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Abstract: Let D be a division ring with char(D) = 2. Let R = M, (D) be the ring of all n X n matrices
over D, where n > 2. Let f, g : R — R be two additive maps such that

f(A) +Ag(A™HA =0
for all invertible A € R. If |D| # 2, 4, 8, then
f(A)=AQ+6(A) and g(A) = QA +5(A)

for all invertible A € R, where A € R and ¢ is a derivation of R. This result affirmatively answers a
question posed by Argac et al. under a mild condition.
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1. Introduction

Identities involving all elements on rings and algebras have been investigated systematically, that
is, the theory of function identities on rings (see [3]). In the last decades, many results on identities
involving inverses on rings and algebras have been obtained (see [5,6,12]).

Let D be a division ring and let R = M, (D) be the set of all n X n matrices over . By R* we
denote the set of all invertible matrices of R.

In 2018, Catalano [4] characterized two additive maps f, g of R with char(D) # 2,3 such that

FAA T +4gAH =0 (1.1)
for all A € R*. In 2020, Argac et al. [1] removed the assumption char(?) # 3 as follows:
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Theorem 1.1. [I, Theorem 1.5] Suppose that char(D) # 2. Let f,g : R — R be two additive maps
such that
FAAT +Ag(A™) =0

forall A € R*. Then,
fA)=AQ +6(A) and g(y)= QA+ d6(A)

forall A € R, where Q € R and ¢ is a derivation of R.
They proposed the following question:
Question 1.1. /1, Question 1.9] Is Theorem 1.1 still true if char(D) = 2?
Our goal of the paper is to affirmatively answer Question 1.1 under a mild condition as follows:

Theorem 1.2. Suppose that char(D) = 2. Let f, g : R — R be two additive maps such that
fAA™ +AgA) =0
forall A € R*. If |D| # 2,4,8, then
f(A)=AQ+6(A) and g(A) = QA+ (A)

forall A € R, where Q € R and ¢ is a derivation of R.

In Section 2, we give some technical results. In Section 3, we give the proof of Theorem 1.2. In the
last section, we introduce some relevant works on functional equations on alternative division algebras

We remark that the proof of Theorem 1.2 does not hold for |D| = 2,4, 8. It is an interesting topic to
discuss these special cases.

2. Some technical results

Throughout this paper, we always assume that char(D) = 2. Let ¥ = {0, 1} be the prime field F,
of D and R = M, (D). For the sake of convenience, we use @ € D to represent « - 1, where 1 is the
identity matrix of R.

It is well-known that every finite division ring is a field (Wedderburn’s theorem,
see [2, Theorem 1.38]). By the theory of finite fields, we have that “|D| # 2,4,8” in Theorem 1.2 is
equivalent to “dimg(D) > 4”.

Lemma 2.1. Suppose that dimg(D) > 4. Forany a,b € Dand 1 < i, j k,1 < n, we set A = ae;j+bey €
R. Then, there exist A;, A, € R* such that

Ai+ 1A +A A +A+ 1A + A3, A1+ A+ LA+ Ay +A A+ Ay +A+ 1 e RS

fori=1,2.

Proof. We discuss two cases as follows:
Case 1. a,b, 1 are F-independent. Since dimz(D) > 4, we have that there exists d € D such that
d,a,b,1 are ¥ -independent.
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Subcase 1.1.i= j=k=1and A = (a + b)e;;. We set
Ai=d and A, =d+a.
Note that
ALAi+ LA+ A A +A+1 eR”
fori=1,2. We get
Al+A,=ac€ ﬂx;
Al+Ay+1=a+1eRS
A] +A2 +A= Z aejj+bel-,- S RX;
1<j<n
J#i
Ai+Ay+A+1= ) (@+Dej+ b+ e € R,
I<j<n
i
Subcase 1.2.i= j,k=1,i # k, and A = ae;; + bey,. We set
Ai=d and A, =d+a+b.
It is clear that
A LA+ LA +A A +A+1 RS

fori =1,2. Note that A; + A, = a + b. It is clear that

Al +A A +A+ 1A+ A +A A+ A+ A+ 1 e R

Subcase 1.3.i = j, k # [, and A = ae;; + bey,. It is clear that
Ai=d and A, =d+b.

It is clear that
AL A+ 1A+ A A +A+1 RS

fori =1,2. Note that A; + A, = b. We get

Al +A) A +A+ 1A+ A +A A+ A+ A+ 1 e R

Subcase 1.4. i+ j, k=1,and A = ae;; + bey. Set
Ai=d and A, =d+a.

It is clear that
AL A+ 1A+ A A +A+1 RS

fori =1,2. Note that A; + A, = a. It is clear that

Al +A) A +Ay+ LA+ Ay +AA + Ay +A+ 1 € R
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Subcase 1.5. i # j, k # 1, (i, j) # (I,k), and A = ae;; + bey;. We set
Aj=d and A, =d+a.
It is easy to check that
AL Ai+ LA+ A A+ A+ 1A+ Ay, A1+ Ay + 1A+ Ay + A A+ Ay + A+ 1 e R

Subcase 1.6. i # j, k # 1, (i, j) = (I,k), and A = ae;; + be;;. We consider the case of i < j. The other
case can be discussed similarly. Set

Ay :d+ae,~j

Ay = Z (d+(1)€ss + (d+b + 1)€jj + ae;;.

1<s<n
S#j

It is easy to check that
ALA +1,A,,Ay+ 1€ RrR*.

Note that
A +A=d+bej;
Ai+A+1=d+1+bej;
Ay + A= Z (d+ a)ess +(d+ Db+ 1ej; + beji;

1<s<n
S£j

Ab+A+1= Z (d+a+ ey +(d+Db)ej; + bej.

1<s<n
S#E]

It is easy to check that
A +AA+A+1eR”

fori =1, 2. Note that

Al +A), = Z aegg + (b + l)ejj;

1<s<n
SEjJ

Ai+Ay+ 1= ) (a+ Dey +bej;.

1<s<n
S#J

It is easy to check that
Al +A), Al +A, +1 € RR*.

Note that

Ai+As+A= ) ae,+(b+ ey +aey +bej;

1<s<n
S#J

A1+A2+A+1: Z(a+l)ess+bejj+ae,~j+bej,-.

1<s<n
SE]
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It is easy to check that

(1+ba ' e;)(A + Ay + A) = Z aey, + ej; + ae; € R,

1<s<n
S#]

Since 1 + ba”'e i € RX, we get that A| + A, + A € R*. Similarly, we get

(A+bla+1)'e) A +Ay+A+1)
= Z (a+ Deg + (b—bla+ 1)_1a)ejj +ae;; € R*.

1<s<n
S#E]

Since 1 + b(a+ 1) 'e;; € R, we getthat A; + Ay + A+ 1 € R*. We getthat A; + A, + A + 1 € R*.

Case 2. a,b, 1 are ¥ -dependent over F. Since dim#(D) > 4, we have that there exists d; € D such
that d, ¢ L(1,a, b), where L(1,a, b) is a subspace of D generated by 1, a, b. It is clear that

dimg(L(1,a,b,dy)) < 3,

where L(1,a,b,d;) is a subspace of D generated by 1,a, b,d;. We get that there exists d, € D such
that d, ¢ L(1,a, b,d;). We consider the following subcases:
Subcase 2.1.i= j=k=1and A = (a + b)e;;. Set

A] = dl and A2 = dg.
It is easy to check that
AL A+ LA+ AA +A+ 1A + A A+ A+ LA+ A+ A A+ A+ A+ 1 eRS

fori=1,2.
Subcase 2.2.i= j,k=1,i # k,and A = ae;; + bey. Set

A] = dl and Az = dz.
It is easy to check that
AL A+ LA+ A A +A+ LA+ A, A+ A+ LA+ Ay +A A +Ay+A+ 1 eRY

fori=1,2.
Subcase 2.3.i= j,k # [, and A = ae;; + bey. Set

A] = d] and A2 = dz.
It is easy to check that
AL AT+ LA+ A A +A+ LA+ A A+ A+ LA+ Ay +A A+ Ay +A+ 1 e RY

fori=1,2.
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Subcase 2.4. i # j, k=1, and T = ae;; + bey. Set
A =dy and A, =d,.
It is easy to check that
AL Ai+ LA+ A A+ A+ 1A+ A3, A 1+ Ay + 1A+ Ay + A A+ Ay +A+ 1 e RY

fori=1,2.
Subcase 2.5. i # j, k # [, and (i, j) # (I, k). Note that T = ae;; + bey;. Set

A] = d] and A2 = dz.
It is easy to check that
AL A+ LA+ A A +A+ 1A + A A+ A+ LA+ A+ A A+ A+ A+ 1 eRS

fori=1,2.
Subcase 2.6. i # j, k # [, and (i, j) = (I,k). Note that A = ae;; + be;;. We may assume that i < j.
The case of i > j can be discussed analogously. Suppose that either a = 0 or b = 0. Set

Ay =d; and A, =d,.
We easily check that
AL A+ 1A+ A A +A+ LA + A A+ A+ LA+ A+ A A+ A+ A+ 1 eRE
We now consider the case of a, b # 0. Suppose first that a # 1 and b # 1. We set

A= dl + ae;j;

Ay= ) (d +a)es + (di + b+ e + acj.

1<s<n
S#E]

It is clear that
ALA +1,A,,A,+ 1€ Rx.

Hence

Al +A =d, +be; € RS,
Al+A+1=d +1+be; € RS,
Ay+A= Y (di+a)ey +(di +b+ Dej; + bej € R

1<s<n
S#J

Ay+A+1= Z(d1+a+1)em+(d1 +b)€jj+b€ji€RX.

1<s<n
S#j
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It is easy to check that

Ai+Ay= ) aey+(b+1ej € RS

1<s<n
S#E]

Al +Ay+1= Z (a+ ey, + bejj € R™.

1<s<n
SEJ

Note that

Al +A,+A= Z aeg + (b + 1)ej; + ae;j + bej;;

1<s<n
S#]

Al +A+ A+ 1= Z (a+ l)ess+bej.,-+ael~j+bej,-.

1<s<n
s£j

It is clear that
(1+ba"ei)(Ar+ Ay + A) = > aey +ejj +aey € R,

1<s<n
SE]

Since 1 + ba‘lej,- € R*, we getthat A| + A, + A € R*. It is easy to check

(AI+bla+1)'e) A +Ay+A+1)
= Z (a+ ey + (b—b(a+ 1)_1a)ejj +ae;;j € R*.

1<s<n
SE]
Since 1 + b(a+ 1) 'e;; € R, we get that A; + Ay + A + 1 € R*.
Suppose next that either a = 1 or b = 1. We only consider the case of a = 1. The case of b = 1 can
be discussed analogously. We set

Al = dl + €;j

Ay = D (dr+ ey + (ds + Dej; + ey
1<s<n
S#E]

It is clear that
AL, A1+ 1,A,,A,+ 1€ RrR*.

Furthermore, we get

AL+ A =d, +b€ji€RX;
Al+A+1=d +1+be; € RS,
Ay+A= Y (ds+ ey + (ds + bej; + bej € RS,

1<s<n
S#J

Ay+A+1= Z d2€SS+(d2+b+1)€jj+b€ji€RX;

1<s<n
S#j
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Ar+Ay= ) (di+dy+ Dey + (dy +dy + bej; € RY;

1<s<n
S#EJ

Al +A +1= Z(dl +dy)egs + (dy + dy + b+ 1)ej; € R*.

1<s<n
S#J

Note that

Al +A,+A = Z (d] +d, + l)e”+(d1 +d2+b)ejj+eij+beji;

1<s<n
S#E]

A] +A2 +A+1= Z (d] +d2)€ss+(d1 +d2+b+ l)ejj+el-.,-+bej,-.
l?;?n
It is easy to check that
(1 +b(d, +dy + 1)7'e;)(A} + Ay + A)
= D (di+dy+ Deg + (di +dy+ b= bldy +dy + 1) ey + €.
I1<s<n

SE]

Suppose that
di+dr+b-b(d +d, + 1) =0.

We get that d; + d, + 1 + b = 0, a contradiction. We obtain
di+d,+b-b(dy+dr + 1)1 £0.

This implies that
(1 + b(d] +d, + 1)_1eji)(A1 + A, + A) € R*.

Since 1 + b(d; + d, + 1)‘lej,- € R*, we obtain that A| + A, + A € R*. Similarly, we note that

(1 + b(d] + dz)_lej,’)(Al +A,+ A+ 1)
= Z (di +dy)eg +(di+dr +b+1—-b(d; + dg)‘l)ejj + ;).

1<s<n
S#j

Ifd +d, +b+1-b(d +dy)™" =0, we get
(di+dy+ 1)(d+dr+b)=0,
this is a contradiction. It follows that
(1 +b(d) +dy) "e;i) (A + Ay + A+ 1) € R™.

Since 1 + b(d;, + dy)'e;; € R*, we get that A; + A, + A + 1 € R*. The proof of the result is now
complete. O
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We call a ring B prime if for any a,b € B, aBb = 0 implies a = 0 or b = 0 (see [11] for details).
Note that M,,(D) is a prime ring.

Let B be a prime ring. By Q,,,(8) we denote the maximal left ring of quotients of B, and by C we
denote the center of Q,,,(B), which is called the extended centroid of 8. Note that Q,,(B) is also a
prime ring and C is a field (see [2, Chapter 7] for details).

An additive map 0 : B — Q,,(B) is called a Jordan derivation if

6(a*) = 0(a)a + ab(a)
for all a € B (see [10] for details).

3. The proof of Theorem 1.2

We assume that
f(A) = Ag(A™HA 3.1)

forall A € R*. Set Q = f(1) = g(1) and
fi(A) = f(A)+ QA and g(A) =g(A)+AQ

for all A € R. Using the invertibility of the identity matrix and (3.1), we note that f;(1) = 0 = g;(1).
We get from (3.1) that
fi(A) = Agi(A™HA (3.2)

for all A € R*. We get from (3.2) that
gi(A™) = AT fia)A™!
for all A € R*. Substituting A with A™! implies
g1(A) = Afi(A™HA (3.3)
for all A € R*. From both (3.2) and (3.3), we note that f; and g, have the same properties.
Lemma 3.1. We claim that
fi(A) = A(AA+ Afi(A) and  gi(A®) = g1(A)A + Agi(A)
forall A € R withA + 1 € R*.
Proof. Take A € R* with A + 1 € R*. We get
A'+A+ D H T =AA+1).
It follows from (3.3) that

O=gA'+A+DH+A@"+A+DHAAA+D))A ' +@A@+ D™
=g(A" + A+ D)+ AA + D) (AAY) + LAANAA + 1)
=g1(A) + g (A + D))+ (AA + D) AADHAA + 1)

+(AA+ 1) fILAAA + 1)
=A"AATT + A+ DT AAA+ DT+ AA + D) AAAA + 1)
+(AA + 1) LtADAA + 1)~

AIMS Mathematics Volume 11, Issue 3, 5283-5298.
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Multiplying the last relation by A(A + 1) from both left and right sides, we obtain
fiA%) = A+ Dfi(A)A + 1) + Afi(AA + fi(A)
= fi(A)A + Afi(A) + 2Af1(A)A + 2f1(A)
for all A € R* with A + 1 € R*. Since Char(D) = 2, we get that 2A fi(A)A + 2f1(A) = 0. Hence
filA%) = DA + Afi(A)
for all A € R* with A + 1 € R*. Similarly, we can obtain that
81(A%) = g1(A)A + Agi(A)
forall A € R* withA + 1 € R*. O
For A, B € R, we define the Jordan product A o B = AB + BA.
Lemma 3.2. Take a,b € D and 1 < i, j, k,l < n, and we claim that
fi(ae;; + bew)*) = fi(ae;; + bey) o (ae;; + bey). (3.4)
In particular, we have that
fl((aeij)z) = fl(aeij) © ae;j;. (3.5)
Proof. We set
A = ae;j + bey.

By Lemma 2.1, we get that there exist A;, A, € R* such that
A+ 1A +AA+A+ LA+ A+ A A +A+A+ 1 eRS
fori =1,2. Using Lemma 3.1, we get
Sil(Ar +A)) = fi(A; + A) o (A + A).
Expanding the last relation, we get
FilAD) + fi(Ay 0 A) + fi(A®) = fi(A) 0 Ay + fi(A)) 0 A+ fi(A) 0 Ay + fi(A) 0 A. (3.6)

In view of Lemma 3.1, we have that

AAD = fiAD o Ay 3.7)
It follows from both (3.6) and (3.7) that
filAy 0 A) + fi(A%) = fi(A) o A+ fi(A) o A; + fi(A) o A. (3.8)
Similarly, we can obtain
filAz 0 A) + fi(A%) = fi(A) o A+ fi(A) 0 Ay + fi(A) 0 A (3.9)
and
fillA1 +Ay) 0 A) + fi(A%) = fi(A; + Ar) 0 A + fi(A) o (A; + Ap) + fi(A) 0 A. (3.10)
Adding (3.8) into (3.9), we get
fi((A1 +Ax) 0 A) = fi(A1 +Ax) 0 A + fi(A) o (A1 + Ao). (3.11)
It follows from both (3.10) and (3.11) that f,(T?) = fi(T)o T. O
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Lemma 3.3. We claim that both f| and g, are Jordan derivations of R.

Proof. Take a,b € D and 1 <1, j, k,I < n. Since f; is linear, we get

fillae;; + bew)®) = fi((aei))*) + filaej o bey) + fi((bew)?). (3.12)
Using (3.4), we get
fiaei; + bey)*) = fi(ae;; + bey) o (ae;; + bey)
= fi(ae;j o (ae;j) + fi(ae;j o (bey)
+ fi(bey) o (ae;j) + fi(bey) o (bey) (3.13)

= fi((ae;))*) + fi(ae;; o (bey)
+ fi(bey) o (ae;)) + fi((bew)?).

Comparing (3.12) and (3.13), we get
fiae;j o bey) = fi(ae;j) o bey + ae;j o fi(bey). (3.14)

Since f; is linear and {e;; | 1 < i, j < n} is the standard base of R, we easily get from (3.14) that

fi(A%) = fi(A) o A

for all A € R. That is, f; is a Jordan derivation of R. Similarly, we can obtain that g; is a Jordan
derivation of R. m|

We are given:

Proof of Theorem 1.2. By Lemma 3.3 we have that both f; and g, are Jordan derivations of R. Note
that R is a prime ring. It follows from [10, Theorem 2.2] that

Ji(A) = 6(A) + u(A) and  gi(A) = 61(A) + ui(A) (3.15)

for all A € R, where 6,9, : R = Q,,(R) are derivations and yu, u; : R — C.
We first claim that 6 = 6;. Since ¢ is a derivation, we get from both (3.3) and (3.15) that

g1(A) =Afi(A"HA
=A(6(A7") +p(A™)) A

(3.16)
= AS(A™HA + pu(A™HA?
= 6(A) + u(A™HA?
for all A € R*. We get from both the second relation in (3.15) and (3.16) that
(6 +01)(A) = u(A™HA® + 11 (A) (3.17)

forall A € R*. Takea € Dand 1 < i, j < nwithi# j. Itisclear that(1+ae'ij)2 = 1. We get from (3.17)
that
(0 +01)(1 + ae;j) = u(l + ae;j) + ui(1 + ae;j). (3.18)
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Since (6 + 01)(1) = 0, we get from (3.18) that

6+ 61)(616,']') eC.

Since dim#(D) > 4, we get that there exists b € D* such that b # a,a + 1, 1. We set

A= Z ejj + bej;.

1<j<n
J#I

It is clear that A, A + ae; € R* are diagonal matrices. On one hand, we get from (3.17) that

(0+01)(ae;)) =(0+01)A+ae; +A)
=0+ 01)A +ae;)+(0+0)(A)
= (A + aey) " )(A + ae;)” + (A + aey)
+ u(ATHA® + i (A).

Since both A2 and (A + ae;;)* are diagonal matrices, we get from (3.20) that

€i(6 + 6))(aep)e;; = u(A + aey) ei(A + aey)’ei + pi(A + aey)e;;
+ u(A e ey + i (A)ey;
= u((A + ae;) " )A + ae;)” + (A + ae)e;
+ (A HA? + i (Ae;;.

On the other hand, since § + ¢, is a derivation, we get from (3.19) that

(6 + 01)(ae;) = (0 + 61)(ae;jeji)
= (6 + 61)(a€ij)eji + aeij(é + 61)(81'1') S Ce,-j + C’aeji

where 1 < j < n with j # i. It follows from (3.22) that
e;i(6 + 61)(aei)e; = 0.

We get from both (3.21) and (3.23) that

p((A + aei) A + aep) + (A + ae)e; + u(A™a* + i (A)e; = 0.

Multiplying (3.24) with e;; from the left side, where j # i, we get
0 = u((A + ae;) eji(A + aey)” + u(A " )e;;A
= (A + ae) ™A + aeq)’ + p(A™HA®.
Taking (3.25) into (3.20), we obtain
(6 + 61)(ae;) = (A + aey) + i (A) € C.
Forany A = ), a;je;; € R, we get from both (3.19) and (3.26) that

1<i,j<n

(@+6)(A) = > (5+6)aye;) €C.

1<i,j<n

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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This implies that
[(6 +61)(A),A] =0

for all A € R. Since ¢ + 0, is a derivation, we get from the famous Posner’s theorem [11, Theorem 2]
that 6 + §; = 0, and so § = 8, as desired.
We next claim that 4 = u; = 0. We get from (3.17) that

HATHA® + i (4) = 0
for all A € R*. This implies that
wAHA? eC (3.27)
for all A € R*. Replacing A by A~! in (3.27), we get that

u(AAeC (3.28)

for all A € R*. Since C is a field, we get from (3.28) that either u(A) = 0 or A=2 € C. This implies that
either u(A) = 0 or A2 € C. We get
u(A)A* e C (3.29)

forall A € R*. Take a € D and 1 < i < n, and we first claim that u(ae;) = 0.
Since dim#(D) > 4 (implying |D| > 16), we get that there exists b € D* such thatb # a,1 +a, 1.

We set
A = Z ejj + bei,-.
1<j<n
Jj#i
It is clear that A, A + ae; € R*. We claim that A> ¢ C. Indeed, we have

2 _ 12 _ 2
A €,'j = b eij * eij = eijA

for 1 < j < nwith j # i. This implies that A> ¢ C, as desired. Similarly, we can obtain that
(A + ae;)* ¢ C. It follows from (3.29) that

u(A)A% e C.
Since A? ¢ C, we get that u(A) = 0. It follows from (3.29) that
(A + ae;)(A + ae;;)* € C.

Since (A + ae;)* ¢ C, we get that
,Ll(A + ae,-l-) =0

and so u(ae;;) = 0, as desired. We next claim that p(ae;;) = O foralla € Dand 1 <i, j < n withi # j.
Since dimg(D) > 4 (implying |D| > 16), we get that there exists b € D* such that b # 1. We set

A= Z ejj + bej;.

I<j<n
J#i

AIMS Mathematics Volume 11, Issue 3, 5283-5298.



5296

It is easy to check that A, A + ae;; € R* and A? ¢ C. It follows from (3.29) that
u(A)A? € C.
Since A% ¢ C, we get that u(A) = 0. We claim that (A + ae;;)* ¢ C. Indeed, we have
A+ aeij)2 =A’+Ao ae;;.
Note that
eij(A2 +Aoae;) =e;# bzeij =(A’+ao ae;je;j.
This implies that (A + ae; j)2 ¢ C. It follows from (3.29) that
(A + ae;j)(A + ae;;)* € C.

Since (A + ae,-j)2 ¢ C, we get

/.l(A + aeij) =0
and so u(ae;;) = 0. Forany A = ) a;je;; € R, we obtain that
1<i,j<n
WA= ) nlaey) = 0.
1<i,j<n

Hence, = 0. Similarly, we can obtain that u; = 0. We have that
fi=06=061=gi.
This implies that § = §; : R — R and
f(A) =Ag+0(A) and g(A) =gA+5(A)

for all A € R. The proof of the result is now complete. O
4. Relevant works on functional equations in alternative division algebras

We remark that the functional identity (1.1) is closely related to a broader class of functional

equations of the form
F(x)+ M(x)G(1/x) =0,

which have been extensively studied in different algebraic settings. In particular, the above equation
has been completely classified over fields of characteristic two in the recent paper by Kawai and
Ferreira [9]. In addition, functional equations on alternative division rings have been discussed
in [7,8].

In view of Theorem 1.2 and the recent developments in the theory of alternative division algebras,
we give the following:

Conjecture 4.1. Suppose that D is an alternative division algebra with char(D) = 2. Let f,g : D — D
be additive maps satisfying
FAA T +424H =0

for all invertible A € D. If |D| # 2,4, 8, then
f(A) =AQ +6(A) and g(A) = QA+ 6(A)
forall A € D, where Q € D and 6 is a derivation of D.
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5. Conclusions

In this paper, we investigate the following functional identity with inverses on matrix rings over a
division ring of characteristic two:

FAAT +4247H =0

for all invertible A € M, (D), which has been investigated for the case of characteristic not two in 2020.
We remark that our main result (Theorem 1.2) affirmatively answers a question posed by Argac et
al. under a mild condition that |D| # 2,4,8. The proof method of the main theorem (Theorem 1.2)
has several innovations: First, it uses the prime field of division ring to determine the independence
of elements and then employs complex calculations to identify some invertible matrices. Second, we
prove that additive mappings that satisfy the conditions of the theorem are Jordan derivations. Finally,
we use a result on Jordan derivations of prime rings to complete the proof of the main theorem.

It should be noted that the main result of this paper is somewhat related to the problem of identities
with inverses on alternative division algebras.
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