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Abstract: In this paper, we established a time-varying latent factor model with GARCH (generalized
autoregressive conditional heteroskedasticity) noise to study volatilities (conditional covariance
matrix) under the high-dimensional framework, when factors are unobservable, factor loadings are
time-varying, and the idiosyncratic error term shows heteroskedasticity. A projection method was
proposed for more-precise estimation of the conditional covariance matrix. We demonstrated that
our model is robust when the dimensionality and sample size are large. Asymptotic theories were
developed for the proposed estimation. A simulation study was conducted to evaluate the performance
of the proposed model, and a real example was provided to illustrate this approach.
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1. Introduction

Over the past several decades, the study of time series volatilities has been an important and
popular topic in both statistics and economics, especially in high-dimensional frameworks, due to the
involvement of a large number of assets in the modern financial market and large data dimensionality.
However, when dealing with complex data, an unavoidable issue arises, known as the “curse of
dimensionality”, which leads to overparameterization and identifiability problems. To overcome these
difficulties, many researchers have developed various methods to reduce dimensionality in time series
analysis. Among them, the factor model is a general approach, and the related theories have been
well-developed. See, for example, Connor and Linton [1], Hafner and Preminger [2], and Onatski [3].
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These factor models have been widely used in various fields, but their effectiveness is limited for their
restrictive assumption that factor loadings are constant over a long time period. In fact, there exist
various driving forces such as institutional switching, economic transition, and technological progress
that may influence the relationship between factors and observed variables significantly. Hence, some
scholars, such as Motta et al. [4], Su and Wang [5], and Chen et al. [6], have explored factor models
where factor loadings change over time. Building on these studies, Barigozzi [7] proposed a new
time-varying generalized dynamic factor model for high-dimensional locally stationary time series,
and Chen et al. [8] developed a quantile regression approach to consistently estimate all
quantile-relevant factors and loadings. Chen et al. [9] introduced a screening estimation method for a
semiparametric conditional factor model with latent factors. Wang et al. [10] proposed a time-varying
panel data model with interactive fixed effects and established the bias-corrected coefficient estimator,
as well as the limiting distributions and uniform consistency of the estimated factors and factor
loadings. Tu [11] considered a time-varying coeflicient quantile predictive regression model with
factor-augmented predictors to capture smooth structural changes and incorporate information from
high-dimensional data for forecasting.

Besides, the impact of the “curse of dimensionality” on time series volatility analysis and
modeling goes beyond this. In the high-dimensional framework, a large amount of noise may be
incorrectly incorporated into the model, and its cumulative effect can increase the residual variance,
leading to heteroskedasticity, which can severely impact model fitting and the estimation of
conditional covariance matrices (so-called volatilities). In other words, it is essential to consider the
accumulated noises and the heteroscedasticity exhibited in the data. To this end, some scholars
proposed the GARCH model to estimate the covariance matrices, which can be traced back to the
multivariate GARCH model proposed by Engle and Kroner [12]. Building on this, Bollerslev [13]
introduced the constant conditional correlation GARCH (CCC-GARCH) model, and Engle [14]
proposed the dynamic conditional correlation GARCH (DCC-GARCH) model.  Further, Guo
et al. [15] proposed a dynamic structure and an estimation procedure for the high-dimensional
conditional covariance matrix. Wang et al. [16] employed the ADCC-GARCH approach to investigate
the dynamic correlation between different financial assets. Li et al. [17] and Liu et al. [18] combined
the ideas of the factor model and GARCH model, which performs relatively well when factors are
observable and the data has heteroskedastic effects. Laksaci et al. [19] developed a kernel-based
nonparametric estimator for multifunctional expectiles in high-frequency functional financial data and
established its consistency to improve GARCH-based risk assessment for multi-asset risk
management. Alraddadi [20] proposed an improved Markov-switching threshold bilinear-GARCH
model to capture the complex behavior of financial time series.

While the aforementioned literature have made significant progress in addressing the time-varying
nature of factors and heteroskedasticity separately, how to simultaneously model the smooth temporal
variation of factor loadings and the conditional heteroskedasticity of idiosyncratic components within
a unified, high-dimensional framework where factors are unobservable remains an under-explored
challenge. Hence, we develop an alternative model for estimating the covariance matrix within a
high-dimensional framework where both factor loadings and factors are unobservable, factor loadings
vary over time, and the idiosyncratic error term exhibits heteroskedasticity. The core idea is to employ
a projection technique to construct a time-varying factor model. For the covariance matrix, we use a
GARCH model to fit the idiosyncratic components, thereby achieving our objective. Simulation and
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empirical studies in the subsequent sections demonstrate that the proposed model offers good
robustness and superior performance.

This work is related to our prior research, Ruan et al. [21], which proposed a semi-parametric
factor-GARCH framework for high-dimensional covariance matrix estimation involving latent factors
and heteroskedastic idiosyncratic components. However, the present study introduces a significant
advancement by explicitly modeling time-varying factor loadings. While Ruan et al. [21] established
a robust approach for handling unobserved factors and volatility clustering, it retained the
conventional assumption of constant loadings over time. This assumption may be overly restrictive
for capturing evolving market dynamics, which can fundamentally alter the relationship between
assets and common risk factors. Consequently, this work distinguishes itself from our prior research
by focusing on capturing smooth temporal variation in factor exposures, providing a more precise tool
for volatility estimation and portfolio risk management in high-dimensional settings.

The rest of this article is organized as follows. Section 2 introduces our projection technique and
the latent factor model. Section 3 provides the analysis for asymptotic properties of the proposed
estimators, including the necessary assumptions. Section 4 constructs a portfolio allocation based on
the formula for the Markowitz optimal portfolio using the proposed model. Section 5 presents
numerical and empirical results. Section 6 concludes the article. All the proofs are given in the
Appendix.

Throughout the paper, we use A7, Anin(A), and Apx(A) to respectively denote the transpose,
minimum eigenvalue, and maximum eigenvalue of a matrix A. Let vec(A) be the column-stacking
vector of a matrix A. For a vector v, let ||v|]| denote its Euclidean norm. The notations ||A||r, ||A]||, and
||A]lmax represent the Frobenius norm, spectral norm (operator norm), and element-wise norm of a
matrix A, defined respectively by

IAllF = r'2(A7A), Al = 4,5(A7A), and  [|Allne = max |a;l. (1.1)
L]

2. The model and methodology

2.1. Model

The factor model is a statistical model used to explain the relationships among multiple observed
variables influenced by some common factors. Assume that the observed data is given by y;, where

i=1,2,...,Nandt = 1,2,...,T. The definition of a time-varying factor model is provided as follows:
yi=Af +u;, i=1,....,N, t=1,...,T, 2.1)
where f, = (fi1, fi2, ..., fir)” is the factor vector, A; = (i1, Aira, - - ., dirg)” is the factor loading vector

corresponding to variable 7, and u;, is the idiosyncratic component of y;. By stacking (2.1) over i for
each ¢, we have

y: = Ak +u,, (2.2)
where y, = (i1, V..., yn:)” is the data vector, A, = (Ay;, A, ..., Ay;)” is the N X R factor loading
matrix, and u, = (uy,, Uy, . .., uy;)” is the vector of idiosyncratic errors of y,.

Since we consider the idiosyncratic error term to exhibit heteroskedasticity, based on model (2.2),
we assume that each component of u, follows a GARCH structure such that

E|Fi1) =0, cov(u|Fiy) = L,(t) = diag(oi,, -+ , o),
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where . ;
oh =+ Y aul + Y Broy (=1, N. (2.3)

i=1 =1
The true parameters of this GARCH structure are 6 = @y,---,0y), where

0, = (@, @msBer, -+ Bes)” for€=1,--- | N.

Our objective is to propose an estimation method that can simultaneously handle time-varying factor
loadings, latent factors, and heteroskedastic noise. Hence, for the sake of simplicity of analysis, we
simplify the structure of the factor covariance matrix as much as possible. Let X/(¢) be the conditional
covariance matrix of f;, which does not dependent on ¥,_;, and the information is set up to time 7 — 1.
We focus our attention on the conditional covariance matrix of y, such that

cov(ylFi1) = Ey(1) = AZ, AT +E,(0). (2.4)

The above model can be called the factor-GARCH model. There are two challenges when using
it to estimate the conditional covariance matrix. On the one hand, we need to overcome the curse
of dimensionality to obtain accurate estimations of factors and factor loadings. On the other hand,
it is necessary to estimate the relevant parameters of the GARCH structure in the residuals before
calculating the estimation of X,(¢). Next, we will introduce methods to address these two issues.

2.2. Projection technique

To address the problem of the curse of dimensionality to establish an accurate factor model,
projecting high-dimensional data onto a low-dimensional space spanned by a covariate may be
helpful. Let Y be the matrix of y;. To this end, we refer to the common correlated effects (CCE)
proxy factor method proposed by Pesaran [22] to project Y onto the space spanned by covariate X.

Suppose X can be divided into M groups with each group containing d components, such that

th = Djtf[ + Vjt’ (2.5)

where j = 1,..., M denotes the group, x;; is a d X 1 vector, D is a d X R matrix of time-varying
loadings, and v is the noise vector, which can be reduced by averaging x; over j:

X, =Df +v,. (2.6)

Before using the projection technique, we rescale the factor loadings A;; = A;(¢/T) and turn them to

constants since ; -

T°T
Let y: = ()’il, e ayiT)Ta F = (f19 f29 T fT)T’ u; = (uila T uiT)Ta and
K'2(r) = diag(k,”*, - - , k;/*), which is the matrix of the kernel function k, = h~'K((t — r)/(Th)). We

multiply (2.1) by k,lr/ * and stack it over ¢ for each i, which leads to

t
A = 4 (—) ~ A; (1) = A, when 2.7
T T

O L FOY, +u” when —~—, i=1,....N 2.
\g w+W; when mx o, i=1. LN, (2.8)
where y = K'"2(r)y;, F” = K"*(r)F, and u\” = K"?(r)u;. The matrix form of (2.8) can be
expressed as:

YO ~ FOAT + U”  when — ~ —, 2.9)
r T

N~
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where Y = (y(lr),y(zr), . ,yx)) is an T x N matrix, F” is a T x R matrix, A, = (A;,, A -+ , Ay,)”
is a N X R matrix, and U") = (u(lr), u(z” ‘.- ,ux)) is a T x N matrix. The above localization process is

normal, which references the local principal component analysis (LPCA) method proposed by Su and
Wang [5].

Let X = (X,%,...,%7)” and V = (¥}, Vs, ..., V7)”. Similarly, we apply the localization process to
the factor loading matrix in model (2.6), such that

X? ~ FD7 + V" when (2.10)

N~
'ﬂvlﬁ

where X© = K'2(rX and V© = K'*(r)V.
Now we project the localized observable data matrix Y onto the space spanned by X”. Let the
T x T matrix

PO = X0 (XTXO) X0 @.11)
be the projection matrix. Premultiplying (2.9) by (1/ VT N)P®, we have
1 1 1
——P"Y" x ——PYFVA7 + ——PVUY, (2.12)
VTN VTN VTN

To accurately estimate the factors and the factor loading matrix, it is reasonable that the projection
error term POUY is as small as possible. Thus, the estimation problem is transformed into the
following criterion:

1
min ——trace [(P")Y(’) - P“)F(”AZ”) (P")Y(’) - P<’>F<r>AZ”)T] , (2.13)
POFO A, TN
which is equivalent to
1
max ——trace (AZ—Y(”TP(’)Y(’)A,) . (2.14)
A TN

We now impose the identification restrictions that 7-'F"7POF® is a diagonal matrix with distinct
entries and N"'A” A, = I, so (2.14) can be regarded as a standard principal component analysis (PCA)
problem, implying that A, can be described as the first R principal components of (NT)"'Y?7TPOY®.

Once the estimated factor loading matrix A, is given, the least squares estimator of the factor is
FO = YVA,/N by (2.9). However, this is not optimal since Y is still disturbed by non-negligible
noises, which can only be eliminated by projecting the responses onto the space spanned by X,
leading to the following estimator:

_—— 1 A
POF® = NP(’)Y(’)A,. (2.15)
Then, we recover F by:
T -y
F= (Z K(r)] Z K'2(r)POF0), (2.16)
r=1 r=1

We now address the problem of estimating the number of factors R when it is unknown. Based
on Ahn and Horenstein [23], we define 4;(A) as the jth largest eigenvalue of matrix A, and select R

according to

P A;[( NT)—ly(r)T P(F)Y(r)]
A A [(NT) YO POY O]’

(2.17)
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where d is the dimension of Xj;, which should be no smaller than R, otherwise the number of factors
will be underestimated.

2.3. Parameter estimation

Define .
en = Uy = Yo _Aftft’ t=1,---,N.

Let u;, in (2.3) be replaced by e, and a synthetic GARCH model can be acquired as follows:
oh=an+ Y aue + Y Broh =1, N. (2.18)
i=1 =1

The QMLE (quasi-maximum likelihood estimation) approach is used to estimate 6,, and the negative
quasi log-likelihood function of 6, is defined as follows:

| — 2
0r(0) = ;Z{ i +log(r%,(ef>}, (2.19)

=1 O-%t(af)
where 07,(8;) can be recursively computed by (2.18) with initial values
e?o =...= eil_m = (7?0 == 0'?’1_5 = . (2.20)

Note that Francq et al. [24] demonstrated that the choice of the initial values is unimportant for the
asymptotic properties of the QMLE. Hence, we minimize (2.19) corresponding to €, on a compact set
A defined in Assumption A8 and obtain the QMLE of 8, as follows:

0, = arg min Qr(f,), (=1, .N. (2.21)
€.

Once 6,5 are estimated, we substitute them into (2.18) and set the initial values for O-?t and e?t, e.g.,
in (2.20), an estimator o“?t of 0'2 can be acquired, namely, an estimator )iu(t) of X,(7) is obtained.
In order to estimate X./(¢), we use the sample covariance matrix estimator proposed by Fan et al. [25]
such that
20 = cov(d) = (T - "B F - [T(T - D]'F 117 F, (2.22)

where 1 is a T-dimensional column vector of ones. Once the above estimations are given, the
conditional covariance matrix of y, is as follows:

2.t = AZOA] + (1) (2.23)
3. Asymptotic theories

Before the statement of asymptotic properties, some assumptions are necessary.

(A1) QE(|E|*) < coand T'F”F 5 X5, where Xy is a diagonal matrix with positive distinct entries.

(i1)There is a constant L, such that P {SuPng ] < L} =1-0 (T%) with a small constant €.

AIMS Mathematics Volume 11, Issue 3, 5575-5599.



5581

(A2) Foreachi < N,t < T, there is a constant C such that N‘IA;rA, = Iz and ||4;]| < C.

(A3) (i) {f;} are independent of noises {u;;} and {V }.
(i1) {u;} and {V ;;} can be correlated in the sense that, forp =1,...,dandn=1,...,N,

M T
(R2INTM) D" > ket Vi = O,(1),

j=1 t=1
where V), , is the pth element of V ;.

(A4) (1) For d x 1 noises, E(||Vj|[) = 0 for all j and 1.
(ii) Foreach tand p,g =1,...,d,

M M
(/M) > Y 1EVi,Vig)l = O(1).
i=1 j=1
(ii1) Dimension d of Xj; is greater than the number R of factors.

(AS) (i) {f;, uyr, Vjshi<r is strictly stationary and a strong -mixing with mixing coefficients a(f). For
noise u;;, E(u;) = 0 for all i and ¢.

(i1) There exist r;, C; > 0 such that for all > 0,
a(t) < exp(=Cit"),

where a(?) is defined in (i).
(iii) There is C, > 0 such that

max Z |Euyu el < Cs,

T
s=1

| XX
ﬁ Z Z Z Z |Euitujs| < (y,

im1 j=1 =1 s
N T
max - NT El Z Z lcoV(uisttis, Uisttms)| < C.

=1 =1 s=1

Mz

E

(iv) Exponential tail: There exist r», r3 > 0 satisfying ;' + r;' + r;' > 1 and by, b, > 0, such that
forany s > 0,i < N,t<T,and j <R,

P(jui| > s) < exp (—(b—sl) ) P(fijl > 5) < exp( (;2) )

(A6) AsT,NM — oo, h — 0,
Th* >0, Th®—>0, M/NTh—0, Th/N—0, Th/N'>> co.
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Assumptions Al and A2 are the identification conditions of factors and factor loadings, which also
require that f, and A, are bounded for each i < N, < T. Assumptions A3—AS5 are standard, allowing
{u;} and {V} to be weak correlated. Specifically, condition (iii) in Assumption A5 is commonly
imposed for high-dimensional factor analysis (see Stock and Watson [26], Bai [27]).

Formally, we have the following theorems:

Theorem 1. Under Assumptions AI-A6, the estimation of R satisfies
lim P(R=R)=1.
N, T—o0

Theorem 2. Under Assumptions AI-A6, for eachi < N,r < T, we have

o 1
”/lir - /lir” = Op (—ﬂ) .

Theorem 3. Under Assumptions AI-A6, for eacht < T, we have

" 1
If; — £l =0 (—_)
t t P Th
By Theorems 2 and 3, foreachi < N and r,t < T, we have

1 . 1 . 1
_Ar_Ar2:_ /lir_/lirzzo 1
5 [ N;n [ ,,(Th)

and

1 1 < 1
—F—FZ:—§ f—fP=0,[—]|.
TII I T L |If; — £ Op(Th)

Now we impose a natural assumption as follows.

(A7) Foreachi < N and r,t < T, there exist constants Cz > 0 and a small constant € > 0 defined in
Assumption A8 below, such that

A~ 1 1
P /lir - /1ir C = 0
(g}v}” 1> ( \/Th)} (T“f)

o 1 1
Plsuplit - f _ ,
fuupti 111> 0= = o 77

The following assumption is standard for GARCH models as in Guo et al. [15].

and

(A8) (1) Foreach ¢ = 1,---,N, let {u, 0'?,}21 be a strictly stationary process with GARCH(m, s)
structure, for sup, .y Eo2¢ < 0o and k > 4.
(i) Assume ; = O'Etlbtgt, for each t and . Then, for each £ = 1,--- N, g by N(0,1) and
sup, oy E({7¥) < o0, where 0 < 2¢e < «/2 — 2, with a small constant e.
(iii) For each ¢ = 1,--- , N, the true value 6, belongs to the interior of A, where A is a compact
set, and A C (¢, +0) X (¢, +o0)™** for a constant ¢ > 0.
(iv) Assume Az, (z) = YL @z’ and B, (2) = 1 = X5 Bejz/, for £ = 1,--- ,N. If 5 > 0, Agg,(2)
and By, ,(z) have no common roots, A, ,(1) # 0, and @, o, + Bros # 0.
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In addition to common norms, such as the Frobenius norm, there are other norms sought to help
us understand the factor structure, and the entropy loss norm introduced by James and Stein [28] is a
good choice. Its formula is

||A —A||2 _ N2 HA—I/Z (A _ A)A_I/ZHF'

Now we give the asymptotic properties of the estimator for X,(¢) in the following theorem, where

r~'=ri'+ 1.5r;", and ry and r, are defined in Assumption A5.

Theorem 4. Suppose N*"~' = o(T) as N — oo. Under Assumptions AI-AS, there exist constants
C4 > 0 and a small constant € defined in Assumption A8(ii), such that

CiN  CyulogT) 1
Th? " NT }_O(T“f)'

P“gm—gmﬁ>
4. Portfolio allocation

In this section, a brief introduction on the procedures of constructing the estimated portfolio
allocation using our model is given. First, denote E(y,;|¥;-;) as the conditional expectation of y,, and
then we can acquire

E(yFi-1) = AE®&IF ).

Hence,
E(y|Fi) = AEEIF)

is utilized as the estimation of E(y,|¥,-1), where E(f,|F,_;) is estimated by applying a VAR(1) model
(see Tsay [29]) as follows:
E(f|F-)) = a+Ef .

Based on the mean-variance optimal portfolio, we construct the estimated optimal portfolio
allocation similar to Guo et al. [15]: Let w denote the allocation vector of N risky assets, to be held
between times ¢ — 1 and ¢, solve the following minimization problem, and assume the solution as the
estimation of w,

min W L,(Hw,

subject to lep =1and " E(y,|F:1) = 7,

with 7 as the target return imposed on the portfolio, and 1y is an N-dimensional column vector of ones.
The existent result gives the explicit estimator of w as follows:
d3 —dzﬂ 2—1 dlﬂ—dz

w=——-=X (OHly+

A—1 A
, X (OEWIF-1),
hds— & OEW|Fi-1)

dyds — 2

where
A—]1 A—] A
di =135 (Oly, do = 13X (OE(yIF),

dy = EyIFi ) L, OEWIFi).
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5. Simulations and empirical study

5.1. Simulations

The data are generated according to
yi=Afi+w, t=1,....T,

and
it:tht-i_vt, tzl’tll’T.

The factors are generated from
ft = 0'2ff—1 + \} 1 - 0.22N(0, EF),

where Xr is a diagonal matrix with different positive elements. For simplicity, we set the elements of
X as 1 or 2 randomly.

To generate the continuous loadings satisfying (1/N)A” A; = I, we use a three-step method. The
first step is to generate A; such that (1/N )A((Al = I,. For example, we arbitrarily generate two N X 1
vectors with each entry being independent and identically distributed (i.i.d.) drawn from N'(-1, 1) and
then orthogonalize them such that their lengths are VN. The second step is to generate a series of
orthogonal matrices H,, ¢t = 1,...,T. To this end, we first generate g;,, which is an arbitrary function
ofiand t, and let g, = (g1;,...,gn:)" . In particular, g;, = —2 + sign(¢;) sin(276;t/T)V/?5; + 6;, where
0; ~ N(0,1). We then normalize g, that is, h, = g,/||g||. At last, we construct the orthogonal matrices
H, = Iy — 2h;h7". The third step is to premultiply A; with these matrices H; successively.

For the idiosyncratic error vector u, = (uy,, Uy, - . - , uny)” , letm = s = 1 and we assume a = 0.25,
a; = 0.15, g = 0.1. We generate {;, from N(0, 1), such that u,, = o4{, foreach £ = 1,--- ,N and
t=1,---,T.

The loadings D;, are a 3 X R matrix, so d = 3. We set the (1, 1)th element of D;, as

Dy = 10/(1 +0.5exp(—t/T)) + 611413 X (¢/T) — 2(t/T)*],
the (3, 2)th element as
D = =2 + sign(632,) sin(nd30,t/ T) P 630, + 632,

and the rest of the elements are D, ;; = 0, +0,.n.;» Where the subscript mn refers to the (m, n)th element.
Omn, are 1.1.d. drawn from N(0, 1), and 6,,, are i.i.d. drawn from discrete U[-2, 3]. The idiosyncratic

error vector V, = [V|,...,V,, 1T is drawn from

V, =02V, + NO, (1 —0.25)X,),

where the (i, j)th element of X, is 0.2/,
The kernel function is set as the Epanechnikov kernel, with the normal reference bandwidth

h =234/ V12T °2N01,

We first consider the performances of estimating the factor number R. We set T = 100 or 200, with
N ranging from 49 to 144, and consider the cases with the number of factors R = 2, 3,4, respectively.
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To demonstrate the superiority of our projected method, named P-LPCA in this part, two alternative
methods, PCA and LPCA, are applied for comparison. While our projected method P-LPCA works
on (NT)'YWTPOY® PCA works on the original data matrix (NT)"'Y”Y and LPCA works on
(NT)"'YW7Y", In each situation, we reproduce 200 times, and the results are displayed in Figure 1.
It can be observed that, compared to other methods, our projection method provides the most accurate
estimations, with accuracy improving as the sample size increases.

R=2, T=100 R=3, T=100 R=4, T=100
3 4 5
25
3- ] 4 _\/—\
2 /\/\/ ______
—/\/ 3T
1.5 . T 20T T
e+ L e - o 2 ATl - -
1 RN S~ ] - AR - --- -
-=PCA 1- PCA - PCA
0.5 --LPCA LPCA 1 LPCA
—P-LPCA —P-LPCA —P-LPCA
0 ' ' ' 0 ' ' ' 0 ' ' '
60 80 100 120 140 60 80 100 120 140 60 80 100 120 140
N N N
R=2, T=200 R=3, T=200 R=4, T=200
3 ' ' 4 ' 5
25
4
e
2 T T
N B g 3| - ~ -
15 S 2 . R -7
/ - e B 2
1 - ]
-=PCA 1 --PCA | ---PCA
0.5 --LPCA | -- LPCA 1 -- LPCA
—P-LPCA —P-LPCA —P-LPCA
0 ' ' ' 0 ' ' ' 0 ' ' '
60 80 100 120 140 60 80 100 120 140 60 80 100 120 140
N N N

Figure 1. The estimation of factor number by our method (solid black), LPCA (dashed blue),
and traditional PCA (dot-dash red).

Then we consider the estimation of factors, factor loading and the conditional covariance matrix.
For simplicity, we only consider the setting that R = 2, T = 100 or 200, with N ranging from 49 to 144.
We reproduce 200 times, and in each replication, we compute the estimation error of factor loadings by
averaging each %llf&, - A,ll% across r < T, so as to the conditional covariance matrix. To demonstrate
the superiority of our proposed method, named PLPCA-GARCH, four alternative methods are applied
for comparison. The details of all measures are provided as follows:

(1) PCA: In this method, the columns of A are the first R eigenvectors of Y”'Y, and let f} = f\y, /N
by the least squares method. Then, we calculate the simple sample covariance matrix of @, as an
estimation of X,(7).

(2) LPCA: In this method, the columns of A, are the first R eigenvectors of (NT)"'Y?7Y®), and let
f, = A.y./N by the least squares method. Then, we calculate the simple sample covariance matrix
of i, as an estimation of X,(¢).

(3) LPCA-GARCH: Use the same method as LPCA to estimate factors and factor loadings, and then
get the estimation of X,,(#) by the QMLE approach.

(4) PLPCA: Use our projected method to estimate factors and factor loadings, and then calculate the
simple sample covariance matrix of Ui, as an estimation of X, (7).
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(5) PLPCA-GARCH: Use our projected method to estimate factors and factor loadings, and then get
the estimation of X, (¢) by the QMLE approach.

In the aforementioned methods, PCA and LPCA consider neither projection nor the GARCH
structure. The only difference between these two methods lies in whether the data is locally
processed. Besides, PLPCA uses our projection method but similarly does not account for the
GARCH effects, while LPCA-GARCH only considers the GARCH structure.

Figures 2 and 3 illustrate different cases by examining the estimation errors of factors and factor
loadings. It can be observed that the proposed method demonstrates a significant advantage over
traditional PCA and LPCA. The estimation errors of our projected method are smaller, and our
estimators exhibit a certain level of robustness, which is consistent with our asymptotic theory.

4 MSE of Factor Loading (T=100) 12 Esitimation errors of Factors (T=100)
5 .
—-PCA ( --PCA
--LPCA | -~ LPCA
s —P-LPCA | —P-LPCA

3.5

60 80 100 120 140 ’ 60 80 100 120 140
N N

Figure 2. Averaged LlIA, — A2 and L|[F — F|2 (T = 100) by our method (solid black),
LPCA (dashed blue), and traditional PCA (dot-dash red).

MSE of Factor Loading (T=200) Esitimation errors of Factors (T=200)

--PCA --PCA
--LPCA --LPCA

—P-LPCA —P-LPCA

25

0.9

0.8

60 80 100 120 140 ’ 60 80 100 120 140
N N

Figure 3. Averaged #II[L — A/|l3 and %III*A‘ — F|l2 (T = 200) by our method (solid black),
LPCA (dashed blue), and traditional PCA (dot-dash red).
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Figures 4-5 and Tables 1-4 show the performance of the estimation of the conditional covariance
matrix. When we do not consider the GARCH structure in the idiosyncratic error term, the estimation
of the conditional covariance matrix becomes less accurate, because the accumulated heteroskedastic
noise is non-negligible in the high-dimensionality framework. Building on this, it is also necessary to
consider the precise estimation of factors and factor loadings, as the large errors in the PCA, LPCA,
and LPCA-GARCH methods indicate. Our method, however, takes all of the above considerations into
account, resulting in a more accurate estimation.

Entropy Loss Error (T=100) Frobenius Error (T=100)
10

—-—PCA —-—PCA

- - =LPCA - - -LPCA
LPCA-GARCH LPCA-GARCH

——PLPCA-GARCH ——PLPCA-GARCH

\
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Y 8 P
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A\ )
A ~
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W\ \ .- 6 g
YA S \ - p, g
e \ / _.’_/’
4 / o

60 80 100 120 140 60 80 100 120 140
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Figure 4. Conditional covariance matrix estimation error (77 = 100) by our method (solid
black), traditional PCA (dot-dash red), LPCA (dashed blue), LPCA-GARCH (dashed green),
and PLPCA (dotted purple).

Entropy Loss Error (T=200) Frobenius Error (T=200)
—-—PCA ’ —-—PCA
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Figure 5. Conditional covariance matrix estimation error (77 = 200) by our method (solid
black), traditional PCA (dot-dash red), LPCA (dashed blue), LPCA-GARCH (dashed green),
and PLPCA (dotted purple).
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Table 1. Mean estimation errors and standard deviations under || - ||s for T = 100.
Dimension PCA LPCA LPCA-GARCH PLPCA-GARCH PLPCA

N=49 63328 5.8812 3.8732 2.3257 3.9319
(0.5012)  (0.2430) (0.5344) (0.0395) (0.3580)
N=64 43053  3.7060 2.8588 2.5128 3.4306
(2.0595)  (2.1280) (0.4502) (0.6189) (0.3152)
N=81 49104 5.1837 3.8954 2.1851 4.0469
(2.2894)  (1.9050) (1.3287) (1.2762) (0.0515)
N=100  3.0557  4.9620 4.363 1.9458 3.6308
(0.0705)  (0.1335) (0.6025) (0.1213) (0.6367)
N=121  3.1084  4.4222 43071 1.4685 3.5036
(0.2006)  (0.3172) (0.7145) (0.0419) (1.0591)
N =144 45903  4.6753 4.6116 21115 3.6154
(0.5091)  (0.2589) (0.6198) (0.1901) (0.0119)

Table 2. Mean estimation errors and standard deviations under || - || for T = 100.
Dimension PCA LPCA LPCA-GARCH PLPCA-GARCH PLPCA

N=49 32066 3.1184 2.0754 1.1759 2.7940
(0.1854) (0.3162) (1.3661) (1.4976) (0.4045)
N=64 39028 3.7518 2.8362 1.5022 2.9793
(0.1065)  (0.9422) (0.861) (1.2912) (0.2052)
N=81 49911  5.0577 3.4535 1.5410 3.4883
(0.2579)  (0.7512) (0.7031) (0.7395) (1.0508)
N=100 54402  5.7683 4.1677 1.6396 3.3723
(0.2465)  (1.8583) (1.4635) (1.6769) (0.0328)
N=121 63100  6.7945 5.0042 1.4650 3.4575
(0.2915)  (1.5958) (0.6856) (0.8393) (1.1470)
N=144 73468  8.0816 6.2526 1.5454 3.5194
(0.0549)  (1.1198) (1.2614) (0.9536) (0.7993)

Table 3. Mean estimation errors and standard deviations under || - ||z for T = 200.
Dimension PCA LPCA LPCA-GARCH PLPCA-GARCH PLPCA

N=49 30738 47562 3.0438 1.9901 2.6551
(1.1503)  (2.7467) (0.3522) (0.2966) (1.7730)
N=64 29232  4.4867 3.0516 2.2560 2.8641
(0.2922)  (0.8904) (0.5073) (0.9366) (1.7086)
N =81 3.0475  3.0470 2.7145 2.3519 2.6475
(0.7082)  (0.7457) (1.4632) (0.9853) (0.2953)
N=100 32107 3.1664 2.7599 2.3712 2.3962
(0.8429)  (1.4291) (0.9497) (0.4782) (0.8907)
N=121 35438  3.9410 2.8057 2.3925 2.4910
(0.3604)  (0.5834) (1.3318) (0.1466) (0.3828)
N=144 35569  4.0518 34117 2.4439 2.7418
(0.1753)  (0.4593) (0.9971) (1.0227) (1.8652)
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Table 4. Mean estimation errors and standard deviations under || - || for T = 200.
Dimension PCA LPCA LPCA-GARCH PLPCA-GARCH PLPCA

N=49  1.8051  3.8840 2.1664 0.8515 1.6060
(0.0423)  (0.1943) (0.9591) (0.1891) (0.3466)
N=64 22970  4.6077 2.7353 0.8369 1.7496
(0.0240)  (0.2453) (1.625) (0.4635) (0.0742)
N=81 26523 5.089% 3.4074 0.8272 2.1971
(0.0680)  (0.1215) (0.908) (0.5783) (0.0685)
N=100 3.0342 53037 4.0078 0.9518 2.6843
(0.3033)  (0.6530) (1.3139) (1.0566) (0.2129)
N=121 37755  5.8507 5.0892 1.2038 3.0744
0.2124)  (0.9977) (1.5375) (0.9840) (0.2696)
N =144 44837  6.5906 6.1036 1.0034 3.1862
(0.1836)  (0.6705) (1.3635) (0.7858) (0.4661)

It is of interest to check the impact of the bandwidth 4. We examine the model’s estimation
performance under a fixed setup when the bandwidth 4 takes different values within a small range,
with the results shown in Tables 5 and 6. It can be seen that the estimation error tends to decrease as
the bandwidth increases, which is consistent with our asymptotic theory. Besides, the reduction in
estimation error is quite limited. This suggests that bandwidth selection does not need to be overly
strict. Commonly used bandwidth choices, such as rule-of-thumb bandwidths, plug-in bandwidths,
and cross-validation bandwidths, could be sufficient to achieve good estimation performance.

Table 5. Mean estimation errors and standard deviations under || - ||s for different 4.

Sample size Dimension Bandwidthz PLPCA-GARCH PLPCA
0.05 2.0378 (0.7261)  3.8849 (0.3732)
0.1 2.0196 (0.165)  3.8097 (0.2897)
T =100 N =100 0.15 2.1191 (0.1579)  3.5989 (0.3639)
0.2 1.987 (0.655) 3.6624 (0.5492)
0.25 1.9535 (0.5024)  3.5919 (0.3162)
0.3 1.9655 (0.1948)  3.5827 (0.2179)

Table 6. Mean estimation errors and standard deviations under || - || for different 4.

Sample size Dimension Bandwidths PLPCA-GARCH PLPCA
0.05 1.746 (1.0296)  3.4853 (0.4042)
0.1 1.7571 (0.6807)  3.4475 (1.2328)
T =100 N =100 0.15 1.7098 (0.4162)  3.3112(0.7719)
0.2 1.6158 (0.9407)  3.3913 (0.3466)
0.25 1.5708 (1.5312)  3.3534 (0.3145)
0.3 1.5971 (1.5435)  3.2926 (0.3081)

5.2. Empirical study

Now we apply our model to a real dataset, which is the daily data for the 380 constituent stocks
of the SSE 380 Index listed on the Shanghai Stock Exchange (https://www.sse.com.cn/) from 2020
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to 2023, including comprehensive daily closing prices and the corresponding industry average returns.
Excess returns for each stock on each trading day have been computed.

We first consider the possibility of heteroskedasticity in the data. Referring to Li et al. [17], we use
the four statistics in Tsay [29] for testing, and the results are presented in Table 7. It is shown that all
the tests suggest the presence of heteroskedasticity in the data.

Table 7. Heteroskedasticity tests.

Method Test statistic  p-value
Q(m) of squared series (LM test) 2721.172 0.000
Q,(m) of squared series 3984.948 0.000
Robust test (5% trimming) 2692.520 0.000
Rank-based test 2696.126 0.000

Different methods are used to estimate the conditional covariance matrix of these datasets and
calculate the annualized Sharpe ratio. For simplicity, we assume that all possible investment portfolios
are fully allocated, short-selling is allowed, and there are no transaction costs. At the end of each
trading day, a portfolio @ is formed and held until the end of the next trading day. The calculation
method for returns from trading day ¢ — 1 to ¢ is R(®) = &’ y,, where & is calculated based on
(f—i,y—),i=1,...,N,up to time T. Therefore, the formula for the annualized Sharpe ratio is

R(®)

SR(@) = - G T,

where

1+ 1+ - "
R@) = = ) [R(@) =Ry, sd(@) = {T D [R(@) = Ry, - R(@)]z} ,
t=1 t=1

where Ry, is the risk-free rate on day z. We calculate the annualized Sharpe ratio and the results are
shown in Figure 6. It can be seen that our method performs the best, due to the fact that our method
can effectively capture the presence of GARCH effects in the data considered.

Sharp Ratic

--PCA
--LPCA
—PLPCA-GARCH™

2020 2021 2022 2023
Year

Figure 6. Annualized Sharpe ratios for constituent stocks of SSE 380 calculated by our
method (solid black), LPCA (dashed blue), and traditional PCA (dot-dash red).

Next, we employ additional measures to comprehensively assess the performance of various
methods. Since rational investors generally prefer assets exhibiting higher skewness and lower
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kurtosis (see Scott and Horvath [30] and Dittmar [31]) for a greater likelihood of positive extreme
returns and a reduced probability of extreme fluctuations, it is essential to take these metrics into
consideration. To this end, referring to Zhu et al. [32], we develop three enhanced evaluation
frameworks: MV (mean-variance), MVSK (mean-variance with skewness and kurtosis) and SRSK
(Sharpe ratio with skewness and kurtosis), which are defined as follows:

MV = R(®) — A; * sd(®),
MVSK = R(®) — 1, * sd(®) + A, * Skew(d) — A3 * Kurt(®),
SRSK = SR(®) + A, * Skew(®) — A5 * Kurt(®),

where Cer _ .
n T Z[:I[Rf(d)) - th - R(@)]
_ T
Skew(®) = Gd@)T ,
7 21 [R(®) = Ry — R(@)]*
AN T &t
Kurt(@w) = AT

In the above measures, 4;, A,, and A3 are positive hyperparameters tuned by the grid search within
the sets A;, A,, and Aj, respectively, to maximize the value of MVSK of each portfolio, where

A ={ax10?|a=1,2,...,.9and b = -1,0,...,3},
Ay =As;={ax10?:a=1,2,....,.9and b =2,3,...,6).

Since we aim to construct a portfolio with higher expected returns and skewness while maintaining
lower risk and kurtosis, larger values of the aforementioned metrics are preferred. The empirical
results demonstrate that our proposed method achieves superior portfolio performance. As evidenced in
Table 8, our approach consistently outperforms competing methods. While delivering the highest mean
returns and effectively controlling downside risk, our method generates significantly greater positive
skewness and less kurtosis than the alternatives, increasing the probability of extreme positive returns.
Besides, the dominance in both the MVSK and SRSK metrics further confirms that our framework is
the preferred choice for investors seeking an optimal portfolio.

Table 8. The performance of three methods.

Method 2020 2021 2022 2023
MV PCA -0.0138  -0.0043 -0.7691 -0.0100
LPCA -0.0214 -0.3487 -0.0262 -0.0128
PLPCA-GARCH 0.0052 0.0016 0.0043  0.0083
MVSK PCA -0.3853  -0.2684 -0.8260 -0.0591
LPCA -0.0730 -0.4913 -0.0330 -0.0982
PLPCA-GARCH 0.0017 -0.0003 0.0031  0.0022

SR PCA -0.082  0.0522  -0.064 0.062

LPCA 0.0265 -0.0493  0.0321 0.042
PLPCA-GARCH 0.1546  0.2235 1.9238  2.2039
SRSK PCA -0.4535 -0.2119 -0.1210 0.0129
LPCA -0.0251 -0.1919 0.0253 -0.0434

PLPCA-GARCH 0.1511 0.2216 1.9226 2.1978
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6. Conclusions

This paper introduces and examines a novel high-dimensional time-varying factor model with
GARCH noise, designed to partially address two important issues in financial time series analysis: the
smooth evolution of factors and factor loadings, with persistent heteroskedasticity in
high-dimensional settings. By the projection technique for estimating continuously varying factor
loadings and latent factors, with a GARCH specification to model idiosyncratic volatility, the
proposed approach captures dynamic market structures while mitigating the curse of dimensionality.
We establish the asymptotic properties of the resulting estimators under suitable regularity conditions.
Simulation studies and an empirical application in portfolio allocation demonstrate that the model
outperforms static factor benchmarks and provides robust, precise estimates of conditional covariance
matrices in evolving high-dimensional environments. These results show the model’s practical value
for volatility forecasting and financial risk management.
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Appendix

Before proving Theorem 1, we first need to present some propositions, which follow from the

Lemma A.1 of Chen et al. [6].
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Proposition 1. Under Assumptions AI-A6, we have

. 1= nNT vy (r l o v 1
(i) TX( X" = TXTK(r)X =D,X:D” +0 (— + M)

_ P 1
(ii) 1X"ll = 0,(NT), ||(X">""X(’>)+||=0p(7),

1 1
o L pMT PR — L NTpr)|| — T
(iii) TF P"F" =Xy +0 ( Nias + M) IIF"" Pl = O,(NT),

T N
(lV) ||X(r)Tul(r)||2 — Op (Z) , ”P(Y)U(V)HF — Op (z) ,

where A" denotes the Moore Penrose inverse of A.

Proposition 2. Under Assumptions AI-A6, we have

LI(NT) ' YOTPOY©®]
L [(NT) TYOTPOYO]
LINT)'YOTPOY®]

W T Yo paye] % When J=R

(i) =0,(1), when j<R,

Proof of Theorem 1. Given Propositions 1 and 2, it is not difficult to accomplish the proof if we can

show that
A [(NT) YT POYO)]

A [(NT) YT POY ]
which follows from Theorem 4.2 in Chen et al. [6]. O

=0,(1), when j<d-R,

Let Vyr be the diagonal matrix whose diagonal is made up of the largest R eigenvalues of matrix
(NT)'YOTPY®™ By the definition of eigenvalues, we have

1 AU
—YOTPOIYDA, = A, Vyr.
TN
Let
HO = 7T POFOATA V3.
TN r r NT

Substituting (2.9), we have
3
A, - AHY = (Z Ai] Virs
i=1

Ai = — A FOTPOUOA
TN T rs

where

A, = LU(V)TP(V)U(r)A
TN rs
A; = LU(r)(]'P(r)F(r)ATA .
TN n

Now we give the convergence rates of the above terms, which follow Lemma A.2 in Chen et al. [6].
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Proposition 3. Under Assumptions AI-A6, we have

N

N
ﬁ)’ (iii) [|As|| = Op(ﬁ)-

N
DlA1lle = Op(770): (i) | Aallr = Op(

Given Proposition 3, the convergence rate of A, — A,H” can be straightforwardly calculated such
that

1 1
—IA, - AHYE =0, =]
A~ AHT Op(Th)

Proofs of Theorems 2 and 3. By Propositions 1-3, the proofs of Theorems 2 and 3 can be similarly
summarized to Theorem 4.3 and Theorem 4.4 in Chen et al. [6]. O

Proposition 4. Under Assumptions AI1-A8, there exist constants Cs > 0 and a small constant € defined
in Assumption A8 (ii), such that

1 1
P Al' — U; C :0 .
{tsSTI,JENlu’ il > S(VTh)} (T“f)

Proof.

P{ sup | — uy| > C5(

t<T,i<N

1
)
_ P{ sup |Af, - A £ > C5(

t<T,i<N

1
)
= P{ sup (A — A;) £, + ;l:(f’ -t > Cs ( \/lT_h)}

t<T,i<N

n 1
< P<su /l,', — /l,', sup ||f]| > C
{islgll | tSYP” & 5( VTh)}
- P{sup ;I sup [If, — £,]| > Cs (

i<N t<T

i)

By Assumption Al and Theorem 2, we have

A 1 1
P<sup||Ad;, — A sup ||E]| > C =0 .
{isz\rl)” | zs?ll t” 5( VTh)} (THE)

Since the factor loadings estimator A, for each r < T can be described as the first R principal

components of (NT)'Y?TPYY® arranged in descending order, we have N"'ATA, = I, implying
that sup;_y II;li,II is bounded. Hence, by Assumption A7, this lemma follows. O

Proposition 5. Under Assumptions AI1-AS, there exist constants C¢ > 0 and a small constant € defined
in Assumption A8 (ii), such that

- C CelogT 1
2 6 6108 _
P{nzf(r) ~ L0l > } = O(THE).
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Proof. Define
Lot =covt) = (T - D)'F'F-[T(T - D]'F"11"F,

where 1 is a T-dimensional column vector of ones. It is easy to derive that
IZ40) = ZpOllF = I1E40) = Zp(0) + £4(1) = ZpOIF < IE5(0) — ZpOIF + [1Z,0) = Z4(0)I7-
For the first part ||):“.f(t) -3 #(DI%, we have
1240 - £l < (T = D'F7F (T - 1)'F FII}

+IIT(T - D' 17k - [T(T - D]'F 117 F|2
=1, + L.

By Assumption Al, [T — 1)"'?F|[2 = t[(T — 1)"'F” F] is bounded, leading to the result that ||(T —
1)7'2F|2 = 0,(1) and

(T — 1) 22 < (T = D)7 YF = FIZ + (T = D™2F||% = 0,(1).
Hence,

L =T -)"¥F-(T-D'FF;
= T-D)"'"F-FF+T-D)"F&E-F;
< (T - )7 MF = FIZIT - D™VE17
+(T = D)7'|IF = FIFIT - )"?FI;

o ()

IT(T - DI FI; < T AT IEIT - 1)7V2F)7 = 0,(1),

For I, since

and

IT(T — D727 R < I[T(T - D]P17 (F - F)|I>
+ 7T - D17 F|
< T N7 - D7 - FI2 + 0,(1)
= 0,(1),

we can calculate I, similar to I, such that

L =TT -DI"'A"F1"F - [T(T - DI"'A"F 17 FI;
=TT -D1"'A"F-1"F"1"F
+[T(T - DI'A"F A"F -1 P
<(T - D'F - FIFT WG T - DIV R
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+(T = ) YF = FIET T IEIT(T - D717
_01
- P\t

Note that %IIF - F||2F = % Z,T:l IIf’, —Af,ll2 < SUp, <z ||f} —f£,||I*. Hence, by Assumption A7, we can proof the
convergence rate of the first part ||X f(t) -X f(t)”%: such that

A ~ C 1
Pﬂ@ﬂn—ZAm@>§%}:0(Wﬂ)

Since f;; has an exponential tail for any + < T and j < R, we can proof the convergence rate of the
second part ||ﬁ‘. HOED> f(l)||12: in a similar fashion to Lemma B.2 in Fan et al. [33] such that

o Celog T 1
P{Ilzf(t) - X > 6 ;g } - 0(?)'

Hence,

A Cs CglogT
P@y@—&w@>6+ifi}

Th T

CelogT
T

N N C N
SPﬂmﬂn—zAmﬁ>5%}+P@ﬁﬂﬁ—2ﬂmﬁ>
1
o T1+e) :

Proposition 6. Under Assumptions AI1-AS, there exist constants Cg > 0 and a small constant € defined
in Assumption A8 (ii), such that

X 1 1
Psupll@, — 0;]| > C }:0( )
{55113 ‘ ! ’ VTh T'+e

Proof. Note that by Proposition 4, sup, ;. |t — ui| = OP(\/;TTZ)' The proof of this lemma can be
similarly summarized to Theorem 1(IV) in Guo et al. [15]. O

O

Proof of Theorem 4. By Proposition 6, it can be similarly demonstrated as in Theorem 2 in Li et al. [17]
that there exist constants Cy > 0, such that

P{|

CTr:Ar—Ar, GT :ﬁf—zf.

) C 1
2,0 - 0|2 > T—;} = O(W).

Define

Note that foreach r < T, l||CTr||12u = % ZL A, — A, < SUp;n I, — 4,17 Ttis easy to obtain

1,0 - 2,0, < [(AL;0AT = AZOAT) + (£,0) - Zu(1) i
z
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< 8[|CrEHOCT; + 8 [AGLAT | + 16 | AL () CT |
+2|£.0 - 0.

Similar to the proof of Lemma B.3 in Li et al. [34], there exist constants C;y > 0, such that

CION)

|Cr €t < 0,0 iCHIE = 0, ((T—h)z

log T
||AGTA'/'||§ < Op(N_l)HGTH,zm _ Op( Cio Cilog )’

+
NTh NT
@)
Th)’

a CioN 1
Plersoerly > Goth = o1z,

A2/ < 0,vHICH = 0,

leading to the result that

and

. C CilogT 1
p{||AGTAT||§ g ocq ] > S N—‘;g} _ o(m).

Hence, there exist constants C4 > 0 and a small constant € defined in Assumption A8 (ii), such that

C4N C4 10g T _ 1
anet ar [T O\ )

P“gm—gm@>
O
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