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Abstract: Aquifer systems are often simplified as homogeneous and infinite, yet natural deposits
typically display heterogeneity and occur within finite domains. In this study, we developed a two-
dimensional analytical framework for groundwater flow in an unconfined two-region aquifer that
represents lateral heterogeneity through piecewise hydraulic properties, subjected to spatially variable
recharge, formulated using the generalized integral transform technique (GITT). The model was
benchmarked against finite-difference simulations of the nonlinear Boussinesq equation, showing
close agreement and validating the linearized approach. Applications to contrasting soil properties and
recharge patterns revealed that heterogeneity and recharge variability strongly influence groundwater
levels and hydraulic gradients. Uniform recharge leads to higher mounding in low-permeability zones,
while spatially increasing recharge amplifies head buildup and steepens gradients. In contrast,
decreasing recharge shifts the mound toward the aquifer center and produces outward flow.
Comparisons between homogeneous and two-region composite aquifers showed that only the latter
exhibit abrupt head changes at interfaces. The framework provides a practical tool for groundwater
analysis and management.
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1. Introduction

Unconfined aquifers are typically formed through fluvial and alluvial processes, producing layered
deposits with varied sedimentary facies. These depositional patterns create substantial contrasts in
hydraulic conductivity, specific yield, and directional anisotropy (Montalto et al. [1]). In Taiwan’s
Zhuoshui River basin, for example, clay and silt layers with low permeability have accumulated into an
alluvial fan that strongly influences regional groundwater dynamics. Such heterogeneity in subsurface
materials plays a decisive role in groundwater storage and movement. Heterogeneous conditions are also
common in coastal aquifers (Li et al. [2]; Li et al. [3]; Xia and Li [4]; Kreyns et al. [5]), where spatial
variability in hydraulic conductivity K(x) and recharge distribution r(x) controls changes in
groundwater head h(x,t). Understanding how these parameters interact is essential for groundwater
management, contaminant transport assessment, and recharge estimation. Numerous investigations have
demonstrated that incorporating heterogeneity leads to more realistic models. For instance, Winter and
Tartakovsky [6] developed a stochastic composite-aquifer framework that produced more accurate
hydraulic head predictions. Kalbus et al. [7] showed that including heterogeneity in aquifers and
streambeds improved simulated flux distributions. Similarly, [llman et al. [8] validated heterogeneous
aquifer models with pumping tests and sandbox experiments, reporting improved prediction accuracy
when heterogeneous conductivity fields were incorporated. Hartmann et al. [9] further emphasized that
geological variability strongly governs water balance, and that ignoring recharge variability limits the
usefulness of analytical solutions.

Despite these insights, deriving analytical expressions for heterogeneous aquifers remains
challenging. Serrano [10] applied decomposition methods to address the nonlinear Boussinesq
equation, revealing that linearized and nonlinear formulations differ greatly under high gradients,
strong recharge, or low hydraulic conductivity. Moreover, researchers have approximated
heterogeneity by substituting aquifers with finite or piecewise homogeneous regions. For example,
Trefry [11] examined flow through layered aquifers subject to sinusoidal boundaries. Chuang et al. [12]
modeled leaky aquifers subdivided into horizontal regions, and Ptak et al. [13] reviewed tracer testing
as a tool for parameter characterization in heterogeneous porous media.

Advances have leveraged the generalized integral transform technique (GITT) to tackle one-
dimensional groundwater problems. Wu and Hsieh [14] demonstrated its rapid convergence relative to
Laplace transform solutions and analyzed aquifer behavior under different recharge conditions. Classical
treatments of separation of variables and multilayer media (Morse and Feshbach [15]; Ozisik [16])
highlight practical barriers to deriving eigenvalues/eigenfunctions as system complexity grows
(Mulholla and Cobble [17]; Sun and Wichman [18]); and researchers have estimated conductivity,
source/sink terms, and boundary conditions directly from field constraints (Zhang [19]). Semi-
analytical developments have also entailed transient recharge and aquifer heterogeneity in two
dimensions (Das et al. [20]), and researchers assessed recharge estimation errors under anisotropy and
heterogeneous hydraulic conductivity K (Aguila et al. [21]). Hemker and Bakker [22] developed
analytical solutions for steady groundwater flow in a heterogeneous, anisotropic, semiconfined aquifer
composed of multiple horizontal layers, each subdivided into homogeneous cells with distinct
hydraulic conductivity tensors. Their multilayer analytical framework demonstrated that when the
major principal direction of the transmissivity tensor varies between layers, streamlines may become
spiral-shaped, forming organized bundles termed “groundwater whirls”. Guo et al. [23] derived
analytical solutions describing tide-induced groundwater head fluctuations in a two-zone system
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consisting of a finite-width coastal zone connected to an inland zone of contrasting properties. They
introduced a dimensionless zone-contrast parameter governed by the ratio of the transmissivity—
storativity products between the inland and coastal zones, and showed that this lateral contrast controls
amplitude attenuation and phase propagation across zones; they also discussed implications for inverse
estimation of aquifer parameters and demonstrated application to a field case in China. In river—aquifer
systems with transient forcing, Liang and Zhang [24] presented 1D analytical solutions for the water
table and lateral discharge in a heterogeneous unconfined aquifer subject to time-dependent sources
while being bounded by a fluctuating river stage, with heterogeneity represented by multiple sections
of differing hydraulic conductivity.

Building on this literature, Wu and Hsieh [25] provided a full analytical description of 1D
unconfined sloping aquifers under general spatiotemporal recharge, overcoming the quasi-steady
assumptions of prior formulations. Hsieh and Wu [26] later integrated perturbation methods with GITT
to examine river-aquifer interactions, adjusting recharge via Horton’s law and validating with field
evidence. Motivated by these advances and persisting gaps, we develop a two-dimensional analytical
solution for groundwater flow in a horizontal two-region unconfined aquifer under spatially distributed
recharge. The formulation is benchmarked against nonlinear finite-difference simulations and then
applied to explore how heterogeneity and recharge distribution together shape groundwater levels and
flow discharges.

2. Materials and methods
2.1. Analytical formulation

Unconfined flow is formulated here with a Boussinesq-type relation—Darcy flux coupled with
mass conservation under the Dupuit—Forchheimer approximation. Rather than presuming a uniform
medium, the aquifer is represented as two adjacent vertical zones (regions I and II) separated at
X = Ly, (Figure 1). The aquifer domain L, X L, X D enables each zone to carry its own hydraulic
properties, reflecting realistic lateral heterogeneity.

Figure 1. Conceptual diagram of a horizontal two-region unconfined aquifer, with surface
recharge applied across the domain.
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According to Darcy’s law, the unit-width discharge components in the horizontal directions are:

oh
qx = _Kxha (D

on
qy = —Kyh 7 (2)

where K, and K, are the hydraulic conductivities along the x and y axes, respectively, and h =
h(x,y,t) is the saturated thickness. Conservation of mass requires:

oh 4 94x | 9y _
Syoct o T o =T 3)

where S, denotes specific yield, and 7 = r(x,y) represents recharge (per unit area, per unit time).
t istime.

For a two-region aquifer, the governing two-dimensional Boussinesq equations with a space-
dependent source term r(x) or r(x,y) for the two regions are:

ah a (, dn d (, dh
Syrlﬁ_Kl'xa(hE) — Kl"«V@(h@) =r(xy),0<x<Lp,0<y< L, 4)

Syasr —Kana (hS2) = Kz,y%(h Z—D = (V) Ly <x<Ly,0<y<L, (5
subject to the following conditions:
o Initial water level: uniform initial water table
h(x,y,0) = hy,0 <x <Ly, 0<y<L,,. (6)
e Constant head at x = 0:
h(0,y,t) = hy,0<y <L, t>0 (7

representing hydraulically controlled boundaries (e.g., river/constant-head boundary segments
or reference head boundaries).

o Interface continuity conditions at x = L,,: continuity of head and continuity of flux across the
material boundary, ensuring mass conservation across the two regions

h(x=Lp ) =h(x=Lp"),0<y<L,t>0, (8)
=L~ -+
Kl,x%zl{lx%’o<y<lly;t>o- (9)

o No-flow boundaries at x = L, and x = L,:

oh

= =0x=1L,0<y<Ly,t>0 (10)
oh
5 =00<x<L,y=Lyt>0 (11)

representing groundwater divides/symmetry or impermeable boundaries at the domain edges.
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e Constant head at y = 0:
h=hy,0<x<L,,y=0,t>0 (12)

where K;, and K;, (i = 1,2) are hydraulic conductivities of region i inthe x and y directions,
respectively; S, ; is specific yield of region i; and h, is the initial water table.

These boundary choices define the domain’s drainage pathways and symmetry constraints, which
shape mound location and discharge patterns; therefore, the current solution is best interpreted as an
analytical benchmark for a rectangular domain with mixed Dirichlet-Neumann boundaries. Other
alternative boundary types (e.g., specified flux and mixed boundaries) would require modified
eigenfunctions and are outside the scope of this study.

The recharge is a temporally uniform and spatially piecewise uniform distribution:

r(x,y) = Il‘il[u(x —xi—1) —ulx —x)] [uly —yo) —uly — y1)] (13)

where u(-) denotes the unit step function; M denotes the total number of increments along x; and
[vo, ¥1] defines the recharge interval in the y direction. In this study, yo =0 and y; = L,,.

2.2. Linearization and nondimensionalization

The nonlinearity in Eqgs (4) and (5) generally precludes closed-form solutions. Classical approaches
often approximate either the groundwater head h or the squared head h? term (Bear [27]). Following
prior guidance that linearizing the squared head h? yields better fidelity than linearizing h (Guo [28];
Liang and Zhang ([29,30]), we adopt that approach and then recast the problem in dimensionless form
(Guo [28]; Serrano [10]; Gao et al. [31]). This produces the coupled linear boundary-value problems
(14)—(22) used throughout. Using the scalings

H=(h?—he®)/ho®s X =x/Ly, Y =y/Ly, T =t/ty, R =rty/hg

with anisotropy ratios given by K;, = K;, /K;, (i =1,2) and t; representing the recharge period,
this leads directly to (14)—(22):

aZH azH O0H

9%H 9%H OH
m sz"‘}’zR(X,Y):TZE'Lm/Lx<X<1,0<Y<1 (15)

H=00<X<10<Y<1T=0 (16)
H=0,X=0,Y>0T>0 (17)

HX =Lp/Ly ) =H(X =Lp/Ly"),0<Y <1,T>0 (18)
Ky O/ g, HOE/LT) gy < 1,7 > 0 (19)
S =0X=10<Y<1T>0 (20)
H=00<X<1Y=0T>0 Q1)
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ay—00<X<1Y—1T>O (22)
where
— sz _ sz _ Sy,isz P
Pi = Kirp 2 Vi = e T T ke, T 12

The boundary conditions are homogeneous and correspond to constant head at X = 0, no-flowat X = 1,
and symmetry at ¥ =0, 1.

2.3. Eigenfunction expansion

To construct analytical solutions for the two-region system, the separation-of-variables technique
is applied. The dimensionless groundwater head is expressed as a separable product of spatial and
temporal components:

HX,Y,T) = ¢XOp(¥)I (T). (23)

This representation is consistent with the linearized heterogeneous formulation introduced in
Section 2.2. Substituting (23) into the governing boundary-value problems (14)—(15) for regions I and
IT yields two eigenvalue problems. Each system consists of a Helmholtz-type equation in X with
eigenvalue «, a scaled Helmholtz form in Y with eigenvalue £, and a first-order temporal ODE at a
decay rate depending on a?, B2, and 7;:

For 0<X <L,/L,:

dr
13T

+(@*=BHr=0

¢
dX2

P1dyz+ﬁ Yy=0 . (24)
L 4 (a? —BHr=0

+a?¢p =0

Tl dar
For L,/L, <X < 1:

m+a2¢—0

pzdyz+ﬁl,l)—0 : (25)

Tsz-I-((Z —BHr=0

The associated boundary and interface conditions are:

$(0) =0 (26)
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(P(Lm/Lx_) = ¢(Lm/Lx+) (27)
Kl,x d¢>(L;nX/Lx‘) _ Kz,x d(,b(L;nX/Lx*') (28)
Lw=o0 (29)
Y(0) =0 (30)
Lw=o. G1)

Equations (24)—(31) pose a complete eigenvalue problem for ¢(X),y¥(Y), and I'(T), permitting
separate treatment of space and time and reducing the two-region system to tractable modal
components.

2.3.1. Eigenfunctions in the X-direction

The general solution in region I is:

P (X) = ¢y sin(aX) + cycos(aX),0 < X < L, /L, (32)
and in region II:

¢(X) = c3sin(aX) + ¢, cos(aX), L, /L, < X < 1. (33)

The relationship among the unknown coefficients ¢y, ¢,, c3, and c, is established. Furthermore, a
is determined using the boundary conditions in (26)—(31). The boundary conditionat X = 0 from (26)
necessitates that:

¢, = 0. (34)

Enforcing continuity and flux conditions at X = L,,/L, and the boundary condition at X =1
produces:

¢4 Sin (a I;—’:) = c3sin (a LL—’:) + ¢4 COS (a LL—’:) (35)
C1Q COS (a: LL—’:) = % C3Q COS (a LL—’:) — c,a sin (a LL—’:)] (36)
csa cos(a) — cyasin(a) = 0. (37)

These equations form a homogeneous linear system. A non-trivial solution requires that the
determinant vanish:

A1 A Asgs
A21 Azz A23 =0 (38)
0 Azy  Asz

where coefficients are defined in (39)—(47):
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A;, = acos(a)

Az; = —asin(a).

(39)

(40)

(41)

(42)

(43)

(44)

(45)
(46)
(47)

The eigenvalues «,, are obtained as the positive roots of a in(38), and the associated eigenfunctions

are denoted ¢ (X, @) = P, (X).
2.3.2. Eigenfunctions in the Y direction

The vertical eigenfunctions are given by:

Y, Bn) = Pr(Y) = sin(B,Y)
with 8, = nz—n,n € Natural numbers.
2.3.3. Recharge expansion and normalization

The spatial recharge distribution can be expanded in terms of the eigenfunctions:

R(X,Y) = Z?ri:l 2;?:1 Rmn* ¢m(X)¢n(y)

where the modal coefficients R,,,” and normalization factors are defined in (50) and (51):

L L[ ROX, Y ) o (X) Yon (V) dXAY
% fol lem/Lx R(X,Y) (X)W (Y) dXdY

Rmn

and N(a,,, Bn) is calculated as:

(48)

(49)

(50)
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Yooy (1 tmile g 200y, 2(Y) dXdY
N(am, ) = o oofolfol ¢ 2 v 2 . 51
Y2 Jo Ju i, ®m” " (Y) dXaY

2.3.4. Temporal ODE and modal dynamics

Substituting the expansions into the governing equations leads to the modal equations:

d?>¢m d?yn, 1
rl/)n d)(fz + rd)mpl d;bz + ¢mlpnylﬁRmn (pmlpnrl 0 <X< Lm/L (52)

P 28 4 Ty 2+ by s Ron’ = bthnTa o L /L S X < 1. (53)

a?pm(X) d d?Yn(Y)

dx2 1" y2 with —a,2¢ and —B,%Y, respectively, based

By substituting for the terms

on the eigenvalue problems, Eqs (52) and (53) are reformulated as:

ar 1 p i *
ar + (;amz + T_iﬁnz)r - iﬁRmn =0,0<X < Lp/Ly (54)

Z_;_{_ (Ti 2 +p2[3n Y — @—Rmn 0,L,/L, <X<1. (55)
2

The corresponding solutions are:

(L, 2,P1p 2 1 2,P1p 2ymr
rUj=$%eQﬂmﬂfnﬁﬂk%%nﬂf””RmfwtOSXsLmﬂx (56)
1
_isz 1 2. P25 2ypf
FU):?%eQ %)Jg&ﬂmﬂﬁ"”&m%nnmuxgng (57)
2

2.3.5. Final solution for head and flux

Upon substituting the eigenfunctions ¢,,(X) and ¥,(Y), and (56) and (57) into (23), the
complete solution for groundwater head is:

1 - i‘xmz"‘ﬂﬁnz T *
(S, 35 1Nm(1 — o (ran® ) )¢m(X)1/)n(Y)Rmn

,0<X<Lp/L,

H(X,Y,T) =4 (58)

1 2,D2

Bt Ty Bt (12 TG 0 (V)R

n=ly Am2+p2fn
\ L /L. <X<1

Difterentiating the head solution yields the Darcy flux in the x direction:
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( oo oo m -(= 2 plﬁn . *
Sy Bl 2 (1= TGN cos () sin (B DRy
L0<X<Lp/L,
XY, T) =—+ © oo Lam2+22p,%)T (59
Qx ) Yo Y 1)3615,{%(1_6 (12 e ) ) (59)
[c5 cos(ap,X) — ¢y sin(@,, X)] sin(B,Y) Rpn”
\ Lo /L, <X <1

2.4. Numerical solution to the nonlinear equation

To benchmark the linearized solution, we also advance the full nonlinear system using an
explicit MacCormack predictor—corrector scheme. Each step consists of a forward-difference
prediction followed by a backward-difference correction; the updated expressions for regions I and 11
are given in (60)—(65). This choice provides second-order accuracy and mild numerical damping that
suppresses spurious oscillations without special handling of source terms.

Forregion (0 < X < L,,/L,, 0 <y < 1), the predictor step gives:

Hijrer = Hije + 155 (AX)Z [Hl+1] k(Hivvjje = Hijge) = Hij(Hjje = Hima )] +

AT
TPt Gy [Hijero(Hijore — Hijr) — Hiju(Hijie — Hij10) ] + Tava AT (60)

Hijker = Hijre + T2 (AX)Z = Hin e (Hivn jie = Higo) = Hojae(Hijie = Himyji)] +

AT
T2P2 Gayye [Hijv1x(Hijorx — Hijx) — Hiju(Hijx — Hijo1x) ] + T272AT. (61)

In the corrector step, forward differences for time are retained, while backward spatial differences are
used.
For region I:

sz k+1 — Hl] Kkt T3 (AX)2 [Hi,j,k+1(Hi+1,j,k+1 - Hi,j,k+1) - Hi—l,j,k+1(Hi,j,k+1 - Hi—l,j,k+1)] +

AT * * * * * *
TPt Gy [H: jeer (HE jrnpers = Hijern) = Hijoogrr (Hi jreen — Hi o1 ks)] + TavaBT. (62)

For region II:

Hi v = Hijge + To s [Hijoos (Hiva jreer = Hijrern) = Hioajisr (Hi jreer — Hioy e )] +
ax)

AT * * * * * *
T2P2 oy [H: e (He e = Hijarn) = Hijoaorr (HE jer — Hijoee)] + T2728T. (63)

The final solution at each time step is obtained by averaging the predicted and corrected values.
For region I:

1 * * * *
Hijks1 = ‘{Huk +Hijk1 + 1o (AX)Z [Hz; k+1(Hl+1] k+1 Hi,j,k+1) —Hi_yjre1(Hijeer — Hi—1,j,k+1)] +
T1P1 W [H:jreer (Hi jraper = Hijpern) = Hijoajers (Hf jpeer — HZj—l,k+1)]} +7,71AT. (64)
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For region II:

_1 * AT * * * * * *
Hijrs1 = E{Hi,j,k +Hjki1+ 72 @n? [H jrevr (Hivsjeer = Hijerr) = Hicy jerr (HE e — Hi—gjre) ] +

AT * * * * * *
T2P2 ayye [H:jers(Hi jerksr = Hijsr) = Hijororn (Hi j s — Hi,j—l,k+1)]} +7,7,AT. (65)

The MacCormack method is attractive because it provides second-order accuracy in time and
space and introduces mild numerical dissipation that suppresses oscillations near sharp gradients.
Another advantage is that no special adjustments are needed for source terms, which makes the
approach well-suited to the recharge problems. Numerical stability is verified under the following
conditions:

Ky At
5, o <0.03 (66)
%2 < 0.05. (67)
Sy Ay

These criteria ensure stable numerical integration across discretizations of space and time. The
numerical results obtained under these conditions are later compared with the analytical solutions to
assess accuracy and convergence.

3. Comparison of analytical and numerical solutions

To assess the validity of the analytical formulation, results are compared with those obtained from
the nonlinear finite difference simulations described in Section 2.4. The agreement between both
solutions is quantified by the L2-norm (Bansal et al. [32]), which evaluates the average difference
between analytical and numerical groundwater heads, H,,, and numerical Hy,,, over X € [0,1]:

) 5 /2
”Hnum - Hana” = [fo (Hnum - Hana) dX] . (68)

This measure provides a convenient way to evaluate the overall agreement between the two approaches.

Figure 2 illustrates groundwater level distributions predicted by the analytical model (solid lines)
and the numerical solution (symbols) under homogeneous conditions in each region. The parameters
used are S,;=0.14,S,,=0.26,K,, =K;, =15m/d, K;, = K;,, =25m/d,r = 10 mm/d,
and L,, = 0.5L. Results are shown for recharge durations of 5, 10, and 15 days. The analytical and
numerical profiles align closely, with the analytical solution predicting higher water levels in the less
permeable region (X < 0.5). Computed L2 norms for these cases are 0.133, 0.144, and 0.184,
confirming the small discrepancies.
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0 0.2 04 0.6 0.8 1

X

Figure 2. Comparison between analytical predictions (solid lines) and finite difference
simulations (symbols) of groundwater levels at different times (K;, = K;,, = 15m/
d, KZ,x = K2,y = 25 m/d).

Figure 3 presents the results under reversed soil properties: K;, = K;, =25m/d, K, =
K;, =15m/d,r = 10 mm/d, with S, ; = 0.26 and S, , = 0.14. Here, groundwater levels in the
more permeable region (X < 0.5) are lower, demonstrating the inverse relationship between
conductivity and water table elevation. The analytical solution again reproduces the numerical patterns,
with L2-norms of 0.142, 0.179, and 0.171 for 5, 10, and 15 days, respectively.

Overall, the differences between the analytical and numerical solutions are small, with all L2-
norms below 0.2. This confirms that the analytical model provides a reliable approximation to the
nonlinear problem. Minor deviations can be attributed to the linearization of the governing equations
and to heterogeneity effects. The findings suggest that accuracy can be further improved in numerical
simulations by balancing conductivity values and storage parameters, which is consistent with the
stability conditions (Eqs (66) and (67)).

OO O =t=5d

- O O E]f:i‘d:md

A AASL=

Figure 3. Analytical (solid lines) and numerical (symbols) results for groundwater levels
under contrasting soil properties in regions I and Il (K, , = K7, = 25 m/d, K, , = K5, =
15m/d,S,, = 0.26,S, , = 0.14).
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4. Discussion

The analytical solution is further analyzed to examine the effects of aquifer properties and
recharge distribution on groundwater response. Figures 4—12 provide detailed comparisons and
sensitivity analyses.

When using the GITT, the number of eigenvalues considerably affects the precision, accuracy,
and convergence of analytical solutions. This study establishes the following criterion for solution
convergence: The relative error between the sum of the leading n™ terms and that of the leading (n+1)™"
terms must be below 1%. Figure 4 illustrates how groundwater level changes converge with the
increasing numbers of eigenvalues under two scenarios. In case (a), hydraulic conductivity is the
dominant factor, with parameters S, ; = 0.1, S,, =0.12, K;, = K;, = 1m/d,and K;, = K;, =
2 m/d. Convergence is achieved with 42 eigenvalues in the X-direction and 36 in the Y-direction. In
case (b), specific yield exerts greater influence, with parameters S, ; =0.1, S,,=0.2, K;, =
Ki, =1m/d,and K;, = K;, = 1.2 m/d. Here, 42 cigenvalues are again needed in the X-direction,
while 38 are required in the Y -direction. Both scenarios confirm the rapid convergence of the
analytical solution and demonstrate the robustness of the GITT approach in handling variations in
aquifer properties.

| P oig
075 H
H 05 04
0.25, 0
0 0
0 1
4, 10 ”%,,
2, 20 %
2
3, % 0
o AT 0 o 5g 30 20
% 50 ':‘() 40 30 = £ X 50 40
Number of Bn Number of Bn
(a) (b)

Figure 4. Convergence of the generalized integral transform solution: Number of
eigenvalues required in the X and Y directions for (a) hydraulic conductivity and (b)
specific yield as dominant controlling factors.

In Figure 5, we compare groundwater level responses under variations in aquifer properties and
recharge. The solid black line denotes the homogeneous baseline under uniform recharge for 10 days;
circle markers indicate the case with S,, increased by 50% in region II; and diamond markers indicate
that K increased by 50% in region II. Relative to the baseline, boosting either S, or K in region II
lowers groundwater levels by about 5-10%. In contrast, a 50% recharge increase in region II produces
much larger effects, raising the water level by ~90% in the low-permeability zone and ~20% in the
high-permeability zone, underscoring the dominant influence of recharge variability.
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S, ,=02,8,,=02, K=2, K,=2 m/d, r=20, »,=20 mm/d
O  §,=02,5,=03,K=2, K,=2 m/d, »,=20, »,=20 mm/d
O 8,=02,8,=02,K=2, K,=3 m/d, r=20, »,=20 mm/d
A §,=02,8,=02 K=2, K,=2 m/d, »=20, r,=30 mm/d

V.1

Figure 5. Spatial distributions of groundwater levels for different key parameters.

Figure 6 evaluates parameter sensitivity using a difference-ratio metric to compare the impact of
specific yield, hydraulic conductivity, and recharge on the water-table response. The analysis shows a
hierarchy: Recharge exerts the largest effect (maximum difference ratio 33%), followed by specific
yield (19%), with hydraulic conductivity the least (11%). Physically, this ranking reflects that recharge
directly perturbs the mass balance over the domain, whereas S, and K primarily modulate storage
and transmissive capacity. Thus, even moderate spatial variability in recharge can dominate head
fluctuations, while comparable fractional changes in S, or K yield smaller responses.

0.36 —

i O s
03 A DA
o o K A A
§0.24— N F A N
SPrTI A
2018 OO0 A
o - A O O
B8 0.12 — & .
= -
5 0.06 — O o0 ° ©90
1 éAOOQO O
B L B
0 02 0.4 06 0.8 |

Figure 6. Sensitivity analysis expressed as difference ratios for specific yield, hydraulic
conductivity, and recharge.

To demonstrate the practical interpretation of the proposed two-region (composite) aquifer
framework, we present an application-style case motivated by the western Taiwan alluvial plain,

particularly the Zhuoshui River basin, where low-permeability fine sediments have accumulated
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within an alluvial fan and exert strong control on regional groundwater dynamics. The two zones
represent a conceptual, piecewise-constant parameterization of contrasting alluvial facies (application-
style illustration; not a site-calibrated model). In this setting, the subsurface commonly exhibits sharp
lateral contrasts in hydraulic properties due to spatially varying depositional facies, making a two-
region conceptualization a useful first-order representation for analyzing groundwater flow and
redistribution under recharge forcing.

Figure 7 provides a baseline two-region scenario that reflects a common alluvial-plain condition
in which a more conductive zone is hydraulically connected to a less conductive zone. Under uniform
recharge, the groundwater mound develops more prominently in region II, the lower-permeability zone
(Figure 7(a)). The elevated mound produces higher hydraulic gradients, which in turn accelerates flow
within this region. The discharge contours in Figure 7(b) confirm this behavior: Areas of higher contour
density correspond to stronger groundwater fluxes, reflecting the enhanced gradients generated by the
mound.
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(a) Contours of water level (b) Contours of discharge Q,

Figure 7. Zhuoshui River basin (western Taiwan) application-style two-region alluvial
aquifer case under uniform recharge (S,, =203, S5,,=0.1, K;,=K;, =4m/d,
K;x =K;, =1m/d, r =25 mm/d).

Figure 8 shows a spatially increasing recharge pattern across the two-region domain with five
equal intervals under the same aquifer properties as Figure 7. In this scenario, recharge is lower in
region [ but progressively intensifies toward region II. Because region II has limited drainage capacity,
recharge accumulates there, producing a pronounced groundwater mound (Figure 8(a)). The resulting
head buildup steepens the hydraulic gradient, which drives stronger flow compared with the uniform
recharge case. This effect is evident in Figure 8(b), where discharge contours are denser than those in
Figure 7(b), indicating higher flow rates under the spatially increasing recharge pattern. In the context
of western Taiwan alluvial deposits, this scenario serves as a proxy for cases in which recharge supply
is spatially biased toward areas where fine-grained materials reduce drainage efficiency.
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Figure 8. Zhuoshui River basin (western Taiwan) application-style two-region alluvial
aquifer case: Effect of spatially increasing recharge across the two-region domain. (a)
Groundwater mound development and (b) discharge @, contours (S, ; = 0.3, S,,, = 0.1,
Kix =Ky =4m/d, K,, =K, =1m/d, r(x) = [10,20,30,40,50] mm/d).

Figure 9 shows the complementary case of spatially decreasing recharge ( r(x) =
[50,40,30,20,10] mm/d), where recharge is highest in region I and lowest in region II. Although the
geologic setting is identical to that in Figures 7-8, the head field reorganizes because the recharge pattern
contrasts with the aquifer’s heterogeneity. A central groundwater mound forms, from which flow spreads
outward toward both boundaries (Figure 9(a)), producing a more even distribution of heads compared
with the increasing-recharge case in Figure 8. Discharge contours (Figure 9(b)) confirm higher gradients
and faster flow near X = 0, where recharge is concentrated, and gentler gradients in the downstream
low-recharge zone. This result underscores a management-relevant point for alluvial systems such as the
Zhuoshui River basin: Spatial recharge patterns can compete with, and in some cases outweigh, geologic
asymmetry, thereby controlling mound location and drainage directionality.
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Figure 9. Zhuoshui River basin (western Taiwan) application-style two-region alluvial
aquifer case: Effect of spatially decreasing recharge across the two-region domain. (a)
Groundwater mound distribution and (b) discharge Q, contours (S, ; = 0.3, S5, , = 0.1,
Kix =K, =4m/d, K,, =K,, =1m/d, r(x) = [50,40,30,20,10] mm/d).
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Alluvial deposits along the western Taiwan plain exhibit systematic textural changes and facies
juxtapositions, motivating the use of representative soil combinations to quantify how property
contrasts affect two-region responses. Figure 10 shows two application-style realizations using soil-
texture proxies: (i) A moderate-contrast pairing, silty loam and sandy loam (region I: S, = 0.26, K, =
K, =2.92m/d; region II: S, = 0.34,K, = K, = 4.27m/d,r = 10 mm/d), and (ii) a stronger-
contrast pairing, loam and sandy loam (region I: S, = 0.12,K, = K,, = 1.54 m/d; regionI: 5, =
0.34,K, = K, =4.27m/d,r = 10 mm/d). The simulations show that increasing soil-property
contrast amplifies both head differences and discharge transitions across the interface, producing
sharper flow reorganization where materials change abruptly, an effect that is consistent with the
expected behavior of composite alluvial aquifers.

0.6

0.6

(b) regionI: S, = 0.12,K, = K,, = 1.54 m/d; regionII: S, = 0.34,K, = K, = 427 m/d,r = 10 mm/d

Figure 10. Zhuoshui River basin (western Taiwan) application-style two-region alluvial
aquifer case: Simulated groundwater levels and flow discharges for two representative
two-region soil combinations reflecting plausible alluvial contrasts. (a) Silty loam (region
I) versus sandy loam (region II); and (b) loam (region I) versus sandy loam (region II).

Soil composition and its spatial arrangement strongly modulate head and flux. In highly
permeable aquifers, elevated hydraulic conductivity facilitates rapid flow, limiting water accumulation
and leading to lower groundwater levels. In the first simulated case (Figure 10(a)), the aquifer consists
of soils with relatively minor contrasts in properties: Region I is silty loam and region II is sandy loam,
both exhibiting good permeability. Under these conditions, the groundwater level in region I is slightly
higher than in region II, reflecting the lower conductivity and greater water retention capacity of silty
loam. When X < 0.5, most of the groundwater flow in the X-direction (Q,) is directed toward the
boundary at X = 0, producing a negative flow. As groundwater passes from the low-permeability silty
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loam into the more permeable sandy loam, the flow rate increases significantly. The maximum |Q,|
in the sandy loam reaches 0.36, compared with 0.25 in the silty loam (Figure 10(a)). A similar pattern
is observed for Q,, with the sandy loam supporting higher flow rates; the maximum |Qy| is 0.36 in
sandy loam and 0.23 in silty loam. As groundwater approaches the X = 0 boundary, flow remains
relatively stable, which is consistent with the differences in permeability.

The second case (Figure 10(b)) represents a more strongly two-region aquifer, with loam in region I
and sandy loam in region II. At H = 0.56, the groundwater level in region I is higher than in region II,
reflecting the lower permeability of loam relative to sandy loam. For X < 0.5, most of the groundwater
again flows toward the boundary at X = 0. In this case, however, the maximum absolute |Q,| occurs
near the X =1 boundary rather than at the interface, highlighting how stronger heterogeneity
redistributes flow. Flow in the sandy loam exceeds that in the loam, with a sharp increase at the
interface where the conductivity contrast is greatest. The maximum |Q,| reaches 0.35 in the loam and
0.32 in the sandy loam. Along the X-direction, the vertical flow component |Qy| is also higher in
sandy loam, reaching 0.38, compared with 0.31 in the loam. These results demonstrate that greater
contrasts in soil composition amplify differences in both head distribution and discharge, producing
sharper flow transitions at material interfaces.

Finally, Figure 11 reframes the Zhuoshui alluvial analogue as a recharge-allocation problem,
holding the total recharge volume constant (50 mm/day) while redistributing it spatially across two
zones. In case (a), recharge is concentrated in region I, the more permeable zone. Rapid drainage in
this region limits water accumulation, producing a relatively low groundwater mound (H = 0.26),
while discharge rates increase quickly due to the steep hydraulic gradients. Maximum values reach
Qx = 0.18 and Q, = 0.27. In case (b), recharge is concentrated in region II, which has lower
permeability. Drainage here is restricted, enabling groundwater to accumulate to a higher level (H =
0.28). The resulting steep gradients drive larger discharges, with peak values of Q, = 0.38 and
Qy = 0.47. Case (c) distributes recharge near the interface of the two regions. A groundwater mound
forms at the interface (H = 0.27), and flow spreads outward into both zones. The maximum discharges
are @y = 0.21 Q, = 0.34 in region I and Q, = 0.25 and Q, = 0.28 in region II, reflecting a
balanced contribution from both sides. Case (d) applies uniform recharge across the aquifer. This
produces the smallest groundwater mound (H = 0.18) and the most even flow distribution, with
maximum values of @, = 0.19 and @, = 0.29.
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Figure 11. Zhuoshui River basin (western Taiwan) application-style two-region alluvial
aquifer case: Groundwater level and discharge distributions under four spatial recharge
layouts with the same total daily recharge (50 mm/day) redistributed across the two zones.
(a) Concentrated in region I, (b) concentrated in region I, (¢) centered at the interface, and
(d) uniformly distributed (S, ; = 0.34, S, , = 0.26, K;, = K;, =4.27m/d, K,, =
K;, =2.92m/d).
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Collectively, these cases highlight a key application insight for western Taiwan alluvial systems:
The spatial placement of recharge relative to permeability zoning is as influential as recharge
magnitude because it directly governs whether added water is stored locally (mounding) or transmitted
efficiently (drainage).

Figure 12 highlights the contrasting head—discharge behavior in homogeneous and two-region
aquifers, a distinction that is critical for groundwater management and planning. In the homogeneous
case, where aquifer properties are uniform, the relationship between groundwater levels and discharge
is smooth and predictable. As shown in Figure 12(a), water flows steadily from the higher-head zone
(Zone II) to the lower-head zone (Zone I), with gradual changes in water levels mirrored by
corresponding changes in discharge. By contrast, the two-region case in Figure 12(b) reveals a more
complex response caused by soil variability. At the interface between zones, abrupt shifts in head occur
as groundwater moves from the lower-permeability zone (Zone II) into the higher-permeability zone
(Zone I). The reduced conductivity in Zone II causes water levels to remain elevated for longer
durations (e.g., T = 0.5), while flow accelerates upon reaching the interface. This produces a sudden
drop in water level and a sharp increase in discharge. Downstream of the interface, discharge gradually
decreases again as the hydraulic gradient weakens. These results demonstrate that heterogeneity
introduces discontinuities in groundwater dynamics that homogeneous models cannot capture,
underscoring the importance of accounting for material contrasts when predicting aquifer behavior.
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(a) Homogeheous aquifer (b) Two-région aquifer

Figure 12. Relationship between groundwater levels and discharge in (a) a homogeneous
aquifer (Sy1=35,, =0.28, K;x = K;» = K1, = K;,, = 3.7 m/d) and (b) a two-region
aquifer (S,,; = 0.28,5,, = 0.21, K, = Ky, = 3.7 m/d, K, = K,,, = 1.9 m/d).

5. Conclusions

In this study, we developed and validated a two-dimensional analytical solution for groundwater
flow in a two-region unconfined aquifer subjected to spatially variable recharge using the GITT.
Comparison with numerical solutions confirmed the accuracy of the linearized formulation, and
systematic simulations revealed how heterogeneity and recharge distribution shape groundwater
dynamics. The major conclusions are:

e The GITT-based analytical solution converges rapidly, requiring fewer than 40
eigenvalues for accurate results. This confirms its efficiency and suitability for a two-region
groundwater problem.

o Recharge variability exerts the strongest control on groundwater levels, producing
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changes up to 90% in mound height and 33% in sensitivity measures. Specific yield and
hydraulic conductivity also affect flow but to a lesser degree (19% and 11%, respectively).

e Under uniform recharge, groundwater accumulates preferentially in low-permeability
regions, producing higher mounds and steeper gradients that drive stronger localized flows.

o Spatially increasing recharge intensifies water buildup in low-conductivity zones, while
decreasing recharge shifts the groundwater mound toward the aquifer center, with flow
diverging to both boundaries. These results demonstrate that recharge patterning can override
geological asymmetry in setting flow pathways.

o Contrasts in soil properties significantly alter groundwater levels and discharge. Larger
differences in conductivity (e.g., loam vs. sandy loam) amplify head differences and create
sharper transitions in flow across interfaces.

e The spatial allocation of recharge is as important as its total volume. Moreover,
concentrating recharge in low-permeability zones elevates heads and steepens gradients, while
uniform recharge minimizes mounding and stabilizes flow.

e Homogeneous aquifers display smooth, predictable head—discharge relationships,
whereas two-region aquifers exhibit abrupt head drops and sharp flow increases at interfaces.
Such discontinuities highlight the need to account for material contrasts in groundwater
modeling.

Overall, the results emphasize that aquifer heterogeneity and recharge distribution jointly
determine groundwater response. The analytical framework developed here provides a robust tool for
predicting groundwater mounding, validating numerical models, and supporting sustainable water
resource management in a two-region aquifer system.
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