-AS —uS.

Using 6 =0,5 =857, 4 = cA”, and the equilibrium relation

M=A2"S"+uS",
we obtain

0=(0-0¢)A"S".
Since 1*S* > 0, it follows that ¢ = 1. Therefore on the largest invariant set,

S=5" E =FE", 1=, T=T".
Moreover, since T = T*, the equation for ' becomes
CF ~ ") = ~(as + ) (F ~ ).

Invariance and boundedness in Q* therefore require F' = F*. Since N = N7, it then follows that

R=N'-S-E-I-T-F=R"

Thus, the largest invariant set contained in {L = 0} is {P*}. By LaSalle’s invariance principle, every
solution in the interior of Q" converges to P*. Therefore, P* is globally asymptotically stable in the
interior of the reduced feasible region Q* whenever 6 = 0, N = N*, and Ry > 1. ]

The preceding results identify the threshold at which the DFE changes stability and a positive EE
emerges. Because the EE stability statements are obtained under the stated reductions, the following
proposition is understood as a local bifurcation statement at the DFE.

Proposition 1. System (2.2) undergoes a forward transcritical bifurcation at Ry = 1. The DFE P,

is stable below the threshold and loses stability as Ry crosses one, while a positive EE emerges for
Ry > 1.
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4. Sensitivity analysis

Sensitivity analysis is an important component of epidemiological studies because it quantifies the
relative importance of each model parameter in determining the magnitude of the basic reproduction
number Ry. Identifying these key drivers allows public health interventions to be prioritized effectively.
The normalized sensitivity index for a given parameter p is defined as

ORo _p
TR — X . 4.1
"= X Ry (4.1)
Given the explicit expression for R, established in Theorem 5, the sensitivity indices for the
core parameters are computed as follows. Because R, is linearly proportional to the transmission
coefficient 8, we have

Ro _
TR = 1. (4.2)

This confirms that R, increases with S, and reducing the transmission rate through hygiene and social
distancing remains the most direct method of disease control. For the progression rate ®, which
represents the rate of transition from latent to infectious, we obtain

u
TR = —— >0. 4.3
" (4.3)
This positive index shows that R, increases with @, indicating that a faster transition to the infectious
stage accelerates disease spread.

For the natural recovery rate a; and the treatment recovery rate @,, we obtain

s €K

R():_ al <0 ﬂ()_ .
’ m+¥Y+u o +V¥+u+ e

o ay+Kk+ U

<0. (4.4)

(&%)

Both indices are strictly negative, implying that R, decreases as recovery rates increase. This
demonstrates that therapeutic interventions that accelerate recovery can substantially reduce disease
transmission. Furthermore, for the modification factor €, which accounts for the relative infectiousness
of treated individuals, we obtain

Ro €K

= > 0. 4.5
a, +W+u+ex (4.5)

€

The positive sign highlights that the continued infectiousness of treated individuals is a risk factor for
disease persistence; as € increases, so does Ry.

The effect of the treatment initiation rate x requires more care. Differentiating both sides of (3.2)
with respect to k gives

ORy B ela; +u) —(ar +¥ + ) (4.6)
ok (D +p)(ar+ ¥+ p) (@) + &k + p)? ) ’
Consequently, we have
TKRO _ K [e(a; +p) = (a2 + ¥ + )] 4.7)

(k) + Y+ ex)
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Thus, increasing the treatment rate decreases Ry if
€l +w) <a +¥+yu, 4.8)

and increases R if
€l +p)>ar +¥+pu. 4.9)

Equivalently, the critical residual infectiousness level is

_;m+VY+u
o oa +pu

*

€, (4.10)
If € < €, faster treatment is beneficial; if € > €, treatment can increase the reproduction number
because it moves individuals into a treated class that remains sufficiently infectious for long enough to
generate additional cases. Since 0 < € < 1, the risk case can occur only when a, + ¥ + u < a; + 1;
that is, when the exit rate from the treated class is lower than that from the untreated infectious
class and residual infectiousness during treatment is high. This condition gives a clear public-health
interpretation: Increasing treatment speed is safe only when the treatment is coupled with rapid
recovery, effective isolation, or a strong reduction in infectiousness.

The isolated failure assumption can also be checked analytically by allowing a second modification
factor for failed treatment cases. For the auxiliary force of infection in (3.4), the sensitivity of R} given
in (3.5) with respect to €, is given by

erPx
.Y.R(f _ (2 + ¥ + p)(as + p) > 0. @.11)

e {4 €K N er Pk
+¥P+u (+ ¥+ plas+p

Therefore, any residual infectiousness in F increases the threshold quantity. The main model uses
er = 0, which represents complete removal of failed treatment cases from effective transmission; if
field data show that failed treatment individuals continue to mix, then the auxiliary expression R
should be used instead of the main R.

From a public health perspective, these results suggest a hierarchical approach to intervention.
Minimizing parameters with positive indices (8, @, €, and, in the auxiliary model, €7) and maximizing
those with negative indices (a1, @;) are essential to driving R, below unity. Treatment initiation should
be paired with reduced contact and rapid clinical resolution; otherwise, its effect can be weakened or,
under Condition (4.9), reversed.

5. Bifurcation analysis

The stability results indicate that a threshold transition occurs at R, = 1. We take the transmission
rate 8 as the bifurcation parameter.

Theorem 11. At 8 = B., System (2.2) undergoes a forward transcritical bifurcation at the DFE P
The DFE is locally asymptotically stable in Q for f < B. and unstable for f > B., while a positive
endemic branch exists for 8 > f3..
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Proof. We use the center manifold framework of Castillo-Chavez and Song [38]. At

I1
Py = (—,O, 0,0,0, O) and B =B
u

the Jacobian matrix (3.6) has the block structure described in Theorem 6. As established in the proof of
Theorem 7, zero is a simple eigenvalue of J(Py,5.), while all its remaining eigenvalues have negative
real parts.
Let g and p denote the full right and left zero eigenvectors constructed in the proof of Theorem 7,
using the state ordering
=(S,E,ILT,F,R)".

From (3.10)—(3.13), their components satisfy
a=1 qr=— gs =15 <0,  pr=w,
where w is given in (3.11). Moreover, we have
J(Po,Bc)q =0, p"J(Po.B) =0, plg=1
On the center manifold, the local dynamics have the normal form
= B = Bow + san® + O (1wl + 18 - Bl IwP + 18 - B.P1w). 1)

Following the standard center manifold notation, the coefficients are

=)}

6 6 f
= ZZ / kat‘]Ja{\;aX (Po.Be)s

k=1 i=1 j

Il
—_

and
6 6 2 f
k
b= Z Zpk% ( O’ﬁc)
k=1 =1 0Xi0B
In System (2.2), all transition, recovery, treatment, failure, recruitment, and mortality terms are
linear. Therefore, the only nonzero second derivatives arise from the standard incidence transmission
term. This term appears with opposite signs in the S- and the E-equations. Since ps = 0, the
contribution from the S -equation vanishes. Hence, only the E-equation contributes to a and b.

The contraction defining a is exactly the threshold coefficient ¢ calculated in (3.15). Indeed, since
PE = w, gs =1ns,and q; + eqr = 1 + €x/d3, we have

Zﬁc

a= (6]1 + €q7)qs
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Next, for the coefficient b, the only nonzero mixed state-parameter derivatives of the E-equation are

&’ f 0’ f
—=(Py,.) =1 Py,B.) = €.
616[3( 0.8 =1, 8T6ﬁ( 0.8:) = €
Therefore, we have
6
0 fr
b= —(Py, Be
PE ;:1 qaxiaﬁ( 0:8¢)

= pe(qr + €qr)
€K
= 1+—|>0.

3

Thus
a <0, b > 0.

By setting w = 0 in (5.1), the equilibria of the reduced system satisfy
1
0=b(B~pIw+ 5aw’ + 0wl + 18 = Bl W + 18 ~ Bl wi) .

The corresponding leading-order bifurcation equation is
1
w(b(ﬁ—ﬁc) + an) =0.
Thus, in addition to the DFE branch w = 0, there is a nontrivial equilibrium branch satisfying

W, = —2a—b</3 —B)+ 0 (18- Bl).

Since a < 0 and b > 0, the leading term of w, is positive for 8 > B.. Therefore, a positive EE
branch emerges on the side 5 > 3., and the bifurcation is forward transcritical. Moreover, the stability
statements for the DFE follow from Theorems 6 and 7: The DFE is locally asymptotically stable in Q
for 8 < 8. and unstable for g > S.. |

The forward nature of the bifurcation has a useful epidemiological interpretation. In the model
considered here, reducing R, below one removes the locally stable endemic branch near the threshold.
Thus, interventions that lower contact, reduce residual infectiousness during treatment, or shorten
infectious periods directly support elimination.

6. Numerical simulations
This section presents numerical simulations illustrating the analytical results for System (2.2).
All parameters are expressed on a per-day basis, consistent with the short incubation and recovery

timescales of conjunctival infections. Baseline values are listed in Table 2.
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Table 2. Baseline parameter values for System (2.2).

Parameter Numerical value Unit Primary source

I 0.056 day™! [39]
u 0.00004 day‘1 [11]
B 0.35 day™! [13]
€ 0.05 - [14]
® 0.25 day™! [2]
K 0.15 day™! [39]
¥ 0.02 day™! [17]
@, 0.14 day™! [13]
@, 0.30 day™! [39]
a3 0.20 day‘1 Assumed baseline
) 0.001 day™! [12]

The parameters values come from conjunctivitis or closely related epidemic modeling studies where
available. Parameters for which direct conjunctivitis-specific estimates are unavailable are used as
the baseline scenario values and interpreted alongside the sensitivity analysis. The natural death rate
u = 0.00004 corresponds to an average life expectancy of approximately 68 years, while 6 = 0.001
corresponds to an average duration of temporary immunity of approximately 1000 days. The recovery
parameters distinguish natural and treated recovery: a; = 0.14 gives an average untreated infectious
period of about 7.1 days, whereas @, = 0.30 gives an average treated duration of about 3.3 days
when competing exits are ignored. The treatment failure parameter ¥ = 0.02 day ™' is used as a daily
transition rate from treated individuals to the failure class. It should not be interpreted as a cumulative
probability over the entire treatment period. In the model, the probability that a treated individual
eventually enters the failed treatment class is

b4
a+¥Y+u
because recovery and natural mortality compete with treatment failure.

The simulations are not empirically calibrated to a specific outbreak. Data from the 2003 acute
hemorrhagic conjunctivitis outbreak in Mexico have been analyzed previously; for example, clinical
records from Colima included 886 cases during September—November 2003, with an epidemic peak
around late September and an estimated reproduction number of approximately four in related
analyses [11,40]. However, those data do not resolve the treated and failed treatment compartments
required for direct estimation of «, ¥, a,, a3, €, and €. A full calibration would require an observation
model and time-series information on treatment initiation, treatment failure, recovery, and isolation
behavior. The numerical results below are scenario-based illustrations of the analytical thresholds and
stability properties.

All simulations and figures were generated in Python. Time-dependent solutions of the SEITFR
system were computed using solve_ivp from SciPy. Standard time-series solutions were computed
using the adaptive Runge—Kutta method RK45, whereas long-time solutions with slow convergence
were computed using the implicit BDF method. Relative tolerances between 1078 and 10~ and absolute
tolerances between 107! and 1072 were used.
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6.1. Numerical stability analysis

We first illustrate the threshold behavior predicted by the stability results. Using the baseline
parameter values in Table 2 and applying (3.8), we obtain

Be ~ 0.284.

In Figure 2, the transmission rate 3 is varied according to the relation

B =RoBe (6.1)

to produce seven prescribed values of Ry. For R, < 1, the infectious compartments decay toward zero
and the solution approaches the DFE. For R, > 1, the solution approaches positive endemic levels
through damped transient oscillations. Note that the initial conditions in this simulation were chosen
so that

N@O0)=S0)+EQ©)+10)+T0)+ F(0)+ R0)=N"= g = 1400.

Since the total population satisfies (2.4) for all #, N(¢) remains fixed for all prescribed values of Ry, as
shown in Figure 2(g).

To complement the threshold simulations in Figure 2, we also examine the critical case Ry = 1.
Using the baseline parameter values in Table 2 and setting 8 = ., the system was simulated from the
initial condition

(5(0), E(0),1(0), T(0), F(0), R(0)) = (1300, 20, 20, 20, 20, 20),

for which N(0) = N° = II/u = 1400. Since the DFE is nonhyperbolic at the critical threshold,
convergence is expected to be slower than in the strictly subthreshold case R, < 1. For this reason, the
simulation interval was extended to 8000 days.
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Figure 2. Numerical simulation of System (2.2) for different values of Ry. Blue: R, = 0.50;
orange: Ry = 0.75; yellow: Ry = 0.9; black: Ry = 1.1; purple: Ry = 1.25; green: Ry = 1.50;
red: Ry = 1.75. The DFE is approached for R, < 1, whereas damped convergence toward
positive endemic levels occurs for Ry > 1.

Figure 3(a) shows that the susceptible population approaches its DFE value S° = IT/u = 1400.
Figure 3(b) shows that the exposed, infectious, treated, treatment failure, and recovered compartments
gradually decay toward zero. To display the convergence of the full state vector, Figure 3(c) plots the
distance

D) = U@ = Polly, U@ =(S®), E®), I(1), T(®), F(1),R())".

The gradual decay of D(r) toward zero is consistent with the loss of hyperbolicity at Ry = 1 and
numerically supports the local asymptotic stability result established in Theorem 7.
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Figure 3. Numerical stability analysis at the critical threshold Ry = 1, with 8 = B.. (a)
Time evolution of the susceptible compartment S (¢), with the dashed line indicating the DFE
value S® = N° = II/u. (b) Time evolution of the nonsusceptible compartments E(f), I(1),
T(t), F(t), and R(t), which approach zero. (c) The distance D(¢) = ||U(z) — Po||; between the
numerical solution and the DFE. The slow convergence reflects the nonhyperbolic character
of the critical case and supports Theorem 7.

The damped approach to the endemic state is further illustrated in the phase-plane plots in Figure 4.
The inward spirals in the (S, ) and (R, I) planes indicate stable focus behavior for the selected endemic
parameter set. This is consistent with the occurrence of complex conjugate eigenvalues with negative
real parts.

1751 O Initial | 1751 O Initial |
15.0F % Limit | 15.0F % Limit |
12.5F b 12.51 b
10.0 k 10.0 k
~ ~
751 b 751 b
5.0 k 501 k
251 b 251 b
0.0 1 1 1 1 1 ] 0.0p 1 1 1 1 1 ]
900 1000 1100 1200 1300 0 100 200 300 400
N R
(@) (b)

Figure 4. Phase-plane trajectories for a representative endemic case. The inward spirals in
the (S, I) and (R, I) planes illustrate stable focus convergence toward the endemic state.

We next illustrate the global stability result for the DFE. For this test, we set Ry = 0.65 < 1 and
simulate four different non-negative initial conditions. Figure 5 shows that all trajectories converge to

Py = (1400,0,0,0,0,0).
The infected compartments vanish for all initial conditions, illustrating the global stability of the DFE.

AIMS Mathematics Volume 11, Issue 8, 26640-26676.



26667

300 ) ) ) 1 ] 300 ) ) ) 1 ]
1250 e e
= IC3 = IC3
— IC4 — IC4
1000 200 e Er=0 ] 200 e 120
= 750 T e
el 100 . 100} E
500 —IC2 i
- IC3
— IC4
20 L L L e | 0 n n n n 0 n n n n
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Time (days) Time (days) Time (days)
(a) (b) (©
300F ) ) ) — 1 150F ) ) ) — 1] 1250 F
—IC2 —IC2
— IC3 — IC3 1000 [
— IC4 — IC4
_ 200 s Ty=0 ] R 100 —ee= Fo=0 ] 250k
= 4 =
= 500
100 | B 50
250
0 n n n n 0 n n n n 0 ! : : n
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Time (days) Time (days) Time (days)
(d) (e) F(1) ®

Figure 5. Global stability of the DFE for Ry = 0.65 < 1. Four different non-negative
initial conditions converge to the DFE Py, = (I1/1, 0,0, 0, 0, 0). The dashed black line marks
the corresponding DFE value in each panel. The infected compartments vanish, while S (7)
approaches IT/u = 1400.

We next illustrate the global stability result for the EE under the assumptions of Theorem 10. For
this test, we set 0 = 0, impose N(0) = N* = 1400, and choose Ry = 1.20 > 1. Substituting these values
into the EE formula derived in Theorem 9 gives

P* =(1166.667, 0.0373, 0.0322, 0.0151, 0.0015, 233.247).

Since the natural death rate u = 0.00004 is very small, convergence to the EE occurs on a long time
scale. The dominant eigenvalues near P* are approximately

o2~ -230x 107 + 1.03 x 1073,

corresponding to an oscillation period of about 6.1 x 10° days and an exponential decay time of
about 4.35 x 10* days. Therefore, a long simulation interval was used to display the slow damped
convergence. Figure 6 shows that the trajectories of all six compartments converge to the analytically
computed equilibrium P*, thereby supporting the global stability result under the stated assumptions
and confirming the correctness of the EE formula in Theorem 9.
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Figure 6. Convergence to the EE for Ry = 1.20 under the assumptions 6 = 0 and N(0) = N*.
The dashed black line marks the corresponding EE value in each compartment. The long
simulation interval is used because the dominant eigenvalues near P* have small negative
real parts, producing slow damped convergence.

To complement the analytical stability results, we also performed a numerical local stability test for
the EE using the baseline parameter values in Table 2. The analytical global stability result for the EE
was proved under the simplifying assumption ¢ = 0, whereas the baseline numerical value is 6 = 0.001.
Therefore, for the baseline parameter setting, we evaluated the eigenvalues of the full Jacobian matrix
J(P?) at the EE.

For each value of R, in the interval
1.01 < Ry < 2.50,

with step size 0.01, the transmission rate was chosen as (6.1). All remaining parameters were fixed at
their baseline values. For each resulting EE P*, the eigenvalues o; of the full Jacobian matrix J(P~)
were computed, and the quantity

max Re(o)

was recorded. As shown in Figure 7, this quantity remains below zero throughout the tested interval,
confirming the numerical local asymptotic stability of the EE for 1.01 < R, < 2.50.
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Ry, the transmission rate was set as (6.1), while the remaining parameters were fixed at their

baseline values in Table 2. The plotted quantity is max; Re(o;), where o; are the eigenvalues

of the full Jacobian matrix evaluated at P*.

In this numerical test, the dominant eigenvalue of the full Jacobian matrix J(P*) was numerically
found to satisfy

max Re(o;) = —u = -4 x 1073,

The fact that —u is an eigenvalue follows from the equation for the total population derived earlier
in (2.4). Indeed, ifv = (1,1,1,1,1,1)7, then

v J(P) = —uv'.

Thus, v7 is a left eigenvector of J(P*) associated with the eigenvalue —u. Over the tested range 1.01 <
Ro < 2.50, all remaining eigenvalues were numerically found to have real parts smaller than —pu.
Hence, all eigenvalues remain in the open left half-plane, supporting the numerical local asymptotic
stability of the EE under the baseline parameter setting.

6.2. Sensitivity analysis

The sensitivity indices and the one- and two-parameter plots were computed directly from the
analytical expression for Ry. In the one-parameter and two-parameter plots, only the indicated
parameter or parameter pair was varied; all remaining parameters were fixed at their baseline values in
Table 2.

Figure 8 shows that 5 has the largest positive effect, with an index of +1. At the baseline parameter
values, « has a negative sensitivity index because Condition (4.8) holds, so faster treatment reduces R,.
This effect is conditional: If treated individuals remain sufficiently infectious, as described by (4.9),
increasing « could instead increase Ry.
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Figure 9. One-parameter impact plots showing how R, changes when each parameter is
varied around the baseline value while the remaining parameters are fixed. The red dashed
line marks Ry, = 1. All figures use the same vertical scale to allow direct comparison. In
Figure 9f, the horizontal axis is displayed as 10*u to avoid very small tick labels.
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Figure 9 confirms these rankings through one-parameter sweeps. The transmission rate 5 increases
Ro linearly, while increasing a; lowers it. At the baseline, the effect of « is beneficial because treated
individuals have low residual infectiousness. The parameters @, and ¥ have smaller baseline effects
because they act only after individuals enter treatment.

Figure 10 shows the combined effects of selected parameter pairs. The red dashed curves mark
Ro = 1 and separate the disease elimination region from the persistence region. In the (5, «) plane,
increasing x lowers R, under the baseline residual infectiousness € = 0.05, but high transmission still
requires a reduction in 8. The (8, @) and (a, k) panels show that faster recovery and faster effective
treatment expand the elimination region. Overall, the contour plots support combined interventions
that reduce transmission and improve clinical resolution while ensuring that treatment reduces effective
infectiousness.

0.30

Ro<1

0.25

0.10

0.05

0.4

p - . aj

(a) (b) (c)
Figure 10. Two-parameter contour plots of R, around the baseline parameter set. The
red dashed curve marks the threshold Ry = 1, separating the disease elimination region
(Ry < 1) from the persistence region (R, > 1). Increasing § shifts the system toward
larger Ry, whereas increasing @; or k moves the system toward lower R, under the baseline
condition (4.8).

6.3. Numerical bifurcation analysis

Finally, Figure 11 illustrates the bifurcation diagram of the steady-state infectious class I* with
respect to 8. The diagram was computed directly from the analytical equilibrium expression, not from
time integration. The critical value (3.8) is 5. = 0.284, where R, = 1. The DFE is stable for 8 < .
and unstable for § > B, while a locally stable endemic branch emerges for § > . near the threshold.
The diagram is consistent with the forward transcritical bifurcation derived analytically.
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Figure 11. Forward transcritical bifurcation with respect to the transmission rate 8. The DFE
is stable for 8 < S, and unstable for 8 > ., while a locally stable EE branch emerges for
B > B. near the threshold. The vertical dashed line marks S. ~ 0.284, where Ry = 1.

7. Conclusions

We developed and analyzed an SEITFR model for conjunctivitis transmission with treatment,
reduced infectiousness during treatment, and detected treatment failure. A key clarification in the
revised formulation is that the residual transmission reservoir is the treated class T, whose contribution
to transmission is scaled by e. The failed treatment class F represents detected cases that are assumed
to be isolated, referred for further care, or otherwise removed from effective community transmission;
therefore, F is not included in the force of infection.

The model is mathematically well-posed in the feasible region: The solutions remain non-negative,
bounded, and unique. The basic reproduction number R, was derived using the next-generation matrix
method and decomposed into the transmission contributions of I and the partially infectious class T.
The DFE is locally asymptotically stable for Ry < 1, globally asymptotically stable for Ry < 1, and
unstable for Ry > 1. A unique positive EE exists when R, > 1. Its global stability was proved under
the additional assumptions of a constant total population (N = N*) and no loss of immunity (6 = 0).
For the baseline loss of immunity rate used in the numerical simulations, the local stability of the EE
was further supported by eigenvalue computations of the full Jacobian matrix.

The center manifold analysis shows that the model undergoes a forward transcritical bifurcation
at Ry = 1. Thus, in the present isolated failure setting, crossing the threshold creates a locally stable
endemic branch in the forward direction near the threshold, rather than a backward bifurcation scenario.
The sensitivity analysis gives a precise condition for the effect of treatment initiation: Increasing k
reduces Ry when e(a; + ) < a, + ¥ + u, but it can increase Ry, when the reverse inequality holds.
Hence treatment should be paired with reduced contact and rapid clinical resolution. The auxiliary e
calculation also shows that any residual infectiousness in failed treatment cases increases the threshold
quantity, so the assumption that F is effectively isolated is epidemiologically important.

The numerical simulations are qualitative and were not fitted to actual outbreak data. This
is a major limitation of the present study. Calibration to data such as the 2003 Mexico acute
hemorrhagic conjunctivitis outbreak would require time-resolved information on treatment, treatment
failure, isolation, and recovery, which is not available in the compartmental form required here. Future
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work should estimate these parameters using outbreak or clinical data and may also relax the isolation
assumption for F, include age structure, or incorporate spatial heterogeneity.
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