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1. Introduction

Recent studies on Euler—Poisson—Darboux—Tricomi (EPDT) type equations have focused on both
the qualitative behavior and critical phenomena for nonlinear versions of these classical models.
Particular solutions of the generalized Euler-Poisson-Darboux equation

2 2
Uy + Uy + 70-”):4' Yﬁuy—u,,—%/t_]u, =0,x,y>0, (1.1)

are considered in [1]. Beyond this, research into particular or specialized solutions continued, including
the construction of explicit multidimensional solutions that involve hypergeometric functions and the
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investigation of elliptic—hyperbolic generalized Euler—Poisson—Darboux equations, thus expanding the
catalog of known solution structures for related models. Recently, these results were extended to
construct a particular solution of the multidimensional generalized Euler-Poisson-Darboux equation
in [2-4].

On the global existence side, a series of results refined our understanding of how damping and
nonlinearity interplay for semilinear regular EPDT equations. For instance, in [5], researchers
considered the following:

pooV
u; — " Au + S+ U= |ul”. (1.2)

It was shown that when damping dominates the mass term and the power exponent exceeds an
appropriately shifted Fujita or Strauss-type critical exponent, small initial data give rise to
global-in-time solutions. Additionally, these argued that the identified critical exponent marks the
threshold between global existence and finite-time blow-up for the model; see [6-8].

A noteworthy recent contribution analyzed the blow-up behavior for (1.2). In particular, the
authors in [9] established the blow-up in the critical power case using a Kato—type comparison
argument together with integral representations and Radon transform techniques. Additionally, they
derived sharp upper lifespan estimates consistent with classical wave models in the critical regime.
Moreover, they are works on more classical aspects of the equation. For instance, [10] studied a
singular Euler—Poisson—Darboux problem, thereby emphasizing the nonexistence of global solutions
in subcritical regimes and showing that even in the linear singular EPDT case, blow-up phenomena
can occur when nonlinear powers are below critical thresholds; see [11-13].

In the context of weakly coupled systems of semilinear EPDT equations, the recent manuscript [14]
investigated the critical curve separating global existence from finite-time blow-up in the (p, g) plane
for nonlinearities with damping and mass interactions in the following system:

2
2, \4
Vo = t"Ay + By, + 2y = [z
2
\Z
= P"Az+ By + 32 = Dl

The authors identified threshold conditions (depending on spatial dimension, damping powers, and
coupling parameters) that delineate regimes of small data global existence versus blow-up, and they
constructed new test-function methods tailored to these coupled structures.

In this article, for y = y(t,x),z = z(t,x), t > 1, x € R", we investigate the following initial value
boundary problem

2
u

Yiu = " Ay + Ely, + Ly

|z|?

(1.3)

2
V.
2 — AT+ Bz + 32

[vl,

(y, V-2 Zt)(l, -x) = (y()’y]’ 205 Zl)(-x)’

where

(A1) py, 12, v1,v2, p,q are nonnegative constants, m > -1, yo,zo,yi,z1 € C?*(R"), and
0 < 0,20, y1l,1z1] < B on R". The constant B is a positive bound (or uniform bound) for the

initial data. For ui = vi = 0,m = 0, a special case of the system equations (1.3) was considered
in [15]. Recently, many papers have studied the critical exponent of the EPDT; see [16, 17].

AIMS Mathematics Volume 11, Issue 3, 5557-5574.



5559

This article is structured as follows: after presenting auxiliary results in Section 2, in Section 3, we
prove the existence of at least one classical solution to problem (1.3); Sections 4 and 5 extend this
analysis by establishing the existence of at least two and at least three nonnegative classical solutions,
respectively; Finally, an example is given in Section 6 to illustrate the theoretical results.

2. Auxiliary results

In what follows, we assume that X is a real Banach space. Now, we recall the definition of a
completely continuous operator in this space.

Definition 2.1. Let X be a Banach space, and let F: N ¢ X — X be an operator. The operator F
is said to be compact if, for every bounded set B C N, the image F(B) is relatively compact in X.
Additionalyy, if F is continuous and maps bounded subsets of N into relatively compact subsets of X,
then F is called completely continuous.

The notion of a k-set contraction is closely related to the Kuratowski measure of non-compactness,
which we recall here for completeness.

Definition 2.2. Let I'y be the collection of all bounded subsets of X. The Kuratowski measure of
non-compactness o : I'y — R" is given by the following:

o(Y) =1inf{6 > 0: Y can be covered by finitely many sets of diameter < d}.

The main properties of the measure of non-compactness can be found in the classical literature [18].

Definition 2.3. Let X be a Banach space, and let o(-) denote the Kuratowski measure of

noncompactness on X. A mapping F: X — X is called a k-set contraction if there exists a constant
k €10, 1) such that
o(FIN)) <ko(N)

for every bounded set N C X.
Obviously, every completely continuous mapping F: X — X is a O-set contraction; see [19].

Remark 2.1. Intuitively, the Kuratowski measure of noncompactness o(N) quantifies “how far” a
bounded set N is from being compact: the smaller c(N), the closer N it is to being compact. A map F
is called a k-set contraction if there exists a constant k € [0, 1) such that for every bounded set N C X,

o(F(N)) <ka(N).

In other words, a k-set contraction "shrinks” the noncompactness of any bounded set by at least a
factor of k, which generalizes the concept of a standard contraction to possibly noncompact operators.

Our first existence result follows from the fixed point theorem stated below. Consider two operators,
T and @, where

T:Q-> N is completely continuous, w:Q — N is ak-set contraction with k € [0, 1).
We aim to study the solvability of the following operator equation:

x=Tx)+w(x), x¢€ Q. 2.1)
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Theorem 2.1. [20,21] Let E be a Banach space, N a closed, convex subset of E, and ) any open
subset of N with 0 € Q. Consider two operators, T and @, such that

Tx=¢ex, xeQ, fore>1,

and
w:Q oY,
where
() I - @ : Q — N is continuous, compact, and
(i) {(x € 0Q: x =B - @)x} =0, forany Be (0, 1).
Then, Ax* € Q such that
Tx"+wx" =x".

Remark 2.2. The concept of a k-set contraction plays a crucial role in establishing fixed-point results
for possibly noncompact operators. In particular, if F : X — X is a k-set contraction with k € [0, 1),
then under suitable conditions, F' admits at least one fixed point in X. This generalizes the classical
Banach fixed-point theorem for contractions to a broader class of operators and is especially useful
in proving the existence results for differential and integral equations where compactness cannot be
directly guaranteed.

Remark 2.3. It is worth emphasizing that the notions of expansive mappings and k-set contractions
are, in general, independent. Recall that a mapping T : X — X is called expansive if there exists a
constant A > 1 such that

ITx =Tyl =z Alx—yll, VYx,yeX,

whereas T is a k-set contraction if
o(T(N)) < ko(N), Y bounded N C X,

with k € [0, 1), and o denoting the Kuratowski measure of noncompactness.

Definition 2.4. Let X and N be real Banach spaces. A map F : X — N is called expansive if there
exists a constant h > 1 for which the following inequality

IFa — Fblly = hlla - blix
forany a,b € X.
Next, the definition of a cone in a Banach space is given.

Definition 2.5. A closed, convex subset A of X is called a cone if

(1) oxe Aforallo>0and x € A,
(2) x,—x € A implies x = 0.

Denote A* = A\{0}. Now, we state the following fixed point theorem, which will be instrumental in
proving the existence of at least two nonnegative classical solutions for the initial value problem (1.3).
For its proof, the reader may consult [22,23].
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Theorem 2.2. Let A be a cone in a Banach space E, I a subset of A, and Q,,$,,); three open
bounded subsets of A such that

QcOcQ; and 0€Q.
Assume that T : T — A is an expansive mapping, @ : Qs — E is a completely continuous map, and
@(Q3) € (I = T)(D).

Suppose that B _
(Qz\Q])ﬂFi@, (Q:;\Qz)ﬂr?f@,

there exists ug € N* such that the following conditions hold:

(i) wx # (I — T)(x — Bug) forall B > 0 and x € 0Q, N (" + Buy),
(ii) there exists € > 0 such that wx # (I — T)(Bx) forall B > 1 + & x € 0, with Bx €T,
(iii) wx # (I — T)(x — Buy) for all B > 0 and x € 0Q; N (I' + Buy).

Then, T + @ has at least two non-zero fixed points xy, x, € A such that either
x €% NI, xe(@;\Q)NT,

or
X1 €@ \Q)NT, xe(@\Q)NT.

The following result will be employed to establish the existence of three nonnegative solutions
to (1.3). For its proof, we follow arguments analogous to those used in [22,23].

Theorem 2.3. Let A be a cone in a Banach space E, " a subset of A\, and Q,,$,,); three open
bounded subsets of A such that Ql C Qz c Qs and0 € Ql Assume that T : T’ — E is an expansive
mapping, @ : Q; - Eis completely continuous, and w(Q3) c{-T)D).

Suppose that (Q; \ Ql) NI #0, (Q3\ QZ) NI # 0, and there exist wy € A* and € > 0 small enough
such that the following conditions hold:

(1) mx# (U -T)Bx) forallp>1+¢, x€0Q withPBx €T,
(i) wx # (I —T)(x —Bwy) forall B > 0, x € 0Q, N (I" + Bwy),
(iii) wx # (I - T)Bx) forallB > 1 +¢&, x € 0Q; with Bx € I
Then, T + @ has at least three nontrivial fixed points xi, X2, x3 € A such that
e NT, xe(@W\Q)NT, x3e(Q;\Q)NT.
For w € C*([1, ), C*(R")), define

||w||1:max{ sup Wl sup Iwl  sup  (wals
1<t<o0,xeR” 1<t<o0,xeR" 1<t<oo,xeR"
sup  [wyl, sup waxl},
1<t<o0,xeR" 1<t<00,xeR"

provided it exists. Let X = (C2 ([0, ), CZ(R")))6 be defined by the following:

llull = _max IIMJII u = (U, U, ..., u).
Jetl,
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3. Existence of at least one solution

In this section, we prove the existence of at least one classical solution for problem (1.3) using the
theory of k-set contractions and the fixed point theorem presented in Section 2. For u € X, define the
following:

w%(u) = Puy, — 2" AU, + ituy, + v%ul — )P,
2 _ 2 2m+1) 2 20, 1

wi(u) = Fuy, —t Auy + potuy, + vouy — t|ug|?,

@) = uy(0,x) = yo(x),

@) = u(0,x) — z0(x),

T w) = u,(0,x) — (),

@) = uy(0,x) - z1(),

(i), @i@W).....w}w), 1<t<oco,xeR"

@ (1)

Note that if u € X, u = (uy, u, . . ., ug) is a solution to the equation @;(u) = 0, (¢, x) € [1, c0) X R”, then
u; and u, are solutions to the IVP (1.3).
Let

B, = max|{B+B’,B+BnB,uB, 1B, v{B,v3B}.
Lemma 3.1. Suppose (Al). If u € X, ||u|| < B, then
@l < Bi(l+t+£+7"™?), (Lx)e[l,00)xR", je(l,2,....6).

Proof. We have
1 2 2m+1 2 2
|y (u)| = |t uy — "D Ay + ptug + viug —t |u2|p|
<Pluryl + £ O\Awy | + pytluy| + Vil + Clual?
<Bt* + nB" + Bt + viB + Bt
<B, (1 +t+ 2+ t2<’"“))

<B, (1 rr++ z2<m+2>), (t, %) € [1,00) x R",

and
2 2 2m+1 2 2
|l (u)| = |t Uy — PV Ay + piotuy, + vius — t |u1|q|

<Pluzyl + 2" VN Aua| + potlug,] + vilua) + £y |

<Bt* + nB""V + u, Bt + v;B + BIf

<B, (1 i+ + tz(’”“))

<B (1+t+2+2"D),  (t,x) € [1,00) xR,
and

@} ()] =l (0, x) = yo(x)|

<lu1 (0, x)[ + yo(x)
<2B

<B, (1 +r+2+ t2<’"+1))

<B, (1 yr4+ 1 +z2<m+2>), (t, %) € [1,00) X R,
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and
[@ ()] =[u2(0, x) — zo(x)|

<luz(0, x)[ + |z0(x)|
<2B

<B, (1 Fr+2+ tZ(m“))
<B, (1 fr4+ 1 +z2<’"+2>), (t,x) € [1,00) X R,

and
[ W] =u1,(0, x) — y1 (x)|
<lu1, (0, X)| + [y1 ()]
<2B

<B, (1 i+ + tz(’"“))
<B (1+t+2+2"D), (t,x) € [1,00) xR,

and
|8 ()] =uz(0, x) — z1(x)|

<z (0, )| + |21 (%)
<2B

<B, (1 2+ t2<’"“))
<B, (1 +r+1 4+ t2<’“*2)), (t,x) € [1,00) x R".

Now, the proof is completed. O

(A2) Suppose that there exists a nonnegative function g € C([1, c0) X R") and a positive constant A
such that g > 0 on (1, 00) x (R"\ {1, {x; = 0}}) and

j=1
n tlx
2(1+z+r2+z3+t4+r2<m+4>)jznl(1+|x,-|+x§)><lfOfg(s,T)dT ds <A, 1<1t<o,xeR,
where
X X X2 Xn
f:fff, Y=01,Y2-025Vn), dy =dy,dy,_;...dy;.
0 0 0 0

For u € X, define the following operators:

@) = f f (t = g, | |G =yl @l dsdy, jell2,....6),
10 J=1
@) = (wyu)t, x), @5w)t, x), ..., o5w)t,x), (x)€[l,0)xR"

Lemma 3.2. Suppose (Al). If u € X and ||u|| < B, then
||w2u|| < ABl.
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Proof. We have

] (u)(t, x)| =

[ a9t n] Jos- ol s
1 0 =1

y
1

SBlf (t — 5)7g(s,y) 1—[(%‘ —y)? (1 Ls+s?a S2(m+2)) dy
0 J=1

1

ds

f (t = s7e(s, 0 | |0 =y le]@)s, yldy
0 J=1

ds

n

<2B, (1 +r+P+L +1+ tz("”‘”) n (1 + x| + xf)
J=1

t

<)

1

X

f g(s,7)dr

0

ds <AB;, 1<t<oo,xeR", je{l,2,...,6},

and

=2

(9 .
‘a‘;wé(’“‘)

[ [a=9n] o= srolwis s
10 =1

t

o

1

ds

f (t = $)g(s,) [ [ =y} @)s, yidy
0 J=1

t

=

1

ds

f(l — 5)8(s,) ﬂ(xj —y;) (1 +5+ 5+ s2<m+2)) dy
0 J=1

t X

f g(s, 7)dr

0

n

OB (L+ 1+ 240 +14+72m9) 1—[ (141l +2) x f

J=1 1
<AB,, l<t<oco,xeR" je{l,2,....6)

ds

and

=2

1

f g, [ [ =y @l@s, ydyds
0 J=1
< [

1

ds

f g | |0 = vl ws, yldy
j=1

0
t

=

1

X

fg(say) l—[(xj_yj)z (1 +S+S2+ S2(m+2))dy

0 J=1

ds
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t

n
§2Bl(l +t+t2+t3+t4+t2(’"+4)) (1 +|xj|+x?)><f
J=1 1

X

f g(s,T)dr|ds

0

<AB;, (,x)€[l,e0)xR", je{l,2,...,6},

and
o] =2| [ [a- 9. [T G300 = s, s
Jj=1,j#k
t X n
S2f f(t— $)°g(s,) 1_[ (x; = ¥l = el (u)(s, y)ldy| ds
L0y j=1,j#k
<281f f(t— $)’g(s,y) 1—[ (xj =) ka—ykl(l +5+ 5+ sz(’”z))dy ds
1 Jj=1,j#k
n t X
<2B, (1 +t+P+2+1+ t2<’"+4)) (1 + |x;] + x?) X f fg(s, T)drt|ds
J=1 110
<AB;, 1<t<oo,xeR", je{l,2,...,6}, ke{l,2,...,n},
and
> .
ﬁwé(u) =2 ff(t—s) g(s,y) l_ (Xj—yj)zw{(u)(&y)dyds
k Jj#k

f (t - 5)*g(s,y) (x; — y )l (u)(s, y)ldy| ds

Jj=1,j#k

-

1

ds

f(t — 5)°g(s,) —[ (x; —y;)? (1 +5+ 5+ sz(’“z)) dy

<2B, f
bk j=1,j#k

n
<2B, (l i+ +P+1+ tz(””‘”) 1_[ (1 + x| + xf)
j=1

t

<)

1

X

f g(s,7)dr

0

ds < ABy,(t,x) € [1,00)xR", je{l,2,...,6},ke{1,2,...,n}.

Combining the estimates obtained above, we conclude that the operator satisfies the required
conditions. Hence, the proof is complete. m|

Lemma 3.3. Under assumptions (A1) and (A2), let u € X satisfy
@y(u) =C, (t,x) € [l,00) xXR", (3.1

for some constant C; then, u is a solution to the problem (1.3).
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Proof. By differentiating Eq (3.1) three times with respect to ¢ and three times with respect to x, for
k e{l1,2,...,n}, we obtain the following:

gmi(u) =0, (t,x)€[l,00)xR".

Then,
@) =0, (1) € (1,00) X [R"\ {U{xj = 0}}) .
J=1
By the fact that @ (u)(,,...,-) is a continuous function, we find the following:
0 = lirrll w1 (u)
—

= @)1, x)

= ﬁn})wl(u)(f, X1, X2, vy Xp)

= @ (u(,0,x,...,X,)

= lln})W](u)(t, xl’---axn—l’xn)

= @ (W, x1, %2, ..., Xp).
Therefore,

wi(u)=0, 1<t<oo,xeR".

Hence, we conclude that u is indeed a solution to problem (1.3). This completes the proof. O

Below, suppose
(A3) e > 1.

In the final section, we provide an illustrative example for the constants €, A, B, and B;. The main
result of this section is stated as follows.

Theorem 3.1. Under assumptions (A1)—(A3), system (1.3) has at least one solution in X.

Proof. Let N denote the set of all equicontinuous families in X with respect to the norm || - ||, that is,
N consists of all families {y,},c4a C X such that for every € > 0, there exists 6 > 0 with

[[yo(x) = yoIl < & whenever ||x —y|| < 6, Yo € A.

This set is fundamental in the study of compactness and the application of the Arzela—Ascoli theorem,
which ensures the relative compactness of equicontinuous and uniformly bounded families in X.
additionally, let

N = {uef\?:uz @ (t,x) € [1,oo)><R"},

and ¥ = N be the closure of N ,

Q = {ue N :|ull<B}.

AIMS Mathematics Volume 11, Issue 3, 5557-5574.
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For u € Q and & > 0, define the following:

Tu = eu,

wu u-—cu—ewor(u), 1<t<oo,xeR"
For u € Q, we have the following:

I(I — @)ul|

lleu + e, (u)l|

IA

ellull + llmz(w)|]
< &B+ &AB,.

Thus, @ : Q - X is continuous, and (I — w)(ﬁ) resides in a compact subset of N. Now, suppose that
there is a u € Q such that ||u|| = B and

u=pI-wou

or
u = pe(u+ @y(u)), (3.2)
1

to the problem under consideration. Using ||u|| > g, we obtain u(1, x) > g, x €R", and

for some 3 € (O, ) This argument is fundamental in establishing the existence of at least one solution

u(l, x) = Beu(l, x), xeR",
whereupon e = 1, which is a contradiction. Thus,
(ueQ:u=pUI-wu, |lul=B=0
for any B, € (0, é) Therefore, by Theorem 2.1, T + @ admits a fixed point #* € Y, and
uw=Tu +ou" =cu” +u" —eu” — ewr,(u"), (t,x)€[l,00)xXR";

then

wy(u)=0, 1<t<oo,xeR".

From here, we deduce that u* is a solution to problem (1.3). Moreover, by applying Lemma 3.3, it
follows that u is a solution to the following equation:

F(u) =0,
where ¥ denotes the operator associated with problem (1.3). Thus, the existence of u* ensures the
existence of a corresponding solution u for the original equation.

O
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4. Existence of at least two solutions

Suppose

(A4). Letm, r, L, and R, > 0 such that
r<L<R;<B.

Theorem 4.1. Under assumptions (A1)—(A4), Eq (1.3) has at least two nonnegative solutions in X.

Proof. Let

—_—

M={ueX:u>0 on [l,00)xR"}.

With A, we denote the set of all equi-continuous families in M Forv e X, let
Tiv):A—- X, w3(v):A—>X,

where

T1V

w3V = —glw(v)| — mev,

(1 + me)v,

(1, x) € [1,00)xR". These operators will be used to reformulate problem (1.3) into an operator equation
suitable to apply fixed point theorems. Note that any fixed point v € X of the operator 7| + @3 is a
solution to (1.3). Let

r = N,

Q = A ={weA:|wl<r

Q = Ap={weA:|wl<L}

Qs = Ag, ={weA:|wl| <R}

1
(1) For wi,w, €T, we have the following:
1T ywi — Tywoll = (1 + me)llwy — wall,

whereupon 7', : T' — X is an expansive operator with a constant 2 = 1 + me > L.
(2) For w € Ag,, we obtain the following:

IA

gllm, (W)l + mel|w||

8(AB] + mR, )

llzsvll

IA

Therefore, w3(KR1) is uniformly bounded. Since w3 : KRI — X is continuous, we have that
@3(Ag,) is equi-continuous. Consequently, @3 : Ag, — X is a 0-set contraction.
(3) Let w; € Ag,. Set

1
wy = wy + —|@(w)].
m
We have w, > 0 on [1, 00) X R”. Therefore, w, € I' and either —emw, = —emw; — g|lw,(w)| or

(I — Ty)w, = —emw, = w3w;. Consequently, w3(XR1) c-THM.
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(1) Assume that for any wy € A*, there exist 8 > 0 and either w € A, N(+Bvy) or w € dAg, N(T+Lwy)
such that

@3 = (I = T)(w — Bwy).
Then, either
—glm(w)| — mew = —me(w — Bwy)
or
—l@2(w)| = Bmwy.

This is a contradiction.
(2) Letg = %. Suppose that there exists a w; € A, and B; > 1 + & such that

wzwy = (I = T)(Biw). 4.1)

Moreover, either
—glmy(wy)| — mew, = —Bymewy,

or

|@a(w)| + mwy = Bimwy.
From here,

vimL = Bim|wi|| < [[@ow|| + mllwi|| < ABy + mL
and
B <1+ Iﬂ,
mL

which is a contradiction.

Therefore, all conditions of Theorem 2.2 are satisfied. Then, system (1.3) admits at least two solutions,
v and v,, where either
vill = L < [vall < Ry

or
r<|will <L <|vall < Ry.

5. Existence of at least three solutions

Theorem 5.1. Under hypotheses (A1)-(A4), system (1.3) has at least three nonnegative solutions:
Uy, U, and uz € X.

Proof. (1) Suppose that there are 8; > 1 + 2281y € 9Q;, and Bu € T such that

mr

@3(u) = (I = T)(Biw).

Then,
—€|w,(u)| — meu = —meBu
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or
| (u)| + mu = mBu.
Hence,
Bimr = Bimllul| < ||| + mllull < AB; + Bymr,

whereupon

AB,

<1+ —,
mr

which is a contradiction. Thus, condition (i) of Theorem 2.3 is satisfied.

(2) Suppose that there are 5; > 1 + KB e 9Q, and Byu € I' such that ws(u) = (I — T1)(B1u). As

mr

above,
BimR, = Bim|lul| < |lw2(w)]| + mllul| < ABy + BimRy,
whereupon
AB; AB;
11+ —<1+—,
mR; mr

which is a contradiction. Thus, condition (iii) of Theorem 2.3 is satisfied.
(3) Suppose that for any uy € A*, 38, > 0, and u € dA;, N (I" + B1up) such that

@3(u) = (I = T)(u — Biup).

Then,
—€l@my(u)| — meu = —me(u — Brug) or — |wr(w)| = Bimuy.

This is a contradiction. Thus, condition (ii) of Theorem 2.3 is satisfied.

Now, using Theorem 2.3, it follows that system (1.3) has at least three classical solutions u;, u,, and

u3 that satisfy the following:

wm e N, we(@\Q)NT, uze(Q3\Q)NT.
u €0 N, e (Q\Q)NT, u3e(Q3)\ Q) NT,

or
w e N, we(@W\Q)NT, u3€e(Q3)\Q)NT.

6. An example

Let
130 = —— 20(1) : 0= —— 2w R
n= X)=—70x) = —— yi(x) = ——,z1(x) = ———, x ,
Yo 1+ 2% 1+2:2 142 T+ 34246
I S T T G B
,Ul—3,/12—8,V1—12,V2—1O,m—2,P—2aq—3,
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and

1 1 1
R, =1, L=-, =_, =10°, B=1, - -4
1 4 r 5 m IOBl £
and € > 1, (i.e., (Al) and (A3) hold). Next, 0 < r < L < R; = B. (i.e., (A4)
holds). Now, we will give an example of the function g. Take the following:
1+7" V2 + 7% 1
h(t) = log V24T

T
1—711\/§+722’ l(T)—arctanl_—Tn, TeR, 71#=l.
Then,

p:2 A=
Then, B; = 2, A = 2

20°

o) 22V271(1 - 2)
T) = ,
(1 =71 V2+ 2)(1 + 71 V2 + 12)
, 11V27'°(1 + 7%2)
I'(t) = = , TER, 1+#=l.
Thus,

—co < lim (1 +7+ 7+ T)h(r) < o0,

T— %00

—00 < lim (1 +7+ 7 +)(1) < 0.
T—+00
Therefore, AC; such that
1 1+ V2 + 7% 1 42
(1+T+T2+T3)( log V247 + arctani] < C,
442 T 1-7A2 412 2242

s € R. By [24] (pp. 707, Integral 79), we have the following:
f dz 1 1+z2V2+2°

Z
= log + arctan .
T+ 4v2 T1-z2V242 2V2 -2
Let
52m+7 R
P(s) = €
(5) (1 + s3m+)(1 + 5 + 52)2’ SER
and

g1 = Pt = DP(xy) ... P(xy),

1 <t<oo,xeR"
Then, 4C, > 0, where

n

t
2(1 +t++1 +t4+t2(’"+4))1—[(1 +|x.,-|+x§)><f
1

X

f g1(s,y)dy

0

ds <Cy, 1 <t<oo,xeR".
j=1

Let

A
=—g;, 1<t<oo,xeR".
8 ngl o, X
Thus

t
n

2(1 +t+2+P+1+ tz('”+4)) (1 + x| + xf) X f

j=1

X

f g(s, 7)dt

1 lo
Therefore, all conditions of Theorems 3.1, 4.1, and 5.1 are fulfilled.

ds <A, 1<t<oo,xeR".
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7. Conclusions

In this work, we studied the existence of classical solutions for the boundary value problem (1.3).
By applying fixed point theorems in cones, we established the existence of at least one, two, and three
nonnegative classical solutions under appropriate conditions.

Classical solutions are particularly important for this type of system because they guarantee the
necessary smoothness and differentiability required to point wise satisfy the differential equations,
rather than merely in a weak or distributional sense. This smoothness ensures that all boundary and
initial conditions are strictly satisfied, which is crucial for both the theoretical analysis and practical
applications, such as numerical simulations or stability studies.

Specifically, Theorems 2.2 and 2.3 provide conditions under which multiple nontrivial solutions
exist, the highlighting the rich structure and multiplicity of solutions for nonlinear systems in Banach
spaces. The presented example illustrated how the constants in the system can be chosen to meet the
hypotheses of our theorems.

Overall, the results contribute to a deeper understanding of the solution structure of nonlinear
boundary value problems and provide a robust framework to investigate the qualitative behavior of
classical solutions in complex systems as in [25, 26].
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