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varying delays and state-dependent countably infinite-state Markovian switching under event-triggered
impulsive control. A drive-response framework was adopted, and the synchronization problem was
reduced to the p-th moment exponential stability of an associated error system. The response network
was regulated by a state-dependent impulsive mechanism whose triggering instants were generated
by the evolution of the synchronization error, thereby avoiding unnecessary control updates. To
handle the countably infinite switching state space, Lyapunov methods were combined with uniform
strong exponential ergodicity of the switching process and mode-uniform coefficient bounds. Within
this framework, a general Lyapunov-type criterion was first established for the error dynamics, and
a more explicit coefficient-based criterion was then derived to facilitate verification in applications.
These results yield sufficient conditions for p-th moment exponential synchronization of the drive
and response networks. In addition, an explicit positive lower bound on the inter-event intervals was
obtained, which excludes Zeno behavior and ensures implementability of the proposed control law.
Numerical experiments on a coupled Chua circuit network with finite-state switching were presented
as a special-case illustration of the theory. The simulations showed that the proposed event-triggered
impulsive strategy effectively suppresses the synchronization error while remaining consistent with the
theoretical lower-bound estimate for the triggering intervals.
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1. Introduction

Synchronization is a central collective phenomenon in complex networks and underlies coordinated
behavior in neural, cyber-physical, and engineered interconnected systems.  For instance,
synchronization plays an important role in cooperative unmanned aerial vehicle networks, where it
supports coordinated formation tracking, improves tracking accuracy, and reduces energy consumption
under external disturbances [1]. Synchronization phenomena have also been investigated in brain
and inter-brain networks [2, 3]. In realistic networked systems, however, communication delays,
stochastic perturbations, and abrupt changes in operating conditions may jointly affect both transient
and asymptotic behaviors [4]. These features make the synchronization problem intrinsically hybrid
and call for analytical tools that combine delay-system arguments, stochastic stability theory, and
switching system techniques.

Among the available frameworks for modeling abrupt environmental or structural variation,
Markovian switching is particularly effective. It has been widely employed in multi-agent systems [5],
connected and automated vehicles [6], and power networks to characterize abrupt changes in
communication topologies and operating conditions [7]. In addition, the study in [8] examined the
dynamic balance and reliability of a stochastic predator—prey system and revealed the effects of
switching frequency and noise intensity on stochastic bifurcation and failure behavior. Important
progress has been made for stochastic coupled systems without switching [9], and synchronization
criteria are also available for networks with finite-state Markovian switching under intermittent
control [10]. Related stability and control results for finite-state Markov jump systems further
illustrate the analytical convenience of a finite mode set [11]. That convenience is structural
rather than superficial: when the switching state space is finite, mode-dependent coefficients can be
bounded through finite maxima, and switching effects can often be handled by finite-dimensional
inequalities. Once the switching process evolves on the countable state space Z,, these arguments are
no longer routine, because the Lyapunov analysis must accommodate infinitely many mode-dependent
coeflicients and the recurrence properties of the switching mechanism become part of the stability
analysis itself.

Control design introduces another challenge. Impulsive control is appealing for network
synchronization because corrective actions are imposed only at discrete instants, thereby reducing
the continuous actuation burden [12, 13]. However, periodic or preassigned impulsive instants do not
reflect the real-time evolution of the synchronization error and may therefore produce unnecessary
control updates. Event-triggered control addresses this issue by activating the controller only when a
prescribed state-dependent condition is satisfied [14, 15]. For example, an event-triggered impulsive
strategy has been applied to trajectory tracking of underactuated underwater vehicles to reduce
communication and control updates while excluding Zeno behavior [16]. For delayed stochastic
networks, the main challenge is therefore to guarantee synchronization while proving that the triggering
instants do not accumulate within a finite time interval [17]. Recent studies have also investigated
prescribed-time and prescribed-performance control for nonlinear systems [18-20]. Unlike these
methods, which focus on convergence within a prescribed time or performance envelope, the present
study addresses p-th moment exponential synchronization of delayed stochastic complex networks
with state-dependent countably infinite-state Markovian switching. A positive lower bound on the
inter-event intervals is further derived to exclude Zeno behavior.
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The above observations reveal a clear gap in the literature. The most relevant synchronization
results either concern stochastic coupled systems without Markovian switching [9], or focus on
networks with finite-state switching under intermittent regulation [10]. By contrast, available studies
on countably infinite-state regime-switching systems mainly address stability, regularity, or well-
posedness of individual stochastic dynamics [21, 22]. A unified synchronization framework that
simultaneously incorporates time-varying delays, stochastic perturbations, countably infinite-state
Markovian switching, and state-dependent event-triggered impulsive control is still lacking.

Motivated by this gap, this paper investigates the synchronization of stochastic complex networks
with time-varying delays and state-dependent countably infinite-state Markovian switching under
an event-triggered impulsive control scheme. A drive-response framework is adopted, and the
synchronization problem is transformed into the p-th moment exponential stability of the associated
error system. This framework preserves the autonomous evolution of the drive network while allowing
the response network to be regulated independently, thereby facilitating stability analysis and controller
design. By incorporating uniform strong exponential ergodicity into the Lyapunov analysis, a general
Lyapunov-type criterion and an explicit coeflicient-type criterion are established. Moreover, a positive
lower bound on the inter-event intervals is derived to exclude Zeno behavior. Finally, a coupled Chua-
circuit network is presented to illustrate the theoretical results.

The main contributions of this paper are summarized as follows:

1) A drive-response synchronization framework is formulated for delayed stochastic
complex networks with state-dependent countably infinite-state Markovian switching. The
synchronization problem is transformed into the p-th moment exponential stability problem of
the associated error system.

2) Different from the control methods in [4, 10,23, 24], a state-dependent event-triggered impulsive
control scheme is proposed. The impulsive instants are determined adaptively according to
the evolution of the synchronization error, thereby avoiding unnecessary control updates while
preserving the autonomous evolution of the drive network. Moreover, a positive lower bound on
the inter-event intervals is derived to exclude Zeno behavior.

3) State-dependent countably infinite-state Markovian switching is incorporated into the
synchronization model. In contrast to the finite-state switching systems considered in [11,25-27],
the switching process evolves over a countably infinite mode space. By incorporating uniform
strong exponential ergodicity into the Lyapunov analysis, a general synchronization criterion and
an explicit coefficient-type criterion are established.

The structure of the paper is organized as follows: Section 2 presents the model and assumptions;
Section 3 derives the main synchronization criteria and provides the corresponding theorems; Section 4
validates the theoretical results through simulations; Section 5 concludes the paper and discusses future
work.

AIMS Mathematics Volume 11, Issue 8, 26614-26639.



26617

2. Preliminaries and model description

2.1. Preliminaries

Unless otherwise specified, the following notation is used throughout this paper. Let Z, = {1,2,...}
and define L = {1, 2, ..., N} as the index set of network nodes, where N > 2 and N € Z,. Let R denote
the set of real numbers, R” is the n-dimensional Euclidean space, and R, = {x € R : x > 0}. Denote by
C([—, 0]; R™) the space of continuous functions X(t) : [-7,0] — R”", equipped with the norm || X (1) :=
SUP_,<,<o IX(u)|. The upper-right Dini derivative of X at t is defined by D*X(t) := lim sup,,_, . w
Moreover, C*(R" X Z,;R.) denotes the class of twice continuously differentiable, nonnegative, real-
valued functions V(X, k) defined on R” x Z,, while L?*([-7,0];R") stands for the space of square-
integrable functions on [—7, 0] with values in R”, which is used to characterize the initial conditions
of the system. In addition, #r(-) denotes the trace of a matrix, | - | denotes the Euclidean norm of a
vector, and the superscript “T” represents the transpose of a vector or matrix. The symbol Vv denotes
the maximum operator, i.e., a V b := max{a, b}.

Let (Q, 7, {Ft}=0, P) be a complete filtered probability space, where the filtration {F};»¢ satisfies
the usual conditions, and let E[-] denote the expectation with respect to P. Suppose that a(t), t > 0,
is a right-continuous state-dependent Markovian switching process defined on this probability space
and taking values in the countably infinite state space Z.. Its state-dependent generator is denoted by
Sx) = (qgﬁm(x))w’m%, where x denotes the current continuous state variable. In addition, let B(t) be
a one-dimensional standard Brownian motion defined on the same probability space. The transition
probabilities of a(t) are given by

gmn(X)At + o(At), N £ M,

Pla(t + At) = 9N | a(t) =M, X(t) = x} =
1+ qi)jggjg(X)At + O(At), N =M.
Here gyq > 0 for 9 # M, gagn = — D qrzam G, And D qrz9n g < o0 for each M € Z,.. Throughout this
paper, the Q-matrix S is assumed to be conservative and non-explosive.

Next, we will introduce some concepts of digraph. Let H = {G, A} be a digraphs, where G is the
set of nodes and A is the set of arcs (i, j) leading from initial node i to terminal node j in digraph .
The digraph H is said to be strongly connected if, for every pair of distinct nodes i, j € G, there exists
a directed path from i to j. For fixed k € Z,, denote the weight matrix of H as W(Q) = (a;j)uxn. In
addition g;; > 0 if there exists an arc from node i to node j, and a;; = 0 otherwise. Throughout this
paper, we write a weighted digraph as (H, W(Q)), of which the weighted matrix of H is W(Q). The
Laplacian matrix of (H, W(Q)) is defined as L = (p;;)uxn, Where p;; = —a;; fori # jand p;; = 3..; an
fori=j.

2.2. Model description

We consider the following hybrid stochastic coupled systems consisting of N identical coupled
nodes. Each node i is governed by the dynamical system

n

dY;(t) = [ﬁ(%(t),%(f—T(t)),a(f))+ Z aijla)(Yi(h), Y j(t),a(t))]dt

Jj=1,j#i
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+ gi(Y(H), Vit — (1)), a(t))dB(t),i e L,t > 0, (2.1

where Y;(t) € R" is the state vector associated with the i-th node, and the function f(-,-,) : R" X R" X
Z, — R" 1s a continuous vector-valued function. Let 7(t) be a time-varying delay satisfying 0 < 7(t) <
7 for some constant 7 > 0. The Markovian switching process is denoted by a(t). Let a;;(-) indicate the
coupling strength. The inner coupling function is represented by I';;(-, -, ) : R" X R" X Z, — R", which
indicates the connections between nodes. The g;(-,-,-) : R" X R" X Z, — R”" represents the stochastic
perturbation. Let B(t) be a one-dimensional standard Brownian motion.

If system (2.1) is taken as the driving system, then its corresponding response system is

N

(1) = [ fFi0, Fitt = 7®), a®) + Ui() + > a(e®)T(Hit), I (), at) |dt
Jj=1,j#i
+ gl i(), Yt — 7)), a()) dB(),i € L, 2 0, 2.2)

where Y i(t) € R" is the state vector associated with the i-th node and U;(-) is the control input of the
i-th node.

Define the synchronization error by X;(t) = Y {(t) — Yi(1), X;(t) € R". For notational simplicity, let
Y =Yt-), y: =Y(t- 7(1)), X7 = X;(t — 7(1)). To regulate the response system according to the
synchronization error, an event-triggered impulsive control strategy is introduced. The control input is
applied only at a sequence of impulsive instants {t.}.cz, , with t, = 0. Between two successive impulsive
instants, the response system evolves continuously. At each impulsive instant t,, the impulsive action
produces the following jump of the error state: X;(t,) = DEZ)X,-(tZ‘),i el, ze€Z,, where b?) denotes the
impulsive gain.

The impulsive instants are generated by the following event-triggered rule:

t. = inf{t > t._; : BQ() > w.B(Q(t._1) vV Qp)}, (2.3)

where w, > 1 is the event-triggering parameter. Moreover, Q(t) = e™ Zﬁil oiViXi(1),k),Qy =
Y oV, withm > 0, V) = SUPef—r07 Vi(Xi({), k). Here V; is the Lyapunov function associated with
the i-th node and o; are topology-dependent positive constants to be specified later.

In the error system, the symbols f;, g;, and I';; are used to denote the corresponding difference
mappings generated by subtracting the drive system from the response system. More precisely,
for k = a(t), define fi(X, X7,k = fi(Y. Yk - f(Y. Y0k, 8(X, XT k) = gl Y7L k) —
gV, Y, b, Ti(Xi, X, k) = I“,-j(ﬂi,ﬂj,k) -T';j(Y;, Y, k). Then, by subtracting the drive system (2.1)
from the response system (2.2), the error system is obtained as

N
dXi(H) = [ £ (X, Xit = 70, a®) + Y @@ (Xit), X;(1), a(h))|dt

=L (2.4)
+ g (Xi(1), Xi(t — 7(1)), a(t))dB(t), t#t,

Xi(t) =dX,(t)), z€Z.

For the sake of rigor, it is assumed throughout this paper that f(-,-, ), g(-, -, ), and I';;(-, -, -) satisfy
the usual local Lipschitz and linear growth conditions. Under these conditions, system (2.4) admits a
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unique solution. The subsequent analysis will show that, under the proposed event-triggered impulsive
mechanism, the error system is p-th moment exponentially stable and the triggering sequence admits
no finite accumulation point.

To clarify the proposed control strategy, the drive-response synchronization framework is shown
in Figure 1. The drive network evolves autonomously, while the synchronization error X;(f) = Y1) —
Y;(¢) is monitored by the event-triggering mechanism. Once the triggering condition is satisfied, an
impulsive control action is applied to the response network. The effects of Markovian switching, time-
varying delay, and stochastic disturbance are incorporated into the error system.

Markovian Brownian Time-varying
switching noise delay
Drive | |
network
L Synchonization error Event-triggering
error information mechanism
event
Response instant l
network Impulsive
T controller
Impulsive input |

Figure 1. Control flow of the proposed framework.

Before deriving the main results, we introduce some definitions and auxiliary lemmas that will be
used in the subsequent Lyapunov analysis. These include the infinitesimal operator, the node-Lyapunov
function, and a graph-theoretic identity associated with the weighted digraph. They provide the
technical foundation for establishing the moment stability of the error system and the synchronization
of the drive-response systems.

Definition 1. Let S(x) = (qun(X))gy ez, - * € RN be the state-dependent generator of the countably
infinite-state Markovian switching process a(t). For each fixed x € RM", denote by pygn(t) =
P{a(t) = N | a(0) = M} the transition probabilities of the continuous-time Markov chain generated by
S(x).

Assume that there exists a probability measure v = (v, v, ...) such that vS(x) = 0,x € RN, The
state-dependent Markovian switching mechanism is said to be strongly exponentially ergodic if there
exist constants C > 0 and 6 > 0 such that

sup Z |pos(x) — vl < Ce™, t>0.
WeZy gioz,
Definition 2 ( [28]). Let Vi(-,k) € C*(R™;R,) for each k € Z,. The infinitesimal operator £ applied
to Vi(X;, k) is given by
(LVIXok) = > GaXO)|ViXe, ) = Vi(Xe, k)| + Vi Xi, | fXi(h), Xilt = 7(1), k)

NEZ,, N£k
N

1
+ D aRy (XD, X0 k)] + 5 tr 8] (X, Xitt = 1), F)Viua (X g (X1 Xi(t = (1), )],

J=1j#i
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where V; (X;, k) and V; ,(X;, k) denote the gradient and Hessian of V; with respect to X;, respectively.

Definition 3. For any i € L, a function Vi(X;, k) € C*(R" x Z.;R.) is called the i-th node-Lyapunov
Sfunction for (2.4) if the following conditions are satisfied:

VI: There exist positive constants ﬂ(k) 7T(2k), and p > 0 such that, for alli € L and k € Z,,

7O < ViXi k) < 2l 1Xi1P. (2.5)

Throughout this paper, we assume that 0 < 7, := infez, ﬂ(lk),ﬂz = SUPjcz, 7T(2) < oo,

V2: There exist positive constants A(k) H(k) Z)(k) and functions ‘I'gf) (2;(X)), &i(X;)) such that, for all
iel, j#i,andk €Z,,

E(ZLV)(Xi, k) < AVEV(Xi(t), k) + TIVEVI(Xi(t — 7(1)), k) + Z Z)(k)ET(k)(E (X)), Li(X).
Jj=1, j#i

(2.6)

Moreover, assume that A := sup;., max;e. Al(.k) < 00,11 := sup;;, maxe. Hl(.k) < oo. In addition,
there exists a constant p > 0 such that, forallt > 0 and k € Z,,

E sup Z Vi Xit + 0), k) < pEZ i ViXi(t), k). 2.7)

el-701 50y i=1

V3: For every directed cycle C of the weighted digraph (H, W(Q)), the following condition holds:

N
Z T2/, (X)) < 0,X;, X; € R (2.8)

J=L i

Lemma 1. [29] Let c; denote the cofactor of the k-th diagonal element of the matrix L. Then the
following identity holds:

N N
DD il (Myep) — Mie) = > W@ > (Myle,) = My(e,)),
i=l j=1 QeQ (s,r)€E(Cq)

where Q denotes the set of all spanning unicyclic subgraphs of the directed graph (H, W(Q)), W(Q)
represents the weight of the subgraph C, and C is the unique directed cycle within C.

Lemma 2. If the Markov chain a(t) with generator Q is strongly exponentially ergodic and admits
the invariant probability measure vy = (v, Va,...)", then for any bounded vector by, = (by,bs,...)"
satisfying Y. vinban = 0, there exists a bounded vector ¢y, = (c1,¢3,...)" such that

by = Z gmnCas NM,NeZ,.
€N
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Remark 1. The synchronization problem for the drive-response systems is transformed into the
stability analysis of the error system (2.4). Indeed, since X;(t) = Y;(t) — Y.(t), the p-th moment
exponential stability of (2.4) directly implies

N
tll)rgE; |:%-(t) - yz‘(t)|p =0.

Thus, the driving system and the response system achieve synchronization in the p-th moment
exponential sense. Therefore, the subsequent analysis is carried out on the error dynamics rather
than on the two original systems separately.

Remark 2. The strong exponential ergodicity condition in Definition 1 is essential for treating
the countably infinite mode space. In finite-state Markovian switching systems, mode-dependent
coefficients can generally be bounded by taking maxima over finitely many modes. Such finite-mode
maximization is no longer applicable when the switching state space is Z,. The uniform ergodic
estimate enables the long-term effects of infinitely many modes to be incorporated into the Lyapunov
analysis and provides the probabilistic foundation for the Poisson-equation representation employed
in the subsequent coefficient-based criterion.

Theorem 1 gives a general Lyapunov-type criterion for the existence of a synchronization. However,
its assumptions are expressed in terms of abstract node-Lyapunov conditions and may be difficult to
verify directly. Therefore, we next introduce explicit coeflicient-type conditions on the drift, diffusion,
and coupling terms, which lead to a more tractable sufficient criterion.

3. Main results

In this section, we examine whether system (2.4) admits a synchronization. Sufficient conditions
for its existence are obtained by using Lemma 2.1 in [30].

Theorem 1. Assume that the state-dependent countably infinite-state Markovian switching mechanism
generated by S(x) = (qun(X))y ez, - X € RY", is strongly exponentially ergodic with common invariant
probability measure v = (vy, vy, ...) in the sense of Definition 1. Suppose that the following conditions
hold:

Al: The directed graph (H, W(Q)), with weight matrix W(Q) = (a;;)nxn is strongly connected.

A2: For each i € L, there exists an i-th node-Lyapunov function Vi(X;, k) for the error system (2.4) in
the sense of Definition 3.

A3: For each impulsive instant t = t,, there exists ,uEZ) > 0 such that, foralli e L and k € Z,,

EVi(Xi(t), k) < uPEV(X,(t), k), 3.1)

where y, := maXxe yEZ).

Furthermore, assume that there exist constants m > 0 and p > 0 such that pe™

1, w, H;;ll We_tfo—y < p,7 € Z,, where p, A, and 11 are given in Definition 3. Then, under the event-
triggered condition (2.3), error system (2.4) is p-th moment exponentially stable. Consequently, driving
system (2.1) and response system (2.2) achieve synchronization in the p-th moment exponential sense.

< p,w; >

AIMS Mathematics Volume 11, Issue 8, 26614-26639.
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Moreover, if there exists a constant € > 0 such that

1
_ % S eze7Z., (3.2)
m+ A + pIl

thent, —t, | > &,z€ Z,. Hence, lim,_,, t, = +00 and the Zeno phenomenon is excluded.

Proof. Define the following weighted Lyapunov function:

N
VXK = D oViXh), b,
i=1

where o; = [0, ..., 0y]" denotes the cofactor corresponding to the i-th diagonal entry of the Laplacian
matrix associated with (H, W(Q)).

This estimate will now be used in analyzing all possible event-triggering patterns. To ensure a
complete analysis, we consider all possible triggering patterns, classified into the following three cases:
Case 1. (No events triggered) If the triggering condition (2.3) is not met, then

EQ(1) < wiE(€2(0) V Qo) < wEQy,

for all t > 0. Hence no impulses occur and event accumulation is impossible.
Case 2. (Finitely many triggers occur) Assume that events are triggered only up to index Z, i.e., t,
exists forz =0,1,2,...,Z,Z € Z,. At each triggering instant,

EQ() = wEB(Q(t-1) vV Qo) < w, n#z—lszQo, te [t t), (3.3)

=1

where u, = maxl-eN{,ul(.Z)},ﬁ € N,N, ={1,2,...,z— 1}. In addition, when t = t,, by assumption (3.1),
the following can be deduced:

N N n
BQ(t) =B ) oiViXi(t), e <E Y o Vi(Xilt)), he™ < wBQ) < o, | | pe10.EQy.

i=1 i=1 (=1

Since the number of impulsive instants is finite, no impulse is generated when t > t;, where 7 € Z,..
It then follows from (2.3) that

Eg(t) < wz+1E(Q(tZ) \Y Qo) < Wz41 rl,uz_g+1a)z_[+1EQO, (34)
=1

where n € N,,N, = {1,2,...,z,...,Z},t € [t5,0). On the basis of (3.3) and (3.4), we obtain the
following conclusions for the case where only finitely many impulses occur.

EQ(t) < pEQy, t > to.

Case 3. (Infinitely many triggers) Suppose that impulsive events occur infinitely many times. Then
the corresponding sequence of triggering instants satisfying (2.3) is denoted by {t;}sez+, where

O=th<ti<th< - <tg<---.

AIMS Mathematics Volume 11, Issue 8, 26614-26639.
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It remains to rule out the possibility of Zeno behavior.
Since EV;(X;(t), k) is continuous on [t,_i, t.), there exists t,_; such that

f, = sup{ te[tr,t,) : BQ(M) < E(Q(t_) V Q) } (3.5)

and )
EQ(t,-1) = E(Q(t-1) V Qo).
In addition, for every t € [t,_;,t,), one has
EQ(,.,) < EQ(t) < EQ().
Moreover, for any t € [t,_1,t.], if (t + ) € [t,_1,t.], then
EQ(t + &) < EQ(t) < w.B(Q() V Q) = w.EQE._ ) < w.EQ(1). (3.6)
Likewise, for any t € [t,_,t.], if (t + ¢) € [t,_»,t._1], then
=2
EQ(t +¢) < BQ(t) < B (Qtin) V Q) < 0oy | [ tecror i QD). (3.7)
(=1
Repeating the same argument, for any t € [t,_;,t,], if (t + £) € [to, 1], then we obtain
EQ(t + ¢) < BQ(t) < w EQ().
Similarly, if (t + {) € [ty — 7, 1o], then
EQ(t + ) < EQy < EQ(1). (3.8)

Combining (3.6)—(3.8), it follows that for any (t) € [t._;, t.], the following inequality holds:

z-2
EQ(t + ¢) < [w. V w, ]—[ Lot 1ot V-V ;1 V 1]EQ() < PEQ(Y).
(=1
It also means that
N N
E sup o VIXi(t) + £, k) < pE ) o VIXi(b), k),
£el-r0] ; ;

where pe™™ < p . Taking the upper-right-hand Dini derivative and applying the linearity of expectation
yields

N N
D'EQ(t) = me™ Z Eo, Vi(Xi(t), k) + e™ Z T ELV(X (1), k).
=1 i=1

Using inequality (2.6) and Lemma 1, we obtain

N N
D*EQ(t) < me™ Z o BV(X(t), k) + ™ Z o-,-E[Af.“ Vi(X;(t), k)

i=1 i=1

AIMS Mathematics Volume 11, Issue 8, 26614-26639.
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+ MOVI(Xi(t - 7(t)), k) + E Z DT (X)), (X, ))]

Jj=Lj#i

N N
< me™ Z o EV(Xi(t), k) + ™ Z B AP VX, k) + TP VXt - (1), 6|

i=1 i=1

<EQ(M)(m + A + pIl).
Therefore, o
BQ(t]) < e AP UEQ®E, ). (3.9)
Combining (3.5) with (3.9) gives
EQ() = w.E(Q(t_1) V Q) = wEQ({, ) < AR, ), (3.10)
Since EQ(t,_;) > 0, it follows from (3.10) that
1
&<t _t 1<t _tzl
m+ A + pll

By (3.2), one obtains t, — t,_; > &,z € Z,. Consequently,

Z
t,=1to+ Z(te —tr1) 2 to + ze.
=1

Therefore, lim,,., t; = +00, which shows that the triggering instants cannot accumulate within any
finite time interval. Hence, the Zeno phenomenon is excluded.

Next, it is shown that the p-th moment exponential stability of the error system implies
synchronization between the driving system and the response system.

Deriving differential inequalities for a Lyapunov function demonstrates synchronization in the p-th
moment exponential. From (2.5), we derive upper and lower bounds for V;(X;(1), k) as follows

V(X(t), k) < max 0', (") ZlX I, V(X(H.k) > min 0'1 (k> ZlX .

i=1

Let i, := inficz, ﬂ(]k) >0, 7 :i=supg, 7r(2) < oo. Then, forallt >0and k € Z,,

minoz, IXOI” < VX(1), k) < max o, m [[XOI,
1€ 1€

where [[XDIIP := XX, 1X(bI7.
From the previous estimates, it follows that

DL Ti72 MAXiel TiM2 o B y(0) exp (—mt} = —2&)EQ(O) exp (—mt},
T

min;e, 0 7T,

E[IX:DIP < EQ(t) <

MiNjer, 07 Ty

where T, = max;q, 0; T, 7} = MiN, O mr,. Since X;(t) = yi(t) — Y,(t), the above estimate implies

limt_mEZ?il @i(t) - Y = 0. Hence, the driving system and the response system achieve
synchronization in the p-th moment exponential sense.
This completes the proof. O
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Remark 3. The lower bound condition

has a direct interpretation in the event-triggered impulsive mechanism. It ensures that the weighted
Lyapunov functional requires a nonzero amount of time to grow from its post-event level to the
next triggering threshold. Hence, successive triggering instants cannot accumulate in any finite
time interval. This condition provides an explicit Zeno-exclusion criterion and guarantees the
implementability of the proposed impulsive control strategy.

Although Theorem 1 provides a general Lyapunov-type criterion for the existence of a
synchronization and the exclusion of Zeno behavior, its conditions may not be directly verifiable in
applications. Therefore, we next impose additional structural conditions on the drift, diffusion, and
coupling terms, and derive a more explicit coefficient-type criterion. These conditions ensure that the
node-Lyapunov requirements in Definition 3 are satisfied, so that the conclusion of Theorem 1 can be
applied.

Theorem 2. Assume that the state-dependent countably infinite-state Markovian switching mechanism
a(t), generated by S(x) = (qg)m(x))ﬂﬁ’mezﬁ is strongly exponentially ergodic with the common invariant
probability measure v = (v, Vv,,...) in the sense of Definition 1. Assume that, for every i, j € L with
Jj #iandk € Z., the following conditions hold:

Bl: For any X;,G; € R", there exist positive constants dgk), hgk), and :%”i;k) such that

(X)"fiXi. Gin k) < dPIXP + HPIG (3.11)
and
(X) "T3(X, X k) < 200X = 1X). (3.12)
B2: For any X;, E; € R", there exist nonnegative constants 6§k) and 8§k) such that
tw(gi(Xi, Ei. k) 8i(Xi, Ei. ) < 671X + eV |E. (3.13)

B3: The weighted digraph (H, W(Q)) is strongly connected, where W(Q) = (a;;)nxn-

Assume further that, for each impulsive instant t = t,, the impulsive effect satisfies
EVi(Xi(t,). k) < 1 BVi(Xi(t), k), (3.14)

where 1, := maxe, (1°.

Let A and 11 be the constants induced by (3.11)—(3.13) in the Lyapunov estimate, assume that
A= SUP;cz, AW < oo, I1 := SUP;cz, 1™ < co. Moreover, suppose that there exist positive constants m,
0, and p such that pe™ < p,w, > 1, w, 2;; Wotfo—t S P2 E Ly

Then, under the event-triggered condition (2.3), the error system (2.4) is p-th moment exponentially
stable. Consequently, the driving system (2.1) and the response system (2.2) achieve synchronization
in the p-th moment exponential sense.

Furthermore, if there exists a constant € > 0 such that m-il—lll\—a-:-pl_[

Hence, lim,_, t, = +0c0 and the Zeno phenomenon is excluded.

>e,7€Z,,thent,—t,_| >¢,z€Z,.
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Proof. For each h > 0, denote by B, C R”" the open ball centered at the origin with radius 4. Let

3x
X =- Z covan,  cm <0, o] > i

MeZ,

Since Y gnez, v = 1, it follows that Y g7, (com + x)var = 0. Given the strong exponential ergodicity of
a(t), Lemma 2 guarantees the existence of a bounded sequence {bffm) M e Z,, i € L} satisfying

> @b =x +cn, MeZ,, i€l (3.15)
NeZ,

Since Y gz, gumn(0) = 0 for any M € Z, , it follows from (3.15) that

g; Gun(0)p™ = mZZ: gun(0)(1 — ™) = —n(x + cw), M€ Z,, i € L. (3.16)

(JJI)}

Given the boundedness of {b we can choose 17 € (0, 1), Vx € B), such that

1
™| < A 3.17
nlb;| < min 4 > (3.17)
In view of Definition 1 and (3.17), there is an & > 0O sufficiently small such that
2 (1" T
(1 = 2b™)lgamn(x) — gun(0)] < == (3.18)
NeZ,

Define the function V(X (1),k) : B, X Z, — R, by V(X(),k) = Zl L oiVi(X; (1) , k). Since
(H,W(Q)) is strongly connected, we have o; > 0 for all i € L, and o is the cofactor of the i-th
diagonal element of the Laplacian matrix of (H, W(Q)):

sup EZ ViXit + &), k) <pEZ ViXi(h), k).

Le[-7,0] i=1
Then
sup EZG’,V(X(’[+{) k) <pEZO',V(X(t) k).

10l 45

Define the function Vi(X; (1),k) : By X Z, — R, by Vi(X; (1), k) = (1 — nb"™)\U(X; (1)), U(X; (1)) =
IX; (1) 7, p = ng = 2. By Itd’s formula, we have

LViX; (), %) = n(1 = gb™) U™ (X ) LUX; ©) + UMK ©) Y (1= b )gqumn(x)
NeZ
* (3.19)

22D g 2(X; (DU (X ())g(Xi(h), Xi(t — 7(1), k).

2

For simplicity of notation and computation, the following analysis will be carried out separately in
several parts.
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The application of Conditions (B1) and (B2) leads to

LUX,(1)) = gIXi()I"(X; (t))T[fi(Xi(t)’ Xi(t —7(1), k)

N
-1
D e, X0,k + LLD 1 0120 (i), X - 7). P
=1, j#i
< Xl + L0 4 (@ + LD eoix, 20Xt - wit)P
N
+ 0 a2 P (XN — X)X OP). (3.20)
=1

In that way, we can introduce

n(1 = nb™) U™ (X() LUCX(D) < n(1 = nb{™)XOP|1X:(D)I(qd” + L5260) + (gh
N
+ LRI Xt - ) + > a2 (X1 = X1 2X,0P)]

j=1,j#i
< (1 = pb"™)X O] gd + LLD60 + (10 + LLeP) 2|+ (1 - b2

N
+ (g = DEMNX(t =N + 20 = 7b™) > a(0. 2, (XM — 1X,(01"). (3.21)

j=1,j#i
Moreover, by making use of Formulas(3.16) and (3.18), we can deduce that

UMXi(0) - (1 = 1b™)qum() = UNX(1) > (1= nb{™)gqun(0)

NeZ, NeZy

+ UMX() Y (1= 15" gun(x) = qun (O)

NeZ,

q =3ny — 4ncy =3ny — 4nc;
< (1= ™) UM Xi(h) | ——E—T2 | < Vi), by | T (3.22)
4(1 - le, ) 4(1 - 77b, )

Hence, by synthesizing points (3.20) and (3.22), we can derive the final result:

1 1 —3ny — 4ncw
(X. (X. (k) , — _ (k) & . (k) _ el 4 T 0t
LVi(X; (1), k) < V,(Xl(t),k)[nqdi +5mq(q = Do~ + (7 + 2(q = De)(ng = 2) + m —nbfm))]

N
2 g
+ V(Xilt = (1), 92 + (g - D)+ > ais(k) (1 - prb™) 2P IX O = X, O1")
Jj=1,j#i
N
= APV, k) + IOV (Xt = 7). k) + Y| D TR (2,(X), 2(X,),
j=1,j#i
where
AP = ngd® + Lgtqg - 1o + X% g L 10y )5 0
’ ) CooAd-mpy 2 ’ ’
AIMS Mathematics
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2 ;
DY =1 -np™) 2P >0, 1P =+ (g-1el) >0,
q
T (LX), LX) = X = X0

Hence, the V2 is satisfied.
At each impulsive instant t = t,, we have

EVi(Xi(t.), k) = (1 = pp™)EXi(t)I" = (1 — )P YMEIX,(1))M < fPBVI(X(K)), k).

Thus, the impulsive condition in A3 of Theorem 1 is satisfied. Hence, the node-Lyapunov conditions
in Definition 3 are verified. Combining the above estimates with the impulsive condition and the
event-triggered condition (2.3), all the assumptions of Theorem 1 are fulfilled. Therefore, the error
system (2.4) is p-th moment exponentially stable. Consequently, the driving system (2.1) and the
response system (2.2) achieve synchronization in the p-th moment exponential sense. Moreover, since
lim,, t, = +o0, the triggering instants do not accumulate in any finite time interval. Hence, the Zeno
phenomenon is excluded.

This completes the proof. O

Remark 4. The stability in Theorem 2 is ensured by the strong exponential ergodicity of the Markovian
process and Lyapunov-based analysis. The event-triggered impulsive control framework guarantees
stable synchronization, excludes Zeno behavior, and ensures a minimum inter-event interval. This
approach aligns with [31] on stochastic system stabilization, [32] on event-triggered synchronization,
and [33] on the exponential stability of fuzzy networks under intermittent control.

4. Application

4.1. Application to a network of coupled Chua circuits

To illustrate the above theoretical results, Chua’s circuit is chosen as an application example. This
circuit is not only one of the simplest circuits that can be implemented experimentally, but also a
classical representative nonlinear chaotic circuit.

Consider the following internally interconnected Chua’s circuit system. The single Chua’s circuit
depicted in Figure 2 is described by the following differential equations:

1
Civn(®) = Z(=vi®) +v2(B) = fvi D),

1
Cony(t) = E(Vl(t) — (1) + i3(b),
Liz(t) = =(na(t) + Roi3(1)),

where v; and v, are the voltages across the capacitors C; and C,, respectively, and the term f(v;)
represents the current through the nonlinear resistor Ng.

f(vy) satisfies the following formula: f(v;) = G,v; + %(Ga - Gy)(Ivy + E| = |vi — E|), where G, and
G, are the slopes of the inner and outer regions.
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I~

Figure 2. A single Chua’s circuit.

We now proceed to describe the system dynamics for the Chua’s circuit in a more generalized form:

AN —uk) p) 0 ) (Yalt—T(t)
Vol = 3 ColatIMy(Y, Yya®) +| AK)  -AK) 20 || Yal)

Y3 =1 0 —yk) —y(k) Y1)
I, 00 —w(a®)f(Yut - 7(})), a())
+]10 L, O B(t)+ 0 , 1eL 4.1
0 0 L 0

where Y; = 01(0), Y = 00, Ys = 13(0),u(k) = 1/(R@®)Ci(a(t))), Ak) = 1/R(@®)Ca(alt)),
z2(k) = 1/Caa(t)), y(k) = 1/L(a(1)), y(k) = Ro(a(t))/L(a(t), 3> (a(t)) = 1/Ci(a(?)), and 7 is the
inner time-varying delay. Let [; = v (Y;; (1), Yau(t — 7)), a®)), L = vp(Yp(t), Yot — (1)), a(t)),
I = va(Y(t), Yot — 7(1)),a(t)), and [, b, [z # 0. Moreover, f(Y,-l(t),a/(t)) = f(Y; (1), and T will
denote the time delay.

Let Y;(¢) = (Yi1, Yin, Y;3)". Define the following:

—puk)  uk) 0 -5 (@) f(Ya(-1(1), (1))
Yi(t) + ,

E(Yi(b), Yi(tT(f)),a(f))—[ Alk)  —Ak)  z(k) 0
0 —yk) —yk) 0

I, 00
Gi(Yi(h), Yi(t - 7(1), a(h) = [ 0 L O ]
0 0 &L

Then, system (4.1) can be modified as

N
dY;(t) = [EYi(0), Yict = 7)), () + Y Cola®)My; (Y1), ¥,(0), a(b) Jdt
=1
+ g(Yi(t), Yilt - 7(t), a())dB(t), i€L. (42)

Consider system (4.2) as the driving system and the corresponding response system is in the form of
system (2.2).
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Define the error vector E;(t) = Y;(t) — Y;(t) and the error system with event-triggered impulsive
control is defined as follows.

N
dEi() = [S(E), Eit = (1), a®) + D Ciia®)IMi(Ei(t), Ej(t), a(t)|dt

=l (4.3)
+ gi(Ei(t), Ei(t — (1)), a(1))dB(1),

E(t) =2 E(t]), ielL.

Next, the following theorem will be presented, which guarantees the existence of a synchronization
for the Chua’s circuit with Markovian switching under event-triggered impulsive control. In addition,
according to [34], we have f(Ekl(t —1(t)) = o (Yat = 7)) — vi(t = (1)) £ o Ep(t — 7(1)) with
Ga <0y < Gb.

Theorem 3. Foralli,j €L and k € Z,, let the digraph(H, W(Q)) be strongly connected. Assume the

following conditions hold:

(k

Cl: Forany X;,X; € R" and k € Z., there exist positive constants Kl.]) such that

(X)"Cij(Xi, X1, k) < kDX = X)), (4.4)
C2: ForanyY;, E; € R", there exist non-negative constants 61(.](), el.(k) such that
e G (¥, Ei, k) G(Y;, Ei, )] < 8P|V + eX|E . (4.5)

C3: There exist 3 and o such that
1 _
5 3 O + M > 0, (46)

where M = max{A(k), B(k), C(k)} and A(k), B(k), C(k) will be introduced later. In addition, there exist
positive constants satisfying p: pe" < p,w, [T} We—ttte—¢ < p, m+A® +plI® < Inw,, and then, under
the event-triggered condition (2.3), system (4.2) exhibits a synchronization with no Zeno behavior.

Proof. We establish the equivalence of the two sets of conditions by taking the inner product of the
system’s dynamic equations with the transpose of the corresponding state vector. For the error system,
we have

N
dE (1) = (E(D)[E(E), Eit — (1), a®) + Y Cifat)Mi(Eit), E(1), a(t)|dr
j=1

+(E(1) " gi(Ei(h), Ei(t — 7(1)), a()dB().

This leads to inequalities involving the norm of the system state. The derivation proceeds as follows.
We can perform the following inner product operation:

[~ FEDE = (1)), k)
| 0
0

(E())T E(E(b), Et - 7). k) = (E{ (1))
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Ak) Ak z(k) ]Ef“(t)
0 —yk) —yk)

< max {A(k), B, C0)) (EP®) + % > o (EX(t - 7(1) + % > T (EQ (1),

—puk) (k) 0
+

where

. Ak k .«
Ah) = —u(k) - % _ ’%) Bk =

(k) + z(k)
2

pk) Ak o) + 2(k)

2 2 - (h=

—y(k).
So, we can get
EP @) Z E®, Bt~ ), ath) < 5 > 0 + DEVDF + 5 > ouEX - 1)

This implies that (3.11) is satisfied.

Therefore, condition (4.4) and condition (3.11) jointly satisfy the first condition of Theorem 2.
Conditions (3.13) is checked using conditions (4.5) and (4.6), respectively, while strongly connected
directed graphs are the same. So, all the conditions for Theorem 2 have been fulfilled. Therefore,
driving system (4.2) and response system (2.2) exhibit a synchronization according to Theorem 2. O

4.2. Numerical simulations

To describe the network topology of the coupled Chua’s circuits, a directed graph consisting of
17 nodes is employed. Each node represents an individual Chua’s circuit, while the directed edges
characterize the influence from node j to node i. The Markovian modes are distinguished by edge
colors, with red and blue corresponding to a(t) = 1 and a(t) = 2, respectively. In addition, solid edges
and dashed edges denote strong and weak coupling strengths, respectively. As shown in Figure 3,
the digraph (G, A) is strongly connected. The nonzero entries of the corresponding weighted matrix
W(Q) = (a;;)nxn are given in Table 1.

Figure 3. Coupling structure of 17 coupled Chua’s circuits.
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Table 1. The nonzero elements of matrix W(Q) = (a;;)17x17-

The Values of the Non-zero Weights
a1 =042 a35=1.05 as7=081 ags =063 a;9=043 a,4=056 asc=1.12 ag;o=0.74 ay;; =0.38
a2 =0.59 a3 =095 ape =0.62 a5 =0.77 ajsie = 1.21 ajs17 =036 ae; =0.84 a7, =053 a3 =042
a5 =096 a37;=0.64 as9=1.15 as;; =039 a¢;3 =047 a;15=0.82 ag;;7 =106 a9, =055 ajps =093
ane =0.74 apng =029 aj310=0.68 ajg2 =044 a1514 =1.03 a3 =072 ap35=026 a;;=0.58 a9 =0.88
az =041 a43=0.66 as;5 =092 as;7 =035 a;, =073 as,s =108 aye=0.54 ayps=1.25 aj0=0.77
a6 =042 ap3; =0.69 a3 =091 a;55 =037 a7 =082 ap9=1.04 a;;; =048 a3 =0.72 as;5 =0.95
as17 =033 as; =084 ass =109 a;6=028 ag;; =064 agiq4 =112 ajp16 =0.53 aj;; =0.85 app; =044
aizs =0.67 a7 =106 ajs9=0.36 ae; =0.59 a;7,3 =092 a;14 =041 azi6 =1.15 a317 =0.68 as, =0.73

We define the Markovian generating source, state space of Chua’s circuit network, and transition

probability matrix as follows:

~15 15
Q:[1 _1],5:[1,2].

We set C; = 0.08,C, = 0.86,R = 1.01,Ry, = 0.66,L = 1.08,G, = -1.12,G, = —-0.41, 7(t) = sinz(t),
At = 0.01, and

Gi(Yi(t),Yi(t — 7(t)), ) = 0.001 [sin Y,(t) + sin Yi(t — 7(1)],
Mi(Y,, Y}, 1) = [sin Yi(t) — sin V(1)) .

According to the parameters of the Chua circuit, one obtains M = 6.66, d= 13.66,’}; = 7.00. Moreover,
the diffusion coefficients satisfy 5?‘) = el.(k) = 2.00 x 1075. Therefore, the uniform coefficients in the
Lyapunov estimate can be selected as A = 2d + 61(.") = 27310 = 2h + ei(k) = 14.00. The control
parameters are chosen as m = 0.10,w, = 2.00, dl@ = —-0.60,p = 2.00,p = 2.30. Since p = 2, the
corresponding impulsive contraction coefficient is y, = |d,@|2 = 0.36. Consequently, w, Hf;{ Wyt =
2.00(0.72)! < 2.00 = p and pe” = 2.00*'° ~ 2.21 < 2.30 = p. Furthermore, m + A + pIl =
0.10+27.31 +2.30 x 14.00 = 59.61, and hence mi’;\‘ipn = 129 ~ 0.01. More precisely, the above ratio
is greater than 0.01. Therefore, the Zeno-exclusion condition is satisfied by taking € = 0.01, which
yields t, —t,_.; > 0.01 > 0.

Figure 4 presents the state trajectories of the uncontrolled drive and response networks. Figure 4(a)—
(c) show the three state components of the drive network, whereas Figures 4(d)—(f) display the
corresponding state components of the response network. Persistent differences can be observed
between the two groups of trajectories, indicating that the drive and response networks cannot achieve
synchronization without control. Figures 5 compares the synchronization errors before and after the
proposed event-triggered impulsive control is applied. Figures5(a)—(c) show the uncontrolled error
trajectories, which remain nonzero and oscillatory. By contrast, the controlled error trajectories in
Figures 5(d)—(f) converge to zero after a transient period. These results demonstrate that the proposed
control scheme achieves synchronization. To further evaluate the control performance, a variable-
interval impulsive control scheme is considered for comparison, whose impulsive intervals satisfy

0.15 < At, < 0.65.
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As shown in Figure 6, both control schemes achieve synchronization under the considered simulation
setting. However, the proposed event-triggered scheme drives the synchronization errors into a
neighborhood of the origin within a shorter time than the variable-interval impulsive control scheme.
Finally, Figures 7 and 8 present the impulsive intervals generated by the proposed event-triggered
scheme and the variable-interval scheme, respectively. The proposed scheme generates fewer
impulsive actions, while its observed inter-event intervals remain strictly positive throughout the
simulation horizon. This observation is consistent with the theoretical Zeno-exclusion result.

Remark 5. For numerical implementation, a finite-state Markov chain is adopted in the simulation.
This setting should be understood as a finite-state special case of the proposed countably infinite-
state framework. The purpose of the simulation is to illustrate the effectiveness of the event-
triggered impulsive control strategy and the applicability of the obtained synchronization criteria. The
theoretical results, however, are formulated for switching processes with a countably infinite state
space.
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Figure 4. State trajectories of the uncontrolled drive and response networks.
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Figure 5. Synchronization errors before and after event-triggered impulsive control.
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Figure 6. Comparison of synchronization errors under two impulsive control schemes.
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Event-triggered Control
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Figure 7. Event-triggered intervals.
1 Variable-interval Impulsive Control
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Figure 8. Variable impulsive intervals.

5. Conclusions
This paper considers the synchronization problem of stochastic coupled systems with time
delay under event-triggered impulsive control in the presence of countably infinite-state Markovian

switching, while excluding the Zeno phenomenon. By combining the Lyapunov method with graph
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theory, two new criteria for synchronization are established. Compared with existing results, the
proposed model is more general. In addition, the effectiveness of the obtained results is verified through
numerical simulations on a directed graph with 17 nodes. Since practical directed networks are not
always strongly connected, future work will focus on synchronization conditions under more general
network structures.
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