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1. Introduction

Recent studies on Euler–Poisson–Darboux–Tricomi (EPDT) type equations have focused on both
the qualitative behavior and critical phenomena for nonlinear versions of these classical models.
Particular solutions of the generalized Euler-Poisson-Darboux equation

uxx + uyy +
2σ
x

ux +
2β
y

uy − utt − 2γt−1ut = 0, x, y > 0, (1.1)

are considered in [1]. Beyond this, research into particular or specialized solutions continued, including
the construction of explicit multidimensional solutions that involve hypergeometric functions and the
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investigation of elliptic–hyperbolic generalized Euler–Poisson–Darboux equations, thus expanding the
catalog of known solution structures for related models. Recently, these results were extended to
construct a particular solution of the multidimensional generalized Euler-Poisson-Darboux equation
in [2–4].

On the global existence side, a series of results refined our understanding of how damping and
nonlinearity interplay for semilinear regular EPDT equations. For instance, in [5], researchers
considered the following:

utt − t2m∆u +
µ

t
ut +
ν2

t2 u = |u|p. (1.2)

It was shown that when damping dominates the mass term and the power exponent exceeds an
appropriately shifted Fujita or Strauss-type critical exponent, small initial data give rise to
global-in-time solutions. Additionally, these argued that the identified critical exponent marks the
threshold between global existence and finite-time blow-up for the model; see [6–8].

A noteworthy recent contribution analyzed the blow-up behavior for (1.2). In particular, the
authors in [9] established the blow-up in the critical power case using a Kato–type comparison
argument together with integral representations and Radon transform techniques. Additionally, they
derived sharp upper lifespan estimates consistent with classical wave models in the critical regime.
Moreover, they are works on more classical aspects of the equation. For instance, [10] studied a
singular Euler–Poisson–Darboux problem, thereby emphasizing the nonexistence of global solutions
in subcritical regimes and showing that even in the linear singular EPDT case, blow-up phenomena
can occur when nonlinear powers are below critical thresholds; see [11–13].

In the context of weakly coupled systems of semilinear EPDT equations, the recent manuscript [14]
investigated the critical curve separating global existence from finite-time blow-up in the (p, q) plane
for nonlinearities with damping and mass interactions in the following system: ytt − t2m∆y + µ1

t yt +
ν21
t2 y = |z|p

ztt − t2m∆z + µ2
t zt +

ν22
t2 z = |y|q.

The authors identified threshold conditions (depending on spatial dimension, damping powers, and
coupling parameters) that delineate regimes of small data global existence versus blow-up, and they
constructed new test-function methods tailored to these coupled structures.

In this article, for y = y(t, x), z = z(t, x), t > 1, x ∈ Rn, we investigate the following initial value
boundary problem 

ytt − t2m∆y + µ1
t yt +

ν21
t2 y = |z|p

ztt − t2m∆z + µ2
t zt +

ν22
t2 z = |y|q,

(y, yt, z, zt)(1, x) = (y0, y1, z0, z1)(x),

(1.3)

where

(A1) µ1, µ2, ν1, ν2, p, q are nonnegative constants, m > −1, y0, z0, y1, z1 ∈ C2(Rn), and
0 ≤ y0, z0, |y1|, |z1| ≤ B on Rn. The constant B is a positive bound (or uniform bound) for the
initial data. For µi = νi = 0,m = 0, a special case of the system equations (1.3) was considered
in [15]. Recently, many papers have studied the critical exponent of the EPDT; see [16, 17].
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This article is structured as follows: after presenting auxiliary results in Section 2, in Section 3, we
prove the existence of at least one classical solution to problem (1.3); Sections 4 and 5 extend this
analysis by establishing the existence of at least two and at least three nonnegative classical solutions,
respectively; Finally, an example is given in Section 6 to illustrate the theoretical results.

2. Auxiliary results

In what follows, we assume that X is a real Banach space. Now, we recall the definition of a
completely continuous operator in this space.

Definition 2.1. Let X be a Banach space, and let F : N ⊂ X → X be an operator. The operator F
is said to be compact if, for every bounded set B ⊂ N , the image F(B) is relatively compact in X.
Additionalyy, if F is continuous and maps bounded subsets of N into relatively compact subsets of X,
then F is called completely continuous.

The notion of a k-set contraction is closely related to the Kuratowski measure of non-compactness,
which we recall here for completeness.

Definition 2.2. Let ΓX be the collection of all bounded subsets of X. The Kuratowski measure of
non-compactness σ : ΓX → R

+ is given by the following:

σ(Y) = inf {δ > 0 : Y can be covered by finitely many sets of diameter ≤ δ} .

The main properties of the measure of non-compactness can be found in the classical literature [18].

Definition 2.3. Let X be a Banach space, and let σ(·) denote the Kuratowski measure of
noncompactness on X. A mapping F : X → X is called a k-set contraction if there exists a constant
k ∈ [0, 1) such that

σ
(
F(N)

)
≤ kσ(N)

for every bounded set N ⊂ X.

Obviously, every completely continuous mapping F : X → X is a 0-set contraction; see [19].

Remark 2.1. Intuitively, the Kuratowski measure of noncompactness σ(N) quantifies “how far” a
bounded setN is from being compact: the smaller σ(N), the closerN it is to being compact. A map F
is called a k-set contraction if there exists a constant k ∈ [0, 1) such that for every bounded setN ⊂ X,

σ(F(N)) ≤ kσ(N).

In other words, a k-set contraction ”shrinks” the noncompactness of any bounded set by at least a
factor of k, which generalizes the concept of a standard contraction to possibly noncompact operators.

Our first existence result follows from the fixed point theorem stated below. Consider two operators,
T and ϖ, where

T : Ω→ N is completely continuous, ϖ : Ω→ N is a k-set contraction with k ∈ [0, 1).

We aim to study the solvability of the following operator equation:

x = T (x) +ϖ(x), x ∈ Ω. (2.1)
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Theorem 2.1. [20, 21] Let E be a Banach space, N a closed, convex subset of E, and Ω any open
subset of N with 0 ∈ Ω. Consider two operators, T and ϖ, such that

T x = ε x, x ∈ Ω, f or ε > 1,

and
ϖ : Ω→ Y,

where

(i) I −ϖ : Ω→ N is continuous, compact, and

(ii) {x ∈ ∂Ω : x = β(I −ϖ)x} = ∅, for any β ∈
(
0, 1
ε

)
.

Then, ∃x∗ ∈ Ω such that
T x∗ +ϖx∗ = x∗.

Remark 2.2. The concept of a k-set contraction plays a crucial role in establishing fixed-point results
for possibly noncompact operators. In particular, if F : X → X is a k-set contraction with k ∈ [0, 1),
then under suitable conditions, F admits at least one fixed point in X. This generalizes the classical
Banach fixed-point theorem for contractions to a broader class of operators and is especially useful
in proving the existence results for differential and integral equations where compactness cannot be
directly guaranteed.

Remark 2.3. It is worth emphasizing that the notions of expansive mappings and k-set contractions
are, in general, independent. Recall that a mapping T : X → X is called expansive if there exists a
constant λ > 1 such that

∥T x − Ty∥ ≥ λ∥x − y∥, ∀x, y ∈ X,

whereas T is a k-set contraction if

σ
(
T (N)

)
≤ kσ(N), ∀ bounded N ⊂ X,

with k ∈ [0, 1), and σ denoting the Kuratowski measure of noncompactness.

Definition 2.4. Let X and N be real Banach spaces. A map F : X → N is called expansive if there
exists a constant h > 1 for which the following inequality

∥Fa − Fb∥N ≥ h∥a − b∥X

for any a, b ∈ X.

Next, the definition of a cone in a Banach space is given.

Definition 2.5. A closed, convex subset Λ of X is called a cone if

(1) σx ∈ Λ for all σ ≥ 0 and x ∈ Λ,
(2) x,−x ∈ Λ implies x = 0.

Denote Λ∗ = Λ\{0}. Now, we state the following fixed point theorem, which will be instrumental in
proving the existence of at least two nonnegative classical solutions for the initial value problem (1.3).
For its proof, the reader may consult [22, 23].
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Theorem 2.2. Let Λ be a cone in a Banach space E, Γ a subset of Λ, and Ω1,Ω2,Ω3 three open
bounded subsets of Λ such that

Ω1 ⊂ Ω2 ⊂ Ω3 and 0 ∈ Ω1.

Assume that T : Γ→ Λ is an expansive mapping, ϖ : Ω3 → E is a completely continuous map, and

ϖ(Ω3) ⊂ (I − T )(Γ).

Suppose that
(Ω2 \Ω1) ∩ Γ , ∅, (Ω3 \Ω2) ∩ Γ , ∅;

there exists u0 ∈ Λ
∗ such that the following conditions hold:

(i) ϖx , (I − T )(x − βu0) for all β > 0 and x ∈ ∂Ω1 ∩ (Γ + βu0),
(ii) there exists ε ≥ 0 such that ϖx , (I − T )(βx) for all β ≥ 1 + ε, x ∈ ∂Ω2 with βx ∈ Γ,

(iii) ϖx , (I − T )(x − βu0) for all β > 0 and x ∈ ∂Ω3 ∩ (Γ + βu0).

Then, T +ϖ has at least two non-zero fixed points x1, x2 ∈ Λ such that either

x1 ∈ ∂Ω2 ∩ Γ, x2 ∈ (Ω3 \Ω2) ∩ Γ,

or
x1 ∈ (Ω2 \Ω1) ∩ Γ, x2 ∈ (Ω3 \Ω2) ∩ Γ.

The following result will be employed to establish the existence of three nonnegative solutions
to (1.3). For its proof, we follow arguments analogous to those used in [22, 23].

Theorem 2.3. Let Λ be a cone in a Banach space E, Γ a subset of Λ, and Ω1,Ω2,Ω3 three open
bounded subsets of Λ such that Ω1 ⊂ Ω2 ⊂ Ω3 and 0 ∈ Ω1. Assume that T : Γ → E is an expansive
mapping, ϖ : Ω3 → E is completely continuous, and ϖ(Ω3) ⊂ (I − T )(Γ).

Suppose that (Ω2 \Ω1) ∩ Γ , ∅, (Ω3 \Ω2) ∩ Γ , ∅, and there exist w0 ∈ Λ
∗ and ε > 0 small enough

such that the following conditions hold:

(i) ϖx , (I − T )(βx) for all β ≥ 1 + ε, x ∈ ∂Ω1 with βx ∈ Γ,

(ii) ϖx , (I − T )(x − βw0) for all β ≥ 0, x ∈ ∂Ω2 ∩ (Γ + βw0),

(iii) ϖx , (I − T )(βx) for all β ≥ 1 + ε, x ∈ ∂Ω3 with βx ∈ Γ.

Then, T +ϖ has at least three nontrivial fixed points x1, x2, x3 ∈ Λ such that

x1 ∈ Ω1 ∩ Γ, x2 ∈ (Ω2 \Ω1) ∩ Γ, x3 ∈ (Ω3 \Ω2) ∩ Γ.

For w ∈ C2([1,∞),C2(Rn)), define

∥w∥1 =max
{

sup
1≤t<∞,x∈Rn

|w|, sup
1≤t<∞,x∈Rn

|wt|, sup
1≤t<∞,x∈Rn

|wtt|,

sup
1≤t<∞,x∈Rn

|wx|, sup
1≤t<∞,x∈Rn

|wxx|

}
,

provided it exists. Let X =
(
C2
(
[0,∞),C2(Rn)

))6
be defined by the following:

∥u∥ = max
j∈{1,2,...,6}

∥u j∥, u = (u1, u2, . . . , u6).
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3. Existence of at least one solution

In this section, we prove the existence of at least one classical solution for problem (1.3) using the
theory of k-set contractions and the fixed point theorem presented in Section 2. For u ∈ X, define the
following:

ϖ1
1(u) = t2u1tt − t2(m+1)∆u1 + µ1tu1t + ν

2
1u1 − t2|u2|

p,

ϖ2
1(u) = t2u2tt − t2(m+1)∆u2 + µ2tu2t + ν

2
2u2 − t2|u1|

q,

ϖ3
1(u) = u1(0, x) − y0(x),
ϖ4

1(u) = u2(0, x) − z0(x),
ϖ5

1(u) = u1t(0, x) − y1(x),
ϖ6

1(u) = u2t(0, x) − z1(x),
ϖ1(u) =

(
ϖ1

1(u), ϖ2
1(u), . . . , ϖ6

1(u)
)
, 1 ≤ t < ∞, x ∈ Rn.

Note that if u ∈ X, u = (u1, u2, . . . , u6) is a solution to the equationϖ1(u) = 0, (t, x) ∈ [1,∞) × Rn, then
u1 and u2 are solutions to the IVP (1.3).

Let

B1 = max
{
B + Bp, B + Bq, nB, µ1B, µ2B, ν2

1B, ν2
2B
}
.

Lemma 3.1. Suppose (A1). If u ∈ X, ∥u∥ ≤ B, then

|ϖ
j
1(u)| ≤ B1

(
1 + t + t2 + t2(m+2)

)
, (t, x) ∈ [1,∞) × Rn, j ∈ {1, 2, . . . , 6}.

Proof. We have
|ϖ1

1(u)| =
∣∣∣t2u1tt − t2(m+1)∆u1 + µ1tu1t + ν

2
1u1 − t2|u2|

p
∣∣∣

≤t2|u1tt| + t2(m+1)|∆u1| + µ1t|u1t| + ν
2
1|u1| + t2|u2|

p

≤Bt2 + nBt2(m+1) + µ1Bt + ν2
1B + Bpt2

≤B1

(
1 + t + t2 + t2(m+1)

)
≤B1

(
1 + t + t2 + t2(m+2)

)
, (t, x) ∈ [1,∞) × Rn,

and
|ϖ2

1(u)| =
∣∣∣t2u2tt − t2(m+1)∆u2 + µ2tu2t + ν

2
2u2 − t2|u1|

q
∣∣∣

≤t2|u2tt| + t2(m+1)|∆u2| + µ2t|u2t| + ν
2
2|u2| + t2|u1|

q

≤Bt2 + nBt2(m+1) + µ2Bt + ν2
2B + Bqt2

≤B1

(
1 + t + t2 + t2(m+1)

)
≤B1

(
1 + t + t2 + t2(m+2)

)
, (t, x) ∈ [1,∞) × Rn,

and
|ϖ3

1(u)| =|u1(0, x) − y0(x)|
≤|u1(0, x)| + y0(x)
≤2B

≤B1

(
1 + t + t2 + t2(m+1)

)
≤B1

(
1 + t + t2 + t2(m+2)

)
, (t, x) ∈ [1,∞) × Rn,
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and
|ϖ4

1(u)| =|u2(0, x) − z0(x)|
≤|u2(0, x)| + |z0(x)|
≤2B

≤B1

(
1 + t + t2 + t2(m+1)

)
≤B1

(
1 + t + t2 + t2(m+2)

)
, (t, x) ∈ [1,∞) × Rn,

and
|ϖ5

1(u)| =|u1t(0, x) − y1(x)|
≤|u1t(0, x)| + |y1(x)|
≤2B

≤B1

(
1 + t + t2 + t2(m+1)

)
≤B1

(
1 + t + t2 + t2(m+2)

)
, (t, x) ∈ [1,∞) × Rn,

and
|ϖ6

1(u)| =|u2t(0, x) − z1(x)|
≤|u2t(0, x)| + |z1(x)|
≤2B

≤B1

(
1 + t + t2 + t2(m+1)

)
≤B1

(
1 + t + t2 + t2(m+2)

)
, (t, x) ∈ [1,∞) × Rn.

Now, the proof is completed. □

(A2) Suppose that there exists a nonnegative function g ∈ C([1,∞) × Rn) and a positive constant A
such that g > 0 on (1,∞) ×

(
Rn\
{⋃n

j=1{x j = 0}
})

and

2
(
1 + t + t2 + t3 + t4 + t2(m+4)

) n∏
j=1

(
1 + |x j| + x2

j

)
×

t∫
1

∣∣∣∣∣∣ x∫
0

g(s, τ)dτ

∣∣∣∣∣∣ ds ≤ A, 1 ≤ t < ∞, x ∈ Rn,

where
x∫

0

=

x1∫
0

x2∫
0

. . .

xn∫
0

, y = (y1, y2, . . . , yn), dy = dyndyn−1 . . . dy1.

For u ∈ X, define the following operators:

ϖ
j
2(u) =

t∫
1

x∫
0

(t − s)2g(s, y)
n∏

j=1

(x j − y j)2ϖ
j
1(u)(s, y)dsdy, j ∈ {1, 2, . . . , 6},

ϖ2(u) = (ϖ1
2(u)(t, x), ϖ2

2(u)(t, x), . . . , ϖ6
2(u)(t, x)), (t, x) ∈ [1,∞) × Rn.

Lemma 3.2. Suppose (A1). If u ∈ X and ∥u∥ ≤ B, then

∥ϖ2u∥ ≤ AB1.
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Proof. We have

|ϖ
j
2(u)(t, x)| =

∣∣∣∣∣∣∣∣
t∫

1

x∫
0

(t − s)2g(s, y)
n∏

j=1

(x j − y j)2ϖ
j
1(u)(s, y)dyds

∣∣∣∣∣∣∣∣
≤

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

(t − s)2g(s, y)
n∏

j=1

(x j − y j)2|ϖ
j
1(u)(s, y)|dy

∣∣∣∣∣∣∣∣ ds

≤B1

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

(t − s)2g(s, y)
n∏

j=1

(x j − y j)2
(
1 + s + s2 + s2(m+2)

)
dy

∣∣∣∣∣∣∣∣ ds

≤2B1

(
1 + t + t2 + t3 + t4 + t2(m+4)

) n∏
j=1

(
1 + |x j| + x2

j

)

×

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

g(s, τ)dτ

∣∣∣∣∣∣∣∣ ds ≤ AB1, 1 ≤ t < ∞, x ∈ Rn, j ∈ {1, 2, . . . , 6},

and ∣∣∣∣∣ ∂∂tϖ j
2(u)
∣∣∣∣∣ =2

∣∣∣∣∣∣∣∣
t∫

1

x∫
0

(t − s)g(s, y)
n∏

j=1

(x j − y j)2ϖ
j
1(u)(s, y)dyds

∣∣∣∣∣∣∣∣
≤2

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

(t − s)g(s, y)
n∏

j=1

(x j − y j)2|ϖ
j
1(u)(s, y)|dy

∣∣∣∣∣∣∣∣ ds

≤2B1

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

(t − s)g(s, y)
n∏

j=1

(x j − y j)2
(
1 + s + s2 + s2(m+2)

)
dy

∣∣∣∣∣∣∣∣ ds

≤2B1

(
1 + t + t2 + t3 + t4 + t2(m+4)

) n∏
j=1

(
1 + |x j| + x2

j

)
×

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

g(s, τ)dτ

∣∣∣∣∣∣∣∣ ds

≤AB1, 1 ≤ t < ∞, x ∈ Rn, j ∈ {1, 2, . . . , 6},

and

∣∣∣∣∣∣ ∂2

∂t2ϖ
j
2(u)

∣∣∣∣∣∣ =2

∣∣∣∣∣∣∣∣
t∫

1

x∫
0

g(s, y)
n∏

j=1

(x j − y j)2ϖ
j
1(u)(s, y)dyds

∣∣∣∣∣∣∣∣
≤2

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

g(s, y)
n∏

j=1

(x j − y j)2|ϖ
j
1(u)(s, y)|dy

∣∣∣∣∣∣∣∣ ds

≤2B1

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

g(s, y)
n∏

j=1

(x j − y j)2
(
1 + s + s2 + s2(m+2)

)
dy

∣∣∣∣∣∣∣∣ ds
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≤2B1

(
1 + t + t2 + t3 + t4 + t2(m+4)

) n∏
j=1

(
1 + |x j| + x2

j

)
×

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

g(s, τ)dτ

∣∣∣∣∣∣∣∣ ds

≤AB1, (t, x) ∈ [1,∞) × Rn, j ∈ {1, 2, . . . , 6},

and ∣∣∣∣∣ ∂∂xk
ϖ

j
2(u)
∣∣∣∣∣ =2

∣∣∣∣∣∣∣∣
t∫

1

x∫
0

(t − s)2g(s, y)
n∏

j=1, j,k

(x j − y j)2(xk − yk)ϖ
j
1(u)(s, y)dyds

∣∣∣∣∣∣∣∣
≤2

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

(t − s)2g(s, y)
n∏

j=1, j,k

(x j − y j)2|xk − yk||ϖ
j
1(u)(s, y)|dy

∣∣∣∣∣∣∣∣ ds

≤2B1

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

(t − s)2g(s, y)
n∏

j=1, j,k

(x j − y j)2|xk − yk|
(
1 + s + s2 + s2(m+2)

)
dy

∣∣∣∣∣∣∣∣ ds

≤2B1

(
1 + t + t2 + t3 + t4 + t2(m+4)

) n∏
j=1

(
1 + |x j| + x2

j

)
×

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

g(s, τ)dτ

∣∣∣∣∣∣∣∣ ds

≤AB1, 1 ≤ t < ∞, x ∈ Rn, j ∈ {1, 2, . . . , 6}, k ∈ {1, 2, . . . , n},

and∣∣∣∣∣∣ ∂2

∂x2
k

ϖ
j
2(u)

∣∣∣∣∣∣ =2

∣∣∣∣∣∣∣∣
t∫

1

x∫
0

(t − s)2g(s, y)
n∏

j=1, j,k

(x j − y j)2ϖ
j
1(u)(s, y)dyds

∣∣∣∣∣∣∣∣
≤2

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

(t − s)2g(s, y)
n∏

j=1, j,k

(x j − y j)2|ϖ
j
1(u)(s, y)|dy

∣∣∣∣∣∣∣∣ ds

≤2B1

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

(t − s)2g(s, y)
n∏

j=1, j,k

(x j − y j)2
(
1 + s + s2 + s2(m+2)

)
dy

∣∣∣∣∣∣∣∣ ds

≤2B1

(
1 + t + t2 + t3 + t4 + t2(m+4)

) n∏
j=1

(
1 + |x j| + x2

j

)

×

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

g(s, τ)dτ

∣∣∣∣∣∣∣∣ ds ≤ AB1, (t, x) ∈ [1,∞) × Rn, j ∈ {1, 2, . . . , 6}, k ∈ {1, 2, . . . , n}.

Combining the estimates obtained above, we conclude that the operator satisfies the required
conditions. Hence, the proof is complete. □

Lemma 3.3. Under assumptions (A1) and (A2), let u ∈ X satisfy

ϖ2(u) = C, (t, x) ∈ [1,∞) × Rn, (3.1)

for some constant C; then, u is a solution to the problem (1.3).
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Proof. By differentiating Eq (3.1) three times with respect to t and three times with respect to xk, for
k ∈ {1, 2, . . . , n}, we obtain the following:

gϖ1(u) = 0, (t, x) ∈ [1,∞) × Rn.

Then,

ϖ1(u) = 0, (t, x) ∈ (1,∞) ×

Rn\

 n⋃
j=1

{x j = 0}


 .

By the fact that ϖ1(u)(·, ·, . . . , ·) is a continuous function, we find the following:

0 = lim
t→1
ϖ1(u)

= ϖ1(u)(1, x)
= lim

x1→0
ϖ1(u)(t, x1, x2, . . . , xn)

= ϖ1(u)(t, 0, x2, . . . , xn)
...

= lim
xn→0
ϖ1(u)(t, x1, . . . , xn−1, xn)

= ϖ1(u)(t, x1, x2, . . . , xn).

Therefore,
ϖ1(u) = 0, 1 ≤ t < ∞, x ∈ Rn.

Hence, we conclude that u is indeed a solution to problem (1.3). This completes the proof. □

Below, suppose

(A3) ε > 1.

In the final section, we provide an illustrative example for the constants ε, A, B, and B1. The main
result of this section is stated as follows.

Theorem 3.1. Under assumptions (A1)–(A3), system (1.3) has at least one solution in X.

Proof. Let Ñ denote the set of all equicontinuous families in X with respect to the norm ∥ · ∥, that is,
Ñ consists of all families {yσ}σ∈A ⊂ X such that for every ε > 0, there exists δ > 0 with

∥yσ(x) − yσ(y)∥ < ε whenever ∥x − y∥ < δ, ∀σ ∈ A.

This set is fundamental in the study of compactness and the application of the Arzelà–Ascoli theorem,
which ensures the relative compactness of equicontinuous and uniformly bounded families in X.
additionally, let ˜̃

N =

{
u ∈ Ñ : u ≥

∥u∥
2
, (t, x) ∈ [1,∞) × Rn

}
,

and Y = ˜̃N be the closure of Ñ ,

Ω = {u ∈ N : ∥u∥ < B} .
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For u ∈ Ω and ε > 0, define the following:

Tu = εu,

ϖu = u − εu − εϖ2(u), 1 ≤ t < ∞, x ∈ Rn.

For u ∈ Ω, we have the following:

∥(I −ϖ)u∥ = ∥εu + εϖ2(u)∥
≤ ε∥u∥ + ε∥ϖ2(u)∥
≤ εB + εAB1.

Thus, ϖ : Ω → X is continuous, and (I −ϖ)(Ω) resides in a compact subset of N . Now, suppose that
there is a u ∈ Ω such that ∥u∥ = B and

u = β(I −ϖ)u

or

u = βε (u +ϖ2(u)), (3.2)

for some β ∈
(
0, 1
ε

)
. This argument is fundamental in establishing the existence of at least one solution

to the problem under consideration. Using ∥u∥ ≥ B
2 , we obtain u(1, x) > B

2 , x ∈ Rn, and

u(1, x) = βεu(1, x), x ∈ Rn,

whereupon βε = 1, which is a contradiction. Thus,

{u ∈ Ω : u = β1(I −ϖ)u, ∥u∥ = B} = ∅

for any β1 ∈
(
0, 1
ε

)
. Therefore, by Theorem 2.1, T +ϖ admits a fixed point u∗ ∈ Y , and

u∗ = Tu∗ +ϖu∗ = εu∗ + u∗ − εu∗ − εϖ2(u∗), (t, x) ∈ [1,∞) × Rn;

then

ϖ2(u∗) = 0, 1 ≤ t < ∞, x ∈ Rn.

From here, we deduce that u∗ is a solution to problem (1.3). Moreover, by applying Lemma 3.3, it
follows that u is a solution to the following equation:

F (u) = 0,

where F denotes the operator associated with problem (1.3). Thus, the existence of u∗ ensures the
existence of a corresponding solution u for the original equation.

□
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4. Existence of at least two solutions

Suppose

(A4). Let m, r, L, and R1 > 0 such that
r < L < R1 ≤ B.

Theorem 4.1. Under assumptions (A1)–(A4), Eq (1.3) has at least two nonnegative solutions in X.

Proof. Let
M̃ = {u ∈ X : u ≥ 0 on [1,∞) × Rn}.

With Λ, we denote the set of all equi-continuous families in M̃. For v ∈ X, let

T1(v) : Λ→ X, ϖ3(v) : Λ→ X,

where

T1v = (1 + mε)v,
ϖ3v = −ε|ϖ2(v)| − mεv,

(t, x) ∈ [1,∞)×Rn. These operators will be used to reformulate problem (1.3) into an operator equation
suitable to apply fixed point theorems. Note that any fixed point v ∈ X of the operator T1 + ϖ3 is a
solution to (1.3). Let

Γ = N ,

Ω1 = Λr = {w ∈ Λ : ∥w∥ < r},

Ω2 = ΛL = {w ∈ Λ : ∥w∥ < L},

Ω3 = ΛR1 = {w ∈ Λ : ∥w∥ < R1}.

(1) For w1,w2 ∈ Γ, we have the following:

∥T1w1 − T1w2∥ = (1 + mε)∥w1 − w2∥,

whereupon T1 : Γ→ X is an expansive operator with a constant h = 1 + mε > 1.
(2) For w ∈ ΛR1 , we obtain the following:

∥ϖ3v∥ ≤ ε∥ϖ2(w)∥ + mε∥w∥

≤ ε
(
AB1 + mR1

)
.

Therefore, ϖ3(ΛR1) is uniformly bounded. Since ϖ3 : ΛR1 → X is continuous, we have that
ϖ3(ΛR1) is equi-continuous. Consequently, ϖ3 : ΛR1 → X is a 0-set contraction.

(3) Let w1 ∈ ΛR1 . Set

w2 = w1 +
1
m
|ϖ2(w1)|.

We have w2 ≥ 0 on [1,∞) × Rn. Therefore, w2 ∈ Γ and either −εmw2 = −εmw1 − ε|ϖ2(w1)| or
(I − T1)w2 = −εmw2 = ϖ3w1. Consequently, ϖ3(ΛR1) ⊂ (I − T1)(Γ).
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(1) Assume that for any w0 ∈ Λ
∗, there exist β ≥ 0 and either w ∈ ∂Λr∩(Γ+βv0) or w ∈ ∂ΛR1∩(Γ+βw0)

such that
ϖ3 = (I − T1)(w − βw0).

Then, either
−ε|ϖ2(w)| − mεw = −mε(w − βw0)

or
−|ϖ2(w)| = βmw0.

This is a contradiction.
(2) Let ε1 =

AB1
mL . Suppose that there exists a w1 ∈ ∂ΛL and β1 ≥ 1 + ε1 such that

ϖ3w1 = (I − T1)(β1w1). (4.1)

Moreover, either
−ε|ϖ2(w1)| − mεw1 = −β1mεw1,

or
|ϖ2(w1)| + mw1 = β1mw1.

From here,
v1mL = β1m∥w1∥ ≤ ∥ϖ2w1∥ + m∥w1∥ ≤ AB1 + mL

and
β1 ≤ 1 +

AB1

mL
,

which is a contradiction.

Therefore, all conditions of Theorem 2.2 are satisfied. Then, system (1.3) admits at least two solutions,
v1 and v2, where either

∥v1∥ = L < ∥v2∥ < R1

or
r < ∥v1∥ < L < ∥v2∥ < R1.

□

5. Existence of at least three solutions

Theorem 5.1. Under hypotheses (A1)–(A4), system (1.3) has at least three nonnegative solutions:
u1, u2, and u3 ∈ X.

Proof. (1) Suppose that there are β1 ≥ 1 + 2AB1
mr , u ∈ ∂Ω1, and β1u ∈ Γ such that

ϖ3(u) = (I − T1)(β1u).

Then,
−ϵ |ϖ2(u)| − mϵu = −mϵβ1u
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or
|ϖ2(u)| + mu = mβ1u.

Hence,

β1mr = β1m∥u∥ ≤ ∥ϖ2(u)∥ + m∥u∥ ≤ AB1 + β1mr,

whereupon

β1 ≤ 1 +
AB1

mr
,

which is a contradiction. Thus, condition (i) of Theorem 2.3 is satisfied.
(2) Suppose that there are β1 ≥ 1 + 2AB1

mr , u ∈ ∂Ω3, and β1u ∈ Γ such that ϖ3(u) = (I − T1)(β1u). As
above,

β1mR1 = β1m∥u∥ ≤ ∥ϖ2(u)∥ + m∥u∥ ≤ AB1 + β1mR1,

whereupon

β1 ≤ 1 +
AB1

mR1
≤ 1 +

AB1

mr
,

which is a contradiction. Thus, condition (iii) of Theorem 2.3 is satisfied.
(3) Suppose that for any u0 ∈ Λ

∗, ∃β1 ≥ 0, and u ∈ ∂ΛL ∩ (Γ + β1u0) such that

ϖ3(u) = (I − T1)(u − β1u0).

Then,
−ϵ |ϖ2(u)| − mϵu = −mϵ(u − β1u0) or − |ϖ2(u)| = β1mu0.

This is a contradiction. Thus, condition (ii) of Theorem 2.3 is satisfied.
Now, using Theorem 2.3, it follows that system (1.3) has at least three classical solutions u1, u2, and

u3 that satisfy the following:

u1 ∈ Ω1 ∩ Γ, u2 ∈ (Ω2 \Ω1) ∩ Γ, u3 ∈ (Ω3 \Ω2) ∩ Γ.

u1 ∈ ∂ϖ1 ∩ Γ, u2 ∈ (Ω2 \Ω1) ∩ Γ, u3 ∈ (Ω3) \Ω2) ∩ Γ,

or
u1 ∈ Ω1 ∩ Γ, u2 ∈ (Ω2 \Ω1) ∩ Γ, u3 ∈ (Ω3) \Ω2) ∩ Γ.

□

6. An example

Let

n = 1, y0(x) =
1

1 + x2 , z0(x) =
1

1 + 2x2 + 4x4 , y1(x) =
1

1 + x8 , z1(x) =
1

3 + 2x6 , x ∈ R
1,

µ1 =
1
3
, µ2 =

1
8
, ν1 =

1
12
, ν2 =

1
10
,m =

1
2
, p =

1
2
, q =

1
3
,
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and
R1 = 1, L =

1
4
, r =

1
5
, m = 1050, B = 1, p = 2 A =

1
10B1

, ε = 4.

Then, B1 = 2, A = 1
20 , and ϵ > 1, (i.e., (A1) and (A3) hold). Next, 0 < r < L < R1 = B. (i.e., (A4)

holds). Now, we will give an example of the function g. Take the following:

h(τ) = log
1 + τ11

√
2 + τ22

1 − τ11
√

2 + τ22
, l(τ) = arctan

τ11
√

2
1 − τ22 , τ ∈ R, τ , ±1.

Then,

h′(τ) =
22
√

2τ10(1 − τ22)

(1 − τ11
√

2 + τ22)(1 + τ11
√

2 + τ22)
,

l′(τ) =
11
√

2τ10(1 + τ22)
1 + τ44 , τ ∈ R, τ , ±1.

Thus,

−∞ < lim
τ→±∞

(1 + τ + τ2 + τ3)h(τ) < ∞,

−∞ < lim
τ→±∞

(1 + τ + τ2 + τ3)l(τ) < ∞.

Therefore, ∃C1 such that

(1 + τ + τ2 + τ3)
 1

44
√

2
log

1 + τ11
√

2 + τ22

1 − τ11
√

2 + τ22
+

1

22
√

2
arctan

τ11
√

2
1 − τ22

 ≤ C1,

s ∈ R. By [24] (pp. 707, Integral 79), we have the following:∫
dz

1 + z4 =
1

4
√

2
log

1 + z
√

2 + z2

1 − z
√

2 + z2
+

1

2
√

2
arctan

z
√

2
1 − z2 .

Let

P(s) =
s2m+7

(1 + s8(m+4))(1 + s + s2)2 , s ∈ R,

and
g1 = P(t − 1)P(x1) . . . P(xn), 1 ≤ t < ∞, x ∈ Rn.

Then, ∃C2 > 0, where

2
(
1 + t + t2 + t3 + t4 + t2(m+4)

) n∏
j=1

(
1 + |x j| + x2

j

)
×

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

g1(s, y)dy

∣∣∣∣∣∣∣∣ ds ≤ C2, 1 ≤ t < ∞, x ∈ Rn.

Let
g =

A
C2

g1, 1 ≤ t < ∞, x ∈ Rn.

Thus

2
(
1 + t + t2 + t3 + t4 + t2(m+4)

) n∏
j=1

(
1 + |x j| + x2

j

)
×

t∫
1

∣∣∣∣∣∣∣∣
x∫

0

g(s, τ)dτ

∣∣∣∣∣∣∣∣ ds ≤ A, 1 ≤ t < ∞, x ∈ Rn.

Therefore, all conditions of Theorems 3.1, 4.1, and 5.1 are fulfilled.
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7. Conclusions

In this work, we studied the existence of classical solutions for the boundary value problem (1.3).
By applying fixed point theorems in cones, we established the existence of at least one, two, and three
nonnegative classical solutions under appropriate conditions.

Classical solutions are particularly important for this type of system because they guarantee the
necessary smoothness and differentiability required to point wise satisfy the differential equations,
rather than merely in a weak or distributional sense. This smoothness ensures that all boundary and
initial conditions are strictly satisfied, which is crucial for both the theoretical analysis and practical
applications, such as numerical simulations or stability studies.

Specifically, Theorems 2.2 and 2.3 provide conditions under which multiple nontrivial solutions
exist, the highlighting the rich structure and multiplicity of solutions for nonlinear systems in Banach
spaces. The presented example illustrated how the constants in the system can be chosen to meet the
hypotheses of our theorems.

Overall, the results contribute to a deeper understanding of the solution structure of nonlinear
boundary value problems and provide a robust framework to investigate the qualitative behavior of
classical solutions in complex systems as in [25, 26].
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