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1. Introduction

Gelfand-Shilov spaces constitute one of the fundamental frameworks in the theory of
ultradifferentiable functions and in the analysis of partial differential equations requiring very high
regularity. They provide a natural setting in which decay at infinity and growth of derivatives are
controlled simultaneously, making them particularly suitable for Fourier analysis, microlocal methods,
and the theory of ultradistributions [1-4]. Classical investigations mainly concern the isotropic scale
S¥(R™), where a single pair of parameters governs all variables in a uniform way [5-8].
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In many analytical problems, however, different directions or different groups of variables exhibit
distinct regularity and decay properties. This leads naturally to anisotropic models [9—12] in which
derivatives and moments are measured by two independent weight sequences. Such situations occur,
for example, when operators act with unequal strength on different variables or when propagation
phenomena follow different regimes. Despite this motivation, the operator theory of anisotropic
Gelfand—Shilov spaces of Roumieu type has not been developed in a systematic manner.

The purpose of the present paper is to contribute to filling this gap. We introduce and study
the spaces § %}(R”) associated with weight sequences (M) and (N,,) satisfying standard logarithmic
convexity and moderate growth assumptions. Although the definition formally resembles that of the
classical spaces, the presence of two independent sequences generates genuine additional difficulties.
In particular, one can no longer reduce the analysis to a single scale, and the interaction between
derivative indices and moment indices requires refined mixed estimates. Several arguments that are
immediate in the isotropic theory therefore demand new combinatorial decompositions and a careful
tracking of constants.

Our main objective is to study the action of fundamental operators in this anisotropic framework.
We establish stability and boundedness properties for multiplication by polynomials, pointwise
products, multiplier—type operators, translations, and dilatations. As a consequence, we prove that
these spaces form differential subalgebras of C(R") and that the operators under consideration are
continuous with respect to the natural inductive limit topology. Throughout the article, we make
explicit which parts of the proofs follow classical schemes and which rely in an essential way on
the interaction between the sequences (M,) and (N,).

Main achievements

The results obtained here provide a systematic verification that the basic transformations of analysis
remain stable in anisotropic Gelfand—Shilov spaces of Roumieu type under assumptions that treat
regularity and decay independently. We obtain continuity statements with bounds that explicitly reflect
the two—scale structure. To the best of our knowledge, such a unified operator framework has not been
previously available.

Beyond their intrinsic functional-analytic interest, these estimates form a technical basis for further
developments in the theory of ultradistributions and in the study of partial differential equations
where anisotropic regularity is unavoidable. Continuity of elementary operators is a fundamental
ingredient for symbolic calculus, mapping properties of pseudodifferential operators, and propagation
of singularities in ultraregular contexts [13—16].

The paper is organized as follows. After recalling the properties of the defining sequences and
the structure of the spaces, we establish boundedness results for elementary operators and derive the
corresponding algebraic stability. Special attention is devoted to the dependence of constants and to
the mechanisms through which anisotropy influences the estimates.

2. Some basic concepts
Some properties and definitions are stated in this section.
We introduce the Gelfand—Shilov spaces of Roumieu type S (R"), S (R"), and S}ANI}} (R™)

defined by sequences of positive real numbers. First, we extend the properties of the Gelfand—Shilov
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spaces S%(R") to the Gelfand—Shilov spaces of Roumieu type S %} (R™). For a definition of the
Gelfand—-Shilov spaces of Roumieu type, we deal with sequences {M,} of positive real numbers that
fulfill a set of general assumptions, namely:

(i) Logarithmic convexity:
My=1 and M, <M, M,,, YpeN. (2.1)
(i1) Stability with respect to differentiation and multiplication:

(P +q
p
There exists a constant H > 0 such that

)Mqu <M,,  VpgeN 2.2)

M,., < H*"M,M, ~ Yp,qeN. (2.3)

Example 2.1. Consider the Gevrey—type sequence defined by M, = (p!)’ with a parameter s > 1.
This sequence fulfills the assumptions in (2.1)—(2.3). Indeed, using Stirling’s approximation, we have
p!* ~ pP* ~T(ps + 1), which confirms that such sequences satisfy the stated properties.

We now recall a useful property concerning any sequence {M,} that meets the conditions (2.1)—(2.3).

Proposition 2.2. Let {M,} be a weight sequence satisfying condition (2.2). Then, there exists a constant
C > 0 such that
p!<C’M,, ¥ peN. 2.4)

Proof. We use the condition (2.2). Setting g = 1, we obtain
p+1
M, > » M,M, =(p+1)MM,, VpeN.

Iterating this inequality yields

M, > p! (M), VpeN.
Hence,

1 p
'<S|\—| M,, VpeN.

ps(op) Me v

Choosing C = max{1, 1/M;} completes the proof. O

Proposition 2.3. Let the sequence {M,} satisfy condition (2.1). Then, the sequence {Mll,/p } is
increasing.

Proof. The monotonicity of {M [1,/ P} is equivalent to verifying that

p+1

logM, <logM,,;, VY peN. (2.5)

We establish inequality (2.5) by mathematical induction on p.

Base case: For p = 1, the inequality (2.5) follows directly from condition (2.1) after applying the
logarithm function.
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Inductive step: Assume that the estimate (2.5) holds for some integer p > 1. We now verify that it
also remains valid for p + 1. Using the assumption (2.1) together with the induction hypothesis, we
obtain

2logM,.1 < logM, +1logM,.>

< bl logM,1 +1logM,»;
hence,
P
2 log Mp+1 - m log Mp+1 < 10g Mp+2,

that is )

p+

P logM, .1 <logM,,,
which corresponds precisely to relation (2.5) for the index p + 1. This concludes the proof. O

Notation 2.4. For all k € N, we denote m;, = My, /M.

Proposition 2.5. For each sequence (M ,,) satisfying (2.1), the sequence my, = M,,/M; is increasing
and satisfies the following inequality:

; M
ml < =1, (k) e N (2.6)
My

Proof. The increase of the sequence my, is deduced immediately from the condition (2.1). We have, for
all k£ € N, that
M1 Mo

M;

2
Mk+l < MkMk+2 -

= M < M.
For the estimation (2.6), we distinguish two cases:
(1) If j > k, we can write
M; _ M Mo M, M;
M, My Myyw, MjoM;

= MMy - - - Nj_oMj_ .
Because the sequence my is increasing, we get
M; -
—L > ().
My
(2) If j < k, we can write
Mj _ M] Mj+1 Mk—Z Mk—l _ 1 1 1 1
M; MMy, My My mymjpy myomyey

Also, because the sequence my is increasing, we have

el o

niy

completing the proof. O
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There are three essential types of the Gelfand—Shilov spaces of Roumieu type: ™ (R"), Sy (R"),
and S %} (R™). Following this section, we investigate each of them in detail.

Definition 2.6 ([17]). We denote by S™ (R") the space of functions like ¢ € C*(R") such that

JA > 0,Y0 € Z1,AC, > 0,V € Z : sup [x'Dfp(x)| < C,A¥ M,

xeR”?
where the constant C, depends only on the functions ¢ and €.

In order to write the space S'™ (R") as an inductive limit of normed spaces, we consider the
following family of spaces.

Definition 2.7 ([17]). Letting A > 0, we denote by S™M-4 (R") the set of functions ¢ € C* (R") such
that
Ve eZ!,3C, > 0,Yk € Z! : sup |x'D*p(x)| < C,A¥ M,

xeR"

where the constant C,; depends only on the functions ¢ and €.

Proposition 2.8 ([18]). The space S'MA (R") is a normed space under the following norm:

|x€DK¢,0(x)|

llll, = sup sup

n
A, o LEE
xeR" keZl} [«]

Proposition 2.9 ([18]). The space S'M! (R") is an inductive limit of normed spaces S ™4 (R"), A > 0,
and S™ R") = Uaso S A (R").

Definition 2.10 ([17]). We denote by S vy (R") the space of functions ¢ € C*(R") such that

AB > 0,Yk € Z,3C, > 0,V¢ € Z : sup |x'D¥p(x)| < CB" Ny,

xeR™
where the constant C, depends only on the functions ¢ and k.

In order to write the space Sy (R") as an inductive limit of normed spaces, we consider the
following family of spaces.

Definition 2.11 ([17]). Letting B > 0, we denote by S x, 5 (R") the set of functions ¢ € C* (R") such
that
Yk € Z!,AC, > 0,V € Z" : sup [x'D¥p(x)| < BNy,

xeR”

where the constant C, depends only on the functions ¢ and k.

Proposition 2.12 ([18]). The space S vy 5 (R") is a normed space by the following norm:

KDK
—|x ¢(X)|, K€

+e

llll, = sup sup
“ xerncezn BNy

Proposition 2.13 ([18]). The space S vy (R") is an inductive limit of normed spaces S ;5 (R"), B > 0,
and S ny (R") = Upo S (v.8 R").
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Definition 2.14 ([17]). We denote by S %} (R™) the space of functions ¢ € C*(R") such that

AC > 0,Yk, € € Z : sup [x'Drp(x)| < CHHMI AN,

xeR”
where the constant C depends only on the function .

Remark 2.15. It is clear that

S%} RY c SM(RM N S R") for all sequences M and N.

In order to write the space S%} (R™) as an inductive limit of normed spaces, we consider the
following family of spaces.

Definition 2.16 ([17]). Letting A > 0 and B > 0, we denote by S %}2 (R™) the set of functions ¢ €
C* (R") such that
AC > 0,Yk, £ € Z1 : sup [x' D p(x)| < CA¥B "M Ny, (2.7)

xeR”

where the constant C depends only on the function .

Proposition 2.17 ([18]). The space S %}2 (R™) is a normed space by the following norm:

ol = sup sup 2P
Pllas xeRM k(7" A"('BI[IMlkllel.

Proposition 2.18 ([18]). The space S EIAVl}} (R™) is an inductive limit of normed spaces S %}g ®RY, A,B >
0, and Sy R") = Uy g0 S iy (R
Remark 2.19. The space S %} (R™) is called anisotropic Gelfand—Shilov spaces of Roumieu type in R".

Remark 2.20. If M = N, the space S :%i (R™) is called an isotropic Gelfand—Shilov space of Roumieu
type in R". According to the condition (2.3), we have the following definition of the space S M (R,

(M}
The space S {%i (R™) is the set of functions like ¢ € C*™ (R") such that

AC > 0¥k, L € Z1 : ||x' Dy

[k|+]€]+1
| Lo <€ M-

Example 2.21. If M, = p¥*,u > 1 and N, = p!",v > 1, then S%} (R™) is the Gelfand—Shilov space
and is denoted by S%,(R").

Topological clarification. The spaces S ™4 (R") form an increasing family of Banach spaces, and the
Roumieu—type space
SUIR") = ind lim SUAR")
— 400

is a limit of Fréchet (LF)—space endowed with the inductive limit topology.
In this setting, when we say that a linear operator

T :SMRY — SMERY
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is bounded, we mean that for every A > 0, there exist A’ > 0 and C > 0 such that
T : M} A(Rn) N S{M (Rn)

is a bounded operator between Banach spaces.

By a standard result on inductive limits of locally convex spaces, this boundedness on step spaces
implies that 7 maps bounded sets of S (R") into bounded sets and is therefore a continuous linear
operator on the (LF)-space S M (R") (see, for example, [19,20]).

Lemma 2.22 (Continuity criterion in S %}(R”)). Let T be a linear operator such that for every A, B > 0,
there exist A’, B > 0, and C > 0 satisfying

ITella s < Cllgllas Yo € S (R")
Then, T is a bounded and continuous linear operator on S (R”)
3. The main results

In this section, we extend some elementary properties of the Gelfand—Shilov spaces S%(R") to the
Gelfand—Shilov spaces of Roumieu type S e (R”) which are related to bounded operators from each
space to itself.

3.1. Operator of multiplication by x
We will show that for all o € Z, the spaces § MH(RM), S v (R™), and S (M) (R”) are stable under

multiplication by x“; furthermore, the operator of multiplication by x“ is bounded in each space.
3.1.1. Case of the space S ™ (R")

Theorem 3.1. If the sequence (M p) satisfies the condition (2.2), then for all o € 7', the operator of
multiplication by x° is defined and bounded in each space S ™ (R") for every A > 0.

Proof. Let A > 0, and let ¢ € ™4 (R"). By definition, we have

Ve e Z!,3C, > 0,Yk € Z!. : sup |x' D p(x)| < C,A¥ M.

xeR?

By the Leibniz formula, we have

£ pr ¢ (K)Dy T\DKY
D ol = [ (e

Y<K

L>(R")

Loo (R)l)

K O-' o— K—
Z( )((T P! (R y(p”L‘”(R")

Y<Kk
y<o

Y<Kk
y<o

IA

IA
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which gives with the condition (2.2)

1
D ey S AW Y T s g < CiA G.1)
y<o ¥l
with |
C, = . A
f Z(U— ! Coroy My’

y<o

Thus, x“¢ € SMHA (R?)
For the boundedness of the operator of multiplication by x”, we have from (3.1) and Lemma 2.22,
forall £ € Z7,

o s |x‘D* (x7 (x))|
xeRp” KezI:") AWM,

€+o-—yDK—y(p (x)|
sup sup Z ( ) o y)' AN, ,

n
XeR" keZl} 7%
y<o

17l

IA

and using the condition (2.2), we obtain

t’+a-—y D7 ( x)l
Ix7¢ll, < sup SUPZ (o — y)' A M)y My,

XeR" keZl} T
y<o

o! 1
g A [yl ,
2 G by s

y<o
which means that the operator of multiplication by x” is bounded in S 4 (R™), O

Corollary 3.2. If the sequence (M p) satisfies the condition (2.2), then for all o € Z, the operator of
multiplication by x” is defined and bounded from the space S'™ (R") into itself.

3.1.2. Case of the space S, (R")

Theorem 3.3. Ifthe sequence (N p) satisfies the condition (2.2)-(2.3) then for all o € Z'}, the operator of
multiplication by x7 is defined and bounded in each space S (v, g (R") , for every B > 0, and transforms
the space S (yy g (R") into the space S ) s (R") , where H is the constant of the condition (2.3).

Proof. Let B > 0, and let ¢ € Sy (R"). By definition, we have YV« € Z},3C, > 0,V € Z} :
SUP, e [X/D¥p(x)| < CB“Njg. By the Leibniz formula, we have

£ K K—
DY (x")D"
xZ(y) (D

Y<K

”x[DK (xo-go)”L“’(R")

L= (R")

! o=y K-
Z (:’) (00_' Y)! ”xh "D y90||L°°<R">

Y<Kk
y<o
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K o!
< Co_y BT Nyyor
2(7)(0__')/)' Y [+~

Y<Kk
y<o

Y<K
y<o

k! [o+{C o
2 w( y )C“ B s

y<o

which gives, with the condition (2.2)-(2.3),

IA

N,
C K (O |€+0'—| [{+o]
XD (xX7Q)|, o < E N—
” ||L (R?) L (k — 7); le|
y<o
14 lo| plo— y\N lod
< (HB) N|£|Z( CK yH?'B N
y<k [yl
y<o
< CJHB)'Ny, (3.2)

where
N

CK HIU'IBIrf yl_ 91 )
Z (k= 7)' 7 Ny

y<k
y<o

Thus, XO-(,O S S{N},BH (Rn)
For the boundedness of the operator of multiplication by x”, we have from (3.2) and Lemma 2.22
forall k € Z,

el o s | D* (x7¢ (x))|
X P
¥ xeRI')' €EZI”) (HB)MIVM

€+0'—ka Yo (x)|
sup sup Z ( )(O' ')/)' (HB)MNM

X€R" LeZl TX
y<o

IA

IA

(0' + 5) |x+ 7Y DY ()|

sup SupZ «—p\ y [H-BIgEN,

xeR" (7]} P
y<o

and using the condition (2.2)-(2.3), we obtain

lgll, < supsup y ———
xeRM L7l S (k = )’)

y<o

lorl

o + O\ |xTT D ()]
y H- IGIBI€|N|€ ol

5 K BM DTN,
sup su —
xeRg t’eZI;? (k =y)! (HB)_W| Blgﬂr_lelfo—yl Ny

+ Y<K

IA

y<o

IA

S B Ny,
(k= y)! (HB)™"' Ny,
ySa’

which means that the operator of multiplication by x“ is bounded from S (5, 5 (R") to Sy (R"). O
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Corollary 3.4. If the sequence (N p) satisfies the condition (2.2)-(2.3), then for all o € Z7}, the operator
of multiplication by x” is defined and bounded from the space S\, (R") into itself.

3.1.3. Case of the space S (R”)

Theorem 3.5. If the sequences (M p) and (N ) satisfy the condition (2.2)- (2 3) then for all o € Z1,
the operator of multiplication by x7 is defined and bounded in each space §iM ). B 4 (R") for every A, B >

0, and transforms the space S (R”) into the space §iM ), BH (R™), where H is the constant of the
condition (2.3).

Proof. Let A >0and B> 0,andletp € § LA Ry, By definition, we have

N}B

AC > 0Vk, € € Z" : sup |x'Dfp(x)| < CAMB  MyNy.

xeR”

By the Leibniz formula, we get

”xEDK (XO-QD)HL‘”(R")

0 K o K—
E DY D7
* (7) ) i

Y<K L®(R")

k\ o! ey T
Z( )(G 2l [ D

Y<Kk
y<o

K K— o—

Y<K
y<o

IA

IA

which gives, with the condition (2.2)-(2.3),

Ni-
WD ey < CAMHBY MuN Y ——— AT B =

(o )

y<o b7
< CAY(HB)'"MyNy, (3.3)
where N
’ oyl Vlo— 7|
T ;(0 7)'A THBT S My
Thus, x7¢ € S{N g R,

At this point, the interaction between the two sequences becomes essential. The moderate growth
properties must be applied simultaneously because neither (M,,) nor (N,) alone is sufficient to control
the sum.

Remark 3.6. In the isotropic Gelfand—Shilov framework, the subsequent estimates are typically
reduced to a single weight scale. In the present anisotropic situation, however, the indices must be
distributed between the sequences (M,) and (N,). This prevents a direct transfer of the classical
argument and necessitates the mixed bounds derived below.
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For the boundedness of the operator of multiplication by x”, we have from (3.3) and Lemma 2.22,

[ D (7))
sup sup 0
xeR" k,CeZ} Al (BH)' M|K|]V|g|
P o) xt’ oy DK=Y ‘;0|
sup sup Z 7 s
XER" k(€2 X Y (0- - 7)' Al (BI‘I)| ! M|K|N|g|

y<o

17 ¢ll

IA

and using the condition (2.2)-(2.3), we obtain

A

o) |x€+0'—yDK—y<p|
[[x7¢|| < sup su
4 xdlg K,(egﬁ ; (O- - Y)' Alkl (BI‘I)M| M|K_7|M|V|N|g|

y<o

o A (B H)Irf—yl | Koy D"_790|
= sup sup
xern gtz o=t (07 = y)! Ak (BH)Ho MM Ny

y<o
sup sup o! Nla—y|A|‘7| (BH)\U—VI | Koy DK‘7¢|
VR Ll Ty (o =y AABETAYI M MpyNiero—y

y<o

! Nio—
> T A BH) S g
(o= My,

IA

IA

y<o
which means that the operator of multiplication by x is bounded from § %}g (R™) into S %},’;‘H RM. O

Remark 3.7. The crucial step in the above proof is the redistribution of indices between derivative
growth and spatial growth. Such a separation has no analogue in the classical isotropic case, where a
single parameter governs both behaviors.

We stress that continuity in the Roumieu setting is not automatic. The parameters defining the step
spaces must be adjusted in a way that is compatible with both sequences, which explains the choice of
constants.

Corollary 3.8. If the sequences (M p) and (N p) satisfy the condition (2.2)-(2.3), then for all o € Z,
the operator of multiplication by x” is defined and bounded from the space S %} (R™) into itself.

3.2. Multiplication in Gelfand—Shilov spaces of Roumieu type

We will show that each one of the spaces S™ (R"), S (R"), and S %} (R™) are stable under
multiplication by its elements; furthermore, this operator is bounded in each space.

3.2.1. Case of the space S ™ (R")
Theorem 3.9. Supposing that the sequence (M p) satisfies (2.2), then
Vf e §MAL(RY) Vg e §MA2 (R fo e §MIATA (R

Moreover, the operator of multiplication is bounded from the space S ™M1 (R") x § M2 (R™) jnto the
space S MhAi+Ax (R,

AIMS Mathematics Volume 11, Issue 3, 5409-5435.
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Proof. Let f € SMMAI(RY), g € S M2 (R"). Then,

Ve ez, AC, > 0, Yk € Z, - ||x' D f| 0y < CeAY' My
and
Ve ez, AC; > 0, Yk € Z : ||¥'Dg| ) < CiAY M.
So, by the Leibniz formula, we obtain
{ K _ £ K K—
DG oy = D] (y)DVfD g
Y<K L®(R?)
K 4 K—
< Z( )”x Dyf“L"“(R") | D yg“L“(R”)
Y<K Y
K A gl
< > (Y)CeCoAlyAz "My My,
Y<K
which gives, with the condition (2.2),
D f )| oy < Mg ) CeCoATALT < CF (Ay + AN M. (3.4)

Y<Kk

Thus, fg € SMbAI+A2 (Rm),
Furthermore, from (3.4) and Lemma 2.22, we have for all £ € Z", f € S™MA1(R"), and g €
S M1A2 (Rm),
el XD (f) ()]
= sup su
sle XERI:: KEZP; (A] + A2)|K| M|K|

< 11 Mglly »

which means that the operator of multiplication transforms every bounded set of the space S ™41 (R")x
S M142 (R") in a bounded set of the space S M-41+42 (R7), O

Corollary 3.10. If the sequence (Mp) satisfies (2.2), then for all A > 0, the space SM" (R") is

transformed by multiplication of its elements into the space S™M2A (R"), furthermore this operator
is bounded.

Corollary 3.11. If the sequence (Mp) satisfies (2.2), then the space S™(R") is stable by the
multiplication of its elements; furthermore, this operator is bounded.

3.2.2. Case of the space S} (R")
Theorem 3.12. Let By, B, > 0. For every

f € S{N},31 (Rn) and g€ S{N},Bz (Rn)

the pointwise product fg belongs to S (nymins,.5,) R").
Moreover, the multiplication operator is bounded from S g (R") X Snp, R") into
S (N).minB,,B,) (R™).
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Pl"OOf. Let f € S{N},B| (Rn) ,8 € S{/\/}Jg2 (Rn) Then,

Vi€ Zl, ACc > 0,V € Zy - [|x D f]| o gy < CeBY'Nig
and
Vi€ Zly, AC, > 0,90 € Z - ||x D, gy < CBy Ni.
So, by the Leibniz formula, we obtain
”foK(fg)”Lm(Rn) = |y Z (K)DnyK—yg
Y<Kk % L®(R7)
< 3 ({7,
Y<K Y
< ; (;)Cyc;_y min (B, BY) Ny,

which gives
||x€DK(fg)||Loo(Rn) < C/( min (Bl’ B2)|[| ]v|[|
Thus, fg € SN} min,.8,) (R").

Furthermore, we see that the operator of multiplication transforms every bounded set of the space
S{N},Bl R % S{]\]}J_L}2 (R™) in a bounded set of the Space S{N},min(Bl,Bz) (R™). O

Corollary 3.13. If the sequence (Np) satisfies (2.3), then for all B > 0, the space S (v, 5 (R") is stable
by the multiplication of its elements; furthermore, this operator is bounded.

Corollary 3.14. If the sequence (Np) satisfies (2.3), then the space Sy (R") is stable by the
multiplication of its elements; furthermore, this operator is bounded.

3.2.3. Case of the space S (R”)

From the results concerning the cases of the spaces S ! (R") and S vy (R™), we deduce the following
result.

Theorem 3.15. Suppose that the sequences (M p) and (Np) satisfy (2.2)-(2.3), then

VfeSay R, Vge Sz R : fgeSpylie

n
{N},B N},min(B;,B) (R ) :

Moreover the operator of multiplication is bounded from the space S (M "R XS %}’222 (R™) into the
M}A1+A2 (Rn)

N},min(B1,B;)

N} B
space S

Corollary 3.16. If the sequences (M ) and (N ) satisfy (2.2)-(2.3), then for all A, B > 0, the space

S %} 2 (R™) is transformed by the multiplication of its elements to the space S 2A (R™); furthermore,

this operator is bounded.

Corollary 3.17. If the sequences (M p) and (N ) satisfy (2.2)-(2.3), then the space S (R”) is stable
by the multiplication of its elements, furthermore, this operator is bounded.
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3.3. Multipliers of Gelfand—Shilov spaces of Roumieu type

For the stability of the Gelfand—Shilov spaces of Roumieu type under multiplication by infinitely
differentiable functions, we will impose specific conditions on these functions for each type of
Gelfand—Shilov spaces of Roumieu type.
3.3.1. Case of the space S ™ (R")

Theorem 3.18. Let f be an infinitely differentiable function satisfying the following condition:
Ih € 2, 3Co, Ag > 0, ¥k € Z,Vx € R" : |D*£(x)] < Codly My (1 +1x1). (3.5)
Then, the operator of multiplication by the function f is bounded from S M (R") to S MMA+A0 (RM),
Proof. Letting A > 0 and ¢ € S (R"), we have
Ve e Z!,AC, > 0,Yk € Z1 : sup |x' D¥p(x)| < CeA¥ My

xeR"

hence, by the Leibniz formula and the inequality (3.5), we obtain

X" D* (f(p(x)| < |x"|Z( )lDVf(x)I D ()|

K
Y

Y<Kk

< > (;)COAOV'W (1T + 1)) | DM )|

Y<K

K e
< Z (’)/)COAglMM (Cf + C[+h)A| y|M|K_y|,

Y<K

which gives, with the condition (2.2),

WD (Fp()| < Co(Cr+ Crup) My ) AT A

Y<K

< CiMyy(A + A,

Thus, fo € §MA+o (RM),
For the proof of the boundedness of the operator of multiplication by the function f, we have from
the above inequality for all £ € Z

D (f) (x)
Ifell, = sup sup WD) ]

<Cy(Cr+C
xekn ezn (A + Ag) My 0(Cet Cr)

where C; is such that
sup sup |xKDK()O(X)|
up sup ————
vernkezn AWMy

=X (4

which means that the operator of multiplication by any function f satisfying (3.5) is bounded from
S{M},A (Rn) to S{M},A+A0 (Rn) 0

Corollary 3.19. The space S™ (R") is stable by multiplication by any function f satisfying (3.5), and
the operator of multiplication by the function f is bounded in the space S'™! (R").
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3.3.2. Case of the space S (y; (R")
Theorem 3.20. Let f be an infinitely differentiable function satisfying the following condition:

VkeZ},AC, > 0 : |D*f(x)| < C,, Vx e R". (3.6)

Then, for all B > 0, the operator of multiplication by the function f is bounded from Sy, 5 (R") into
itself.

Proof. Let B > 0, and let ¢ € Sy, 5 (R") so that

Vk € Z1,3C, > 0,V € Z! : sup |x'Dp(x)| < C,B"N,.

XeR"
By the Leibniz formula and the inequality (3.6), we obtain

D (;) DY f(x)

Y<Kk

2 (K)Cy'xf' [D* ()
Y

Y<K

K
Z (,),)CYCK—YBMN 1

Y<K

| D* (f(x)p(x))| D ()|

N

N

N

IA

CB Ny,

Thus, ng € S{N},B (Rn)
For the proof of the boundedness of the operator of multiplication by the function f, we have from
the above caculus for all k € Z

Vel = supsu ‘D" (fe) ()]
ol e fezri) BNy

£ nylk—yl
K\ [x D<)
s (e,

xeR" (eZl} Y<K

> (;)Cy el

Y<K

IA

IA

which means that the operator of multiplication by any function f satisfying (3.6) is bounded from
Sv.s R?) to itself. O

Corollary 3.21. The space Sy (R") is stable by multiplication by any function f satisfying (3.6), and
the operator of multiplication by the function f is bounded from Sy (R") to itself.

3.3.3. Case of the space S %} R"

Theorem 3.22. Let f be an infinitely differentiable function satisfying the condition (3.5). Then, for
all A > 0 and B > 0, the operator of multiplication by the function f is bounded from S :IA\/,[}}; R"™) to

S %}’3:203 BH) (R™), where H is the constant of the condition (2.3).
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Proof. Let A >0and B> 0, and let ¢ € S%},’g (R™) so that

AC > 0,Yk, £ € Z1 : sup [x'D*p(x)| < CA¥B M N,y

xeR”

By the Leibniz formula and the inequality (3.5), we obtain

WD (Fpan] < [ (;) 1D ()] [D* ()

Y<K

< ) (;)COA'J'MM (11 + 1x1]) [ D* ()|

Y<K

Kk b =
< Z(),)COAJ MiyC (B "Nig + B Nigany) A My,

Y<K

which gives, with the condition (2.2)-(2.3),

|[x“D* (f(x)e(x)|

N

CcCy (B|€|N|[| + (BH)|€+h| N|[|N|h|) M|K| Z Algl‘AlK_y|

Y<K

CCo (1 + (BH)" Ny) (max(B, BH))"! NigMq(A + Ap)"
C'My(A + Ap)* (max(B, BH)" Ny,

N

IA

where C’ depend on parameters B, H.
C' = CCo(1+ (BH)" Ny).

Thus, fo € Siy ot o RY).
For the boundedness of the operator of multiplication by any function f satisfying the

condition (3.5), we have from the above inequality

[ D (f()p(0))]
lfell = sup sup Il =
xR ezt (A + Ag)M (HB)" MiyNyg

’

Then, for all C > 0 such that
sup sup |XKDK(’D(X)|
vern wrezn AMBOM N

there is C’ > 0 so that || f¢|| < C’, which means that the range of a bounded set of § {%}’A (R™) by the

B

operator of multiplication by any function f satisfying the condition (3.5) is a bounded set in the space

S{M},A+Ao (R") O
{N}.BH ’

Remark 3.23. This is the point where anisotropy plays a decisive role. Unlike in isotropic theory, one
must control how the binomial distribution interacts with two independent growth regimes.

Corollary 3.24. The space S }IA\;’}} (R™) is stable by multiplication by any function f satisfying the

condition (3.5), and the operator of multiplication by the function f is bounded from S%} R™) to
itself.
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3.4. Translation operator

For all 1 € R", the spaces S™ (R"), S (R"), and S%} (R™) are stable under translation by the
vector h; furthermore, the operator of translation by 4 is bounded from each space to itself.

3.4.1. Case of the space § ™ (R")

Theorem 3.25. The translation operator
¢(x) > ¢(x—h) heR"
is defined and bounded in any space S™ (R") and transforms this space into itself.
Proof. Let A > 0, and let ¢ € S™ (R") so that
Ve eZ!,AC, > 0,Yk € Z1 : |x' De(x)| < C,A¥ M.

Because
sup [x‘D¥p(x — h)| = sup |(x + h)! D¥p(x)],
xeR” xeR”
we get
|(x + h)‘;DKga(x)| < Z ({))xyh[_kago(x)
y<t Y
< > (5) | 1 D ()
y<t Y
S Z (5) 7| ¢, AN My
y<t %
< C,AMM,,. (3.7)

Hence, ¢(- — h) € SMA (R"),
Furthermore, from (3.7) and Lemma 2.22, we have for all £ € Z}
|x€D"g0(x - h)|

supsup —————-—7—
xeR" keZl} A|K|M|K|

. |(x + B D ()|
xeRp” KGZI’?r AlKl MIK\

€Ny, o1 X7 D (X))
sapsup " (4] e

xe€R" keZl} y<t

> (f;) ) llell,

y<t

lleC- = Ml

N

IA

which means that the translation operator is bounded in § "4 (R"). o

Corollary 3.26. The operator of translation is defined and bounded in the space S (R") and
transforms this space into itself.
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3.4.2. Case of the space S (y; (R")
Theorem 3.27. The translation operator
@(x) = o(x = h)
is defined and bounded in any space S ) g (R") and transforms this space into the space S (yy g+ (R").
Proof. Let B > 0, and let ¢ € Sy, 5 (R") so that
Yk € Z!,AC, > 0,Y¢ € Z! : |x'D*p(x)| < C.B Ny

Because
sup |x€DK<,a(x - h)| = sup |(x + h)fDKga(x)| ,
xeR” xeR”
we get
¢
|(x + b DFp(x)| < Z( )th"—VDch(x)
y<t Y
4 {— K
< D) e D)
v<t %
{
< Z ( ) |h||f—7| CKBMNM
y<t %
< Cu(B+ ) Ng.

Hence, QD( - ]’l) S S{N},B+|h| (Rn)
Furthermore, from the above estimates, we have for all x € Z}

|x€D’(<,0(x - h)|
llp(- = MIl, = supsup ——————
v vt ey (B+ DN,
L gy [ D]
xe]lg fezlfz (B + )Ny
O\ my) D ()
< supsup Z |h€ y| TN
xern eezy S \Y (B + |h)IN)q
€\ 117" BY |57 D ()|
S supsup Z B+ A BYN
xeR ¢ezt 4= \Y (B + |hl) byl
€\ |n“" BY |x* D*p(x)|
< supsup Z 7 Sup o
xeRr ez 7 \Y (B+ Ay BYINy,
Y DX
< supsup sup %
X€R™ (eZl y<t [yl
< llell,
which means that the translation operator is bounded from Sy} 5 (R") to S (ny g+ (R"). O

Corollary 3.28. The operator of translation is defined and bounded in the space Sy (R") and
transforms this space into itself.
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3.4.3. Case of the space S (R")

Theorem 3.29. The translatzon operator

SO(X) — @(x—h)

is defined and bounded in any space S (R”) and transforms this space into Sy (a3, 4 B4 (R™).

Proof. Let A >0and B > 0, and let ¢ € S{M

(N).B (R™) so that

AC > 0,Vk, € € Z! - |x"D*p(x)| < CAMB M Ny

Because
sup |[x'D*p(x — h)| = sup |(x + B De(x),
X€eR?
we get
2T 4 = K
|0 + ) Drgp(x)| < Z( )x’h YD ()
y<t Y
4 {— K
< > ) )|
y<t Y
4
< Z ( ) |h||l’—7| CA|K|B|Y|M|K|N|7|
y<t
< CAM(B + |h)) " MyNy.
Hence, ¢(- — h) € Syl (R™).
Furthermore, from the above estimates, we have
|x€D’<go(x - h)l
le¢- =Wl = sup su
¢ ve temn AR(B + [ TMyNig
|(x + Y D ()|

= Su Su
s reon AM(B + [HYTM Ny,

_ |x” D*p(x)|
< sup su W
xeRg Kfeg'i ; ( ) | | AW(B + [h)IM 4Ny
€\ |n|“" BY X" D*p(x)|
< sup su su
xe]lg Kfeg'i Z[ ( )(B + | yslf? AW BYM 4N,

< |x” D* ()]
S Sup Sup Sup ———7———
X€R" k,LeZl} y<l A|K|B|Y|M|K|ZV|V|

< el s
which means that the translation operator maps every bounded set of S (M N} s 4 (R™) to a bounded set of
{M},A n
S wy.gem R m]

Corollary 3.30. The operator of translation is defined and bounded in the space S %} (R™) and
transforms this space into itself.
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3.5. Dilatation operator

For all A > 0, the spaces S'™ (R"), § v R"), and S %} (R™) are stable under dilatation of ratio A;
furthermore, the operator of dilatation of ratio A is bounded from each space to itself.

The result can be refined if we consider the subspaces S v, 5 (R"), S 4 (R"), and S %}2 (R") more
precisely; we thus obtain the following results.

3.5.1. Case of the space § ™ (R")
Theorem 3.31. Let A > 0. The dilation operator defined by

(x) = @(Ax)
is a well-defined and bounded linear operator from S™M-A(R") into §M-ARM).

Proof. Let A > 0, and let ¢ € ™ (R") so that
Ve eZ!,AC, > 0,Yk € Z" : |x'Dro(x)| < C,AM M.

Because
D [p(ax)]| = [ (D p)(Ax)

b

we get

1 ¢
D [p(n)]| = ‘%A‘“‘(Dkso)(m

AIKI
2
/llkl
[«
ﬁC[A M|K|
CH(AA) M.

(A0 (D p)(Ax)|

N

N

Hence, ¢(1-) € SMHA(R"),
For the boundedness of the operator of dilatation, we have from the above inequality

D[] ¢,
), = LIS A O e
()l fggf;;% AWM, =

where C, is such that
sup sup |x"DK(p(x)|
XER" keZl} AIK' M|K|

=X %)

which means that the dilatation operator maps every bounded set of S} (R") to a bounded set of
S04 (Rr). o

Corollary 3.32. The operator of dilatation is defined and bounded in the space S™(R") and
transforms this space into itself.

AIMS Mathematics Volume 11, Issue 3, 5409-5435.



5429

3.5.2. Case of the space S (; (R")

Theorem 3.33. The operator of dilatation of ratio A

(x) = p(Ax)
is defined and bounded in any space S (v, g (R") and transforms this space into S (yy /2 (R").

Proof. Let B > 0, and let ¢ € Sy, 5 (R") so that
Yk € Z;,AC, > 0,Y € Z!. : |x'D*(x)| < C.B"Ny.

Because
D [p(ax)]| = [ (D p)(Ax)

9

we get

14
Wﬂmmn—g%wwwm
Al

A

(A0 (D ) ()|

N

g (E)m N (3.8)

y
Q

Hence, (1) € S ny.5/2 R").
Furthermore, from (3.8) and Lemma 2.22, we have for all « € Z

[DK (/1)
oI, = sup sup P2 19

- < Mc,,
XER" LeZl] (B//l)l ! 1V|[|

where C, is such that

el WD ]
SD P = Sup Sup < Py
xern ez BN

which means that the dilatation operator maps every bounded set of Sy, 5 (R") to a bounded set of
S ny.aa R"). O

Corollary 3.34. The operator of dilatation is defined and bounded in the space S, (R") and
transforms this space into itself.

3.5.3. Case of the space S %} R"

Theorem 3.35. The operator of dilatation of ratio A

@(x) = @(Ax)

is defined and bounded in any space S E%}}ﬁ (R™) and transforms this space into S %},}jﬁ (R™).
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Proof. LetA>0and B> 0, and let ¢ € S{ (R") so that

N}B

AC > 0,Yk, £ € Z: |x" D p(x)| < CAMB "My N,y

Because
|x'D* [p(x)]| = [x“AM(D*
we get
' aYs (/bc)t’ K| K
XD [p()]| = M = AM(D )(Ax)
= M |<Ax> (Dfp)(A)|
AX x| pI¢|
< A|€|CA B M| |N|g|

N

Bl
C (A (Z) My N

Hence, ¢(1) € Sy R™).

Furthermore, from the above inequality, we have

X D* [gp(ax)]
llp(A-)]| = sup sup ||,<| 1] | =
XER" k(€7 (AA) (B//l) M|K|]V|f|

where C is such that

D o ()]
EBRP K,S[LElg'i AWBAM N,
which means that the dilatation operator maps every bounded set of S{{Iﬂ\f}}’ﬁ (R™) to a bounded set of
S iy R O

Corollary 3.36. The operator of dilatation is defined and bounded in the space Sy M (R") and
transforms this space into itself.

3.6. Differential operators in Gelfand—Shilov spaces of Roumieu type

Let y € Z7, then the spaces SM(R?), S (R"), and S{ (R") are stable under the operator of
derivation D7; furthermore, the operator of derivation D” is bounded from each space to itself.

More precisely, the operator of derivation D is bounded in each of the subspaces
S s (R"),SMA (R, andS B(R”)

3.6.1. Case of the space S ™ (R")

Theorem 3.37. The differentiation operator D is defined and bounded in the spaces S (R") and
transforms this space into SMMH (R™),
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Proof. Let A > 0, and let ¢ € S ™4 (R"). This means that the inequality
Ve eZ!,3C, > 0,Yk € Z! : |x'D p(x)| < C,A¥ My
is satisfied. Then, we have
|¥' DD ()| = |x' D p(x)| < CLA Y My,
which gives, with the condition (2.3),
|[x‘D*DY(x)| < C.H*MAY M, AM M,y = CLLAHM M.

Furthermore, from above, we have for all £ € Z'}

||D7g0||€ = sup sup M < CgHMAMM| "
xernkezr  (AH)MMy !
where C; is such that
sup sup M < Cy.
rerncezn AWMy
Therefore, the range of a bounded set in the space S ™ (R") is a bounded set in S M4H (R™), o

Corollary 3.38. The differentiation operator is defined and bounded in the space S (R") and
transforms this space into itself.

3.6.2. Case of the space S (y; (R")

Theorem 3.39. The differentiation operator is defined and bounded in the spaces S5 (R") and
transforms this space into itself.

Proof. Let B > 0, and let ¢ € Sy, 5 (R"). This means that the inequality
Yk € Z,3C, > 0,YL € Z! : [x'D ()| < C.B"Ny
is satisfied. Then, we have
|x'D* D7 ()| = [x D" p(x)| < Cusy BNy = C B Njg.
Furthermore, from above, we have for all « € Z'}

x‘D*D”p (x)
1Dl = sup sup L2 @)

werncezn BNy T
where Cs is such that
sup sup |X€D6(p (X)|
T <.
xern ez BN
Therefore, the range of a bounded set in the space Sy, 5 (R") is a bounded set in Sy 5 (R"). O

Corollary 3.40. The differentiation operator is defined and bounded in the space Sy (R") and
transforms this space into itself.
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3.6.3. Case of the space S %} R"

Theorem 3.41. The differentiation operator is defined and bounded in the spaces S%}ﬁ (R™) and

transforms this space into S %}’?H (R™).

Proof. Let A >0and B> 0,andletp € § {{]Af}}g (R™). This means that the inequality
AC > 0,Yk, € € Z : |x"D*o(x)| < CAMB MyN,g
is satisfied. Then, we have
|x'D*DY ()| = [x' D p(x)| < CA*YB M1 Ny,
which gives, with the condition (2.3),
|[x‘D*DY(x)| < CH**YAM M, AMB My Ny = C'(AH B M Nyg,

where C’ depend on parameters A, H.
C' = C(AH)"M,,. Therefore, D?¢ € S}j‘j,{ﬁ” (R™).
Furthermore, from above, we have

ID7¢l| = sup sup DDy () < C(AH)"M,,,
xern eezn (AHD)KBIUM N,
where C is such that
Do ()
ngp K,nggz AWBAM Ny —
Therefore, the range of a bounded set in the space S %}g (R™) is a bounded set in S %{?H RM. |

Corollary 3.42. The differentiation operator is defined and bounded in the space S %} (R™) and
transforms this space into itself.

Remark 3.43. By virtue of the results of Section 3.2 concerning multiplication in Gelfand—Shilov
spaces of Roumieu type and the results of this subsection, we conclude that if the sequences (M p) and

(N ,,) satisfy the condition (2.2)-(2.3), then the spaces S™M (R"), Sy (R"), and S %} (R™) are differential
subalgebras of C* (R").

4. Conclusions

In this article, we have introduced and thoroughly analyzed generalized anisotropic Gelfand—Shilov
spaces of Roumieu type S}f‘f}} (R™) defined via sequences of positive real numbers satisfying natural
growth and convexity conditions. Our main results establish that these spaces possess rich algebraic
and topological structures, being stable under standard operations including multiplication, translation,
dilatation, and differentiation. We proved boundedness for the associated operators and showed that
the spaces S (R"), S w (R"), and § % } (R™) form differential subalgebras of the space of continuous

}
functions. These findings significantly deepen the understanding of function spaces of type S and
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provide a robust framework for further developments in microlocal analysis and the theory of partial
differential equations with ultradifferentiable functions and ultradistributions. The results also open
pathways for practical applications involving pseudodifferential operators and evolution equations in
these highly regular function spaces. Future work may explore the interplay of these spaces with more
general classes of operators and their applications in mathematical physics and signal analysis.
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