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1. Introduction

Nonlinear dispersive wave equations are crucial mathematical tools for simulating the evolution of
long-wave phenomena in various scientific domains. These equations effectively describe ocean waves,
tsunamis, and other water–based phenomena in shallow-water hydrodynamics [1–3]. Because of their
significance and complexity, many numerical and analytical approaches to nonlinear dispersive wave
equations have been developed [4–6].

One of the foundational models in this class was introduced by Boussinesq in 1877 [7]:

ψtt − ψxx − γψxxxx − β(ψ2)xx = 0. (1.1)
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A variety of higher-order integrable equations were also studied in [8], namely

ψtt − ψxx − γψxxxx − β(ψ2)xx + αψxt = 0, (1.2)

and

ψtt − ψxx − γψxxxx − β(ψ2)xx +
α2

4
ψyy + αψyt = 0. (1.3)

Furthermore, the following generalized equation form was studied in [9]:

ψtt − ψxx + (ψn)xx + (ψn)xxxx = 0. (1.4)

Another example of the (3+1)–dimensional extension of the dispersive wave equations is given in [10]:

ψtt − ψxx − β1(ψ2)xx − β2ψxxxx +
β2

3

4
ψyy + β3ψyt + β4ψxz = 0. (1.5)

Boussinesq-type models describe bidirectional propagation, whereas many coastal problems
involve unidirectional propagation over long distances; for these regimes the EMC equation is a
suitable model. The (1 + 1)-dimensional EMC equation was first introduced by Mansfield and
Clarkson [11] as

ψxxxt + βψxψxt + βψtψxx + ψtt = 0, (1.6)

where ψ = ψ(x, t) and β is a constant coefficient. This equation describes the propagation, interaction,
and transformation of shallow-water waves. One well-known extension of the EMC equation is
expressed as: (

ψm
x
)

xxt + γ
(
ψn

xψt
)

x + ψtt = 0. (1.7)

It is worth noting that for m = n = 1, Eq (1.7) reduces to the EMC equation (1.6) with β = γ.
To capture more complex physical phenomena, various higher-dimensional extensions of the EMC

equation (1.6) have been proposed. For instance, the (2 + 1)-dimensional extension of the model is
given by

ψyt + ψxxxy + βψxxψy + βψxψxy = 0. (1.8)

Likewise, a (3 + 1)–dimensional modification of (1.6) takes the form

ψyt + ψxxxy + βψxxψy + βψxψxy − ψxz = 0. (1.9)

As established in [11], if ψ is independent of z, Eq (1.9) reduces to Eq (1.8); setting ψ = u(x, y + t)
reduces Eq (1.8) to Eq (1.6). Thus, Eqs (1.6) and (1.8) are both reductions of the (3 + 1)–dimensional
Eq (1.9). We refer to Eq (1.9) as the modified EMC equation throughout this paper. The EMC equation
(1.6) is an important model for studying nonlinear evolution equations and has attracted the attention
of many scholars. In [12], the authors studied the model using the modified extended direct algebraic
method and the improved (G′/G)-expansion method. The model with the beta-fractional operator
was considered in [13] via the modified F-expansion method and the logarithmic transformation. In
[14], the authors employed the extended direct algebraic method to extract different soliton solutions
to a fractional version of the EMC equation. In addition, using the Riccati-Bernoulli sub-ordinary
differential equation (ODE) approach, several exact solutions to the model were reported in [15]. Aliyu
et al. systematically derived Lie point symmetries and optimal subalgebras and reduced the model
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to ODEs to obtain explicit solutions [16]. In [17], the authors obtained a variety of explicit soliton
solutions such as Jacobi elliptic, hyperbolic, trigonometric, and exponential solutions by using the
Kumar–Malik method. Further, a generalized (2+1)-dimensional form of the EMC equation involving
time-dependent coefficients was proposed in [18]. Another time-fractional variant of the model was
considered in [19]. Moreover, some symmetries of the E(m, n) equation (1.7) were derived in [20]
using the direct reduction method, and classical analytic solutions were compared with extended graph-
based PINNs in [21]. Finally, Ceesay et al. [22] obtained the M-shaped wave solutions and multiple
breather, periodic lump, and cross-kink wave profiles to the EMC equation by using the Hirota bilinear
method.

Many existing solutions to the EMC equation are traveling waves, which inherently restrict the
diversity of wave patterns they can describe. The main difference between traveling and non–traveling
waves lies in their dynamics. In traveling waves, the speed and the shape of the profiles are fixed; in
contrast, the non–traveling waveforms can deform, oscillate, and change shape in a more complicated
way as a function of time. This flexibility makes non–traveling waves well-suited to modeling a wide
variety of nonlinear problems. Motivated by the need to capture such dynamical behaviors, we employ
two variable-separation strategies to construct non–traveling wave solutions to the model. The ansatz
used here belongs to the generalized variable-separation approach of [23, 24]. To the best of our
knowledge, the technique has not previously been applied to the modified EMC equation (1.9), and the
resulting solutions have not been reported before.

The rest of this paper is organized as follows. In Section 2, we apply two extended
variable-separation strategies for Eq (1.9). These techniques allow us to reduce the problem to
solvable forms. Then, by imposing specific constraint sets, we derive several explicit exact solutions
involving trigonometric, hyperbolic, exponential, and rational functions. Section 3 presents the
graphical discussion of the exact wave solutions. Finally, some concluding remarks are presented in
Section 4.

2. Reduction strategies for Eq (1.9)

In this section, we apply a generalized variable-separation approach [23, 24] within distinct
reduction frameworks to derive a wide variety of exact non–traveling solutions to Eq (1.9).

Reduction strategy 1. The first reduction strategy is based on the transformation

ψ(x, y, z, t) = p(y, z, t) · Λ(φ, t) + q(x, y, z, t), (2.1)

with the mixed phase variable
φ = εx + θ(y, z, t), (2.2)

in which ε , 0 is a constant parameter, and θ is a function to be determined.
Substituting (2.1) into Eq (1.9) and collecting terms according to the order of Λ-derivatives yields

the reduced equation

ρ1
∂Λ

∂φ
+ ρ2 + ρ4Λ + ρ6

(
ε3∂

3Λ

∂φ3 +
∂Λ

∂t

)
+ ρ3ρ7

∂2Λ

∂φ2 + ρ7ρ5

(
ε3∂

4Λ

∂φ4 +
∂2Λ

∂φ ∂t

)
+ ε2ρ6ρ7

(
βΛ

∂2Λ

∂φ2 + β
(∂Λ
∂φ

)2)
+ 2βε2ρ2

7ρ5
∂2Λ

∂φ2

(∂Λ
∂φ

)
= 0,

(2.3)
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where
ρ1 = βεpyqx + βpθyqxx + βεpqxy + pyθt + pθty + θy pt − εpz,

ρ2 = qty + qxxxy − qxz + βqxqxy + βqxxqy,

ρ3 = βεθyqx + βε
2qy + θyθt − εθz,

ρ4 = βpyqxx + pty, ρ5 = θy, ρ6 = py, ρ7 = p.

(2.4)

Equations (2.3) and (2.4) form the basis for the strategy built on ansatz (2.1). Imposing specific
constraint sets on ρ1, ρ2, . . . , ρ7 results in solvable reduced equations for Λ and explicit expressions for
q and θ.

Case 1.1: Linear wave solution

Imposing the constraint set ρ3 = ρ7 = 1 and ρ1 = ρ2 = ρ4 = ρ5 = ρ6 = 0 on Eq (2.3) admits the
solution:

Λ (φ, t) = h1 (t)φ + h2 (t) , (2.5)

where the hi are arbitrary functions.
Furthermore, Eq (2.4) under these restrictions gives:

p(y, z, t) = 1,

q(x, y, z, t) = −β
∫

G1(z, t)
∂g1(z, t)
∂t

dz + g3 (βG1(z, t) + x, t)

+ (βG1(z, t) + x)
∫

∂g1(z, t)
∂t

dz + g1(z, t)y − G2(z, t),

θ(y, z, t) = εβG1(z, t) −
z
ε
+ g4(t),

(2.6)

where Gi(z, t) =
∫

gi(z, t) dz. The corresponding exact non-traveling linear wave solution is:

ψ1(x, y, z, t) = h1(t)
(
εx + εβG1(z, t) −

z
ε
+ g4(t)

)
+ h2(t) − β

∫
G1(z, t)

∂g1(z, t)
∂t

dz

+ g3 (βG1(z, t) + x, t) + (βG1(z, t) + x)
∫

∂g1(z, t)
∂t

dz + g1(z, t)y − G2(z, t).
(2.7)

Remark 1. Unless stated otherwise, each gi and each hi denotes an arbitrary smooth function of its
arguments. This freedom allows the wave profile to be modulated independently at different values of
y, z, and t, so the solutions need not be traveling waves.

In Figure 1, we present several three-dimensional profiles of the analytic wave solution ψ1(x, y, z, t)
for the (3 + 1)–dimensional EMC equation, with the parameters set to ε = 1 and β = 1. The remaining
set of seed functions h1(t), h2(t), g1(z, t), g2(z, t), g3(ξ, t), and g4(t) is specified for the following three
cases: (a) The Gaussian envelope profile:

h1(t) = 0.2e−0.1t2 , h2(t) = 0.1 sin(0.5t)e−0.05t2 , g4(t) = 0.5e−0.1t2 ,

g1(z, t) = e−0.1z2
cos(0.5t), g2(z, t) = ze−0.1z2

sin(0.3t), g3(ξ, t) = 0.2e−0.05ξ2
cos(0.5t).

(2.8)
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(b) Multi-peak hyperbolic sech profile:

h1(t) = 0.2 sech(0.3t), h2(t) = 0.1 sech2(0.2t), g4(t) = 0.5 sech(0.3t),
g1(z, t) = sech2(0.3z) cos(0.4t), g2(z, t) = sech(0.3z) tanh(0.3z) sin(0.4t),
g3(ξ, t) = 0.2 sech(0.2ξ) sin(0.3t).

(2.9)

(c) Algebraic rational profile:

h1(t) =
0.3

1 + 0.1t2 , h2(t) =
0.1 cos(0.5t)

1 + 0.1t2 , g4(t) =
0.4

1 + 0.1t2 ,

g1(z, t) =
1 − 0.1z2

(1 + 0.1z2)2 cos(0.3t), g2(z, t) =
z sin(0.3t)

(1 + 0.1z2)2 , g3(ξ, t) =
0.2 sin(0.4t)
1 + 0.05ξ2 .

(2.10)

(a) (b) (c)

Figure 1. Three-dimensional surface profiles with floor-projected 2D contour maps depicting
the localized dynamics of ψ1(x, y, z, t) evaluated at fixed cross-sections x = 1 and y = 1 over
t, z ∈ [−10, 10] across: (a) the Gaussian envelope regime, (b) multi-peak hyperbolic sech
regime, and (c) algebraic rational profile.

Case 1.2: Parabolic-exponential wave solution

Alternatively, enforcing ρ7 = 1 and setting ρ1, ρ2, ρ4, ρ5, ρ6 to zero yields the same linear form for
Λ(φ, t) as given in Eq (2.5). Moreover, considering these conditions in Eq (2.4) provides:

p(y, z, t) = 1,

q(x, y, z, t) =
1
2

g′1(t)x2 + x g2(z, t) + e−βg1(t)
(
y
∫

eβ g1(t)∂g2

∂z
dt +

∫
eβ g1(t)g3(z, t) dt + g4(y, z)

)
,

θ(y, z, t) = g5(z, t).

(2.11)

Through direct substitution, we obtain the parabolic-exponential non–traveling wave solution
ψ2(x, y, z, t) given by

ψ2(x, y, z, t) = h1(t) (εx + g5(z, t)) + h2(t) +
1
2

g′1(t)x2 + x g2(z, t)

+ e−βg1(t)
[
y
∫

eβg1(t)∂g2(z, t)
∂z

dt +
∫

eβg1(t)g3(z, t) dt + g4(y, z)
]
.

(2.12)
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To illustrate distinct spatiotemporal behaviors (Figure 2), we fix ε = 1 and β = 1. We also take
g1(t) = 0.1t and consider three sets of the remaining seed functions:
(a) Gaussian–envelope profile:

h1(t) = 0.2e−0.1t2 , h2(t) = 0.1 cos(0.5t)e−0.05t2 ,

g2(z, t) = e−0.1z2
sin(0.5t), g3(z, t) = e−0.1z2

cos(0.3t),

g4(y, z) = 0.2e−0.1(y2+z2), g5(z, t) = 0.5e−0.1z2
cos(0.5t).

(2.13)

(b) Multi-peak hyperbolic–sech profile:

h1(t) = 0.2 sech(0.3t), h2(t) = 0.1 sech2(0.2t),
g2(z, t) = sech2(0.3z) sin(0.4t), g3(z, t) = sech(0.3z) tanh(0.3z) cos(0.4t),
g4(y, z) = 0.2 sech(0.2y)sech(0.2z), g5(z, t) = 0.5 sech(0.3z) cos(0.4t).

(2.14)

(c) Algebraic rational profile:

h1(t) =
0.3

1 + 0.1t2 , h2(t) =
0.1 sin(0.5t)

1 + 0.1t2 ,

g2(z, t) =
1 − 0.1z2

(1 + 0.1z2)2 sin(0.3t), g3(z, t) =
z cos(0.3t)

(1 + 0.1z2)2 ,

g4(y, z) =
0.2

1 + 0.05y2 + 0.05z2 , g5(z, t) =
0.4 cos(0.3t)

1 + 0.1z2 .

(2.15)

(a) (b) (c)

Figure 2. Three-dimensional surface structures with floor-projected 2D contour maps of
ψ2(x, y, z, t) evaluated at cross-sections x = 1 and y = 1 over t, z ∈ [−10, 10] for: (a)
Gaussian–envelope profile, (b) the multi-peak hyperbolic sech regime, and (c) the algebraic
rational seed profile.

Case 1.3: Quadratic spatial background solution

By selecting ρ2 = ρ3 and ρ7 = 1, while setting the remaining coefficients ρ1, ρ4, ρ5, ρ6 to zero,
Eq (2.3) admits the solution:

Λ (φ, t) = −
φ2

2
+ h1 (t)φ + h2 (t) . (2.16)
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Substituting these constraints into Eq (2.4) yields:

p(y, z, t) = 1,

q(x, y, z, t) =
1
2

g′2(t)x2 + g3(z, t)x

+ eβ(tε2−g2(t))
[
g5(y, z) −

∫
eβ(g2(t)−tε2)

((
∂g1

∂z
ε −

∂g3

∂z

)
y − g4(z, t)

)
dt

]
,

θ(y, z, t) = g1(z, t).

(2.17)

Taking these conditions into account, we obtain the exact non–traveling wave solution with a quadratic
spatial background:

ψ3(x, y, z, t) = −
(εx + g1(z, t))2

2
+ h1(t)(εx + g1(z, t)) + h2(t) +

1
2

g′2(t)x2 + g3(z, t)x

+ eβ(tε2−g2(t))
[
g5(y, z) −

∫
eβ(g2(t)−tε2)

((
∂g1

∂z
ε −

∂g3

∂z

)
y − g4(z, t)

)
dt

]
.

(2.18)

We set g2(t) = (ε2 + c)t with c = 0.1 and take ε = 1, β = 1 and x = 1, y = 1; with these parameter
values, Figure 3 depicts the behavior of the solution ψ3 for the following three profiles:
(a) The Gaussian-modulated profile:

h1(t) = 1.2e−0.1t2 , h2(t) = 0.3 sin(0.6t)e−0.08t2 , g1(z, t) = 0.5e−0.15z2
cos(0.4t),

g3(z, t) = 0.4ze−0.15z2
sin(0.4t), g4(z, t) = 0.4e−0.15z2

cos(0.3t), g5(y, z) = 0.8e−0.1(y2+z2).
(2.19)

(b) The sech-type profile:

h1(t) = sech(0.2t), h2(t) = 0.2 sech2(0.2t), g1(z, t) = 0.3 sech2(0.3z) sin(0.4t),
g3(z, t) = 0.5 sech(0.3z) cos(0.4t), g4(z, t) = 0.3 sech(0.3z) sin(0.2t),
g5(y, z) = 0.5 sech(0.2y) sech(0.2z).

(2.20)

(c) The rational profile:

h1(t) =
1.2

1 + 0.1t2 , h2(t) =
0.2 cos(0.4t)
1 + 0.05t2 , g1(z, t) =

0.6 cos(0.3t)
1 + 0.15z2 ,

g3(z, t) =
0.4z sin(0.3t)
(1 + 0.15z2)2 , g4(z, t) =

0.3 cos(0.2t)
1 + 0.15z2 , g5(y, z) =

0.8
1 + 0.1y2 + 0.1z2 .

(2.21)
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(a) (b) (c)

Figure 3. Surface and contour plots of ψ3(1, 1, z, t) for (z, t) ∈ [−10, 10]2, with ε = β = 1,
c = 0.1, and g2(t) = (ε2 + c)t. Seed functions: (a) Eq (2.19) (Gaussian-modulated), (b)
Eq (2.20) (sech-type), (c) Eq (2.21) (rational).

In each panel, the localized part is centered near t = 0 and decays in |z|. The surfaces are not
symmetric in t because of the factor e−βct.

Case 1.4: Non–traveling quadratic wave structure

Applying the conditions ρ2 = ρ7 and ρ3 = 1, alongside ρ1 = ρ4 = ρ5 = ρ6 = 0, transforms Eq (2.3)
into the same quadratic form forΛ(φ, t) as given in Eq (2.16). However, this choice alters the parameter
relations in Eq (2.4) to:

p (y, z, t) = g2 (t) ,

q (x, y, z, t) =
(
−g2 (t) z +

1
εβ

∂g1

∂t

)
x +

(
1
εβ

∂g1

∂z
+

1
ε2β

)
y +

∫
g3

(
x ε2 + g1 (z, t) ε + z

ε2 , t
)

dx + g4 (z, t) ,

θ (y, z, t) = g1 (z, t) .
(2.22)

Under these conditions, we obtain the following non–traveling quadratic wave structure:

ψ4(x, y, z, t) = g2(t)
[
−

(εx + g1(z, t))2

2
+ h1(t)(εx + g1(z, t)) + h2(t)

]
+

(
−g2 (t) z +

1
εβ

∂g1

∂t

)
x +

(
1
εβ

∂g1

∂z
+

1
ε2β

)
y +

∫
g3

(
x ε2 + g1 (z, t) ε + z

ε2 , t
)

dx + g4 (z, t) ,
(2.23)

Case 1.5: Linear-modulated wave profile

If we impose ρ1 = ρ2 and ρ3 = ρ7, with ρ4 = ρ5 = ρ6 = 0, the reduced equation gives:

Λ (φ, t) = −φ + h1 (t) . (2.24)
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Inserting these parameter choices into Eq (2.4) results in:

p(y, z, t) =
∂g2(z, t)
∂z

,

q(x, y, z, t) =
∫

g3

(
x +

g1(z, t)
ε
+

g2(z, t)
ε2 , t

)
dx + g4(z, t)

+ x
(
ε
∂g2(z, t)
∂z

+
1
βε

∂g1(z, t)
∂t

+
1
βε2

∂g2(z, t)
∂t

)
+

y
βε2

(
∂g2(z, t)
∂z

+ ε
∂g1(z, t)
∂z

)
,

θ(y, z, t) = g1(z, t).

(2.25)

From these auxiliary equations, we formulate the linear-modulated wave profile:

ψ5(x, y, z, t) =
∂g2(z, t)
∂z

(
h1(t) − g1(z, t)

)
+

1
βε

[
x
(
1
ε

∂g2(z, t)
∂t

+
∂g1(z, t)
∂t

)
+ y

(
1
ε

∂g2(z, t)
∂z

+
∂g1(z, t)
∂z

) ]
+

∫
g3

(
x +

g1(z, t)
ε
+

g2(z, t)
ε2 , t

)
dx + g4(z, t).

(2.26)
By assigning specific seed configurations within the reduction framework of Eq (2.26), we obtain
distinct localized wave profiles for ψ5(x, y, z, t) evaluated at x = 1, y = 1 with scaling constants ε =
1, β = 0.8 (Figure 4):
(a): Utilizing coupled hyperbolic secant functions for the seed functions g1(z, t) and g2(z, t) results in a
localized pulse structure centered near the spatiotemporal origin:

h1(t) = 1.8 sech(0.2t), g1(z, t) = 0.3 sech(0.3z) sech(0.2t), g2(z, t) = 0.4 sech2(0.3z) sech(0.2t),
g3(ξ, t) = 0.8 sech(0.2t) sech2(ξ), g4(z, t) = 0.5 sech2(0.3z).

(2.27)
(b): Employing Gaussian-weighted harmonic modulations gives:

h1(t) = 1.5e−0.08t2 , g1(z, t) = 0.4e−0.1z2
cos(0.5t), g2(z, t) = 0.3e−0.1z2

sin(0.5t),

g3(ξ, t) = e−0.08t2 cos(0.5t) sech2(ξ), g4(z, t) = 0.4e−0.1z2
cos(0.5t).

(2.28)

(c): Incorporating rational functions combined with hyperbolic tangent spatial profiles yields:

h1(t) =
1.5

1 + 0.08t2 , g1(z, t) =
0.5 tanh(0.3z)

1 + 0.1t2 , g2(z, t) =
0.4 sech(0.3z)

1 + 0.08t2 ,

g3(ξ, t) =
0.8

1 + 0.08t2 sech2(ξ), g4(z, t) =
0.4 tanh(0.3z)

1 + 0.1z2 .

(2.29)
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(a) (b) (c)

Figure 4. Surface and contour plots of ψ5(1, 1, z, t) for (z, t) ∈ [−10, 10]2, with ε = 1 and
β = 0.8. Seed functions: (a) Eq (2.27), (b) Eq (2.28), (c) Eq (2.29).

Figure 4 (a) shows a single localized pulse near the origin. Figures 4 (b) and (c) show ridges that
extend along the t-direDction.

Case 1.6: Exponential decay wave structure

Under the constraints ρ7 = 1 and ρ1 = ρ2 = ρ3, with ρ4 = ρ5 = ρ6 = 0, Eq (2.3) admits the solution

Λ (φ, t) = h1 (t) e−φ − φ + h2 (t) . (2.30)

As a result, the auxiliary equations in Eq (2.4) simplify to:

p(y, z, t) = 1,

q(x, y, z, t) = g2(z, t) +
∫

g3

(
x +

g4(z, t)
ε

, t
)

dx +
x
βε

(
∂g4 (z, t)

∂t

)
+

y
βε

(
∂g4 (z, t)
∂z

)
,

θ(y, z, t) = g4(z, t).

(2.31)

Hence, the exponential decay wave structure is expressed as:

ψ6(x, y, z, t) = h1(t) e−(εx+g4(z,t)) − (εx + g4(z, t)) + h2(t)

+ g2(z, t) +
∫

g3

(
x +

g4(z, t)
ε

, t
)

dx +
x
βε

(
∂g4 (z, t)

∂t

)
+

y
βε

(
∂g4 (z, t)
∂z

)
.

(2.32)

Setting β = 0.65, we evaluate the solution ψ6(x, y, z, t) at x = 1, y = 1 with ε = 1. Under these
conditions, Figure 5 shows the evolution of this solution in the following three sets of seed functions:
(a): Coupling Bessel-type integral kernels with multi-frequency temporal modulations:

h1(t) = 2.5 sech(0.15t) cos(0.8t), h2(t) = 1.2e−0.04t2 sin(0.6t),
g2(z, t) = 0.7 sin(0.4z) cos(0.5t), g4(z, t) = 0.6 cos(0.4z) sech(0.2t),
g3(ξ, t) = 1.4 sech(0.15t) sin(0.7t)J0(ξ).

(2.33)

(b): Employing trigonometric functions within the integral kernel:

h1(t) = 2e−0.05t2 cos(t), h2(t) = sech(0.2t) cos(0.8t),

g2(z, t) = 0.8e−0.05z2
sin(0.8t), g4(z, t) = 0.65 sech(0.3z) cos(0.6t),

g3(ξ, t) = 1.5e−0.05t2 cos(0.9t) sin2(ξ).

(2.34)
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(c): Utilizing rational damping factors combined with hyperbolic sech-tanh compound states:

h1(t) =
2.2

1 + 0.03t2 cos(0.7t), h2(t) =
0.9

1 + 0.05t2 sin(0.5t),

g2(z, t) =
0.7 tanh(0.3z) cos(0.5t)

1 + 0.04t2 , g4(z, t) =
0.6 sech(0.3z) sin(0.5t)

1 + 0.04t2 ,

g3(ξ, t) =
1.3

1 + 0.03t2 cos(0.6t) tanh(ξ) sech(ξ).

(2.35)

(a) (b) (c)

Figure 5. Surface and contour plots of ψ6(1, 1, z, t) for (z, t) ∈ [−10, 10]2, with ε = 1 and
β = 0.65. Seed functions: (a) Eq (2.33), (b) Eq (2.34), (c) Eq (2.35).

The cos(0.4z) and sin(0.4z) terms produce a periodic structure in z. The time factors modulate its
amplitude and phase.

Case 1.7: Exponentially decaying phase solution

For ρ1 = ρ5 = ρ7 = 1 and ρ2 = ρ4 = ρ6 = 0, Eq (2.3) gives:

Λ(φ, t) = cφ e−t. (2.36)

Furthermore, solving the constraint system outlined in Eq (2.4) provides:

p(y, z, t) = 1,

q(x, y, z, t) =
e2z/ε

2D
x2 +

g1(τ)
βεD

xy + x g2(z, t) + g3(z, t) + e−S
[
g4(y, z) +

∫
eS

(
yΦ0 +

1
2 y2Φ1

)
dt

]
,

θ(y, z, t) = y + g5(z, t),

(2.37)

where
τ = t −

z
ε
, D = βe2z/ε + g1(τ), S = βe2z/ε

∫
dt
D
,

Φ0 =
∂g2

∂z
−

g1(τ) g2

εD
, Φ1 = −

g2
1(τ) + βe2z/ε(2g1(τ) + g′1(τ)

)
βε2D2 .

(2.38)

Under these conditions, provided that D , 0, we obtain the following exact non–traveling wave
solution:

ψ7(x, y, z, t) = c e−t(εx + y + g5(z, t)
)
+ q(x, y, z, t), (2.39)

where q is given by (2.37).
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Case 1.8: Exponential linear-background solution

Under the constraints ρ1 = ρ7, ρ3 = 1, and ρ2 = ρ4 = ρ5 = ρ6 = 0, we obtain

Λ (φ, t) = h1 (t) + h2 (t) e−φ. (2.40)

Solving for p, q, and θ gives

p(y, z, t) = g4 (t) e−
z
ε ,

q(x, y, z, t) = −β
∫

G1 (z, t)
(
∂

∂t
g1 (z, t)

)
dz + g3 (βG1 (z, t) + x, t)

+ (x + βG1 (z, t))
∫ (

∂

∂t
g1 (z, t)

)
dz + g1 (z, t) y −G2 (z, t) ,

θ(y, z, t) = εβG1 (z, t) −
z
ε
+ g5 (t) .

(2.41)

A non–traveling wave solution is then given by:

ψ8(x, y, z, t) = g4 (t) e−
z
ε

[
h1(t) + h2(t) exp

(
−εx − εβG1(z, t) +

z
ε
− g5(t)

)]
− β

∫
G1 (z, t)

(
∂

∂t
g1 (z, t)

)
dz + g3 (βG1 (z, t) + x, t)

+ (x + βG1 (z, t))
∫ (

∂

∂t
g1 (z, t)

)
dz + g1 (z, t) y −G2 (z, t) .

(2.42)

Case 1.9: An unconstrained functional regime

Finally, setting all coefficients ρ1 through ρ6 to zero causes the reduced differential operator in
Eq (2.3) to vanish identically for any smooth function. Solving the corresponding system for p, q, and
θ gives:

p (y, z, t) = g4 (t) ,

q (x, y, z, t) = g1(z, t) y +
∫ (

x
∂g1(z, t)
∂t

− g2(z, t)
)

dz + g3 (βG1(z, t) + x, t) ,

θ (y, z, t) = βεG1(z, t) + g5(t).

(2.43)

This unconstrained functional framework yields a general family of non–traveling solutions, given by:

ψ9(x, y, z, t) =g4(t)Λ (εx + βεG1(z, t) + g5(t), t)

+ g1(z, t) y +
∫ (

x
∂g1(z, t)
∂t

− g2(z, t)
)

dz + g3 (βG1(z, t) + x, t) .
(2.44)

Remark 2. It is worth emphasizing that in ψ9 as given in Eq (2.44), Λ(φ, t) is no longer restricted by
any differential constraints and thus can be chosen as any smooth function. This flexibility, combined
with the ability to choose arbitrary functions in q and θ, yields a remarkably rich solution space for the
model. However, the profile, amplitude, and time dependence of such solutions arise from the chosen
seed functions rather than from the nonlinearity of the model.
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In Figure 6, we examine three choices of the seed functions:
(a): The first seed set is characterized by a multi-frequency core profile

Λ(φ, t) = sech2(φ) cos(3φ) cos(2t).

Moreover, we consider g1(z, t) = sech2(0.8z) cos(2t), and the remaining seed functions:

g2(z, t) = 0.5 sin(2z) cos(1.5t)e−0.05t2 , g3(ξ, t) = 0.4 sin(2ξ) cos(ξ)sech(0.1t2),
g4(t) = 1.5, g5(t) = sin(1.5t).

(2.45)

(b): The second seed set is constructed by a high-harmonic core

Λ(φ, t) = sech(φ) cos(2.5φ) sin(2t),

together with a trigonometric envelope g1(z, t) = cos(2z)e−0.05t2 sin(t), and seed functions:

g2(z, t) = 0.6 cos(3z) sin(t), g3(ξ, t) = 0.5 cos(2ξ)sech(0.2t2),
g4(t) = 2, g5(t) = 0.8 cos(t).

(2.46)

(c): The third seed set employs the Gaussian-modulated exponential core

Λ(φ, t) = exp(−0.5φ2) cos(3φ) cos(1.5t),

along with the kernel g1(z, t) = exp(−0.2z2) cos(2z) cos(t), and seed functions:

g2(z, t) = 0.4 sin(2.5z)e−0.08t2 , g3(ξ, t) = 0.6 sin(1.5ξ) cos(1.5ξ)e−0.05t2 ,

g4(t) = 1.8, g5(t) = 0.5 sin(2t).
(2.47)

(a) (b) (c)

Figure 6. Surface and contour plots of ψ9(x, 1, z, 1) for (x, z) ∈ [−10, 10]2, with ε = β = 1.
Core function Λ and seed functions: (a) Eq (2.45), (b) Eq (2.46), (c) Eq (2.47).

The oscillations come from the cos(3φ) and cos(2.5φ) factors in Λ. The sech and Gaussian factors
keep the pattern localized around the curve φ = 0.

Reduction strategy 2. To obtain additional classes of exact solutions, we now use the ansatz

ψ(x, y, z, t) = p(z, t) ·Ω(φ, ζ) + q(y, z, t), (2.48)

AIMS Mathematics Volume 11, Issue 11, 38019–38043.



38032

along with two phase variables

φ = ε1x + θ(y, t), ζ = ε2x + η(z, t), (2.49)

in which ε1, ε2 , 0 are constants, and θ and η are functions to be determined.
Substituting (2.48) into Eq (1.9) and collecting terms according to the order of Ω-derivatives gives

ρ8ρ1
∂2Ω

∂φ ∂ζ
− ε2ρ7

∂Ω

∂ζ
+ ε2ρ8ρ4

∂2Ω

∂ζ2 + ρ8ρ3
∂2Ω

∂φ2

+ ρ6ρ8

(
ε3

1
∂4Ω

∂φ4 + 3ε2
1ε2

∂4Ω

∂φ3∂ζ
+ 3ε1ε

2
2
∂4Ω

∂φ2∂ζ2 + ε
3
2
∂4Ω

∂φ ∂ζ3

)
+ βρ6ρ

2
8

(
ε1ε2

∂Ω

∂ζ

∂2Ω

∂φ2

+ ε2
2
∂Ω

∂ζ

∂2Ω

∂φ ∂ζ
+ 2ε2

1
∂Ω

∂φ

∂2Ω

∂φ2 + 3ε1ε2
∂Ω

∂φ

∂2Ω

∂φ ∂ζ
+ ε2

2
∂Ω

∂φ

∂2Ω

∂ζ2

)
+ ρ5 + ρ2

∂Ω

∂φ
= 0,

(2.50)

with the coefficients

ρ1 = 2qyβε1ε2 + θyηt − ηzε1, ρ2 = pθty + θy pt − pzε1,

ρ3 = qyβε
2
1 + θyθt, ρ4 = qyβε2 − ηz, ρ5 = qty, ρ6 = θy, ρ7 = pz, ρ8 = p.

(2.51)

By imposing various conditions on the coefficient functions in (2.51), we obtain several simplified
systems. Solving these reduced forms yields the following categories:

Case 2.1: Exponential linear-background wave solution

First, let us consider ρ4 = 1, ρ1 = ρ2 = ρ5 = ρ6 = ρ7 = 0 in (2.50). Then we obtain:

Ω (φ, ζ) =
(
c1e

2ε1ζ
ε2 + c2

)
eφ−

ε1
ε2
ζ
+ c3ζ. (2.52)

Applying these relations to Eq (2.51) yields:

p(z, t) = g1(t), q(y, z, t) = −
y
ε2β
+ g3(z, t), θ(y, t) = g2(t), η(z, t) = −2z + g4(t). (2.53)

Consequently, a wave solution to the model is given by:

ψ10(x, y, z, t) =g1(t)
[
c1 exp

(
g2(t) + 2ε1x −

2ε1

ε2
z +

ε1

ε2
g4(t)

)
+ c2 exp

(
g2(t) +

2ε1

ε2
z −

ε1

ε2
g4(t)

)
+ c3

(
ε2x − 2z + g4(t)

)]
−

y
ε2β
+ g3(z, t).

(2.54)

Case 2.2: Logistic-type step wave structure

Alternatively, setting ρ4 = ρ6 and ρ1 = ρ2 = ρ3 = ρ5 = 0 in the reduced system gives:

Ω (φ, ζ) = −
6ε1

β

(
1

1 + eφ

)
−
ε2

1

ε2β
ζ. (2.55)
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Using these values in Eq (2.51) gives:

p(z, t) = 1, q(y, z, t) = g2(y) + g1(z, t), θ(y, t) = −
ε2

1t
ε2
+ βε2g2(y), η(z, t) = −2ε1t. (2.56)

Consequently, the resulting closed-form expression represents a logistic-type step wave structure:

ψ11(x, y, z, t) = −
6ε1

β

 1

1 + exp
(
ε1x − ε2

1t
ε2
+ βε2g2 (y)

)
 − ε2

1

ε2β
(ε2x − 2ε1t) + g2 (y) + g1 (z, t) . (2.57)

Case 2.3: Compound trigonometric lattice solution

Imposing the restrictions ρ3 = ρ8 and ρ5 = ρ7, alongside ρ1 = ρ2 = ρ6 = 0, transforms the reduced
system into:

Ω (φ, ζ) = (c1 sin (φ) + c2 cos (φ)) cos
(
ε1ζ

ε2

)
+ (c3 sin (φ) + c4 cos (φ)) sin

(
ε1ζ

ε2

)
. (2.58)

Inserting these parameter reductions into Eq (2.51) results in:

p(z, t) = 1, q(y, z, t) =
y
βε2

1

+ g2(z, t), θ(y, t) = g1(t), η(z, t) =
2ε2z
ε2

1

+ g3(t). (2.59)

Accordingly, the compound trigonometric lattice solution to the model is obtained as:

ψ12(x, y, z, t) =
[
(c1 sin (ε1x + g1(t)) + c2 cos (ε1x + g1(t))) cos

(
ε1x +

2z
ε1
+
ε1

ε2
g3(t)

)
+ (c3 sin (ε1x + g1(t)) + c4 cos (ε1x + g1(t))) sin

(
ε1x +

2z
ε1
+
ε1

ε2
g3(t)

)]
+

y
βε2

1

+ g2(z, t).
(2.60)

To graphically examine the exact analytic profiles of ψ12(x, y, z, t), we set β = 1, ε1 = 1, ε2 = 1,
c1 = 1, c2 = 0.5, c3 = 0.5, c4 = 1, and y = 1, yielding the configurations shown in Figure 7 across the
following three sets of seed functions:
(a) Harmonic pattern: Using standard sinusoidal and cosinusoidal phase modulations:

g1(t) = 0.5 cos(0.4t), g2(z, t) = 0.4 sin(0.5z)e−0.05t2 , g3(t) = 0.3 sin(0.2t). (2.61)

(b) Phase-modulated lattice: Employing hyperbolic secant damping and nonlinear phase coupling to
create complex multi-peak structures:

g1(t) = 1.5sech(0.3t) cos(t), g2(z, t) = 1.2 sin(1.5z)sech(0.4z) cos(0.8t), g3(t) = tanh(0.2t).
(2.62)

(c) Multi-periodic wave lattice: Utilizing coupled harmonic functions and exponential decay factors:

g1(t) = 0.8 sin(0.6t), g2(z, t) = 0.6 cos(1.2z)e−0.1t2 , g3(t) = 0.5 cos(0.4t). (2.63)
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(a) (b) (c)

Figure 7. Surface and contour plots of ψ12(x, 1, z, 1) for (x, z) ∈ [−10, 10]2, with β = ε1 =

ε2 = 1, c1 = 1, c2 = c3 = 0.5, and c4 = 1. Seed functions: (a) Eq (2.61) (harmonic pattern),
(b) Eq (2.62) (phase-modulated lattice), (c) Eq (2.63) (multi-periodic lattice).

The trigonometric form of ψ12 gives a periodic lattice in x and z. The functions g1, g2, and g3 shift
and distort the lattice.

Case 2.4: Hyperbolic tangent kink profile

By applying ρ1 = ρ2 = ρ7 = 0 and setting ρ3 = ρ6 = ρ8 = 1, the reduced system simplifies to:

Ω (φ, ζ) =
6ε1 tanh (φ)

β
−

(
4ε3

1 + 1
)
ζ

βε2ε1
. (2.64)

Substituting these conditions back into Eq (2.51) yields:

p(z, t) = 1, q(y, z, t) =
(1 − c1

βε2
1

)
y + g1(z, t),

θ(y, t) = c1t + y, η(z, t) = c2t +
(
c2ε1 − 2ε2(c1 − 1)

)
z

ε2
1

.

(2.65)

Substituting these coefficients into the ansatz yields the hyperbolic tangent kink profile

ψ13(x, y, z, t) =
6ε1

β
tanh (ε1x + c1t + y) −

4ε3
1 + 1

β ε1 ε2

(
ε2x + c2t +

c2ε1 − 2ε2(c1 − 1)
ε2

1

z
)
+

1 − c1

β ε2
1

y + g1(z, t).

(2.66)

Case 2.5: Hyperbolic–exponential mixed wave solution

Considering the parameter choices ρ4 = 1, ρ5 = ρ6, and ρ1 = ρ2 = ρ7 = 0 yields the following
reduction:

Ω (φ, ζ) =
(
c1e

ε1ζ
ε2 + c2e−

ε1ζ
ε2

)
sinh (φ) +

(
c3e

ε1ζ
ε2 + c4e−

ε1ζ
ε2

)
cosh (φ) + c5ζ. (2.67)

Substituting these parameter values into Eq (2.51) gives:

p(z, t) = g1(t), q(y, z, t) = −
y
ε2β
+ g3(z, t), θ(y, t) = g2(t), η(z, t) = −2z + g4(t). (2.68)
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Hence, the hyperbolic–exponential mixed wave solution to the modified EMC model is given by:

ψ14(x, y, z, t) = g1(t)
[ (

c1e
ε1(ε2 x−2z+g4(t))

ε2 + c2e−
ε1(ε2 x−2z+g4(t))

ε2

)
sinh (ε1x + g2(t))

+

(
c3e

ε1(ε2 x−2z+g4(t))
ε2 + c4e−

ε1(ε2 x−2z+g4(t))
ε2

)
cosh (ε1x + g2(t)) + c5 (ε2x − 2z + g4(t))

]
−

y
ε2β
+ g3(z, t).

(2.69)

Case 2.6: Exponentially modulated background wave solution

Assuming the constraints ρ2 = ρ5, ρ6 = 0, and ρ3 = ρ4 = ρ8, the reduced system becomes:

Ω (φ, ζ) = exp
(
φ −

ε1

ε2
ζ

)
−
ε1

ε2
ζ. (2.70)

Further, Eq (2.51) yields

p(z, t) = βε2
1 g3

(βtε3
1 − z

βε3
1

)
, q(y, z, t) = g3

(βtε3
1 − z

βε3
1

)
y + g2(z, t),

θ(y, t) = g1(t), η(z, t) = −β
(
ε2

1 − ε2
) ∫

g3

(βtε3
1 − z

βε3
1

)
dz + g4(t).

(2.71)

Hence, an exponentially modulated background wave solution to the model is given by:

ψ15(x, y, z, t) = βε2
1 g3

(
βtε3

1 − z

βε3
1

) [
−ε1x +

ε1

ε2
β(ε2

1 − ε2)
∫

g3

(
βtε3

1 − z

βε3
1

)
dz −

ε1

ε2
g4(t)

+ exp
(
g1(t) +

ε1

ε2
β(ε2

1 − ε2)
∫

g3

(
βtε3

1 − z

βε3
1

)
dz −

ε1

ε2
g4(t)

)]
+ g3

(
βtε3

1 − z

βε3
1

)
y + g2(z, t).

(2.72)

Remark 3. This study has several limitations. The ansatz ψ = pΛ + q with one or two phases covers
only the cases in which the reduced equations (2.3) and (2.50) can be solved, and it does not yield well-
known solution types such as multi-soliton or lump solutions. Since the paper is primarily concerned
with analytical techniques, the constraints on the ρi were selected to ensure mathematical solvability
rather than to reflect physical considerations.

Remark 4. It is also notable that Eq (1.9) is invariant under ψ→ ψ +C(z, t).

Remark 5. All solutions obtained in this study have been verified through direct substitution into the
modified EMC equation (1.9) using Maple.

3. Graphical discussion and behavior of the solutions

This section provides graphical discussion of the exact wave solutions derived in the previous
section.
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3.1. Superposition of two counter-propagating pulses in ψ1

In this subsection, we investigate the spatial structure and crossing dynamics of the exact wave
solution ψ1(x, y, z, t) with ε = β = 1, and the seed functions:

h1(t) = 0, h2(t) = 0, g4(t) = 0, g2(z, t) = 0, g1(z, t) = 0.7sech2(0.8z),

g3(ξ, t) = 2.2
[
sech2(ξ − 1.2t) + sech2(ξ + 1.2t)

]
.

(3.1)

Figure 8 illustrates the spatiotemporal dynamics of ψ1(x, 1, z, t) across the domain [−7, 7] × [−7, 7]
at t = −2, 0, 2. At t = −2 (Figure 8(a)), two counter-propagating sech2 pulses whose crests lie on
the curves ξ = ±1.2t, where ξ = β

∫
g1(z, t) dz + x; the z-dependence of ξ bends the wave fronts. At

t = 0 (Figure 8(b)), the two pulses overlap along the curve ξ = 0, and the peak reaches 2 × 2.2 = 4.4
above the background ridge. At t = 2 (Figure 8(c)), they separate again with their original shape and
amplitude, while the ridge g1(z) is unchanged.

(a): t = -2 (b): t = 0 (c): t = 2

Figure 8. Dynamic evolution of ψ1(x, 1, z, t) evaluated at (a) t = −2, (b) t = 0, and (c) t = 2
with parameters ε = β = 1.

3.2. One-dimensional wave dynamics and slice profiles of ψ2

To examine the temporal oscillation and spatial localization of ψ2, we consider the exact wave
profiles across Cases (a) and (b) as previously defined by Eqs (2.13) and (2.14), respectively. Figure 9
illustrates representative one-dimensional slice profiles.

3.3. Some modulation effects in ψ9

In this subsection, we demonstrate the modeling flexibility of ψ9(x, y, z, t). To this end, Λ(φ, t) =
4 sech2(φ), g2(z, t) = 0, g4(t) = 1, g5(t) = 0 is considered. Moreover, we take ε = β = 1, and the
following seed functions:

(a): g1(z, t) = 0.9 z e−0.15z2
sin(2t), g3(ξ, t) = −6 sech2(0.2ξ) cos(1.5t) − 4ξ2e−0.1ξ2

,

(b): g1(z, t) = 2.5 sech2(z) cos(2t), g3(ξ, t) = −5 sin2(3ξ) sech(0.5t) − 3 cos(4ξ)e−0.1ξ2
,

(c): g1(z, t) =
3

1 + z2 cos(t), g3(ξ, t) = 4 cos(5ξ) cos(5t)e−0.05(ξ2+t2) − 3 sech2(0.3(ξ − t)).

(3.2)

Figure 10 illustrates the three-dimensional surface profiles and floor-projected contours of
ψ9(1, 1, z, t) over the (z, t) domain.
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Figure 9. One-dimensional slice profiles of wave solution ψ2: the first row corresponds to
Case (a) in (2.13), and the second row corresponds to Case (b) in (2.14) with the remaining
coordinates fixed to unity.

(a) (b) (c)

Figure 10. Dynamic evolution of ψ9(1, 1, z, t) using the seed functions (3.2).

3.4. Dynamic analysis and extreme–value evaluation for ψ11

To construct localized rational-pulse profiles for ψ11(x, y, z, t), the seed function g1(z, t) is taken to
be a time-dependent superposition of rational functions:

g(M)
1 (z, t) = c(M)

0 +

M∑
i=1

σi

ωi + (liz − vit − bi)2 , (3.3)

where M is the number of rational pulses, c(M)
0 is a constant, li is a spatial scaling factor, vi is the

longitudinal velocity, bi is the spatial phase shift, while σi and ωi represent the weight coefficient and
shape parameter of the i-th pulse, respectively.

In what follows, we investigate the dynamic behavior and extremum characteristics for M = 1 and
M = 2, with ε1 = 0.8, ε2 = 1, β = 1.2, along with g2(y) = 2/(0.8 + y2) evaluated at the snapshot x0 = 0
and t0 = 0.

Single-pulse configuration (M = 1): For the single-pulse state, the seed function reduces to:

g(1)
1 (z, t) = c(1)

0 +
σ1

ω1 + (l1z − v1t − b1)2 . (3.4)
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For c(1)
0 = 0.1, σ1 = 1.5, ω1 = 0.4, l1 = 1, v1 = 0.7, b1 = 0 in (3.4), and restricting ψ(1)

11 (x, y, z, t) to
x = 0, t = 0 gives the scalar field U(y, z). Setting ∇(y,z)U = 0 yields a critical point at P1(0, 0). At this
point, the corresponding Hessian matrix is given by:

H(P1) ≈
(
−7.605 0

0 −18.75

)
, det H(P1) ≈ 142.6 > 0. (3.5)

Given det H(P1) > 0 and both Hessian eigenvalues are negative, P1 is a local maximum with a peak
amplitude of ψmax ≈ 6.16.

Superposition of rational pulses configuration (M = 2): In this case, we have

g(2)
1 (z, t) = c(2)

0 +
σ1

ω1 + (l1z − v1t − b1)2 +
σ2

ω2 + (l2z − v2t − b2)2 . (3.6)

Let us fix the parameters c(2)
0 = 0.3, σ1 = 0.5, ω1 = 0.6, l1 = 0.80, and v1 = 0.4, σ2 = 2, ω2 =

0.8, l2 = 0.3, b1 = 1.4, b2 = −1.4, v2 = 0.7 in (3.6), and define W(y, z) = ψ11(x0, y, z, t0). Then, solving
∇(y,z)W = 0 yields the following three critical points:
The local maximum point P1 ≈ (0,−4.66): At this point, the Hessian matrix is evaluated as:

H(P1) =
(
−7.61 0

0 −0.56

)
, det H(P1) ≈ 4.26 > 0. (3.7)

Given det H(P1) > 0 and negative principal curvatures, P1 is a local maximum with a peak amplitude
of W(P1) ≈ 5.13.
The local maximum point P2 ≈ (0, 1.68): This point satisfies the same conditions and is therefore
another local maximum with a peak amplitude of W(P2) ≈ 3.89.
The saddle point Ps ≈ (0, 0.16): At the critical point Ps, we have det H(Ps) < 0, making it a saddle
point with a value of W(Ps) ≈ 3.53. The graphical representations of these cases are displayed in
Figures 11 and 12.

Figure 11. Extremum analysis and critical point classification of ψ11 for the single-pulse
configuration (3.4).
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Figure 12. Extremum analysis and critical point classification of ψ11 for the multi-pulse
configuration (3.6).

3.5. Parameter sensitivity analysis of ψ11 and ψ12

Sensitivity analysis serves to identify and quantify the impact of parameter variations on the
resulting wave solutions. In this subsection, we analyze the sensitivity of ψ11 and ψ12 to parameter
variations. Figure 13 presents the impact of the parameters ε1, ε2, and β on the solution ψ11 with
g1(z, t) = 0, g2(y) = sin y at x = 0, z = 0, t = 1. Similarly, Figure 14 depicts the impact of ε1, ε2, and β
on ψ12 for g1(t) = 0, g2(z, t) = sin(z + t), and g3(t) = t at x = 0, y = 1, z = 0.
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Figure 13. Two-dimensional profile of ψ11 along the y-axis. The non-swept parameters
are fixed at (ε1, ε2, β) = (0.8, 1, 1), while the swept parameters take the values ε1 ∈

{0.3, 0.6, 0.9, 1.2, 1.5} (a), ε2 ∈ {0.5, 1, 1.5, 2.5, 4} (b), and β ∈ {0.5, 1, 2, 3.5, 5} (c).
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Figure 14. Two-dimensional profile of ψ12 along the t-axis. The non-swept parameters
are fixed at (ε1, ε2, β) = (1, 1, 1), while the swept parameters take the values ε1 ∈

{0.3, 0.45, 0.6, 0.75, 0.9} (a), ε2 ∈ {0.5, 1, 1.5, 2.5, 4} (b), and β ∈ {0.5, 1, 2, 3.5, 5} (c).
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3.6. Solitary structures in ψ11 and ψ13

The functions ψ11 and ψ13 contain a hyperbolic step in x added to a part that is linear in x, so that ψ
itself is a kink on a ramp. Differentiating Eq (2.66) gives

∂xψ13 =
6ε2

1

β
sech2 (ε1x + c1t + y) −

4ε3
1 + 1
βε1

, (3.8)

and differentiating Eq (2.57) gives

∂xψ11 =
3ε2

1

2β
sech2

(
ϑ

2

)
−
ε2

1

β
, ϑ = ε1

(
x −

ε1

ε2
t
)
+ βε2 g2(y). (3.9)

Both are sech2 pulses on a constant pedestal. Taking the pulse as A sech2(s/w), where s is the
coordinate across the crest, the following quantities can be read off. ψ13: amplitude A = 6ε2

1/β, width
w = 1/ε1, crest on the line ε1x + c1t + y = 0 of the (x, y)-plane, which moves in the x-direction with
velocity −c1/ε1, and integral across the pulse 12ε1/β. ψ11: amplitude A = 3ε2

1/(2β), width w = 2/ε1,
crest at x = (ε1/ε2)t − (βε2/ε1)g2(y), velocity ε1/ε2, and integral across the pulse 6ε1/β. In both cases
βAw2 = 6, so that the amplitude is fixed by the width and by β. The arbitrary function g2(y) of ψ11

does not change the amplitude, the width, or the velocity. It changes only the shape of the crest in the
(x, y)-plane, which is the curve x = −(βε2/ε1)g2(y) at t = 0. The crest of ψ13 is a straight line in the
(x, y)-plane for every t. The fields (3.8) and (3.9) do not depend on z, and the function g1(z, t) enters
ψ11 and ψ13 only additively. Figure 15 (a) and (b) show ∂xψ13 and ∂xψ11.

(a) (b)

Figure 15. (a) ∂xψ13 at t = 0 with c1 = 1 and ε1 = β = 1; (b) ∂xψ11 at t = 0 with
ε1 = ε2 = β = 1 and g2(y) = 2 sin(0.5y). Both are shown in the (x, y)-plane.

4. Conclusions

In this paper, we have developed an analytic framework to construct diverse classes of
non–traveling wave solutions to the modified (3 + 1)–dimensional EMC equation. To this end, we
adopted two extended variable-separation reduction strategies to simplify the governing Eq (1.9),
yielding the more tractable reduced forms (2.3) and (2.50). Then, by imposing various algebraic
constraints on these reductions, several families of explicit exact solutions were obtained. The first
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reduction involves one mixed phase, is more direct, and yields closed-form non–traveling solutions
with free functions. This reduction strategy leads to solutions of linear, parabolic-exponential,
quadratic-background, exponential-decay, and unconstrained functional types. The second reduction,
on the other hand, uses two independent phases and has more structural flexibility, resulting in
additional solution families with a stronger multi-phase coupling mechanism. From this reduction
strategy, various exponential linear background, logistic step, trigonometric lattice, hyperbolic tangent
and mixed hyperbolic–exponential solutions were determined. We note that many existing studies
concern the original (1+1)-dimensional EMC equation (1.6) and its fractional or generalized variants,
not the modified (3 + 1)–dimensional equation (1.9); our solutions can therefore be compared with
those in the literature via the reductions of (1.9) to (1.8) and (1.6). Among the solutions obtained, ψ9

provides a general family of non–traveling wave solutions. We also provide a graphical discussion of
the exact solutions, including the effects of selected seed functions and parameters on their behavior.
The technique used in this paper can be viewed as an efficient analytical tool for studying other
nonlinear models in fluid dynamics. One possible future direction for this work involves investigating
fractional-order versions of the EMC equation using fractal derivatives to model wave propagation in
media with non-smooth boundaries [25, 26].
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