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Abstract: This paper introduced a bivariate model constructed by coupling the iterated Farlie-
Gumbel-Morgenstern (IFGM) copula with Chen marginals, yielding the bivariate IFGM-Chen
distribution (IFGM-CD). The model was particularly tailored for reliability and survival analysis, as it
accommodated bathtub-shaped hazard rates and captured a broader spectrum of dependence structures
than traditional FGM-based models. Fundamental statistical properties were investigated, including
product moments, conditional distributions, and reliability functions. A dedicated section on the stress-
strength model within the IFGM-CD framework was provided, offering new insights into component
reliability under dependent stress and strength. For parameter estimation, both maximum likelihood
(ML) and Bayesian approaches were employed, supplemented by asymptotic and bootstrap confidence
intervals. Extensive Monte Carlo simulations validated the performance of the estimators, and two
real-data applications demonstrated the model’s practicality and flexibility.
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1. Introduction

Copulas are functions that link multivariate distribution functions (DFs) to their one-dimensional
marginal distributions. They provide a helpful framework for building bivariate or multivariate
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distributions by separating the dependence structure from the marginal behaviors (Nelsen [1]). This
separation makes copulas especially useful for modeling complex relationships between random
variables (RVs).

A copula C(u, v) is a bivariate DF defined on the unit square [0, 1]2 with uniform marginals. The
dependence structure between two RVs X and Y is determined entirely by the choice of copula function,
while their individual behaviors are described by their marginal distributions.

One main benefit of copulas in statistical modeling is that they allow for the separate estimation
of marginal distributions and the dependence structure. This feature is particularly valuable in high-
dimensional settings, where modeling the joint distribution directly can be tough.

For two continuous RVs X and Y with marginal DFs FX(x) = P(X ≤ x) and FY(y) = P(Y ≤ y),
Sklar’s theorem (Sklar [2]) states that there exists a unique copula C(., .) such that the joint DF (JDF)
can be expressed as:

FX,Y(x, y) = C
(
FX(x), FY(y)

)
. (1.1)

If the marginal distributions are continuous, the copula C is unique. Also, if C is absolutely
continuous with copula density c(u, v) = ∂2C(u, v)/∂u∂v, and if X and Y have marginal probability
density functions (PDFs) fX(x) and fY(y), then the joint PDF (JPDF) is given by

fX,Y(x, y) = fX(x) fY(y) c
(
FX(x), FY(y)

)
. (1.2)

Equations (1.1) and (1.2) show how copulas break down the joint distribution into its marginal
components and a pure dependence component represented by c(u, v). This breakdown makes it easier
to model complex dependence structures that traditional multivariate distributions may not capture.

The Farlie-Gumbel-Morgenstern (FGM) copula and its variants are among the most extensively
studied families of copulas. A lot of research has been done on the FGM family of bivariate
distributions, both for their theoretical features and their real-world uses. Gupta and Wong [3]
extracted bivariate beta distributions with three and five parameters from the FGM family. Hassan and
Chesneau [4] recently employed the FGM copula to develop a bivariate generalized half-logistic
distribution.

Recent research has broadened the theoretical framework and applications of the FGM copula.
Susam [5] proposed multiparameter generalized FGM copula family based on Bernstein polynomials.
This approach increases model flexibility while keeping analytical clarity. Aliyu and Usman [6]
introduced a bivariate Nadarajah-Haghighi distribution created through the FGM copula. They used
Bayesian estimation with covariates and censoring and showed that their model fits better than other
models. Blier-Wong et al. [7] looked at high-dimensional exchangeable FGM copulas through a
multivariate Bernoulli representation. They provided geometric insights along with effective sampling
and estimation methods. Dimitriou [8] studied overlap times in single-server queueing systems where
service and inter-arrival times depend on the FGM copula. He derived clear steady-state time
distributions and demonstrated the effects of dependence. Mansour et al. [9] explored the cumulative
residual Tsallis entropy for concomitants of generalized order statistics based on the FGM copula.
They also discussed applications in medical data.

The IFGM copula represents a significant extension of the classical FGM family, offering enhanced
flexibility in modeling dependence structures. This copula is constructed through an iterative process
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that allows for more complex dependence patterns while maintaining mathematical tractability. The
iterated Farlie-Gumbel-Morgenstern (IFGM) copula of order k is defined by Huang and Kotz [10],
recursively,

C(k)
θ (u, v) = uv +

k∑
j=1

θ jϕ j(u)ϕ j(v),

where θ = (θ1, . . . , θk) are dependence parameters satisfying specific constraints, and {ϕ j}
k
j=1 is a set of

orthonormal functions on [0, 1] with
∫ 1

0
ϕ j(t)dt = 0.

The IFGM copula aims to improve the correlation between marginals of the FGM family. A single
iteration could treble the covariance of some marginals, according to research by Huang and Kotz [10]
using subsequent iterations. The IFGM copula (of second order) is defined by

C(u, v) = uv
[
1 + γ(1 − u)(1 − v) + ωuv(1 − u)(1 − v)

]
. (1.3)

The corresponding JPDF of the copula (1.3) is given by

c(u, v) = 1 + γ(1 − 2u)(1 − 2v) + ωuv(2 − 3u)(2 − 3v). (1.4)

By setting ω = 0, the FGM copula can be obtained as a special instance of the IFGM copula (1.3)
and (1.4). Huang and Kotz [10] proved that the natural parameter space Ω (which is the admissible set
of the parameters γ and ω) is convex, where

Ω =

(γ, ω) : −1 ≤ γ ≤ 1;−1 ≤ γ + ω;ω ≤
3 − γ +

√
9 − 6γ − 3γ2

2

 .
The correlation coefficient associated with this copula is expressed as

ρ =
γ

3
+
ω

12
.

Our research concentrates on this particular copula, which has been the subject of considerable
investigation in recent literature [11–15].

As a general rule, a variety of censoring schemes is employed to draw inferences about unknown
parameters in lifetime analyses, particularly those concerned with reliability data and corresponding
hazard-rate characteristics. In many practical situations, the most commonly encountered hazard-rate
shapes are constant, increasing, or decreasing. Classical lifetime models, such as the generalized
exponential, gamma, Weibull, and lognormal distributions, have been widely used to describe these
behaviors.

However, developing accurate inference becomes considerably more challenging when the
underlying data exhibit a bathtub-shaped hazard-rate function, owing to the additional structural
complexity of such models. For comprehensive discussions of distributions capable of modeling
bathtub-shaped failure rates and their applications, see [16–18]. Historically, Davis [19], after
examining the breakdown behavior of several motor buses, observed that the exponential distribution
was inadequate for modeling the early-life failures, highlighting the need for more flexible lifetime
models.
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Bathtub-shaped models form an important class of distributions in reliability and life-testing studies.
As Block and Savits [20] noted, such models frequently arise in the analysis of failure processes of
electronic components, including switches, lighting systems, and circuits. Further applications in real-
world reliability studies were discussed in Bebbington et al. [21, 22].

Chen [23] introduced a new two-parameter distribution known as the Chen distribution (CD) with
positive parameters θ and β, capable of exhibiting either a bathtub-shaped or an increasing hazard-rate
function. The DF and PDF of the CD are given, respectively, by

FX(x; θ, β) = 1 − e−θ
(
exβ−1

)
, x > 0, θ, β > 0 (1.5)

and

fX(x; θ, β) = θβxβ−1exβe−θ
(
exβ−1

)
, x > 0, θ, β > 0.

In the present work, we construct a bivariate distribution, referred to as the bivariate IFGM-CD, by
combining the IFGM copula with Chen marginal distributions. A related construction based on the
classical FGM copula was previously studied by El-Sherpieny et al. [24], who introduced what they
termed the FGM-CD model.

Motivation for the IFGM-CD model

The bivariate IFGM-CD model is driven by significant issues encountered in reliability
engineering, survival analysis, and multivariate statistical modeling. A lot of people employ classical
lifetime distributions like the Weibull, exponential, and gamma models because they are easy to
analyze. However, they don’t always work well for characterizing bathtub-shaped hazard rates, which
are ubiquitous in mechanical parts, electrical devices, and living systems. The univariate CD
effectively addresses certain hazard-rate shapes; nevertheless, numerous practical issues include
dependent failure mechanisms, making univariate models inadequate. Furthermore, several current
bivariate lifetime models enforce stringent reliance structures or exhibit insufficient flexibility to
accurately represent intricate real-world dependence patterns.

The CD is a good choice as a marginal model since it can show either increasing or bathtub-shaped
hazard rates, depending on the values of the parameters. This adaptability makes it ideal for
simulating various lifetime phenomena, such as electronic components that fail early in their life, then
operate steadily before wearing out; mechanical systems that go through burn-in and aging phases;
and biological processes that involve initial adaptation followed by deterioration.

The IFGM copula is a useful expansion of the standard FGM copula that may be used to model
dependence between lifetimes. The IFGM copula has two dependence parameters, which makes it
possible to have a wider range of connection patterns. The dependency is shown by the correlation
coefficient ρ = γ

3 +
ω
12 , while still being mathematically manageable. This greater flexibility makes it

possible to depict dependence more accurately than with the standard FGM copula, without having to
use more complicated copula families that could slow down analytical and inferential progress.

From an applied perspective, the proposed IFGM-CD model addresses methodological gaps in
several important areas. In material science, it facilitates the modeling of interdependent failure
processes in multi-component systems with nonmonotone hazard rates. In medical and biological
studies, it allows for the joint analysis of correlated survival endpoints exhibiting complex hazard
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behavior. In reliability engineering, it provides a flexible framework for assessing systems with
competing or interacting failure modes. Consequently, the IFGM-CD model offers a coherent and
versatile approach to bivariate lifetime modeling by combining flexible Chen marginals with an
enriched dependence structure through the IFGM copula.

Structure of the paper: Section 2 develops the joint distribution and density functions of the
IFGM-CD, deriving key structural properties, including product moments, the moment-generating
function (MGF), conditional distributions, and the bivariate reliability function. Section 3 examines
statistical measures of association. This includes Pearson’s correlation and Kendall’s tau. Section 4
introduces a dependent stress-strength model within the IFGM-CD framework and looks into its
reliability properties. Section 5 presents the ML and Bayesian estimation methods for the model
parameters. Section 6 discusses asymptotic and bootstrap confidence intervals, providing a simulation
study to compare the performance of the estimators. Section 7 illustrates the model with two real data
applications. Finally, Section 8 concludes the paper.

2. The proposed model and statistical characteristics of IFGM-CD

By using (1.3) and (1.5), the JDF of bivariate CD based on IFGM copula, denoted by IFGM-
CD(θ1, β1; θ2, β2), is given by

FX,Y(x, y) =
(
1 − e−θ1

(
exβ1−1

)) (
1 − e−θ2

(
eyβ2−1

)) [
1 + γe−θ1

(
exβ1−1

)
e−θ2

(
eyβ2−1

)

+ ωe−θ1
(
exβ1−1

)
e−θ2

(
eyβ2−1

) (
1 − e−θ1

(
exβ1−1

)) (
1 − e−θ2

(
eyβ2−1

))]
, (2.1)

and the corresponding JPDF of (2.1) is given by

fX,Y(x, y) = θ1β1θ2β2xβ1−1yβ2−1exβ1+yβ2 e−θ1
(
exβ1−1

)
e−θ2

(
eyβ2−1

) [
1 + γ

(
2e−θ1

(
exβ1−1

)
− 1

)
×

(
2e−θ2

(
eyβ2−1

)
− 1

)
+ ω

(
1 − e−θ1

(
exβ1−1

)) (
1 − e−θ2

(
eyβ2−1

)) (
3e−θ1

(
exβ1−1

)
− 1

)
×

(
3e−θ2

(
eyβ2−1

)
− 1

)]
. (2.2)

2.1. Product moments

It is easy to show that the (r1, r2)th, r1, r2 = 1, 2, ..., product moments of the IFGM-CD(θ1, β1; θ2, β2),
are given by

E (Xr1Yr2) = θ1θ2β1β2

∫ ∞

0

∫ ∞

0
xr1 xβ1−1yr2yβ2−1exβ1 eyβ2 e−θ1(exβ1−1)e−θ2(eyβ2−1)

[
1 + γ

(
2e−θ1(exβ1−1) − 1

)
×

(
2e−θ2(eyβ2−1) − 1

)
+ ω

(
1 − e−θ1(exβ1−1)

) (
1 − e−θ2(eyβ2−1)

) (
3e−θ1(exβ1−1) − 1

)
×

(
3e−θ2(eyβ2−1) − 1

)]
dxdy

=

2∏
n=1

θnαnΓ(1 +
rn

βn
)
[
1 + γ

2∏
n=1

(2
∞∑

jn=0

(2θn) jn

jn!

jn∑
mn=0

(
jn

mn

)
(−1)mn(−1 − mn)−

rn+βn
βn

αn
− 1

)
+ ω

2∏
n=1
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×
(2

∞∑
jn=0

jn∑
mn=0

(2θn) jn

jn

(
jn

mn

)
(−1)mn(−1 − mn)−

rn+βn
βn −3

∞∑
ln=0

ln∑
sn=0

(3θn)ln

ln

(
ln
sn

)
(−1)sn(−1 − sn)−

rn+βn
βn

αn
− 1

)]
,

where αn =
∞∑

in=0

in∑
kn=0

θinn
in!

(
in
kn

)
(−1)kn(−1 − kn)−

rn+βn
βn . In particular, at r1 = r2 = 1, the product moment is

E (XY) =
2∏

n=1

θnφnΓ(1 +
1
βn

)
[
1 + γ

2∏
n=1

(2
∞∑

jn=0

(2θn) jn

jn

jn∑
mn=0

(
jn

mn

)
(−1)mn(−1 − mn)−

1+βn
βn

φn
− 1

)
+ ω

2∏
n=1

×
(2

∞∑
jn=0

jn∑
mn=0

(2θn) jn

jn

(
jn

mn

)
(−1)mn(−1 − mn)−

1+βn
βn − 3

∞∑
ln=0

ln∑
sn=0

(3θn)ln

ln

(
ln
sn

)
(−1)sn(−1 − sn)−

1+βn
βn

φn
− 1

)]
,

(2.3)

where φn =
∑∞

in=0
∑in

kn=0
θinn
in

(
in
kn

)
(−1)kn(−1 − kn)−

1+βn
βn .

2.2. Moment generating function

Using (2.2), the MGF is given by

MX,Y(t1, t2) = θ1θ2β1β2

∞∑
p1=0

(t1)p1

p1

∞∑
p2=0

(t2)p2

p2!

∫ ∞

0

∫ ∞

0
xp1 xβ1−1yp2yβ2−1exβ1 eyβ2 e−θ1(exβ1−1)e−θ2(eyβ2−1)

×

[
1 + γ

(
2e−θ1(exβ1−1) − 1

) (
2e−θ2(eyβ2−1) − 1

)
+ ω

(
1 − e−θ1(exβ1−1)

) (
1 − e−θ2(eyβ2−1)

)
×

(
3e−θ1(exβ1−1) − 1

) (
3e−θ2(eyβ2−1) − 1

)]
dxdy

=

∞∑
p1=0

(t1)p1

p1

∞∑
p2=0

(t2)p2

p2

2∏
n=1

θnΛnΓ(1 +
pn

βn
)
[
1 + γ

2∏
n=1

(2
∞∑

jn=0

(2θn) jn

jn

jn∑
mn=0

(
jn

mn

)
(−1)mn(−1 − mn)−

pn+βn
βn

Λn
− 1

)

+ ω

2∏
n=1

(2
∞∑

jn=0

jn∑
mn=0

(2θn) jn

jn!

(
jn

mn

)
(−1)mn(−1 − mn)−

pn+βn
βn − 3

∞∑
ln=0

ln∑
sn=0

(3θn)ln

ln!

(
ln
sn

)
(−1)sn(−1 − sn)−

pn+βn
βn

Λn
− 1

)]
,

where Λn =
∑∞

in=0
∑in

kn=0
θinn
in

(
in
kn

)
(−1)kn(−1 − kn)−

pn+βn
βn .

2.3. Conditional distribution

The conditional DF of, Y given X = x, is given by

FY |X(y|x) =
(
1 − e−θ2

(
eyβ2−1

)) [
1 + γ

(
e−θ2(eyβ2−1)

) (
2e−θ1(exβ1−1) − 1

)
+ ω

(
1 − e−θ1(exβ1−1)

)
×

(
1 − e−θ2(eyβ2−1)

) (
e−θ2(eyβ2−1)

) (
3e−θ1(exβ1−1) − 1

)]
.
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2.4. Bivariate reliability function

Sreelakshmi [25] introduced the relationship between copula and reliability copula, which is defined
as follows:

R(x, y) = 1 − FX(x) − FY(y) +C (FX(x), FY(y)) .

The bivariate reliability function R(x, y) for the IFGM-CD(θ1, β1; θ2, β2), is

R(x, y) = e−θ1
(
exβ1−1

)
e−θ2

(
eyβ2−1

) [
1 +

(
1 − e−θ1

(
exβ1−1

)) (
1 − e−θ2

(
eyβ2−1

)) [
γ + ω

(
1 − e−θ1

(
exβ1−1

))
×

(
1 − e−θ2

(
eyβ2−1

))]]
.

We provide surface plots in Figure 1 in which the marginal parameters are held fixed while only the
copula parameters vary. Specifically, we fix (θ1, β1, θ2, β2) at representative values and construct
reliability surfaces for different combinations of (γ, ω) selected to correspond approximately to
prescribed levels of dependence as measured by Kendall’s τ. This controlled setup allows changes in
the joint reliability surface to be attributed solely to variations in the dependence parameters, thereby
providing clearer insight into the role of γ and ω.

Figure 1. Reliability surfaces of the IFGM–CD model with fixed marginal parameters
(θ1, β1, θ2, β2) = (1.2, 1.3, 1.5, 1.1) and varying dependence parameters (γ, ω). Panels (a)
and (b) correspond to positive dependence, whereas panels (c) and (d) illustrate negative
dependence. The observed differences across panels are induced solely by changes in the
dependence parameters of the IFGM-CD.

Figure 1 displays the R(x, y) for fixed marginal parameters and varying dependence structures.
Panels (a) and (b) correspond to positive dependence with τ(0.6, 0.4) ≈ 0.1561 and
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τ(0.9, 0.1) ≈ 0.2058, respectively, while panels (c) and (d) illustrate negative dependence with
τ(−0.6,−0.4) ≈ −0.1550 and τ(−0.9,−0.1) ≈ −0.20544, respectively. Consistent with the model
structure, stronger positive dependence increases the joint reliability for larger values of (x, y),
whereas negative dependence leads to a more rapid decay of the reliability surface. These plots
confirm that the parameters γ and ω govern the dependence structure, while the marginal parameters
control the baseline reliability behavior.

3. Measures of association

As established, the IFGM copula is central to capturing the dependence structure between RVs.
Beyond its role in modeling, the copula framework also provides a foundation for quantifying the
strength of this dependence. Within this framework, we assess dependence using three key measures:
Pearson’s correlation coefficient, Kendall’s tau, and a regression-based approach.

3.1. Pearson’s correlation coefficient

The Pearson correlation coefficient of the bivariate IFGM–CD is defined as

ρc =
Cov(X,Y)

√
Var(X)

√
Var(Y)

=
E(XY) − E(X)E(Y)
√

Var(X)
√

Var(Y)
. (3.1)

To evaluate ρc, the marginal moments of X and Y are required. For the Chen marginal distribution with
parameters (θ1, β1), the r1th raw moment of X is given by

E(Xr1) = θ1β1

∫ ∞

0
xr1+β1−1 exp

(
xβ1

)
exp

[
−θ1

(
exβ1 − 1

)]
dx

= θ1

∞∑
i1=0

i1∑
k1=0

θ i1
1

i1

(
i1

k1

)
(−1)k1(−1 − k1)−

r1+β1
β1 Γ

(
1 +

r1

β1

)
, r1 > 0.

(3.2)

The corresponding moments E(Yr2) are obtained analogously by replacing (θ1, β1) with (θ2, β2).
Using (3.2), the variance of X is computed as Var(X) = E(X2) −

[
E(X)

]2
, where E(X) and E(X2)

follow directly from (3.2) with r1 = 1 and r1 = 2, respectively. The variance of Y is obtained in the
same manner.

Substituting the marginal moments and variances into (3.1), together with the joint moment E(XY)
derived from the IFGM-CD density, yields the Pearson correlation coefficient ρc.

We evaluate the maximum attainable Pearson correlation coefficient for the bivariate IFGM–CD
with identical Chen marginals (θ, β) at the boundary point (γ, ω) = (1, 1). For θ = 1 and
β = 0.5, 1, 1.5, 2, the computed maximum values of ρc are approximately 0.3510, 0.4179, 0.4161,
and 0.4058, respectively. For θ = 1.5, the corresponding maxima are 0.3292, 0.4134, 0.4179, and
0.4101. For θ = 2 they are 0.3130, 0.4092, 0.4181, and 0.4123, while for θ = 2.5 they are
0.2986, 0.4048, 0.4169, and 0.4107.

For each fixed value of θ, the maximum correlation, ρmax
c , increases as β moves from 0.5 to

approximately 1–1.5, and then decreases slightly at β = 2. This indicates that moderate hazard–shape
parameters allow stronger linear dependence than very flat or strongly increasing hazard rates.

For a fixed β, the effect of θ on ρmax
c is non–monotone: the maximum correlation increases from

θ = 1 to θ = 1.5 and then gradually decreases as θ becomes larger. Among all considered parameter
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combinations, the largest attainable correlation is ρmax
c ≈ 0.4181, which occurs at

(θ, β, γ, ω) = (2, 1.5, 1, 1). This shows that, although the IFGM copula substantially enlarges the
dependence range compared to the classical FGM copula, the achievable linear dependence remains
moderate.

Restricting the IFGM–CD model to ω = 0 reduces it to the classical FGM–CD. In this case, the
Pearson correlation coefficient depends only on the parameter γ, and its maximum over the admissible
space is attained at γ = 1.

Repeating the numerical evaluation of the marginal and joint moments for identical Chen marginals,
the maximum attainable Pearson correlation coefficients are substantially smaller than those obtained
under the full IFGM structure. In particular, for (θ, β, γ, ω) = (2, 1.5, 1, 0), the maximum Pearson
correlation coefficient is found to be ρmax

c ≈ 0.183.
This value is markedly lower than the corresponding IFGM–CD maximum ρmax

c ≈ 0.4181 at
(θ, β, γ, ω) = (2, 1.5, 1, 1), demonstrating that the iterated term ω plays a crucial role in enlarging the
attainable dependence range while preserving the same Chen marginal distributions.

3.2. Kendall’s tau correlation

Kendall’s τ measures the difference between the probabilities of concordance and discordance
between two RVs and provides a copula–based measure of the strength and direction of dependence.
For an absolutely continuous copula C, Kendall’s τ is given by

τ = 1 − 4
∫ 1

0

∫ 1

0

∂C(u, v)
∂u

∂C(u, v)
∂v

du dv.

For the IFGM copula considered in this work, the partial derivatives are

∂C(u, v)
∂u

= v + γv(1 − v)(1 − 2u) + ωuv2(1 − v)(2 − 3u)

and
∂C(u, v)
∂v

= u + γu(1 − u)(1 − 2v) + ωvu2(1 − u)(2 − 3v).

Substituting these expressions into the definition of Kendall’s τ and evaluating the integrals yields
the closed–form expression

τ(γ, ω) =
25ω + γ(100 + ω)

450
.

To determine the maximum attainable value of τ over the admissible parameter space Ω, we note
that τ(γ, ω) is increasing in ω. Hence, the maximum occurs on the upper boundary ω = U(γ), where

U(γ) =
3 − γ +

√
9 − 6γ − 3γ2

2
, 9 − 6γ − 3γ2 ≥ 0,

which implies γ ∈ [−3, 1].
Defining τ̃(γ) = τ

(
γ,U(γ)

)
, the optimization problem reduces to maximizing τ̃(γ) over γ ∈ [−3, 1].

Differentiating with respect to γ and simplifying leads to the first–order condition

(89 − γ)
√

9 − 6γ − 3γ2 =
√

3
(
γ2 + 14γ + 11

)
.
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Squaring both sides and simplifying yields the quartic equation

γ4 − 74γ3 + 3890γ2 − 31082γ − 11821 = 0.

Solving this equation numerically produces two complex roots and two real roots, of which only
one lies within the admissible interval [−3, 1], namely, γ∗ ≈ 0.93851. Evaluating U(γ) at this value
gives ω∗ = U(γ∗) ≈ 1.45692. Therefore, the maximizer of Kendall’s τ over the admissible region Ω is

(γ∗, ω∗) ≈ (0.93851, 1.45692),

with corresponding maximum value

τmax = τ(γ∗, ω∗) ≈ 0.29254.

For comparison, setting ω = 0 reduces the model to the classical FGM–CD copula studied by
El–Sherpieny et al. [24]. In this case,

τ(γ, 0) =
100γ
450

=
2γ
9
,

which is maximized over −1 ≤ γ ≤ 1 at γ = 1, yielding

γ∗ = 1, ω∗ = 0, τmax =
2
9
≈ 0.22222.

This comparison clearly demonstrates that the IFGM structure substantially enlarges the attainable
range of dependence relative to the classical FGM copula, while preserving the same Chen marginal
distributions.

Figure 2 investigates the effect of the dependence parameters on the Pearson’s correlation
coefficient ρ and Kendall’s tau τ. The plots confirm that both γ and ω jointly influence the strength
and direction of dependence, with higher values generally indicating a stronger positive association.
However, even at maximum admissible values, the attainable correlation remains moderate consistent
with the IFGM family’s lack of tail dependence. This visualization helps underscore the flexibility
gained by extending the classical FGM copula through the iterated parameter ω, while also
highlighting the model’s limitations in capturing extreme co-movements.

(a) 3D surface plot of Pearson’s correlation coefficient
ρ for the IFGM-CD with fixed parameters (θ1, β1) =
(0.0013, 0.7072) and (θ2, β2) = (0.0094, 0.4324).

(b) 3D surface plot of Kendall’s tau τ for the IFGM
copula as a function of the dependence parameters γ and
ω.

Figure 2. 3D surface plots of ρ and τ for the IFGM copula.
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3.3. Conditional moments

A conditional distribution represents the probability distribution of an RV, given that another RV is
known to have a specific value. It shows how the probabilities are adjusted when additional information
is available.

E(X|y) =
∫ ∞

0
x fX|Y(x|y)dx = θ1β1

∫ ∞

0
xβ1exβ1 e−θ1(exβ1−1)

[
1 + γ

(
2e−θ1(exβ1−1) − 1

) (
2e−θ2(eyβ2−1) − 1

)
+ ω

(
1 − e−θ1(exβ1−1)

) (
1 − e−θ2(eyβ2−1)

) (
3e−θ1(exβ1−1) − 1

) (
3e−θ2(eyβ2−1) − 1

)]
dx

=
θ1
β1
Ψ
[
1 + γ

(
2e−θ2(eyβ2−1) − 1

)(2
∞∑

j1=0

(2θ1) j1

j1

j1∑
m1=0

(
j1

m1

)
(−1)m1(−1 − m1)−

1+β1
β1 Γ( 1

β1
)

Ψ
− 1

)
+ ω

×
(2

∞∑
j1=0

j1∑
m1=0

(2θ1) j1

j1

(
j1

m1

)
(−1)m1(−1 − m1)−

1+β1
β1 − 3

∞∑
l1=0

l1∑
s1=0

(3θ1)l1

l1

(
l1
s1

)
(−1)s1(−1 − s1)−

1+β1
β1 Γ( 1

β1
)

Ψ

− 1
)(

1 − e−θ2(eyβ2−1)
)(

3e−θ2(eyβ2−1) − 1
)]
,

where

Ψ =

∞∑
i1=0

i1∑
k1=0

θi11
i1

(
i1

k1

)
(−1)k1(−1 − k1)−

1+β1
β1 Γ(

1
β1

).

3.4. Tail dependence properties

Tail dependence measures the probability of extreme co-movements between RVs and is
particularly relevant in reliability and survival analysis, where simultaneous extreme events (e.g.,
catastrophic failures) are of interest. For a bivariate copula C(u, v), the coefficients of lower and upper
tail dependence are defined, cf. Nelsen ([1], Section 5.4), respectively, as:

λL = lim
u→0+

C(u, u)
u
, (3.3)

λU = lim
u→1−

1 − 2u +C(u, u)
1 − u

. (3.4)

For the IFGM copula specified in (1.3), we calculate C(u, u) = u2[1 + γ(1 − u)2 + ωu2(1 − u)2]. By
substituting into Eqs (3.3) and (3.4), we get

λL = lim
u→0+

u2[1 + γ(1 − u)2 + ωu2(1 − u)2]
u

= 0,

λU = lim
u→1−

1 − 2u + u2[1 + γ(1 − u)2 + ωu2(1 − u)2]
1 − u

= 0.

Thus, the IFGM copula–like the classical FGM copula–exhibits neither lower nor upper tail
dependence. This characteristic distinguishes it from popular Archimedean copulas, such as:

(i) Gumbel copula: defined as

CGumbel
θ (u, v) = exp

[
−

(
(− ln u)θ + (− ln v)θ

)1/θ
]
, θ ≥ 1,

AIMS Mathematics Volume 11, Issue 3, 5379–5408.



5390

which exhibits upper tail dependence with coefficient λU = 2 − 21/θ.
(ii) Clayton copula: defined as

CClayton
θ (u, v) =

(
u−θ + v−θ − 1

)−1/θ
, θ > 0,

which exhibits lower tail dependence with coefficient λL = 2−1/θ.

Because the IFGM-CD model lacks tail dependence, it may not be the best choice for situations
where extreme simultaneous failures (or survivals) are the most critical. The model is still excellent at
describing mild dependence structures with bathtub-shaped hazard rates. This scenario is a common
situation in reliability engineering, where parts often have associated but not necessarily extreme
failure patterns. Researchers dealing with systems susceptible to extreme co-failures may explore
alternate copula families exhibiting tail dependence, potentially in conjunction with Chen marginals,
as a prospective avenue for further investigation.

4. Reliability in dependent stress-strength model with IFGM-CD

In reliability engineering, the stress-strength model provides a fundamental framework for assessing
component reliability. Consider a component with random strength Z subjected to random stress T.
The component performs satisfactorily when Z > T, making the reliability measure R = P(T ≤ Z) a
crucial indicator of component performance. Traditional models often assume independence between
stress and strength, which may not hold in practical scenarios where both variables are influenced by
common environmental factors or manufacturing processes.

Assuming that the strength Z and stress T follow a bivariate IFGM-CD, the reliability measure R
can be expressed as:

R = P(T < Z) =
∫ ∞

0

∫ z

0
fZ,T (z, t)dtdz

=

∫ ∞

0

∫ z

0
fZ(z) fT (t)c(FZ(z), FT (t))dtdz,

where c(u, v) is the IFGM copula density defined by (1.4). Substituting and separating terms yields the
following linear decomposition:

R = R0 + γR1 + ωR2, (4.1)

where

R0 =

∫ ∞

0
fZ(z)

[∫ z

0
fT (t)dt

]
dz =

∫ ∞

0
fZ(z)FT (z)dz,

R1 =

∫ ∞

0
fZ(z)(1 − 2FZ(z))

[∫ z

0
fT (t)(1 − 2FT (t))dt

]
dz,

R2 =

∫ ∞

0
fZ(z)FZ(z)(2 − 3FZ(z))

[∫ z

0
fT (t)FT (t)(2 − 3FT (t))dt

]
dz.

R0 represents the reliability under the independence assumption between stress and strength, and R1

and R2 capture the effects of dependence structure through parameters γ and ω. The parameters γ
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and ω modulate the strength and nature of dependence, allowing the model to accommodate various
dependence patterns encountered in practical applications.

Using the CD marginals with parameters (θZ, βZ) for strength Z and (θT , βT ) for stress T, the
integrals R0, R1, and R2 can be computed numerically using appropriate quadrature methods or Monte
Carlo simulation. For specific parameter values, these computations provide valuable insights into
how dependence between stress and strength affects overall component reliability. In the case of
independent components, i.e., γ = ω = 0, we get

R = R0 =

∫ ∞

0
fZ(z)FT (z)dz.

In this case, R ≥ 1
2 , if and only if, the strength variable Z is stochastically larger than the stress variable

T (denoted by T ≥st Z), i.e., FZ(x) ≤ FT (x) for all x ≥ 0.

Lemma 4.1 (Bounds on reliability components). The reliability components satisfy:

0 < R0 < 1, |R1| ≤
1
4
, and |R2| ≤

1
9
.

Proof. For R1, let I(z) =
∫ z

0
fT (t)(1 − 2FT (t))dt. Using the substitution u = FT (t), we get

I(z) =
∫ FT (z)

0
(1 − 2u)du = FT (z) − F2

T (z).

Since FT (z) ∈ [0, 1], the maximum of |FT (z) − F2
T (z)| is 1

4 at FT (z) = 1
2 . Therefore, |I(z)| ≤ 1

4 and,
consequently, |R1| ≤

1
4 . For R2, similarly define J(z) =

∫ z

0
fT (t)FT (t)(2 − 3FT (t))dt.With u = FT (t), we

get

J(z) =
∫ FT (z)

0
u(2 − 3u)du = F2

T (z) − F3
T (z).

The function g(u) = u2 − u3 achieves its maximum absolute value of 4
27 ≈ 0.148 on [0, 1], giving

|R2| ≤
1
9 as a conservative bound. □

Theorem 4.1 (Dependence-adjusted reliability bounds). For the IFGM-structure stress-strength
model:

R0 −
|γ|

4
−
|ω|

9
≤ R ≤ R0 +

|γ|

4
+
|ω|

9
.

Moreover, if R0 >
1
2 +

|γ|

4 +
|ω|
9 , then R > 1

2 , and if R0 <
1
2 −

|γ|

4 −
|ω|
9 , then R < 1

2 .

Proof. From (4.1) and Lemma 4.1:

|R − R0| = |γR1 + ωR2| ≤ |γ||R1| + |ω||R2| ≤
|γ|

4
+
|ω|

9
.

The threshold conditions follow directly from these bounds. □

We need the following elementary lemma:
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Lemma 4.2 (Positive-negative quadrant dependent). The IFGM copula defined by (1.3) is positive
quadrant dependent (PQD), i.e., C(u, v) ≥ uv, ∀γ, ω ∈ Ω, if and only if,

γ ≥ 0 and γ + ω ≥ 0, (4.2)

provided that the parameters (γ, ω) also belong to the admissible set Ω (which ensures that C(u, v) is
a valid copula). Moreover, the IFGM copula defined by (1.3) is negative quadrant dependent (NQD),
i.e., C(u, v) ≤ uv, ∀γ, ω ∈ Ω, if and only if,

γ ≤ 0 and γ + ω ≤ 0, (4.3)

provided that the parameters (γ, ω) also belong to the admissible set Ω (which ensures that C(u, v) is
a valid copula).

Proof. The condition (4.2) follows from the requirement that C(u, v) ≥ uv for all u, v ∈ [0, 1], which
simplifies to γ + ωuv ≥ 0 for all uv ∈ [0, 1]. The linear function f (t) = γ + ωt attains its minimum
over t ∈ [0, 1] either at t = 0 (if ω ≥ 0) or at t = 1 (if ω < 0), leading to the two inequalities in (4.2).
Thus, within the valid parameter space, the IFGM copula captures positive dependence between the
marginals precisely when both γ and γ + ω are nonnegative. On the other hand, the condition (4.3)
follows from the requirement that C(u, v) ≤ uv for all u, v ∈ [0, 1], which simplifies to γ + ωuv ≤ 0 for
all uv ∈ [0, 1]. The linear function f (t) = γ + ωt attains its maximum over t ∈ [0, 1] either at t = 0 (if
ω ≤ 0) or at t = 1 (if ω ≥ 0), leading to the two inequalities (4.3). Thus, within the valid parameter
space, the IFGM copula captures negative dependence between the marginals precisely when both γ
and γ + ω are nonpositive. □

Theorem 4.2 (Stochastic ordering and reliability). Let Z and T have CD with parameters (θZ, βZ) and
(θT , βT ), respectively.

(1) If θZ ≤ θT and βZ = βT , then Z ≥st T.
(2) If Z ≥st T and the IFGM copula is PQD, then R ≥ 1

2 .

(3) If Z ≤st T and the IFGM copula is NQD, then R ≤ 1
2 .

Proof. Part 1: The partial derivative

∂FZ(z)
∂θZ

=
(
ezβZ − 1

)
e−θZ (ezβZ −1) > 0 for z > 0,

yields that FZ(z) is increasing in θZ, meaning Z becomes stochastically smaller. Consequently, the
stress-strength probability R = P(Z < T ) decreases as θZ increases.

Part 2: Similarly,
∂FT (t)
∂θT

=
(
etβT − 1

)
e−θT (etβT −1) > 0 for t > 0,

hence, FT (t) is increasing in θT , making T stochastically smaller and therefore increasing R.
Part 3: The shape parameters βZ and βT affect both the scale and the shape of the hazard rate,

which can lead to non-monotonic behavior of R. To demonstrate this, we construct an explicit
counterexample. Consider the IFGM-CD model with the independence copula (γ = ω = 0), and set
θZ = θT = 1, βT = 1.5. The stress-strength probability then simplifies to

R =
∫ ∞

0

[
1 − FT (z)

]
fZ(z) dz.
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When βZ = βT = 1.5, the two marginals are identical, so R(1.5) := R = 1/2. Numerical integration
(using, e.g., the copula package in R program) yields the approximations:

R(0.5) ≈ 0.0002 and R(2.5) ≈ 0.179.

Since R(1.5) = 0.5 is larger than both R(0.5) and R(2.5), the function βZ 7→ R is not monotonic. A
parallel construction can be made for βT . Hence, in general, R is non-monotonic in βZ and βT . □

5. Methods of estimation

This section presents two approaches for estimating the unknown parameters of the IFGM-CD,
namely, the maximum likelihood (ML) method and Bayesian framework. In addition, asymptotic
confidence intervals (CIs) for the model parameters are obtained through the Fisher information matrix
(FIM).

5.1. The ML estimation

The ML method is a powerful tool for parameter estimation in statistics. It works by selecting the
parameter values that maximize the likelihood of the observed data. Estimates obtained through ML
are known to exhibit appealing large sample properties, including consistency, asymptotic efficiency,
and asymptotic normality. The log likelihood function ln L is obtained as

ln L = n ln θ1 + n ln β1 + (β1 − 1)
n∑

i=1

ln(xi) +
n∑

i=1

xβ1
i − θ1

n∑
i=1

(exβ1i − 1) + n ln θ2 + n ln β2 + (β2 − 1)

×

n∑
i=1

ln(yi) +
n∑

i=1

yβ2
i − θ2

n∑
i=1

(eyβ2i − 1) +
n∑

i=1

ln
[
1 + γ(1 − 2e−θ1(ex

β1
i −1))(1 − 2e−θ2(ey

β2
i −1)) + ω

× (1 − e−θ1(ex
β1
i −1))(1 − e−θ2(ey

β2
i −1))(3e−θ1(ex

β1
i −1) − 1)(3e−θ2(ey

β2
i −1) − 1)

]
.

The normal equations are obtained by setting the partial derivatives of ln L with respect to
Θ = (θ1, β1, θ2, β2, γ, ω) to zero. These derivatives are given as follows:

∂ ln L(Θ)
∂θl

=

n∑
i=1

2Al,i(1 − ez
βl
l,i )

[
−γ(1 − 2A j,i) + ω(1 − A j,i)(3A j,i − 1)(2 − 3Al,i)

]
1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

+
n
θl
+

n∑
i=1

(1 − ezβ1l,i ),

∂ ln L(Θ)
∂βl

=

n∑
i=1

2zβl
l,i ln(zl,i)θlez

βl
l,i Al,i

[
γ(1 − 2A j,i) − ω(1 − A j,i)(3A j,i − 1)(2 − 3Al,i)

]
1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

+
n
βl
+

n∑
i=1

zβl
l,i ln(zl,i) − θl

n∑
i=1

zβl
l,i ln(zl,i)(ez

βl
l,i ) +

n∑
i=1

ln(zl,i),
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∂ ln L(Θ)
∂γ

=

n∑
i=1

(1 − 2Al,i)(1 − 2A j,i)
1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

,

and
∂ ln L(Θ)
∂ω

=

n∑
i=1

(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)
1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

,

where Ak,i = e−θk(e
z
βk
k,i−1), k = l, j; l, j = 1, 2, and l , j. The normal equations, which are produced

by the preceding derivatives, are a system of nonlinear equations that has no explicit, easy solution.
Therefore, we use the Mathcad 2004 software; see Subsection 6.2.

5.2. Bayesian estimation

The Bayesian estimation technique is a powerful tool for estimating unknown parameters based on
observable data. Using the Bayes theorem, a concept in probability theory, new information can be
gathered to update the probability of a hypothesis. Because this approach takes prior knowledge into
account when estimating, it provides some advantages over the traditional ML approach. Moreover,
it is capable of assessing the degree of uncertainty surrounding each parameter. We must select an
acceptable prior PDF and hyper-parameter values that reflect our belief regarding the data. For the
parameters θl and βl, l = 1, 2, we select gamma-independent priors, specifically,

Π1(θl) ∝ θ
bl−1
l e−alθl , θl > 0, al, bl > 0, l = 1, 2,

and
Π2(βl) ∝ β

dl−1
l e−clβl , βl > 0, cl, dl > 0, l = 1, 2.

While the copula parameters γ and ω have uniform prior distribution, the prior JPDF is given by

Π(Θ) ∝ θb1−1
1 e−a1θ1βd1−1

1 e−c1β1θb2−1
2 e−a2θ2βd2−1

2 e−c2β2 .

The likelihood method’s estimate and variance-covariance matrix can be used to determine how to
elicit the independent joint prior’s hyper-parameters. Gamma prior’s mean and variance can be used to
represent the derived hyper-parameters. For information see, Abd Elgawad et al. [26], Dey et al. [27],
and Mansour et al. [28]. The parameters θl and βl where l = 1, 2, of bivariate IFGM-CD, should be
well-known and positive. The likelihood function is given by

L(Θ) = θn1β
n
1

n∏
i=1

xβ1−1
i exβ1i e−θ1(ex

β1
i −1)θn2β

n
2

n∏
i=1

yβ2−1
i eyβ2i e−θ2(ey

β2
i −1)

n∏
i=1

[
1 + γ(1 − 2e−θ1(ex

β1
i −1))

× (1 − 2e−θ2(ey
β2
i −1))+ω(1−e−θ1(ex

β1
i −1))(1−e−θ2(ey

β2
i −1))(3e−θ1(ex

β1
i −1)−1)(3e−θ2(ey

β2
i −1)−1)

]
.

The corresponding posterior density is given as follows:

Π(Θ|x, y) = θn+b1−1
1 βn+d1−1

1 θn+b2−1
2 βn+d2−1

2 e−a1θ1−a2θ2−c1β1−c2β2e
∑n

i=1 xβ1i +
∑n

i=1 yβ2i e−θ1
∑n

i=1(ex
β1
i −1)

× e−θ2
∑n

i=1(ey
β2
i −1)

n∏
i=1

xβ1−1
i yβ2−1

i

[
1+γ(1 − 2e−θ1(ex

β1
i −1))(1 − 2e−θ2(ey

β2
i −1))+ω(1 − e−θ1(ex

β1
i −1))
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× (1 − e−θ2(ey
β2
i −1))(3e−θ1(ex

β1
i −1)−1)(3e−θ2(ey

β2
i −1)−1)

]
.

The marginal posterior distributions Π(θ1|β1, θ2, β2, γ, ω; x, y), Π(θ2|θ1, β1, β2, γ, ω; x, y), Π(β1|θ1, β2,

θ2, γ, ω; x, y), and Π(β2|θ1, β1, θ2, γ, ω; x, y) of the parameters θl and βl, l = 1, 2, may be found by
integrating out the nuisance parameters from the posterior distribution Π(Θ|x, y) as follows:

Π(θ1|x, y) ∝ θn+b1−1
1 e−a1θ1e−θ1

∑n
i=1(ex

β1
i −1)

n∏
i=1

[
1+γ(1 − 2e−θ1(ex

β1
i −1))(1 − 2e−θ2(ey

β2
i −1))

+ ω(1 − e−θ1(ex
β1
i −1))(1 − e−θ2(ey

β2
i −1))(3e−θ1(ex

β1
i −1)−1)(3e−θ2(ey

β2
i −1)−1)

]
,

Π(θ2|x, y) ∝ θn+b2−1
2 e−a2θ2e−θ2

∑n
i=1(ey

β2
i −1)

n∏
i=1

[
1+γ(1 − 2e−θ1(ex

β1
i −1))(1 − 2e−θ2(ey

β2
i −1))

+ ω(1 − e−θ1(ex
β1
i −1))(1 − e−θ2(ey

β2
i −1))(3e−θ1(ex

β1
i −1)−1)(3e−θ2(ey

β2
i −1)−1)

]
,

Π(β1|x, y) ∝ βn+d1−1
1 e−c1β1e

∑n
i=1 xβ1i e−θ1

∑n
i=1 ex

β1
i

n∏
i=1

xβ1−1
i

[
1+γ(1 − 2e−θ1(ex

β1
i −1))

× (1 − 2e−θ2(ey
β2
i −1)) + ω(1 − e−θ1(ex

β1
i −1))(1 − e−θ2(ey

β2
i −1))(3e−θ1(ex

β1
i −1)−1)(3e−θ2(ey

β2
i −1)−1)

]
,

Π(β2|x, y) ∝ βn+d2−1
2 e−c2β2e

∑n
i=1 yβ2i e−θ2

∑n
i=1 ey

β2
i

n∏
i=1

yβ2−1
i

[
1+γ(1 − 2e−θ1(ex

β1
i −1))

× (1 − 2e−θ2(ey
β2
i −1)) + ω(1 − e−θ1(ex

β1
i −1))(1 − e−θ2(ey

β2
i −1))(3e−θ1(ex

β1
i −1)−1)(3e−θ2(ey

β2
i −1)−1)

]
,

Π(γ|x, y) ∝
n∏

i=1

[
1+γ(1 − 2e−θ1(ex

β1
i −1))(1 − 2e−θ2(ey

β2
i −1)) + ω(1 − e−θ1(ex

β1
i −1))(1 − e−θ2(ey

β2
i −1))

× (3e−θ1(ex
β1
i −1)−1)(3e−θ2(ey

β2
i −1)−1)

]
,

and

Π(ω|x, y) ∝
n∏

i=1

[
1+γ(1 − 2e−θ1(ex

β1
i −1))(1 − 2e−θ2(ey

β2
i −1)) + ω(1 − e−θ1(ex

β1
i −1))(1 − e−θ2(ey

β2
i −1))

× (3e−θ1(ex
β1
i −1)−1)(3e−θ2(ey

β2
i −1)−1)

]
.

We use the well-known squared error loss function that yields the posterior means as the Bayes
estimates of Θ, say (θ̂l, β̂l, γ̂, ω̂), which are given by

θ̂l =

∫ ∞

0
θlΠ(θl|x, y)dθl, β̂l =

∫ ∞

0
βlΠ(βl|x, y)dβl,

γ̂ =

∫ 1

−1
γΠ(γ|x, y)dγ, ω̂ =

∫ ωmax

−ωmax

ωΠ(ω|x, y)dω,
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where ωmax depends on the validity of c(u, v) ≥ 0. In Subsection 6.2, these estimates will be further
studied with comparison to ML estimates via a simulation study.

6. Asymptotic CIs

Based on the asymptotic normality of the ML estimates, the FIM is frequently used to create
asymptotic CIs for the unknown parameters in Θ. Under specific assumptions of regularity, the ML
estimates denoted as Θ̂ are distributed according to the normal distribution. As the sample size n tends
to infinity, the distribution of the estimator Θ̂ = (θ̂1, β̂1, θ̂2, β̂2, γ̂, ω̂) approaches a normal distribution
with mean Θ and covariance matrix equal to the inverse of the FIM, I−1(Θ). The FIM consists of the
negative expected values of the second-order derivatives of ln L, as expressed by

I(Θ̂)=−E



Iθ̂1θ̂1
Iβ̂1θ̂1

Iβ̂1β̂1

Iθ̂2θ̂1 Iθ̂2β̂1
Iθ̂2θ̂2

Iβ̂2θ̂1
Iβ̂2β̂1

Iβ̂2θ̂2
Iβ̂2β̂2

Iγ̂θ̂1 Iγ̂β̂1
Iγ̂θ̂2 Iγ̂β̂2

Iγ̂γ̂
Iω̂θ̂1 Iω̂β̂1

Iω̂θ̂2 Iω̂β̂2
Iω̂γ̂ Iω̂ω̂


,

where

Iθlθl =
∂2L(Θ)
∂θ2l

=−

n∑
i=1

[
2Al,i(1 − ez

βl
l,i )

[
−γ(1 − 2A j,i) + ω(1 − A j,i)(3A j,i − 1)(2 − 3Al,i)

]]2

[1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)]2

+

n∑
i=1

−2Al,i(1 − ez
βl
l,i )2

[
γ(1 − 2A j,i) + 2ω(1 − A j,i)(3A j,i − 1)(3Al,i − 1)

]
[1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)]

−
n
θ2l
,

Iθlθ j=−

n∑
i=1

(
2A j,i(1 − ez

β j
j,i )

[
−γ(1 − 2Al,i) + ω(1 − Al,i)(3Al,i − 1)(2 − 3A j,i)

])
[
1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

]2

×

(
2Al,i(1 − ez

βl
l,i )

[
−γ(1 − 2A j,i) + ω(1 − A j,i)(3A j,i − 1)(2 − 3Al,i)

])
+

n∑
i=1

4Al,iA j,i(1 − ez
βl
l,i )(1 − ez

β j
j,i )

[
γ + ω

(
9Al,iA j,i − 6Al,i − 6A j,i + 4

)]
[1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)]

,

Iβlβl=−

n∑
i=1

(
2zβl

l,i ln(zl,i)θlAl,iez
βl
l,i

[
γ(1 − 2A j,i) − ω(1 − A j,i)(3A j,i − 1)(2 − 3Al,i)

])2

[
1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

]2 −
n
β2

l

+

n∑
i=1

zβl
l,i ln(zl,i)2+

n∑
i=1

(
γ(1 − 2A j,i) − ω(1 − A j,i)(3A j,i − 1)(2 − 3Al,i[1 − zβl

l,iθle
z
βl
l,i ])

)
[1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)]

×

(
2zβl

l,i ln(zl,i)2θlAl,iez
βl
l,i [1 + zβl

l,i(1 − θle
z
βl
l,i )]

)
− θl

n∑
i=1

zβl
l,i ln(zl,i)2ez

βl
l,i (1 + zβl

l,i),
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Iβlβ j=−

n∑
i=1

(
2zβl

l,i ln(zl,i)θlez
βl
l,i Al,i

[
γ(1 − 2A j,i) − ω(1 − A j,i)(3A j,i − 1)(2 − 3Al,i)

])
[
1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

]2

×

(
2zβ j

j,i ln(z j,i)θ je
z
β j
j,i A j,i

[
γ(1 − 2Al,i) − ω(1 − Al,i)(3Al,i − 1)(2 − 3A j,i)

])
+

n∑
i=1

2zβl
l,iz
β j

j,i ln(zl,i) ln(z j,i)θlθ jez
βl
l,i ez

β j
j,i Al,iA j,i

(
2γ+ω

[
(1−A j,i)(2−5Al,i)−(3A j,i−1)(2−3Al,i)

])
[1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)]

,

Iβlθl=−

n∑
i=1

(
2(1 − ez

βl
l,i )Al,i

[
−γ(1 − 2A j,i) + ω(1 − A j,i)(3A j,i − 1)(2 − 3Al,i)

])
[
1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

]2

×

(
2zβl

l,i ln(zl,i)θlez
βl
l,i Al,i

[
γ(1 − 2A j,i) − ω(1 − A j,i)(3A j,i − 1)(2 − 3Al,i)

])
+

n∑
i=1

(
γ(1−2A j,i)(1+θl(1−ez

βl
l,i ))−ω(1−A j,i)(3A j,i−1)

(
(2−3Al,i)−2θl(1−ez

βl
l,i )(3Al,i−1)

))
[1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)]

×

(
2Al,iz

βl
l,i ln(zl,i)ez

βl
l,i

)
−

n∑
i=1

zβl
l,i ln(zl,i)ez

βl
l,i ,

Iβlθ j=−

n∑
i=1

(
2(1 − ez

β j
j,i )A j,i

[
−γ(1 − 2Al,i) + ω(1 − Al,i)(3Al,i − 1)(2 − 3A j,i)

])
[
1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

]2

×

(
2zβl

l,i ln(zl,i)θlez
βl
l,i Al,i

[
γ(1 − 2A j,i) − ω(1 − A j,i)(3A j,i − 1)(2 − 3Al,i)

])
−

n∑
i=1

4θlAl,iA j,iz
βl
l,i ln(zl,i)ez

βl
l,i (1 − ez

β j
j,i )

(
γ+ω(2−3A j,i)(2−3Al,i)

)
[1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)]

,

Iθlγ = −
n∑

i=1

2(1 − ez
βl
l,i )Al,i(1 − 2A j,i)

1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

−

n∑
i=1

(1−2Al,i)(1−2A j,i)
(
2(1 − ez

βl
l,i )Al,i

[
−γ(1−2A j,i)+ω(1−A j,i)(3A j,i−1)(2−3Al,i)

])
(
1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

)2 ,

Iβlγ=

n∑
i=1

2zβl
l,i ln(zl,i)θlez

βl
l,i Al,i(1 − 2A j,i)

1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

−

n∑
i=1

(1−2Al,i)(1−2A j,i)
(
2zβl

l,i ln(zl,i)θlez
βl
l,i Al,i

[
γ(1−2A j,i)−ω(1−A j,i)(3A j,i−1)(2−3Al,i)

])
(
1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

)2 ,

AIMS Mathematics Volume 11, Issue 3, 5379–5408.



5398

Iγγ =
n∑

i=1

(1 − 2Al,i)2(1 − 2A j,i)2(
1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

)2 ,

Iθlω=
n∑

i=1

2Al,i(1 − A j,i)(3A j,i − 1)(1 − ez
βl
l,i )(2 − 3Al,i)

1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

−

n∑
i=1

[
−γ(1 − 2A j,i) + ω(1 − A j,i)(3A j,i − 1)(2 − 3Al,i)

]
(
1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

)2

×

(
2Al,i(1 − Al,i)(3Al,i − 1)(1 − A j,i)(3A j,i − 1)(1 − ez

βl
l,i )

)
,

Iβlω = −

n∑
i=1

2zβl
l,i ln(zl,i)θlAl,i(1 − A j,i)(3A j,i − 1)ez

βl
l,i (2 − 3Al,i)

1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

−

n∑
i=1

[
γ(1 − 2A j,i) − ω(1 − A j,i)(3A j,i − 1)(2 − 3Al,i)

]
(
1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

)2

×

(
2θlz

βl
l,i ln(zl,i)Al,i(1 − Al,i)(3Al,i − 1)(1 − A j,i)(3A j,i − 1)ez

βl
l,i

)
,

and
Iωω =

n∑
i=1

(1 − Al,i)2(3Al,i − 1)2(1 − A j,i)2(3A j,i − 1)2(
1 + γ(1 − 2Al,i)(1 − 2A j,i) + ω(1 − Al,i)(1 − A j,i)(3Al,i − 1)(3A j,i − 1)

)2 ,

where l, j = 1, 2, l , j.When the expected FIM is difficult to compute directly, a common solution is
to approximate it using the observed FIM. Following the approach of Jia et al. [29], this is achieved by
calculating the negative Hessian (the matrix of second-order partial derivatives) of the log-likelihood
function, evaluated at the ML estimates Θ̂. Thus, the estimated FIM is given by I(Θ̂). Using this
approximation, an asymptotic 100(1 − α)% CI for the parameter Θ can be constructed as:

θ̂l ± Z α
2

√
Jθ̂lθ̂l , β̂l ± Z α

2

√
Jβ̂lβ̂l
,

γ̂ ± Z α
2

√
Jγ̂γ̂, ω̂ ± Z α

2

√
Jω̂ω̂, l = 1, 2,

where Jxl xl , xl = θ̂l, β̂l, γ̂, ω̂ is the element in I−1(Θ̂), such that corresponding to the element Ixlxl in
the estimated matrix I(Θ̂) and Z α

2
is the percentile of the standard normal distribution with right tail

probability α2 .

Remark 6.1. The second-order partial derivatives required for the construction of the Hessian matrix
and the FIM were obtained using symbolic and numerical differentiation routines implemented in
standard statistical software. Due to their length, these expressions are presented only insofar as they
are needed for asymptotic inference and simulation-based evaluation of the estimators.
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6.1. Bootstrap CI

The bootstrap is a resampling-based method for statistical inference, originally introduced by
Efron [30]. It treats the observed data as a proxy for the population and generates multiple re-samples
to approximate the sampling distribution of estimators. Unlike asymptotic approaches, the bootstrap
often provides more reliable results in small or complex samples. Kotz et al. [31] recommended its
use for constructing CIs. To implement the bootstrap for the parameters of the bivariate IFGM-CD,
the following procedure is applied:

• Parameter estimation: Obtain the ML estimates of the parameters based on the observed
bivariate sample {(t1, t2)} = {(t11, t12), (t21, t22), ...., (tn1, tn2)}. The ML estimators for the
parameters in the IFGM-CD, using the results of Subsection 5.1, β̂1 = s1(t1, t2), β̂2 = s2(t1, t2),
θ̂1 = s3(t1, t2), θ̂2 = s4(t1, t2), γ̂ = s5(t1, t2), and ω̂ = s6(t1, t2).
• Bootstrap re-sampling: Draw B independent bootstrap bivariate samples (with replacement)

from the original data. Each re-sample is denoted by {(tb
1, t

b
2)} = {(tb

11, t
b
12), (tb

21, t
b
22), ..., (tb

n1, t
b
n2)},

b = 1, 2, ..., B, where in practice B = 2000 is used to ensure accuracy.
• Bootstrap estimators: For each bootstrap sample, compute the parameter estimates
β∗1(b) = s1(tb

1, t
b
2), β∗2(b) = s2(tb

1, t
b
2), θ∗1(b) = s3(tb

1, t
b
2), θ∗2(b) = s4(tb

1, t
b
2), γ∗(b) = s5(tb

1, t
b
2), and

ω∗(b) = s6(tb
1, t

b
2), b = 1, 2, ..., B.

• Mean squared errors: The mean squared error (MSE) of each parameter is estimated by

M̂S EBΘ =
1
B

B∑
b=1

(Θ∗(b) − Θ∗(.))2, Θ∗(.) =
∑B

b=1Θ
∗(b)

B
,

where Θ = (θ1, β1, θ2, β2, γ, ω).
• Bootstrap CIs: Finally, approximate CIs for the unknown parameters are obtained as(

Θ∗(.) ± Z α
2

√
M̂S EBΘ

)
,

for each parameter Θ ∈ (θ1, β1, θ2, β2, γ, ω).

6.2. Simulation

This subsection provides a numerical assessment of the ML, Bayesian, and bootstrap estimators.
The comparison is based on analytically derived results together with the observed performance of
each estimation method. All simulation results reported in this subsection are based on 5000 Monte
Carlo replications. All computations were carried out using the Mathcad package.

The combinations of parameter values considered in the simulation study were selected to
represent a range of practically relevant scenarios. In particular, the chosen values of the Chen
marginal parameters capture different hazard-rate shapes, while the IFGM copula parameters were
varied to reflect weak, moderate, and relatively strong dependence structures within the admissible
parameter space. This choice allows for a transparent assessment of the finite-sample performance of
the proposed estimators across diverse dependence settings, while maintaining numerical stability and
comparability with related studies. The parameter settings for the experiments are summarized as
follows:
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• In Table 1: β1 = 1, β2 = 2, θ1 = 1, θ2 = 2, γ = 0.9, and ω = 1.4,
• In Table 2: β1 = 2, β2 = 0.3, θ1 = 2, θ2 = 0.3, γ = 0.9, and ω = −1.8,
• In Table 3: β1 = 1.5, β2 = 0.9, θ1 = 1.5, θ2 = 0.9, γ = −0.5, and ω = 2.5, and
• In Table 4: β1 = 0.2, β2 = 2, θ1 = 0.2, θ2 = 2, γ = −0.5, and ω = −0.4.

The study considers different sample sizes with n = 20, 50, 100, and 150. Simulation outcomes for bias
and MSE, obtained from 5000 Monte Carlo replications, are reported in Tables 1–4. In addition, the
asymptotic and bootstrap CIs are displayed in Tables 3 and 4. A set of conclusions is then drawn from
the numerical findings presented in Tables 1–4.

• For almost all parameters (β1, β2, θ1, θ2, γ, ω), the bias reduces steadily as n increases from 20 to
150. This indicates consistency of both ML and Bayesian estimators.
• In most cases, Bayesian estimates have smaller bias and lower MSE compared to ML estimates,

particularly for the parameters β2, γ, and θ2. This suggests that Bayesian methods provide more
efficient estimation for the IFGM-CD model.
• The MSE of the estimators decreases with larger sample sizes, confirming the consistency of the

estimates as they approach the true parameter values.
• Empirical results indicate that the bootstrap CIs tend to be more precise, as measured by their

average length, compared to the intervals derived from asymptotic theory.

Table 1. ML and Bayesian estimation methods for the parameters of bivariate IFGM-CD
model.

β1 = 1, β2 = 2, θ1 = 1 β1 = 2, β2 = 0.3, θ1 = 2
θ2 = 2, γ = 0.9, ω = 1.4 θ2 = 0.3, γ = 0.9, ω = −1.8

ML estimate Bayesian estimate ML estimate Bayesian estimate
n Bias MS E Bias MS E Bias MS E Bias MS E
20 β1 0.088 0.257 0.055 0.255 0.082 0.552 0.064 0.442

β2 0.112 0.784 0.088 0.599 0.222 0.282 0.096 0.221
θ1 0.085 0.345 0.078 0.303 0.074 0.165 0.058 0.113
θ2 0.076 0.321 0.065 0.323 0.073 0.189 0.068 0.176
γ 0.084 0.457 0.064 0.316 0.063 0.284 0.039 0.142
ω 0.056 0.231 0.046 0.222 0.034 0.213 0.029 0.189

50 β1 0.079 0.241 0.028 0.333 0.076 0.483 0.056 0.432
β2 0.097 0.698 0.072 0.487 0.105 0.251 0.084 0.186
θ1 0.071 0.299 0.069 0.289 0.068 0.145 0.052 0.165
θ2 0.067 0.343 0.057 0.321 0.066 0.178 0.057 0.165
γ 0.069 0.421 0.051 0.287 0.034 0.241 0.020 0.130
ω 0.043 0.212 0.041 0.208 0.031 0.211 0.025 0.181

100 β1 0.063 0.239 0.019 0.298 0.061 0.442 0.047 0.408
β2 0.083 0.631 0.065 0.414 0.084 0.198 0.071 0.140
θ1 0.067 0.289 0.056 0.256 0.059 0.134 0.044 0.154
θ2 0.057 0.321 0.046 0.312 0.058 0.166 0.048 0.155
γ 0.057 0.401 0.047 0.245 0.028 0.208 0.012 0.099
ω 0.037 0.201 0.032 0.198 0.029 0.205 0.024 0.175

150 β1 0.059 0.214 0.010 0.167 0.050 0.383 0.030 0.460
β2 0.076 0.543 0.054 0.389 0.066 0.152 0.063 0.210
θ1 0.058 0.277 0.048 0.249 0.046 0.123 0.038 0.244
θ2 0.049 0.312 0.041 0.308 0.051 0.154 0.033 0.243
γ 0.053 0.289 0.038 0.212 0.023 0.162 0.010 0.182
ω 0.025 0.187 0.022 0.168 0.027 0.199 0.021 0.170
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Table 2. ML and Bayesian estimation methods for the parameters of bivariate IFGM-CD
model.

β1 = 1.5, β2 = 0.9, θ1 = 1.5 β1 = 0.2, β2 = 2, θ1 = 0.2
θ2 = 0.9, γ = −0.5, ω = 2.5 θ2 = 2, γ = −0.5, ω = −0.4

ML estimate Bayesian estimate ML estimate Bayesian estimate
n Bias MS E Bias MS E Bias MS E Bias MS E
20 β1 0.058 0.179 0.037 0.148 0.072 0.401 0.066 0.347

β2 0.069 0.204 0.049 0.188 0.079 0.544 0.078 0.468
θ1 0.059 0.277 0.055 0.242 0.069 0.177 0.064 0.187
θ2 0.077 0.287 0.068 0.255 0.087 0.254 0.071 0.221
γ 0.011 0.432 0.010 0.325 0.069 0.237 0.058 0.164
ω 0.036 0.211 0.031 0.198 0.042 0.376 0.041 0.361

50 β1 0.049 0.148 0.028 0.136 0.065 0.372 0.055 0.313
β2 0.045 0.185 0.035 0.168 0.067 0.479 0.065 0.452
θ1 0.044 0.264 0.048 0.221 0.062 0.165 0.061 0.165
θ2 0.066 0.276 0.059 0.244 0.082 0.244 0.065 0.212
γ 0.092 0.377 0.076 0.311 0.061 0.231 0.049 0.132
ω 0.029 0.198 0.028 0.197 0.041 0.366 0.038 0.355

100 β1 0.032 0.131 0.015 0.122 0.055 0.311 0.045 0.277
β2 0.033 0.164 0.022 0.155 0.052 0.402 0.064 0.413
θ1 0.039 0.254 0.035 0.211 0.053 0.154 0.055 0.145
θ2 0.055 0.265 0.055 0.221 0.074 0.221 0.061 0.201
γ 0.069 0.368 0.065 0.301 0.058 0.177 0.042 0.104
ω 0.027 0.188 0.024 0.188 0.035 0.333 0.031 0.321

150 β1 0.023 0.124 0.008 0.101 0.048 0.278 0.038 0.235
β2 0.015 0.141 0.011 0.135 0.046 0.373 0.042 0.377
θ1 0.029 0.245 0.028 0.187 0.047 0.145 0.048 0.132
θ2 0.047 0.255 0.043 0.212 0.066 0.211 0.055 0.189
γ 0.061 0.305 0.059 0.288 0.049 0.141 0.034 0.098
ω 0.021 0.178 0.019 0.176 0.029 0.311 0.029 0.301

Table 3. Lower and upper bootstrap CI limits for the bivariate IFGM-CD model.
β1 = 1, β2 = 2, θ1 = 1, θ2 = 2, γ = 0.9, ω = 1.4 β1 = 2, β2 = 0.3, θ1 = 2, θ2 = 0.3, γ = 0.9, ω = −1.8

n CI Bootstrap CI CI Bootstrap CI CI Bootstrap CI CI Bootstrap CI
20 β1 = 1 (0.245,1.443) (0.343,1.476) (0.443,1.554) (0.523,1.578) β1 = 2 (1.243,3.443) (1.342,3.476) (1.441,3.554) (1.521,3.578)

β2 = 2 (2.234,3.664) (2.239,3.632) (2.254,3.521) (2.259,3.511) β2 = 0.3 (0.134,0.564) (0.139,0.532) (0.154,0.421) (0.159,0.411)
θ1 = 1 (0.356,1.622) (0.365,1.611) (0.376,1.640) (0.379,1.605) θ1 = 2 (1.356,3.622) (1.365,3.611) (1.376,3.640) (1.379,3.605)
θ2 = 2 (1.346,2.544) (1.444,2.577) (1.544,2.655) (1.624,2.679) θ2 = 0.3 (0.246,0.544) (0.244,0.577) (0.244,0.655) (0.224,0.679)
γ = 0.9 (0.366,1.632) (0.366,1.622) (0.378,1.639) (0.381,1.611) γ = 0.9 (0.866,1.232) (0.866,1.222) (0.878,1.239) (0.881,1.211)
ω = 1.4 (1.311,1.499) (1.314,1.489) (1.315,1.497) (1.319,1.485) ω = −1.8 (-1.732,-1.234) (-1.722,-1.265) (-1.729,-1.267) (-1.721,-1.255)

50 β1 = 1 (0.315,1.441) (0.354,1.467) (0.452,1.545) (0.545,1.565) β1 = 2 (1.314,3.441) (0.3544,3.467) (0.452,3.441) (0.544,3.461)
β2 = 2 (2.244,3.644) (2.246,3.623) (2.256,3.512) (2.257,3.501) β2 = 0.3 (0.144,0.544) (0.146,0.523) (0.156,0.412) (0.157,0.401)
θ1 = 1 (0.378,1.629) (0.367,1.620) (0.379,1.631) (0.381,1.607) θ1 = 2 (1.378,3.629) (1.367,3.620) (1.379,3.631) (1.381,3.607)
θ2 = 2 (1.416,2.542) (1.455,2.568) (1.553,2.646) (1.646,2.666) θ2 = 0.3 (0.216,0.542) (0.255,0.568) (0.253,0.646) (0.246,0.666)
γ = 0.9 (0.379,1.629) (0.369,1.620) (0.381,1.631) (0.383,1.607) γ = 0.9 (0.879,1.229) (0.869,1.220) (0.881,1.231) (0.883,1.207)
ω = 1.4 (1.315,1.487) (1.322,1.481) (1.319,1.491) (1.325,1.481) ω = −1.8 (-1.754,-1.224) (-1.744,-1.276) (-1.737,-1.281) (-1.731,-1.265)

100 β1 = 1 (0.333,1.432) (0.367,1.443) (0.487,1.532) (0.554,1.543) β1 = 2 (1.332,3.431) (1.363,3.441) (1.483,3.530) (1.551,3.540)
β2 = 2 (2.246,3.621) (2.249,3.601) (2.259,3.502) (2.260,3.499) β2 = 0.3 (0.146,0.522) (0.149,0.501) (0.159,0.302) (0.160,0.399)
θ1 = 1 (0.382,1.625) (0.370,1.618) (0.385,1.626) (0.384,1.601) θ1 = 2 (1.382,3.625) (1.370,3.618) (1.385,3.626) (1.384,3.601)
θ2 = 2 (1.434,2.533) (1.468,1.544) (1.588,2.633) (1.655,2.644) θ2 = 0.3 (0.234,0.533) (0.268,0.244) (0.588,0.633) (0.255,0.644)
γ = 0.9 (0.386,1.625) (0.372,1.618) (0.386,1.626) (0.387,1.601) γ = 0.9 (0.886,1.325) (0.872,1.318) (0.886,1.326) (0.887,1.301)
ω = 1.4 (1.321,1.477) (1.327,1.479) (1.325,1.486) (1.328,1.479) ω = −1.8 (-1.758,-1.229) (-1.756,-1.278) (-1.743,-1.289) (-1.739,-1.271)

150 β1 = 1 (0.338,1.467) (0.376,1.438) (0.517,1.543) (0.565,1.521) β1 = 2 (1.335,3.462) (1.371,3.434) (1.512,3.541) (1.562,3.520)
β2 = 2 (2.249,3.611) (2.254,3.599) (2.264,3.498) (2.265,3.488) β2 = 0.3 (0.149,0.511) (0.154,0.599) (0.164,0.398) (0.165,0.388)
θ1 = 1 (0.388,1.614) (0.373,1.612) (0.390,1.612) (0.389,1.589) θ1 = 2 (1.388,3.614) (1.373,3.612) (1.390,3.612) (1.389,3.589)
θ2 = 2 (1.439,2.568) (1.477,2.539) (1.618,2.644) (1.666,2.622) θ2 = 0.3 (0.239,0.568) (0.277,0.539) (0.218,0.644) (0.266,0.622)
γ = 0.9 (0.389,1.614) (0.374,1.612) (0.393,1.612) (0.389,1.589) γ = 0.9 (0.889,1.314) (0.874,1.312) (0.893,1.312) (0.889,1.389)
ω = 1.4 (1.331,1.471) (1.333,1.468) (1.336,1.468) (1.335,1.461) ω = −1.8 (-1.761,-1.231) (-1.760,-1.283) (-1.750,-1.295) (-1.745,-1.280)
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Table 4. Lower and upper bootstrap CI limits for the bivariate IFGM-CD model.
β1 = 1.5, β2 = 0.9, θ1 = 1.5, θ2 = 0.9, γ = 0.5, ω = 2.5 β1 = 0.2, β2 = 2, θ1 = 0.2, θ2 = 2, γ = −0.5, ω = −0.4

n CI Bootstrap CI CI Bootstrap CI CI Bootstrap CI CI Bootstrap CI
20 β1 = 1.5 (1.235,1.533) (1.333,1.566) (1.433,1.644) (1.613,1.668) β1 = 0.2 (0.134,0.564) (0.139,0.532) (0.154,0.421) (0.159,0.411)

β2 = 0.9 (0.801,0.989) (0.811,0.995) (0.805,0.999) (0.815,0.996) β2 = 2 (1.335,2.533) (1.433,2.566) (1.533,2.644) (1.613,2.668)
θ1 = 1.5 (1.345,1.543) (1.443,1.576) (1.543,1.654) (1.623,1.678) θ1 = 0.2 (0.101,0.389) (0.111,0.395) (0.105,0.399) (0.115,0.401)
θ2 = 0.9 (0.311,0.988) (0.314,0.987) (0.315,0.987) (0.319,0.985) θ2 = 2 (1.346,2.544) (1.444,2.577) (1.544,2.655) (1.624,2.679)
γ = 0.5 (0.354,0.631) (0.363,0.621) (0.373,0.633) (0.372,0.601) γ = −0.5 (-0.532,-0.234) (-0.522,-0.265) (-0.529,-0.267) (-0.521,-0.255)
ω = 2.5 (2.427,4.121) (2.468,3.987) (2.453,4.011) (2.473,3977) ω = −0.4 (-0.422,-0.324) (-0.432,-0.365) (-0.428,-0.367) (-0.429-0.355)

50 β1 = 1.5 (1.305,1.531) (1.344,1.557) (1.442,1.635) (1.535,1.655) β1 = 0.2 (0.144,0.544) (0.146,0.523) (0.156,0.412) (0.157,0.401)
β2 = 0.9 (0.804,0.975) (0.819,0.983) (0.809,0.974) (0.822,0.985) β2 = 2 (1.405,2.531) (1.444,2.557) (1.542,2.635) (1.635,2.655)
θ1 = 1.5 (1.415,1.541) (1.454,1.567) (1.452,1.645) (1.466,1.665) θ1 = 0.2 (0.104,0.375) (0.119,0.383) (0.109,0.374) (0.122,0.400)
θ2 = 0.9 (0.315,0.987) (0.322,0.981) (0.319,0.991) (0.325,0.981) θ2 = 2 (1.416,2.542) (1.455,2.568) (1.553,2.646) (1.646,2.666)
γ = 0.5 (0.374,0.630) (0.364,0.629) (0.374,0.636) (0.376,0.617) γ = −0.5 (-0.554,-0.224) (-0.544,-0.276) (-0.537,-0.281) (-0.531,-0.265)
ω = 2.5 (2.441,4.011) (2.488, 3.784) (2.455,3.933) (2.453,3.864) ω = −0.4 (-0.434,-0.327) (-0.441,-0.376) (-0.436,-0.381) (-0.439,-0.365)

100 β1 = 1.5 (1.323,1.522) (1.357,1.533) (1.477,1.622) (1.564,1.633) β1 = 0.2 (0.146,0.521) (0.149,0.501) (0.159,0.402) (0.160,0.399)
β2 = 0.9 (0.807,0.971) (0.822,0.979) (0.813,0.969) (0.825,0.972) β2 = 2 (1.423,2.522) (1.457,2.533) (1.577,2.622) (1.644,2.633)
θ1 = 1.5 (1.433,1.532) (1.467,1.543) (1.477,1.632) (1.474,1.643) θ1 = 0.2 (0.107,0.371) (0.122,0.379) (0.113,0.369) (0.125,0.399)
θ2 = 0.9 (0.321,0.977) (0.327,0.979) (0.325,0.986) (0.328,0.979) θ2 = 2 (1.434,2.533) (1.468,2.544) (1.588,2.633) (1.655,2.644)
γ = 0.5 (0.381,0.620) (0.369,0.617) (0.384,0.625) (0.381,0.599) γ = −0.5 (-0.558,-0.229) (-0.556,-0.278) (-0.543,-0.289) (-0.539,-0.271)
ω = 2.5 (2.442,3.912) (2.432, 3.654) (2.498,3.845) (2.461,3.599) ω = −0.4 (-0.443,-0.329) (-0.446,-0.378) (-0.448-0.389) (-0.441,-0.371)

150 β1 = 1.5 (1.348,1.557) (1.366,1.528) (1.507,1.633) (1.555,1.611) β1 = 0.2 (0.149,0.511) (0.154,0.499) (0.164,0.398) (0.165,0.388)
β2 = 0.9 (0.814,0.969) (0.825,0.975) (0.819,0.961) (0.829,0.971) β2 = 2 (1.438,2.557) (1.476,2.528) (1.617,2.633) (1.665,2.611)
θ1 = 1.5 (1.438,1.567) (1.476,1.538) (1.487,1.643) (1.479,1.621) θ1 = 0.2 (0.114,0.369) (0.125,0.375) (0.119,0.361) (0.129,0.381)
θ2 = 0.9 (0.331,0.971) (0.333,0.968) (0.336,0.968) (0.335,0.961) θ2 = 2 (1.439,2.568) (1.477,2.539) (1.618,2.644) (1.666,2.622)
γ = 0.5 (0.387,0.617) (0.371,0.616) (0.389,0.611) (0.388,0.599) γ = −0.5 (-0.561,-0.231) (-0.560,-0.283) (-0.550,-0.295) (-0.545,-0.280)
ω = 2.5 (2.443,3.823) (2.449, 3.594) (2.465,3.745) (2.483,3.589) ω = −0.4 (-0.451,-0.331) (-0.455,-0.383) (-0.454,-0.395) (-0.448,-0.380)

7. Real data application

In this study, we focus on two distinct real-world datasets to assess and compare the performance of
several copula models. The copulas considered in this research, appearing in the comparison tables, are
IFGM, Cambanis (CAM) [32, 33], general setting Cambanis (GCAM) [34, 35], FGM [9], Huang-Kotz
type 1 (HK1), Huang-Kotz type 2 (HK2) [36], Huang-Kotz type 3 (HK3), Kimeldorf and Sampson
(KS), and Gumbel-Barnett (GumB) [37]. All the preceding abbreviations of copulas will be used in
tables for comparison purposes.

The 1st dataset (Black cherry trees): The analysis begins with the classic black cherry trees
dataset (Hand [38]), containing measurements from 31 trees. Following Saali et al. [39], we model the
dependence between diameter and volume using the IFGM-CD framework.

The ML estimates for the fitted model are θ̂1 = 0.0013, β̂1 = 0.7072, θ̂2 = 0.0094, β̂2 = 0.4324,
γ̂ = 0.6990, and ω̂ = 2.0643. Moreover, the estimated Pearson correlation coefficient ρ and Kendall’s
tau correlation τc for the IFGM-CD model are approximately 0.398 and 0.23, respectively. On the
other hand, those correlations for the FGM model are approximately 0.273 and 0.155, respectively.

As summarized in Tables 5 and 6, the IFGM model demonstrates superior performance based on
log-likelihood and information criteria values when compared to alternative copulas. The nature of the
dependence is further illustrated in Figure 3, where the joint density surface and contour plots reveal a
distinct curvilinear relationship between the two variables.

The 2nd dataset (NFL scoring times): The second empirical analysis utilizes a bivariate dataset
comprising initial and subsequent scoring times (X,Y) from 42 national football league (NFL)
matches. This data, which has been examined in earlier statistical literature (Meintanis [40]; Khames
and Mokhlis [41]; and El-Morshedy et al. [42]), is particularly valuable for testing models against
complex real-world dependence patterns.
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Application of the IFGM copula yielded the following ML estimates: θ̂1 = 0.0653, β̂1 = 0.4365,
θ̂2 = 0.0694, β̂2 = 0.3709, γ̂ = 0.9331, and ω̂ = 1.4776. Moreover, the estimated Pearson correlation
coefficient ρc and Kendall’s tau correlation τ for the IFGM-CD model are approximately 0.42 and
0.25, respectively. On the other hand, those correlations for the FGM model are approximately 0.29
and 0.207, respectively. The model demonstrates a strong fit, as evidenced by comparative measures in
Table 7 and parameter estimates in Table 8. The resultant joint density surface and contour plots (shown
in Figure 4) provide a clear visual representation of the asymmetric dependence structure captured by
the model.

Table 5. Model comparison for the 1st dataset.
Model ℓ k AIC AICc BIC HQIC CAIC
IFGM -199.7549 6 411.5097 415.0097 420.1136 414.3144 426.1136
HK1 -200.9548 6 413.9096 417.4096 422.5135 416.7143 428.5135
HK3 -201.8551 6 415.7103 419.2103 424.3142 418.5150 430.3142
FGM -204.2121 5 418.4241 420.8241 425.5941 420.7614 430.5941
CAM -204.2120 6 420.4241 423.9241 429.0280 423.2287 435.0280
HK2 -204.2781 6 420.5563 424.0563 429.1602 423.3609 435.1602
KS -205.1822 6 422.3643 425.8643 430.9683 425.1690 436.9683
GCAM -207.8392 7 429.6783 434.5479 439.7162 432.9504 446.7162
GumB -211.6363 5 433.2726 435.6726 440.4425 435.6098 445.4425

Table 6. Parameter estimates for selected copula models based on CD.
Model θ1 β1 θ2 β2 γ ω λ

IFGM 0.0013 0.7072 0.0094 0.4324 0.6990 2.0643 —
HK1 0.0014 0.7043 0.0107 0.4291 0.2273 4.3994 —
HK3 0.0012 0.7093 0.0089 0.4335 0.5000 1.0000 —
FGM 0.0010 0.7133 0.0079 0.4365 1.0000 — —
CAM 0.0010 0.7133 0.0079 0.4365 0.0000 1.0000 —
HK2 0.0010 0.7131 0.0079 0.4364 0.9900 1.0001 —
KS 0.0012 0.7082 0.0088 0.4328 0.5000 0.1250 —
GCAM 0.0084 0.6198 0.0383 0.3728 -0.9999 -0.9999 0.9999
GumB 0.0016 0.6940 0.0108 0.4229 0.0000 — —
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Figure 3. Plots of the IFGM-CD for the 1st dataset.
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Table 7. Model comparison for the 2nd dataset.
Model ℓ k AIC AICc BIC HQIC CAIC
IFGM -274.4441 6 560.8882 563.3588 571.1696 564.6321 577.1696
FGM -276.4464 5 562.8928 564.6070 571.4606 566.0127 576.4606
HK1 -275.9850 6 563.9700 566.4406 574.2515 567.7140 580.2515
HK3 -276.0544 6 564.1089 566.5794 574.3903 567.8528 580.3903
CAM -276.4464 6 564.8927 567.3633 575.1742 568.6367 581.1742
HK2 -276.5005 6 565.0009 567.4715 575.2823 568.7448 581.2823
GCAM -276.3094 7 566.6187 570.0127 578.6137 570.9867 585.6137
KS -277.6436 6 567.2872 569.7578 577.5687 571.0312 583.5687
GumB -282.8530 5 575.7060 577.4203 584.2739 578.8259 589.2739

Table 8. Parameter estimates for selected copula models based on CD.
Model θ1 β1 θ2 β2 γ ω λ

IFGM 0.0653 0.4365 0.0694 0.3709 0.9331 1.4776 —
FGM 0.0623 0.4398 0.0661 0.3743 1.0000 — —
HK1 0.0645 0.4377 0.0685 0.3722 0.6056 1.6511 —
HK3 0.0653 0.4368 0.0693 0.3713 0.5000 1.0000 —
CAM 0.0623 0.4398 0.0661 0.3743 -0.0000 1.0000 —
HK2 0.0623 0.4398 0.0661 0.3743 0.9900 1.0001 —
GCAM 0.1331 0.3915 0.1415 0.3309 -0.7310 -0.7288 0.9973
KS 0.0628 0.4386 0.0665 0.3733 0.5000 0.1250 —
GumBA 0.0635 0.4353 0.0666 0.3708 0.0000 — —
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Figure 4. Plot of the IFGM-CD for the 2nd dataset.

8. Conclusions

This paper introduced the bivariate IFGM-CD, a flexible lifetime model created by combining the
IFGM copula with Chen marginals. The model is particularly suited for reliability and survival
applications, especially when hazard rates show bathtub-shaped behavior. It addresses the
shortcomings of classical FGM-based models in capturing moderate dependence. Key properties of
the IFGM-CD were derived, including joint and conditional distributions, moments, and the bivariate
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reliability function.
The IFGM copula significantly extends the range of dependence that can be achieved within the

standard FGM framework. This is evident in the higher values of Pearson’s correlation and Kendall’s
tau. Parameter estimation using ML and Bayesian methods was studied through Monte Carlo
simulations. The results showed that Bayesian estimators usually perform better with small samples.
Both methods are consistent for larger samples. Bootstrap confidence intervals proved to be more
accurate than asymptotic intervals.

Applications to black cherry trees and NFL score times datasets showed the practical benefits of
the IFGM-CD. In both scenarios, the proposed model offered better fits than competing copula models
based on standard goodness-of-fit criteria and successfully captured complex dependence structures.
These findings demonstrate that the IFGM-CD is a valuable tool for modeling dependent lifetime data
in reliability and survival analysis.

The proposed IFGM-CD model can be naturally extended to accommodate censored data, which is
common in reliability engineering and medical survival analysis. In reliability studies, components
may be removed from testing before failure (right-censoring), while medical studies often involve
patients lost to follow-up or surviving beyond the study period. The likelihood framework presented
in Section 5 can be adapted to handle such censoring mechanisms by modifying the likelihood
function to account for incomplete observations. For instance, under right-censoring, the contribution
of a censored observation (xi, yi) would involve the survival function S (xi, yi) rather than the density
f (xi, yi). Bayesian inference via the Markov chain Monte Carlo would similarly incorporate censoring
through the appropriate likelihood terms. Such extensions would broaden the applicability of the
IFGM-CD model to real-world scenarios where complete data is unavailable.
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