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Abstract: This study derives novel exact traveling wave solutions for the nonlinear (1+1)-dimensional
Chafee-Infante equation by synthesizing the generalized first integral method (GFIM) with Laurent
polynomial expansions. As a fundamental reaction-diffusion model, the Chafee-Infante equation
governs pattern formation in diverse systems—ifrom biological to chemical and physical contexts—
yet its strong nonlinearity poses persistent challenges to classical integration techniques such as the
inverse scattering transform or Hirota’s method. We transform the equation into an autonomous
polynomial system and employ the division theorem to systematically identify its first integrals, thereby
circumventing the need for auxiliary equations or ansatz-based heuristics. By introducing Laurent
polynomial ansatzes of varying complexity—ranging from first-degree to higher-order expansions—
we yield compact rational-exponential solutions that are both exact and computationally tractable.
The validity of these solutions is confirmed through symbolic computation in Mathematica, while a
detailed graphical analysis elucidates their behavior—f{rom bounded, dissipative profiles to singular
structures—across different parameter regimes, including the critical thresholds C = 0 and C = 2
where blow-up phenomena emerge. This work underscores the efficacy of merging Laurent series
with algebraic methods, offering a powerful and generalized tool for extracting exact solutions from
a broader class of intractable nonlinear partial differential equations (PDEs) arising in mathematical
physics and applied mathematics.
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1. Introduction

The (1 + 1)-dimensional Chafee—Infante equation represents a cornerstone reaction-diffusion
model with broad applications across biology, chemistry, and physics. This equation captures the
spatiotemporal dynamics of systems where diffusion interacts with nonlinear reactions, and is given by

U -U,+AU-U)=0, (1.1)

where U(x,t) denotes a state variable—for example, concentration, temperature, or population
density—whose interpretation depends on the specific application. Here, U, expresses the temporal
rate of change, U,, models spatial diffusion, and the parameter 4 > 0 is a fixed constant that controls
the interplay between linear and nonlinear effects, thereby playing a critical role in the overall system
behavior [10, 11,32].

This study focuses on traveling wave solutions propagating along infinite domains (x € (—oo, 00)),
which naturally satisfy vanishing boundary conditions at infinity. While boundary conditions play a
crucial role in confined systems, our analytical approach targets the intrinsic wave structures of the
equation itself.

A key feature of the Chafee-Infante equation is its ability to model pattern formation. It helps
explain the development of spatially periodic structures and traveling fronts in various contexts, such
as population genetics, combustion waves, and phase separation in materials [13, 21, 28]. In each
case, the competition between diffusion and nonlinearity produces rich and complex spatiotemporal
evolution. Understanding its solution set is therefore crucial for progress in both theoretical and applied
nonlinear dynamics.

Given the equation’s importance, researchers have developed a wide range of analytical and
numerical methods to construct exact solutions. Well-known techniques include the tanh-sech
method [8], the extended tanh approach [3], the sine-cosine method [7], and the first integral
method (FIM) [1]. The FIM, in particular, offers a powerful algebraic framework for deriving exact
traveling wave solutions. It is valued for its ability to produce explicit, high-precision results while
avoiding overly tedious computations [5, 6, 16]. Variants and extensions of the FIM have been
successfully applied to other important equations, such as the Konopelchenko—Dubrovsky equation [2]
and various conformable fractional differential equations [5].

However, the classical FIM is typically limited to standard polynomial ansatze and often fails
to capture solutions with singularities or more complex functional structures. This limitation has
motivated the development of generalized approaches [3, 20, 30]. More recently, methods such as
generalized expansion techniques [17], stochastic soliton solutions [18], and advanced dynamical
systems analyses [29] have further expanded our ability to analyze nonlinear partial differential
equations (PDEs). In parallel, novel solution frameworks like the unified ansitze approach [4], the
Exp-function method [9], and the power index method [12,22] have been employed to tackle equations
arising in mathematical biology, optics, and fluid dynamics [14, 15,27].

It is important to note that not all nonlinear PDEs admit closed-form exact solutions, and many
real-world problems ultimately require numerical treatment. However, for equations that are amenable
to analytical methods—such as the Chafee—Infante equation with its polynomial nonlinearity—the
derivation of exact solutions provides invaluable insight into the system’s fundamental behavior, serves
as benchmarks for numerical schemes, and reveals parameter regimes of particular interest.
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In situations where purely analytical solutions are difficult to obtain, numerical methods—including
finite difference schemes [23,24] and hybrid analytical-numerical techniques [19]—provide valuable
complementary insights. The structure of the paper is organized as follows:

e Section 2: Provides a concise yet comprehensive overview of the generalized first integral
method, detailing its theoretical foundation and applicability.

e Section 3: Demonstrates the application of the method to derive exact solutions of the (1 + 1)-
dimensional Chafee—Infante equation, including step-by-step calculations for different Laurent
polynomial orders.

e Section 4: Discusses the mathematical and physical implications of the derived solutions,
emphasizing their behavior and parameter effects.

e Section 5: Presents graphical illustrations of the solution profiles, highlighting key features and
behaviors under varying parameters.

e Section 6: Summarizes the principal findings of the study and outlines potential avenues for
future research.

2. Structural layout of the generalized first integral method

The generalized first integral method (GFIM) proceeds through four systematic steps, beginning
with the reduction of the governing PDE to an ordinary differential equation and culminating in the
construction of exact traveling wave solutions. Each step is elaborated below.

2.1. Step 1: Reduction of the PDE to an ODE via traveling wave transformation

Consider a general nonlinear partial differential equation (PDE) of the form
EU U, U, U, Uy,...) =0, (2.1)

where U = U(x, t) is an unknown function and the subscripts denote partial derivatives, for example,

au ou
Ux = o0 Ut = E,etc.

To seek traveling wave solutions, we introduce the wave variable
& =x—ct, (2.2)

where c is the wave speed to be determined. This transformation reduces the PDE to an ordinary
differential equation (ODE) by assuming the solution has the form

Ux,t) =U(), (2.3)

1.e., the solution profile depends only on the traveling coordinate £.
Using the chain rule, we compute the partial derivatives of U(x, ) with respect to x and ¢ in terms

of £ as follows:
ou dU d¢ dU
— === — 2.4
Ox dé dx d&’ 24)
ou dU d¢ du
E—d—f‘z——cd—f, (25)
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P L) () ae gy 26
x> dx\ox) de\dé) dx der’ 26)
*U d (0U\ _d ¢ &U

%—d‘t(a)-dg( g) ar = Cag @

and similarly for all higher-order partial derivatives, applying the chain rule iteratively.
Substituting these expressions into the original PDE (2.1), the equation is converted into an ordinary
differential equation (ODE) of the form

dU d*U
F(U’d_é:’d_gz’) = 0, (28)

where U = U(€) is now a function of a single independent variable &, and F is typically a polynomial
or rational function in U and its derivatives.

2.2. Step 2: Transformation to a polynomial autonomous system

Assuming that the function U(¢) is sufficiently smooth, we define new dependent variables to
convert the higher-order ODE into a system of first-order equations:

du
X =U©®, Y©= € (2.9)
Differentiating X (&) with respect to &, we have
dx dU
& dE Y(&), (2.10)
dy d°U
P G(X,Y), (2.11)

where G(X,Y) is a nonlinear algebraic function obtained from the transformed form of the
original PDE. The resulting system (2.10) and (2.11) is a polynomial autonomous system in the phase
variables (X, Y).

2.3. Step 3: Construction of first integrals via Laurent polynomials and division theorem

Once the polynomial autonomous system is obtained, the next step is to find one or more first
integrals of the system. A first integral is a function /(X, Y) that remains constant along solutions of the
system, 1.e., d_g = 0. In many nonlinear systems, standard methods fail to construct first integrals. To
address this, the division theorem for Laurent polynomials is applied in the generalized first integral
method. Laurent polynomials are generalized polynomials that include both positive and negative
powers of variables. This extended structure allows for richer expressions and more flexibility in
representing invariants compared to standard polynomials—a key advantage that enables the discovery
of more complex solution structures.

An ansatz for the first integral is proposed in the following form:

IX,Y) = Z A X" Y™, (2.12)
(m,n)esS
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where S C Z? is a finite index set and a,,, € R (or C) are unknown coefficients to be determined.
The choice of the index set S, particularly the range of n (denoted by ), determines the complexity
of the solution structure that can be obtained. While simpler choices like § = 1 yield tractable
systems and elementary solutions, higher values such as 8 = 2 can reveal more abundant and complex
solution families.

Substituting /(X, Y) into the total derivative along the system’s flow and enforcing fl—é = 0, we obtain
an algebraic condition:

dl  dldX 0IdY 0l ol
This equation is then simplified and equated term-by-term to zero to obtain a system of algebraic
equations in the coefficients a,,. Solving this system provides the explicit form of the first
integral I(X, Y).

The existence of an exact solution via this method is not guaranteed a priori but is established
through the consistency of the resulting algebraic system. If a non-trivial solution for the
coeflicients a,,, exists that satisfies all algebraic constraints, then the reduced system is guaranteed
to be integrable, yielding an exact solution to the original PDE.

Once a first integral is known, the order of the system is reduced. In particular, the second-
order ODE (2.8) is effectively converted into a first-order integrable ODE via the first integral:

I(X,Y)=C, (2.14)

where C is a constant of integration. Solving this reduced equation yields the explicit analytical form
of U(¢), and therefore provides the exact traveling wave solution of the original PDE (2.1).

2.4. Step 4: Summary of the method

In summary, the generalized first integral method provides a systematic and algebraic framework to
derive exact solutions of nonlinear PDEs by

o transforming the PDE into an ODE via traveling wave substitution,

e reformulating the ODE as a polynomial autonomous system,

e applying the division theorem for Laurent polynomials to construct conserved
quantities (first integrals),

e and solving the reduced system to obtain exact solutions.

3. Flowchart of the generalized first integral method

Table 1 presents a systematic flowchart outlining the key steps of the generalized first integral
method for deriving exact traveling wave solutions. The procedure begins with the given PDE and
sequentially applies a traveling wave reduction, transformation to an autonomous dynamical system,
and construction of a first integral via the division theorem for Laurent polynomials. This first
integral is then used to reduce the order of the system, ultimately yielding the exact solution. The
flowchart provides a clear, replicable framework for applying the method to a wide class of nonlinear
evolution equations.
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Table 1. Flowchart illustrating the step-by-step procedure of the generalized first integral
method for obtaining exact traveling wave solutions.

Start with PDE
E(U3 Ux9 Ut9 UXX’ Uxt, .. ) = 0

U

Step 1: Traveling wave reduction
§ =X CI, U(X, t) = U(‘f)
Reduce PDE to ODE: F(U,U’,U"”,...)=0

U

Step 2: Autonomous system
X=U,Y=U
X =Y,Y =GXY)

U

Step 3: First integral construction
Apply division theorem for Laurent polynomials

dl
Find I(X, Y) such that d_f =0

U

Step 4: Reduction and solution
Use I(X,Y) = C to reduce order
Solve for U(¢)

U

Exact traveling wave solution
U, t)y=U(¢) withé =x—ct

4. Mathematical foundation

Theorem 1. (Division theorem for Laurent polynomials) Let P(w,z) and Q(w,z) be two Laurent
polynomials in the field C(w, z), where C denotes the set of complex numbers. Suppose that P(w, z)
is irreducible in the polynomial ring Clw,z]. If Q(w,z) vanishes at every common zero of P(w,z),
that is,

O(w,2) =0 whenever P(w,z)=0, “4.1)

then there exists a Laurent polynomial G(w, z) € Clw, z] such that
O(w,z) = P(w,2) - G(w, 2). 4.2)
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In other words, P(w,z) divides Q(w, 7) in the ring of Laurent polynomials over C. This result plays
a fundamental role in constructing first integrals of polynomial differential systems by enabling the
factorization of expressions involving multiple variables.

5. Application of the generalized first integral method to a nonlinear partial differential
equation

Consider the (1 + 1)-dimensional Chafee—Infante equation given by
U= U+ AU -U) =0, (5.1)

where A is a real parameter. To seek traveling-wave solutions, we introduce the general traveling-
wave transformation:

E=x—ct, (5.2)
with ¢ denoting the (real) wave speed to be determined. Assuming a solution of the form
Ux, 1) = f(&), (5.3)

and applying the chain rule, we obtain

U = —cf"(©), U = /(&) (.4

Substituting these expressions into Eq (5.1) yields the following second-order autonomous ordinary
differential equation:

F'EO+cfO+Af(© - &) =0. (5.5)

5.1. Reduction to an autonomous system

Here, we introduce the following phase-plane variables:

X&) = (&), Y& = 1. (5.6)

Equation (5.5) can be written as the following two-dimensional polynomial autonomous system:

dX
i 4 5.7
Jé (5.7)

dy

@ =—cY - X+ a1X>. (5.8)

Remark. System (5.7) and (5.8) constitutes an autonomous polynomial dynamical system in the phase
plane (X, Y). The search for its first integral /(X, Y)—a conserved quantity satisfying Z—é = 0 along
solution trajectories—allows the reduction of the system to a first-order ODE /(X, Y) = C, from which
exact traveling-wave solutions U(¢) of the original PDE can be obtained.
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5.2. Methodology overview

The generalized first integral method (GFIM) with a Laurent-polynomial ansatz imposes algebraic
consistency conditions on the coefficients of the ansatz and on the system parameters. These conditions
ensure the existence of a non-trivial first integral and are examined separately in each case below.
In the following subsections, we illustrate the method for two concrete choices of the Laurent-
polynomial order.

For clarity of presentation, we first fix the wave speed ¢ = —1; the analysis for ¢ = +1 follows
analogous steps and leads to a corresponding family of traveling-wave solutions propagating in the
opposite direction. With ¢ = —1, system (5.7) and (5.8) reduces to

dx
i 5.9
i (5.9)
dy
— =Y +AX° - X 5.10
7 + , (5.10)

which coincides with the system obtained by the traveling-wave transformation & = x + ¢ applied to the
original PDE.

Applying the GFIM with different orders of the Laurent-polynomial ansatz leads, in each case,
to an overdetermined algebraic system for the unknown coefficients. The admissible values of the
parameter A then arise naturally from the solvability conditions of these systems and are discussed
explicitly within the corresponding cases.

5.3. Solution via first-order Laurent polynomial ansatz (f = 1)

We begin with a first-order Laurent polynomial ansatz to demonstrate the fundamental methodology.
This choice of 8 = 1 provides a tractable system that yields elementary solutions while illustrating the
core approach.

Suppose X(£) and Y () are non-trivial solutions of Eq (3.4). Let

B
IX,Y) = Z a(X) Y, (5.11)

k=a
be an irreducible Laurent polynomial in C[X(£), Y(£)] such that

B
IX@), Y] = ) a(X)Y* =0, (5.12)

k=a

where a;(X) € C[X,X'] are Laurent polynomials. The expression in Eq (5.12) is said to be a first
integral of Egs (5.9) and (5.10).

By applying the division theorem, there exists a Laurent polynomial of the form [g(X) + A(X)Y] €
C[X, Y] such that, by the chain rule,

B B B
D d oY+ Y kay(XOY + (AX° - AX) Y kar(X)Y*, (5.13)
k=a k=a

k=a

dl
dé
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B

k=a

k=a

B B B
[g(X) + h(X)Y] - (Z ak(X)Y") = Y aGX)Y ) ka (X)) + (X - %) Y ka (XYL (5.14)
k=a k=a

Remark. The division theorem guarantees the existence of Laurent polynomials g(X) and A(X) such
that the total derivative ;’—Sﬁ factors as [g(X) + h(X)Y] - I. Equating coeflicients of powers of Y yields the
following algebraic conditions.

Now, fora@ = 0 and 8 = 1, Eq (5.14) becomes

[g(X) + h(X)Y] - (ao(X) + a1(X)Y) = ay(X)Y + d;(X)Y? + a;(X)Y + a; (X)X - AX).  (5.15)

Compare coeflicients of powers of Y from both sides:

Coefficient of Y?:

Coefficient of Y':

Coefficient of Y°:

h(X)ay(X) = d|(X).

hX)ao(X) + g(X)ai(X) = ap(X) + ai(X).

g(X)ag(X) = a(X)(AX> = AX).

From Eq (5.16), we suppose that

Substitute into Eq (5.16):

Integrate both sides:

Substitute into Eq (5.17):

Rewrite as

Integrate both sides:

AIMS Mathematics

1
hX) = 3
1 am
X al(X).
al()() :5(j1)(
ao)((X) +C1Xg(X) = d)(X) + C, X.
CX8(X) - CiX = () - 2,
d (ao(X
CigX)-C, = 5{ (ao)(( ))-

X
C, fg(X)dX— CiX+C,= GO; ).

ay(X) = C\ X f gX)dX — C,\X* + C,X.

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)
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Substitute Eqs (5.20) and (5.21) into Eq (5.18):
[Ci1X f gX)dX - C1X* + C,X] - g(X) = C; X(AX? - AX).
Divide by C; and rearrange:

g(X) fg(X) dX — Xg(X) + Ag(X) = AX° — AX,

C
where A = —2.
1
We assume g(X) = aX + b, a linear form, in order to balance the degree of the polynomial terms on

both sides of the equation, ensuring that the structure of the system remains algebraically consistent
and solvable within the Laurent polynomial framework. Then,

(aX +b) f(aX +b)dX — X(aX + b) + A(aX + b) = AX® - AX,
2

X
(aX+b)(a7+bX+C)—X(aX+b)+A(aX+b):/1X3—/1X.

Expand and compare powers of X:

Coefficient of X>:
2
% =A —3 a = \/ﬁ
Coefficient of X?:
3ab 2
%—azo = b:g’ since a # 0.

Coefficient of X':
aC +b* — b + Aab = —A.

Using a = V21 and b = % we obtain

4 2 2
i AV Z-o-a
9 37 3

Coefficient of X°:
Ab=0 = A=0 (asb#0),

= 2— A = A=
9 9
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Justification of the parameter constraint. The specific value 4 = % emerges as a necessary
condition for the existence of a non-trivial Laurent-polynomial first integral within the § = 1 ansatz.
The algebraic system obtained from equating coefficients of powers of Y is overdetermined; its
solvability forces A to take exactly this value. Any other value would lead to an inconsistent system
with only the trivial solution a,,, = 0. Thus, 4 = % is not an arbitrary choice but a direct consequence

of the integrability structure detected by the GFIM. Thus, we find
2 2
gX)=aX+b= \/ﬁx+§ = 3(X+1). (5.22)

Using Eq (5.18), we get

ap(X) [%(X + 1| = C,Xx(AX* - AX). (5.23)

Solve for ay(X):
CiX(AX3 - 1X)

2X+1)
C\(X* - X%

“WX =357

ag(X) =

where A = %. Now, from Eq (5.12), we get

aX) X -X
aX)~ 3X+1)

aX)+a;(X)Y=0 = Y=-

Therefore,
ax Y= XX-1)
e 3
Thus,
dx —  d¢
Xx-1) 37
Integrate
X-1
In ’ = —§ + K,
X 3
X - 1 ’
—— =Ke*?, (K=eN)
X
Solve for X:
X&) =g
With € = x + 1, we obtain the exact traveling wave solution:
1
Ux,t) = (5.24)

1- Kexp(—%”).

The validity of this exact solution has been confirmed using MATLAB (R2023a). Symbolic
substitution into Eq (5.1) yields zero identically, and numerical evaluation of the residual over a wide
range of (x, t) values confirms the solution’s accuracy.
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5.4. Exploration of higher-order Laurent polynomial ansatz (8 = 2)

To further demonstrate the versatility of the generalized first integral method and to explore richer
solution structures, we now consider a higher-order Laurent-polynomial ansatz with 8 = 2. This
extended ansatz allows for more complex functional forms and can reveal additional solution families
that may not be accessible in the simpler § = 1 case. For « = 0 and 8 = 2, we expand Eq (5.14)
explicitly. The right-hand side becomes

[8(X) + h(X)Y] - (ao(X) + ai(X)Y + ar(X)Y?)
= ay(X)Y + a,(X)Y* + a5 (X)Y?
+a;(X)Y + 2a,(X)Y?
+a,(X)(AX? = AX) + 2a,(X)Y(1X° — AX). (5.25)

Simplifying and collecting like powers of Y, we obtain
(80 + h(X)Y] - (ao(X) + a1 (X)Y + a(X)Y?)
= d,(X)Y’

+ [d}(X) + 2a,(X)]YV?
+ [ah(X) + a1(X) + 2a,(X)(AX - AX)]Y

+ a1 (X)(AX® — AX). (5.26)
Compare coeflicients of powers of Y:

Coefficient of Y?:
h(X)ax(X) = ay(X). (5.27)

Coefficient of Y?:
h(X)a,(X) + g(X)ax(X) = a{(X) + 2a,(X). (5.28)

Coefficient of Y':
h(X)ao(X) + g(X)a1(X) = aj(X) + a1(X) + 2a,(X)(AX3 - AX). (5.29)

Coefficient of Y°:
gX)ap(X) = a;(X)(AX> - AX). (5.30)

We choose h(X) = 0 to simplify the system while preserving nontrivial solutions. From Eq (5.27),
we obtain a,(X) = C,, a constant. Substituting into Eq (5.28) gives,

g(X)Cs = a}{(X) + 2C,. (5.31)
Equation (5.30) yields
8(X)ao(X) = a1(X)Q(X), O(X) = AX* - AX. (5.32)

AIMS Mathematics Volume 11, Issue 3, 5532-5556.
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Finally, Eq (5.28) becomes
8(X)ai1(X) = ay(X) + ai1(X) + 2C, 0(X). (5.33)
To solve these equations, we assume a linear form for a;(X),
a(X)=pX (p+#0), (5.34)

so that a}(X) = p. From Eq (5.31), we obtain

g0 =2 42, (5.35)
(6)
hence, g is a constant. Using Eq (5.32),
XO(X A
ay(x) = PXCX) _ %(X4 ~ X2 (5.36)

Substituting ay, a;, and g into Eq (5.29) and equating coeflicients of powers of X yields two
algebraic conditions:

4
%ﬂ +2C,1 =0, (5.37)

g’ p = -2pA+gp—-2CAg. (5.38)

2
From Eq (5.37) (with 4 # 0) we obtain g = —C—p. Together with g = p/C, +2 from Eq (5.35), this gives
2

2C 4
_Tz’ g=-. (5.39)

p= 3
Inserting these values into Eq (5.38) determines A:

2
1=Z=. 5.40
5 (5.40)

Justification of the parameter constraint for 5 = 2. Asin the S = 1 case, the specific value A = %

emerges from the solvability conditions of the overdetermined algebraic system (5.27)—(5.30). The
choices h(X) = 0 and a;(X) = pX reduce the system to equations that couple p, g, C», and A. For a non-
trivial solution (p # 0, C, # 0), the compatibility of Eqs (5.37) and (5.38) forces A to take exactly %;
any other value would lead to an inconsistency. This reaffirms that 4 = % is a necessary condition for
the existence of a second-order Laurent-polynomial first integral within the GFIM framework for the

Chafee-Infante equation. Accordingly, the auxiliary functions are given by

4 2C, C,

g=3 a, = C, a = -—=X, ap = —?XZ(XZ - 1. (5.41)
The first integral I(X, Y) = ag+a, Y +a,Y? = 0 then reduces, after cancelling the nonzero factor C,/3, to
dx

3Y2-2XY - X*+X* =0, Y (5.42)

=T
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5.5. Solution via B = 2 ansatz

Equation (5.42) is a first-order ODE for X(¢). Solving for Y = dX/d¢ yields

X + V3X4 —2x2 X[l + V3X2—2]
Y: = .
3 3

Choosing the branch with the negative sign (which corresponds to bounded solutions in certain
parameter regimes), we obtain the following separable ODE:

X X[1- V3x2-2]

(5.43)

— = 5.44
dE 3 (5.44)
Introducing the substitution w = V3X? — 2, this equation transforms to
d 24+2)(1 -
w_Wrald-w) (5.45)

d_§ B 3w
Separating variables and integrating gives the following exact implicit solution:

Vw2 +2

1-w

w

-2 tan_](%) =¢+K, (5.46)

In

where w = V3U? — 2, & = x+t (corresponding to wave speed ¢ = —1), and K is an integration constant.
Remark. The implicit relation (19) constitutes the exact traveling-wave solution obtained through
the § = 2 Laurent polynomial ansatz. For the alternative wave speed ¢ = +1 (£ = x — ¢), the same
functional form holds with ¢ replaced accordingly. This solution family exhibits qualitatively different
behavior compared to the explicit solution obtained with 8 = 1, including distinct asymptotic properties
and singularity structures.

The validity of solution (5.46) has been verified using MATLAB (R2023a). Both symbolic
manipulation and numerical evaluation confirm that it satisfies the original Chafee-Infante
equation (5.1) with A = 2/9, with residuals on the order of 10~'* over wide ranges of the independent
variables and integration constants.

6. Conclusions

This section presents a comprehensive analysis of the exact solutions obtained through the
generalized first integral method. We begin with a graphical and qualitative examination of the solution
behaviors across different parameter regimes, followed by a detailed discussion of their mathematical
significance and physical implications. The analysis encompasses both the explicit elementary solution
from the S = 1 ansatz (with 4 = 2/9 derived in Section 5.1) and the implicit exact solution derived
from the § = 2 ansatz, highlighting the rich solution structures accessible through our method.
Particular attention is given to the critical parameter value C = 0, which demarcates a sharp transition
between globally bounded solutions and those exhibiting finite-time blow-up behavior. Furthermore,
we examine the traveling-wave profiles for the 8 = 2 case, revealing how different integration
constants K generate a family of solutions while respecting the real-domain constraint |U| > +/2/3.
These findings collectively demonstrate the effectiveness of our approach in capturing both singular
and regular solution behaviors within a unified analytical framework.
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6.1. Graphical analysis of solutions

The solutions obtained through the generalized first integral method exhibit rich and diverse
behaviors across different parameter regimes. Our analysis encompasses the explicit closed-form
solution from the § = 1 ansatz and the implicit exact solution from the 8 = 2 ansatz, with particular
attention to their mathematical properties and physical interpretations.

6.1.1. Analysis of 8 = 1 Solution

The solution 1

(C—(x+t))
1 —exp| ————

Ux,t) = (6.1)

3

represents a family of traveling-wave profiles parameterized by the integration constant C, with wave
speed ¢ = —1 (since € = x+1) and fixed A4 = 2/9 as derived from the balancing procedure. The structure
of this solution reveals that the denominator can vanish when the exponential term equals unity, leading
to potential singular behavior depending on the value of C. Specifically, for a given traveling-wave
coordinate ¢ = x + ¢, the solution becomes singular when exp((C — £€)/3) = 1, which occurs at & = C.
This indicates that the solution exhibits a moving singularity along the characteristic line x + ¢t = C,
whose location is entirely determined by the integration constant. The behavior of the solution near
this singular point is examined in Figures 1-4, which display solution profiles for different values of C,
revealing a transition from globally bounded to singular solutions as the parameter varies. obtained
with the first-order Laurent polynomial ansatz (8 = 1) exhibits distinct behaviors for different values of
the integration constant C. The parameter C acts as a critical control parameter governing the transition
between bounded and unbounded dynamical regimes, as illustrated in Figures 2—4. Here, & = x + ¢
corresponds to a wave propagating with speed ¢ = —1; the equivalent solution for ¢ = +1 is obtained
by replacing x + ¢ with x — ¢.

Case C = 2 (Figure 1). For C = 2, the solution exhibits a pronounced singular behavior characterized
by values diverging to both positive and negative infinity within a highly localized region centered
near x = 0. This phenomenon represents a classic finite-time blow-up scenario, wherein the
solution becomes unbounded despite the governing equations being well-defined for all x. Such
singular behavior is a hallmark of certain classes of nonlinear parabolic partial differential equations,
particularly those arising in the study of reaction-diffusion systems and nonlinear heat equations. The
emergence of this blow-up indicates a fundamental breakdown in the smoothness and regularity of the
solution, suggesting that the underlying mathematical model may require additional regularization
mechanisms or alternative analytical treatments beyond the critical parameter threshold. From a
physical standpoint, solutions of this type can model explosive instabilities, sharp interface formation,
or catastrophic events in applied sciences, where localized quantities grow without bound over a finite
time interval. The transition from bounded, smooth profiles at subcritical parameter values to singular,
blow-up behavior at C = 2 underscores the sensitive dependence on parameters and highlights the
importance of identifying critical thresholds that demarcate qualitatively different solution regimes.
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u(x, 1)

Figure 1. Solution profile for C = 2. The solution displays a sharp, singular behavior with
values diverging to positive and negative infinity within a highly localized region near x = 0,
representing a finite-time blow-up scenario.

Case C = -3 (Figure 2). When C = -3, the solution stabilizes to a smooth, globally bounded
profile that decays monotonically as |x| — oo. This behavior results from a delicate balance between
the nonlinear reaction term and the dissipative diffusion term, a characteristic feature of the Chafee-
Infante equation for specific parameter regimes. In this regime, the reaction term f(u) = A*(u — u®)
with 4 = C operates in a parameter range where the cubic nonlinearity promotes stability rather than
instability. The negative value of C ensures that the linearized operator about the zero solution has
purely negative eigenvalues, thereby suppressing any tendency toward pattern formation or finite-time
blow-up. Consequently, the solution converges to a steady state that is both spatially localized and
temporally invariant, reflecting the underlying dissipative structure of the equation. From a dynamical
systems perspective, such solutions correspond to global attractors that lie on the stable manifold of
the trivial equilibrium, illustrating how the Chafee-Infante equation supports bounded, well-behaved
solutions when the parameter C lies below the first bifurcation threshold. This regime is particularly
significant for applications in mathematical biology and phase transition problems, where smooth,
monotonic profiles often represent traveling fronts or interface layers in bistable media.
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Figure 2. Solution profile for C = —3. The solution is smooth, globally bounded, and
decays monotonically.

Case C = —3/2 (Figure 3). For C = —3/2, the solution forms a localized, pulse-like wave profile that
decays rapidly in space as |x| — oo. This represents a transient traveling wave structure that emerges
from the delicate interplay between the nonlinear reaction kinetics and the regularizing diffusion
mechanism in the Chafee-Infante equation. The parameter value C = —3/2 lies at an intermediate point
within the subcritical regime, where the system balances the competing effects of growth and decay
inherent in the cubic nonlinearity f(u) = A*(u — u®) with A = C. Unlike the monotonic decay observed
at C = -3, this pulse-like solution exhibits a distinct localized hump centered near x = 0, indicating
the presence of a metastable configuration that persists over extended time intervals before eventually
relaxing to the trivial steady state. From a dynamical systems viewpoint, such solutions correspond
to heteroclinic connections between different invariant manifolds, illustrating how the Chafee-Infante
equation supports a rich variety of transient phenomena as the control parameter varies. This behavior
is particularly relevant for understanding pattern formation in excitable media, where localized pulses
often precede the onset of more complex spatiotemporal dynamics. The rapid spatial decay of the
solution profile further confirms that the energy remains concentrated within a bounded region, a
hallmark of solutions that lie on the stable manifold of a saddle-type equilibrium in the phase space of
the system.

AIMS Mathematics Volume 11, Issue 3, 5532-5556.



5549

Figure 3. Solution profile for C = —3/2. The solution forms a localized, pulse-like wave
that decays rapidly in space.

Case C = 0 (Figure 4). The case C = 0 represents a critical threshold value that demarcates the
boundary between two qualitatively distinct solution regimes: the bounded, well-behaved profiles
observed for C < 0 and the unbounded, singular blow-up behavior characteristic of C > 0. At this
precise parameter value, the solution exhibits extreme growth with magnitudes on the order of 10"
within a highly localized region near x = 0, highlighting the acute sensitivity of the system to variations
in C near this critical point. Mathematically, C = 0 marks a bifurcation point in the family of solutions
parameterized by C, where the underlying structure of the phase space undergoes a fundamental
topological change. From the perspective of bifurcation theory, this corresponds to a saddle-node
or transcritical bifurcation in which the stability properties of equilibrium solutions are exchanged,
leading to the emergence or disappearance of invariant manifolds that organize the global dynamics.
The dramatic amplification of the solution amplitude at this threshold reflects the fact that the linearized
operator about the trivial solution becomes singular, with its principal eigenvalue crossing through zero
and thereby losing hyperbolicity. Such critical parameter values are of paramount importance in the
analysis of nonlinear partial differential equations, as they signal transitions in solution behavior that
have profound implications for both theoretical understanding and practical applications, including the
onset of instabilities in physical systems, the formation of singularities in finite time, and the selection
of patterns in spatially extended media.

AIMS Mathematics Volume 11, Issue 3, 5532-5556.



5550

u(x, r)

Figure 4. Solution profile for C = 0. The solution diverges with extreme
magnitudes (~ 10'), identifying a critical parameter value that separates bounded from
unbounded solution behavior.

6.1.2. Analysis of 8 = 2 solution

The exact solution obtained through the higher-order Laurent polynomial ansatz (8 = 2) is given
implicitly by the following relation:

242
in| - V() =k 62)
1-w V2
where w(¢) = U(x,t) represents the traveling-wave profile with ¢ = x + ¢ (wave speed ¢ = —1)

and 1 = 2/9 as before, while K denotes an arbitrary integration constant. This implicit solution
exhibits considerably richer structure than its § = 1 counterpart, as the left-hand side combines
logarithmic and inverse trigonometric terms that impose constraints on the admissible values of w.
The domain of the solution is restricted by the requirement that the argument of the logarithm remains
positive and the inverse tangent is defined for real arguments, leading to the condition |w| > +2/3 (or
equivalently |U| > +/2/3), below which the solution ceases to exist in the real domain. Figure 5
illustrates several traveling-wave profiles obtained from this implicit relation for different values of K,
with the threshold |U| = v2/3 clearly indicated by a dashed line. The parameter K shifts the solution
along the £-axis without altering its fundamental shape, effectively controlling the position of the
wave front. Notably, unlike the 8 = 1 case which permits finite-time blow-up, the 8 = 2 solution
remains bounded for all & where it is defined, approaching the threshold asymptotically as & — *oo.
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where w = V3U? — 2, & = x+t (corresponding to wave speed ¢ = —1), and K is an integration constant.
This implicit solution family exhibits qualitatively different behavior compared to the explicit 8 = 1
solution, as can be analyzed through numerical evaluation or asymptotic methods. For visualization
purposes, representative solution profiles obtained by numerically solving this implicit relation are
shown in Figure 5.

Note. The equivalent right-propagating solution (¢ = +1, & = x — ) has the same functional form
with £ replaced accordingly.

B =2 Laurent-polynomial ansatz: Implicit traveling-wave solution
1le9
3.5F

3.0

K
K
K
K
K

N
]
T

Solution U(&)
=N
(6, ] o

=
o
T

o
]

oob A A A
-10 -8 -6 -4 -2 0 2 4
Traveling wave coordinate E=x+t

Figure 5. Traveling-wave profiles obtained from the implicit 8 = 2 solution (Eq (3.44)) for
different integration constants K. The dashed line indicates the threshold |U| = v2/3, below
which the solution is not defined in the real domain. All profiles correspond to 4 = 2/9 and
wave speed ¢ = —1 (£ = x +1).

The implicit B = 2 solution demonstrates several distinctive features that contrast with the
explicit 8 = 1 solution:

e Implicit functional form: Unlike the explicit rational-exponential form of the § = 1 solution,
the 8 = 2 solution is given by an implicit transcendental relation (Eq (5.46)), requiring numerical
methods for evaluation but offering a more general representation.

e Domain restrictions: The solution exists only for |[U| > +/2/3, creating a natural threshold not
present in the 8 = 1 case, which affects the admissible solution regimes.

e Rich singularity structure: The implicit formulation allows for more complex singularity
patterns, with singularities depending on both the integration constant K and the specific branch
of the solution.

e Enhanced parameter sensitivity: The dependence on the integration constant K in the implicit
relation leads to a wider variety of solution behaviors, including transitions between bounded and
singular regimes.
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6.2. Comparative analysis and novelty

To establish the novelty of our solutions and contextualize them within existing literature, we
compare them with well-known classical solutions of the Chafee-Infante equation. The most common
exact solution reported in literature is the tanh-type kink solution of the form:

Usann(x, 1) = tanh (k(x — 1)),

which represents a smooth transition front between two stable states U = +1.

Our B = 1 solution U(x,t) = W exhibits fundamentally different characteristics:
—exp( 2

e Singular structure: Unlike the bounded tanh solution, our solution features movable
singularities and blow-up behavior for certain parameter regimes.

e Parameter dependence: The tanh solution exists for a range of wave speeds ¢, while our 8 = 1
solution arises under the specific parameter relation 4 = % and wave speed ¢ = —1 (or ¢ = +1
with & = x — ¢). This distinct parameter value emerges naturally from the first-integral formalism
without requiring an additional free parameter, contrasting with the family of tanh-type solutions
which typically depend on an arbitrary wave speed.

e Functional form: The rational-exponential structure differs significantly from the hyperbolic
tangent form.

e Dynamical regimes: Our solution family exhibits both bounded and unbounded behaviors
controlled by parameter C, whereas the tanh solution is always bounded.

The g = 2 implicit solution (Eq (3.34)) further extends this novelty with its distinct mathematical
structure. Neither the 8 = 1 explicit solution nor the 8 = 2 implicit solution can be reduced to the
classical tanh solution through simple parameter transformations, confirming they represent genuinely
new solution families to the Chafee-Infante equation.

6.3. Parameter specificity and algebraic consistency

A significant aspect of the GFIM implementation for both the § = 1 and 8 = 2 ansatzes is the
constraint it imposes on the system parameters. The method yields the fixed relation 4 = % (for the
chosen wave speeds ¢ = +1), meaning the derived solutions are valid only for this specific parameter
value rather than the general Chafee-Infante equation with arbitrary A. This parameter specificity
arises from the balancing conditions required in the Laurent polynomial framework. The algebraic
consistency equations generate constraints that uniquely determine A to ensure polynomial degree
matching and solvability of the coefficient system. Such parameter restrictions are common in algebraic
methods for nonlinear PDEs, where exact closed-form solutions often exist only on special integrable
submanifolds of the parameter space. While this limitation restricts the direct physical applicability of
our solutions to a specific parameter set, it serves important theoretical purposes:

e Benchmark value: Provides exact solutions at a specific parameter point for validating
numerical schemes.

e Methodological demonstration: Illustrates the GFIM’s capability to derive both explicit and
implicit exact solutions.

¢ Qualitative insight: Reveals solution structures and behaviors that may persist in modified forms
for nearby parameter values.
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e Mathematical completeness: Establishes that exact solutions exist at specific parameter values
where the algebraic structure simplifies sufficiently for closed-form integration.

The consistency of A = 2/9 across both ansatz orders indicates that this value emerges as a necessary
condition for polynomial first integrals within the GFIM framework for the Chafee-Infante equation.
Overcoming this limitation to obtain solutions for general A remains an important challenge for future
methodological developments in algebraic solution techniques for nonlinear PDEs.
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