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Abstract: The nonlinear Estevez—Mansfield—Clarkson (EMC) equation is one of the most important
nonlinear models in shallow-water hydrodynamics and fluid mechanics. In this paper, two extended
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the method employed here yields closed-form solutions containing free functions of the independent
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1. Introduction

Nonlinear dispersive wave equations are crucial mathematical tools for simulating the evolution of
long-wave phenomena in various scientific domains. These equations effectively describe ocean waves,
tsunamis, and other water—based phenomena in shallow-water hydrodynamics [1-3]. Because of their
significance and complexity, many numerical and analytical approaches to nonlinear dispersive wave
equations have been developed [4-6].

One of the foundational models in this class was introduced by Boussinesq in 1877 [7]:

Ui = Yxx = YWixx _ﬁ('ﬁz)xx = 0. (1.1)
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A variety of higher-order integrable equations were also studied in [8], namely

sz - l//xx - yl//xxxx _ﬁ('vbz)xx + al//xt = O’ (12)

and
2

wtt - lp)cx - ’ywxxxx _ﬁ(lpz)xx + %wyy + a’wyt =0. (13)

Furthermore, the following generalized equation form was studied in [9]:

Ui — Yax + (lﬁn)xx + (l/’n)xxxx =0. (1.4)

Another example of the (3 + 1)-dimensional extension of the dispersive wave equations is given in [10]:

2
l//tt - lr//xx _ﬁl (wz)xx _ﬁZl//xxxx + ﬁ4_3l//yy +ﬁ3wyt +ﬁ4lr//xz =0. (15)

Boussinesg-type models describe bidirectional propagation, whereas many coastal problems
involve unidirectional propagation over long distances; for these regimes the EMC equation is a
suitable model. The (1 + 1)-dimensional EMC equation was first introduced by Mansfield and
Clarkson [11] as

l//xxxl +:8lr//xth +ﬁl//thx + wtt = O’ (16)

where ¢ = /(x,t) and S is a constant coefficient. This equation describes the propagation, interaction,
and transformation of shallow-water waves. One well-known extension of the EMC equation is
expressed as:

('//;n)xx; + V(Wi%)x +¢,; =0. (L.7)

It is worth noting that for m = n = 1, Eq (1.7) reduces to the EMC equation (1.6) with 8 = y.

To capture more complex physical phenomena, various higher-dimensional extensions of the EMC
equation (1.6) have been proposed. For instance, the (2 + 1)-dimensional extension of the model is
given by

Uye + Yxxy + Bty + Bfry = 0. (1.8)

Likewise, a (3 + 1)—dimensional modification of (1.6) takes the form

wyt + lr//xxxy +B'7”xxlr//y +:8¢xlr//xy Y = 0. (19)

As established in [11], if ¢ is independent of z, Eq (1.9) reduces to Eq (1.8); setting ¢ = u(x,y + )
reduces Eq (1.8) to Eq (1.6). Thus, Eqgs (1.6) and (1.8) are both reductions of the (3 + 1)—dimensional
Eq (1.9). We refer to Eq (1.9) as the modified EMC equation throughout this paper. The EMC equation
(1.6) is an important model for studying nonlinear evolution equations and has attracted the attention
of many scholars. In [12], the authors studied the model using the modified extended direct algebraic
method and the improved (G’/G)-expansion method. The model with the beta-fractional operator
was considered in [13] via the modified F-expansion method and the logarithmic transformation. In
[14], the authors employed the extended direct algebraic method to extract different soliton solutions
to a fractional version of the EMC equation. In addition, using the Riccati-Bernoulli sub-ordinary
differential equation (ODE) approach, several exact solutions to the model were reported in [15]. Aliyu
et al. systematically derived Lie point symmetries and optimal subalgebras and reduced the model
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to ODEs to obtain explicit solutions [16]. In [17], the authors obtained a variety of explicit soliton
solutions such as Jacobi elliptic, hyperbolic, trigonometric, and exponential solutions by using the
Kumar-Malik method. Further, a generalized (2+ 1)-dimensional form of the EMC equation involving
time-dependent coeflicients was proposed in [18]. Another time-fractional variant of the model was
considered in [19]. Moreover, some symmetries of the E(m,n) equation (1.7) were derived in [20]
using the direct reduction method, and classical analytic solutions were compared with extended graph-
based PINNs in [21]. Finally, Ceesay et al. [22] obtained the M-shaped wave solutions and multiple
breather, periodic lump, and cross-kink wave profiles to the EMC equation by using the Hirota bilinear
method.

Many existing solutions to the EMC equation are traveling waves, which inherently restrict the
diversity of wave patterns they can describe. The main difference between traveling and non—traveling
waves lies in their dynamics. In traveling waves, the speed and the shape of the profiles are fixed; in
contrast, the non—traveling waveforms can deform, oscillate, and change shape in a more complicated
way as a function of time. This flexibility makes non—traveling waves well-suited to modeling a wide
variety of nonlinear problems. Motivated by the need to capture such dynamical behaviors, we employ
two variable-separation strategies to construct non—traveling wave solutions to the model. The ansatz
used here belongs to the generalized variable-separation approach of [23,24]. To the best of our
knowledge, the technique has not previously been applied to the modified EMC equation (1.9), and the
resulting solutions have not been reported before.

The rest of this paper is organized as follows. In Section 2, we apply two extended
variable-separation strategies for Eq (1.9). These techniques allow us to reduce the problem to
solvable forms. Then, by imposing specific constraint sets, we derive several explicit exact solutions
involving trigonometric, hyperbolic, exponential, and rational functions. Section 3 presents the
graphical discussion of the exact wave solutions. Finally, some concluding remarks are presented in
Section 4.

2. Reduction strategies for Eq (1.9)
In this section, we apply a generalized variable-separation approach [23, 24] within distinct

reduction frameworks to derive a wide variety of exact non—traveling solutions to Eq (1.9).

Reduction strategy 1. The first reduction strategy is based on the transformation

U(x,y,z,t) = p(y,z, 1) - Alp, 1) + g(x,y,2,1), (2.1

with the mixed phase variable
p=&ex+0(y,z1), 2.2)

in which € # 0 is a constant parameter, and 6 is a function to be determined.
Substituting (2.1) into Eq (1.9) and collecting terms according to the order of A-derivatives yields
the reduced equation

ON o+ pahs + (8383—A+6—A)+ 62—A+ (8364—A+ aZA)
P1 B¢ P2+ P4 Po 0 ot P3P7 0¢? P7P5 60" g ot 03
0*A 0N \2 0’A 0N ’
2 2 2 —_
+e P6P7(,3A8—¢2 +ﬁ(%) ) +2p¢ 97958—902(%) =0,
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where
P1 = Bepyqx + BPOyqx + BEPGxy + Pyb: + POy + Oypr — €py,
02 = Gy + Guxry — Gz + BGGry + BGaxqys
p3 = Pebyg. + ﬁszqy + 6,0, — €06,
P4 = BPyqxx + Prys ps =6, P6 = Dy, P71 =p-

(2.4)

Equations (2.3) and (2.4) form the basis for the strategy built on ansatz (2.1). Imposing specific
constraint sets on py, 01, . .., p7 results in solvable reduced equations for A and explicit expressions for
q and 6.

Case 1.1: Linear wave solution

Imposing the constraint set p3 = p; = 1 and p; = p, = ps = ps = ps = 0 on Eq (2.3) admits the
solution:

Alp, ) =h (D¢ +h (1), (2.5)

where the h; are arbitrary functions.
Furthermore, Eq (2.4) under these restrictions gives:

p(y.z, 1) =1,

0g1(z,1)
ot

+(BGi(z,0) +X)f

q(x,y,z,1) = _ﬁfGl(Z’ )] dz+ g3 (BGi(z, 1) + x,1)

(2.6)

dg(z,t
gla(f ) dz + g1(z, )y — Ga(z, 1),

Z
0(y,z,1) = gBGi(z,1) — P 84(1),
where G;(z, 1) = f gi(z, 1) dz. The corresponding exact non-traveling linear wave solution is:

agl (Z’ t)
ot

+g3(,3G1(Z,t)+x,t)+(,BGl(z,t)+x)f%dz+g1(z,t)y— Gy(z,1).

(6.2 ) = hy(0) (sx +eBGI@ D) - =+ g4(t>) ot - B f Gi(z.1) dz

2.7)

Remark 1. Unless stated otherwise, each g; and each /; denotes an arbitrary smooth function of its
arguments. This freedom allows the wave profile to be modulated independently at different values of
y, Z, and t, so the solutions need not be traveling waves.

In Figure 1, we present several three-dimensional profiles of the analytic wave solution ¥ (x, y, z, f)
for the (3 + 1)—dimensional EMC equation, with the parameters set to € = 1 and § = 1. The remaining
set of seed functions A, (t), hy(t), g1(z, 1), g2(z, 1), g3(&, 1), and g4(¢) is specified for the following three
cases: (a) The Gaussian envelope profile:

hi() =027 hy(r) = 0.1sin(0.50e %", gu(t) = 0.5¢7'7,

(2.8)
gi1(z, D) = e %1% cos(0.51), g2z, 1) = z¢ "' sin(0.31),  g3(&, 1) = 0.2 cos(0.50).

AIMS Mathematics Volume 11, Issue 11, 38019-38043.



38023

(b) Multi-peak hyperbolic sech profile:

hi(t) = 0.2sech(0.37), hy(r) =0.1 sech2(0.2t), 24(t) = 0.5sech(0.3¢),
gl(Z, t) = SeCh2(0.3Z) COS(0.4t), gZ(Z, l) = SeCh(O.3Z) tanh(03z) Sln(04t), (29)
g3(&,1) = 0.2 sech(0.2¢) sin(0.3¢).

(c) Algebraic rational profile:

03 0.1 cos(0.51) 0.4
ny = —23 gy = 2deesOn 04
0= 17012 PO 002 0 #O0= 1002 210
1-0.122 2sin(0.37) 0.2 sin(0.47) :
= —— % 0s(0.30), p) = Sh f) = A
81(z,1) 110127 cos(0.37),  g2(z,1) 140127 8.1 1+ 0058
(a) (b) ©

Figure 1. Three-dimensional surface profiles with floor-projected 2D contour maps depicting
the localized dynamics of ¢ (x, y, z, t) evaluated at fixed cross-sections x = 1 and y = 1 over
t,z € [-10,10] across: (a) the Gaussian envelope regime, (b) multi-peak hyperbolic sech
regime, and (c) algebraic rational profile.

Case 1.2: Parabolic-exponential wave solution

Alternatively, enforcing p; = 1 and setting py, p2, P4, 5, P to zero yields the same linear form for
A(p, t) as given in Eq (2.5). Moreover, considering these conditions in Eq (2.4) provides:

py,z,0) =1,

1 0
q(x,y,2,1) = ig’l(r)x%xgz(z, t) + e P80 (y f eﬂg“”ai; dt + f P Vgs(z, 0 dt + gu(y,2)|, (2.11)

0(y,z,t) = gs(z, ).
Through direct substitution, we obtain the parabolic-exponential non-traveling wave solution
Yo(x,y,z,1) given by

1
Yo(x,y,2,1) = hi(2) (ex + g5(z, 1)) + ha (1) + Egi(t)xz +x22(2,1)

(2.12)
yfeﬂgm)ag%zz’”d”feﬂg‘(’)ga(z,t)dr+g4(y,z) -

+ e_ﬁgl(t)
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To illustrate distinct spatiotemporal behaviors (Figure 2), we fix € = 1 and § = 1. We also take
g1(t) = 0.1t and consider three sets of the remaining seed functions:
(a) Gaussian—envelope profile:

h(6) = 0.2¢7% ) hy(t) = 0.1 cos(0.5¢)e 0"
2(z,1) = ¢ ¥ 5in(0.5¢), g5(z. 1) = ¢ % cos(0.3), (2.13)
94(y,2) = 0.2¢7010°)  oi(z 1) = 0.5¢7"1F cos(0.50).

(b) Multi-peak hyperbolic—sech profile:

hy(f) = 0.2sech(0.37), hy(f) = 0.1 sech?(0.2¢),
22(z, 1) = sech?(0.3z) sin(0.47),  g5(z, 1) = sech(0.3z) tanh(0.3z) cos(0.4¢), (2.14)
g4(y,2) = 0.2sech(0.2y)sech(0.2z), gs(z,t) = 0.5 sech(0.3z) cos(0.47).

(c) Algebraic rational profile:

03 _0.1sin(0.57)
MO =100 PO 00
1-01z2% . zc0s(0.37)
)= ————=5in(0.37), )= — 2.1
60 = o S0, &)= T (2.15)
0.2 0.4 cos(0.31)
) = s ’t = 5
8§09 = 052 100520 S@D = 012
(a) (b) (c)

Figure 2. Three-dimensional surface structures with floor-projected 2D contour maps of
Yo(x,y,z,t) evaluated at cross-sections x = 1 and y = 1 over t,z € [-10,10] for: (a)
Gaussian—envelope profile, (b) the multi-peak hyperbolic sech regime, and (c) the algebraic
rational seed profile.

Case 1.3: Quadratic spatial background solution

By selecting p, = p; and p; = 1, while setting the remaining coeflicients pi, p4, 05, p6 tO zero,

Eq (2.3) admits the solution:
2

Alg, 1) = —%+h1 ()@ +hy (7). (2.16)
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Substituting these constraints into Eq (2.4) yields:
PO,z 1) =1,

L,
q(x,y,2,1) = Egz(t)x2 + g3(z, )x

" eﬁ(tgz—gz(t)) [gs(y, 7) - feﬁ(gz(t)—zgz) ((%8 _ %)y — g4(z, t)) dt] ,
0z 0z

(2.17)

0(y,z, 1) = g1(z, ).

Taking these conditions into account, we obtain the exact non—traveling wave solution with a quadratic
spatial background:

(et i@ 1)’

1
W3(x,y,2,1) = + hi(t)(ex + g1(z,0) + ha(t) + =g5(Dx” + g3(z, Hx
2 5 52 (2.18)
+ Alie=520) [gs(y, 2)— f He0-12%) ((%s - ﬁ) y — 8z, t)) dt] :
Z 0z

We set g,(f) = (&* + o)t with ¢ = 0.1 and take £ = 1, = 1 and x = 1,y = 1; with these parameter
values, Figure 3 depicts the behavior of the solution /3 for the following three profiles:
(a) The Gaussian-modulated profile:

hi() = 1.2¢7% ) hy(r) = 0.3sin(0.60e %", g1(z,1) = 0.5¢7*'5 cos(0.4¢),

(2.19)
83(z,0) = 0.4z¢~015¢ sin(0.41), g4(z, 1) = 0.4¢70157 cos(0.31), gs(y,2) = 0.8¢ 0107+
(b) The sech-type profile:

hi(f) = sech(0.21),  hy(1) = 0.2sech®(0.21),  gi(z, 1) = 0.3 sech’(0.3z) sin(0.41),
g3(z,1) = 0.5sech(0.3z) cos(0.47), g4(z,1) = 0.3 sech(0.3z) sin(0.21), (2.20)
g5(y,2) = 0.5 sech(0.2y) sech(0.2z).

(c) The rational profile:

1.2 0.2 cos(0.41) 0.6 cos(0.37)
h(f) = —Z . ) = 200 1) = 2SO0
0= 17012 PO=T0052 0 8@ = T 0152 22l
0.4z sin(0.37) 0.3 cos(0.21) 0.8 :
83z 1) = 84z, ) = ——————, &, 2) =

(1+0.15z2)%’ 1+0.15z2° 1+0.1y2+0.122°
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(@) (b) (©)

Figure 3. Surface and contour plots of (1, 1,z,1) for (z,7) € [-10,10]%, withe = 8 = 1,
c = 0.1, and g,(t) = (&% + o)t. Seed functions: (a) Eq (2.19) (Gaussian-modulated), (b)
Eq (2.20) (sech-type), (c) Eq (2.21) (rational).

In each panel, the localized part is centered near ¢+ = 0 and decays in |z|. The surfaces are not
symmetric in ¢ because of the factor e,

Case 1.4: Non-traveling quadratic wave structure

Applying the conditions p, = p;7 and p3 = 1, alongside p; = ps = ps = pg = 0, transforms Eq (2.3)
into the same quadratic form for A(¢, 7) as given in Eq (2.16). However, this choice alters the parameter
relations in Eq (2.4) to:

p(y,Z,t) :gZ(t)a

1 0g; 1 0g; 1 x&€+g (e+z
Q(X,y,Z,f):(—82(1)2"‘%?))64'(%5+%)y+fgs( = JHdx +g4(2,0),

Q(y,Z,l) = 41 (Z,t)-

(2.22)
Under these conditions, we obtain the following non—traveling quadratic wave structure:
(ex + 81(z, 1))
Ya(x,y,z,1) = g(1) [—+ + hi(D(ex + g1(z, 1) + (1)
10 14 1 2+ g (zDe+ (2.23)
81 81 xe +g1(Z,0)e+z
+l-e2Oz+ =——|x+|=—"—+ =y + Jt]dx + .1,
( 820z B Bt)x (8,8 07 szﬁ)y f83( &2 ) X+ 84(z,0)
Case 1.5: Linear-modulated wave profile
If we impose p; = p; and p; = p7, with p, = ps = ps = 0, the reduced equation gives:
A(p,t) = =@+ h (1). (2.24)
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Inserting these parameter choices into Eq (2.4) results in:

0 Lt
p(y,z, 1) = gza(z ),
Z

, 1 ,t
q(x’y’z’t):fg3(X+gl(§ )+g2((c;z2 )’t)dx+g4(zat)

o[ 982@0 101zt 1 9g@n) v (9D  081@0
0z Be Ot Ber Ot 0z oz )’

Be?
6()& e t) = gl(Z7 t)

(2.25)

From these auxiliary equations, we formulate the linear-modulated wave profile:

‘/’S(X,y, Z’ t) - (9Z (hl(t) gl(Z’ t)) + ﬁs x( 6t + at ) +y(g aZ * (9Z ):|
" fg3 (x+ gl(Z’ t) + g2(Z2a t),t)d.x+g4(z, t)
E E

(2.26)
By assigning specific seed configurations within the reduction framework of Eq (2.26), we obtain
distinct localized wave profiles for ¢s(x,y, z,f) evaluated at x = 1,y = 1 with scaling constants € =
1,8 = 0.8 (Figure 4):
(a): Utilizing coupled hyperbolic secant functions for the seed functions g;(z, ) and g,(z, t) results in a
localized pulse structure centered near the spatiotemporal origin:

hi(t) = 1.8 sech(0.27), gi(z,1) = 0.3sech(0.3z) sech(0.2t), g.(z,1) =0.4 sech?(0.3z) sech(0.27),
g3(&,1) = 0.8 sech(0.27) sech®(€),  gu(z, 1) = 0.5 sech?(0.32).

(2.27)
(b): Employing Gaussian-weighted harmonic modulations gives:
M) = 1.5¢70%7 o,(z,1) = 0.4¢7%1F c0s(0.50), g2(z, 1) = 0.3¢™"'¥ 5in(0.5¢),
(2.28)
g3(&, 1) = e % cos(0.50) sech®(€),  ga(z, 1) = 0.4¢"1% cos(0.50). '
(¢): Incorporating rational functions combined with hyperbolic tangent spatial profiles yields:
. 0.5 tanh(0.3z) 0.4 sech(0.3z2)
ht) = ———— =—F""7, > D)= T oen
0= 100 @0 = o0 0 800 T o0 (2.29)
1) = 0. sech’(é) @1 = 0.4 tanh(0.3z) '
835U = T4 0.082  8EUE T 00
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(a) (b) (©)

Figure 4. Surface and contour plots of y5(1, 1,z, 1) for (z,7) € [-10,10]?, with & = 1 and
B = 0.8. Seed functions: (a) Eq (2.27), (b) Eq (2.28), (c) Eq (2.29).

Figure 4 (a) shows a single localized pulse near the origin. Figures 4 (b) and (c) show ridges that
extend along the ¢-direDction.
Case 1.6: Exponential decay wave structure
Under the constraints p; = 1 and p; = p, = p3, with ps = ps = p¢ = 0, Eq (2.3) admits the solution
A, t)=h(t)e?—p+hy(1). (2.30)
As a result, the auxiliary equations in Eq (2.4) simplify to:
py.z,0) =1,

g4(z,t)’t)dx+1(6g4(z,t))+1(w), (2.31)
&

1) = t
(x.y.2.0) = g2z 1) + f ga(“ pe\” o ) pe\” oz

9(.))9 Z, l') = g4(Z, t)

Hence, the exponential decay wave structure is expressed as:

Ye(X, Y, 2, 1) = (D) e ED — (gx + g4(z, 1) + (1)

, des 2. 92u (2. (2.32)
+g2(z,t)+fg3(x+g4(§ ”,r)dwé( g48(tz t))+ﬁy_8( g4a(zz r)).

Setting B = 0.65, we evaluate the solution y¢(x,y,z,7) at x = 1,y = 1 with & = 1. Under these
conditions, Figure 5 shows the evolution of this solution in the following three sets of seed functions:
(a): Coupling Bessel-type integral kernels with multi-frequency temporal modulations:

(1) = 2.5 sech(0.15¢) cos(0.81),  ha(£) = 1.2¢7%" in(0.61),
g2(z,1) = 0.7sin(0.4z) cos(0.5¢),  g4(z,1) = 0.6 cos(0.4z) sech(0.21), (2.33)
g3(&,1) = 1.4 sech(0.157) sin(0.7£)Jo(£).

(b): Employing trigonometric functions within the integral kernel:
hi(f) = 2797 cos(f),  ha(t) = sech(0.2¢) cos(0.81),
22(z,1) = 0.8¢7°% 5in(0.8¢),  ga(z, 1) = 0.65 sech(0.37) cos(0.67), (2.34)
g3(&,1) = 1.5¢7°%5" ¢os(0.97) sin’(&).
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(c): Utilizing rational damping factors combined with hyperbolic sech-tanh compound states:

2.2 0.9 .
hl(l) = m COS(O.7I), hz([) = m sm(O.St),
0.7 tanh(0.3z) cos(0.5¢) 0.6 sech(0.3z) sin(0.5¢)
= = 2.35
82(&.1) 1+0.0422 » 8z D) 1+0042 (2.35)
1.3
g3(§, 1) = m cos(0.61) tanh(f) sech(f).
(a) (b) (©

Figure 5. Surface and contour plots of y(1,1,z,1) for (z,1) € [-10,10]?, with & = 1 and
B = 0.65. Seed functions: (a) Eq (2.33), (b) Eq (2.34), (c) Eq (2.35).

The cos(0.4z) and sin(0.4z) terms produce a periodic structure in z. The time factors modulate its
amplitude and phase.

Case 1.7: Exponentially decaying phase solution
Forpy = ps = p7; =1 and p, = ps = ps = 0, Eq (2.3) gives:
Ap,t) =cpe™. (2.36)
Furthermore, solving the constraint system outlined in Eq (2.4) provides:

p(y,z,t) =1,

e*/* g1(7)

X+
2D " BeD
H(y’ 2, t) = y + 85(Z, t)’

q(x,y,2,0) = X+ x82(z 1) + 83z 1) + €7 a3 2) + f e (y o+ 33° @1 )dt], (237)

where

T:l‘—z, D = Be¥ + g,(1), S :,Bek/‘gfﬂ,
€ D

_0n e o 80+ (261D +5((D)

~ 0z eD ’ = Be2D2 .

Under these conditions, provided that D # 0, we obtain the following exact non—traveling wave

solution:

(2.38)
)

'707(% Y, 2, t) =c e_t(g'x + y + gS(Z’ Z‘)) + q(x’ Y, <, t)’ (239)
where ¢ is given by (2.37).
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Case 1.8: Exponential linear-background solution

Under the constraints p; = p7, p3 = 1, and p, = p4 = p5s = pg = 0, we obtain
A(p,t)y =hy (1) + hy (1) e™*. (2.40)
Solving for p, g, and 6 gives

PO, 2,1) = g4 (t) e,

0
q(x,y,z,t) = -8 fGl (z,1) (a—tgl (z, t)) dz + g3 (BG (z,1) + x,1)

5 (2.41)
+ (GG [ (Egl (z, r)) dz+ 120y - Ga (2,1),
00.2.1) = 66G1 (1) = = + g5 1)
A non—traveling wave solution is then given by:
Us(3,2,0) = g4 (07 [1n(0) + () exp (~ex = 86G1( 1) + = = g5(0))
-B f G (z,1) (%gl (z, t)) dz+ g3 (BG1(z,0) + x,1) (2.42)

0
+ (x + BG (z,1) f(&gl (z, f)) dz+ g1 (z,)y — G2 (z,1).

Case 1.9: An unconstrained functional regime

Finally, setting all coefficients p; through pg to zero causes the reduced differential operator in
Eq (2.3) to vanish identically for any smooth function. Solving the corresponding system for p, g, and
0 gives:

p,z,0) =g4(),

9212,
GGnd) = m@ny+ f (x 95D et r)) dz + g3 (BG1 (@) + x,1) (2.43)

0(y,z,1) = BeGi(z, 1) + g5(1).
This unconstrained functional framework yields a general family of non—traveling solutions, given by:

¢9(x’ Y, 2, t) :g4(t) A (Sx +ﬁ8Gl (Z’ t) + gS(t)’ t)

2.44
+g1(z, )y + f(xagl(z’ ) - 2(z, t)) dz + g3 (BG(z,1) + x,1). ( )

ot

Remark 2. It is worth emphasizing that in 9 as given in Eq (2.44), A(¢p, t) is no longer restricted by
any differential constraints and thus can be chosen as any smooth function. This flexibility, combined
with the ability to choose arbitrary functions in ¢ and 6, yields a remarkably rich solution space for the
model. However, the profile, amplitude, and time dependence of such solutions arise from the chosen
seed functions rather than from the nonlinearity of the model.
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In Figure 6, we examine three choices of the seed functions:
(a): The first seed set is characterized by a multi-frequency core profile

A(p, 1) = sechz(cp) cos(3¢p) cos(2t).
Moreover, we consider g,(z, 1) = sech?(0.8z) cos(27), and the remaining seed functions:

22(z,1) = 0.55in(22) cos(1.50)e™%%" | g5(&, 1) = 0.4 5in(2&) cos(&)sech(0.1£),

. (2.45)
g4(t) = 1.5, gs(t) = sin(1.5¢).

(b): The second seed set is constructed by a high-harmonic core

A(p, 1) = sech(p) cos(2.5¢) sin(2¢),

-0.05/2

together with a trigonometric envelope g1(z, 1) = cos(2z)e sin(¢), and seed functions:

2:(z,1) = 0.6 cos(3z) sin(r),  g3(&,1) = 0.5 cos(2&)sech(0.27),

(2.46)
g4(®) =2, gs(t) = 0.8 cos().

(c): The third seed set employs the Gaussian-modulated exponential core
A(p,t) = exp(—0.5<p2) cos(3¢) cos(1.51),

along with the kernel g,(z, 1) = exp(—0.2z%) cos(2z) cos(?), and seed functions:

g2(z.1) = 0.45in(2.52)e "%, g3(¢,1) = 0.6 5in(1.5¢) cos(1.56)e™ ",

. (2.47)
g =18, gs(t) = 0.5sin(2f).

(a) (b) (©)

Figure 6. Surface and contour plots of yo(x, 1,7, 1) for (x,z) € [-10, 10]?, withe = 5 = 1.
Core function A and seed functions: (a) Eq (2.45), (b) Eq (2.46), (c) Eq (2.47).

The oscillations come from the cos(3¢) and cos(2.5¢) factors in A. The sech and Gaussian factors
keep the pattern localized around the curve ¢ = 0.

Reduction strategy 2. To obtain additional classes of exact solutions, we now use the ansatz
Y(x,y,2,1) = p(z, 1) - U, ) + q(v, 2, 1), (2.48)
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along with two phase variables
Y =&X + 9()’, t)a { = &X + 77(2, t)’ (249)

in which &1, &, # 0 are constants, and 6 and n are functions to be determined.
Substituting (2.48) into Eq (1.9) and collecting terms according to the order of Q-derivatives gives

0’Q 0Q 0’Q 0’Q
PsP1 7 B0 0L — &1, oc + &20804—— o0 + P83 02
0'Q 0*'Q 0'Q 0'Q 0Q *Q
+p6pg(8la m 38%82 PYErY, +381820 20 828 8{3) ﬁp6p8(8182 9 Ig — (2.50)
e ,0Q 6*Q 02 ,0Q 6°Q 3 88_!2(92 ,0Q 6°Q ) N G_Q_O
28{8 oz g a2 B0 0007 20 or2) TP TP =

with the coefficients

p1 = 2q,Pe & + 601 — n.€1, 02 = pOyy, + 0,p; — p.&1,

(2.51)
p3=q,Pel +0,0,  pa=qPer—1M.  ps=dy,  pPe=6,  pP1=ps.  ps=p.

By imposing various conditions on the coeflicient functions in (2.51), we obtain several simplified
systems. Solving these reduced forms yields the following categories:

Case 2.1: Exponential linear-background wave solution
First, let us consider ps = 1, p; = p2 = ps = ps = p7 = 0 in (2.50). Then we obtain:

2e1L

Q(p,0) = (cle 2+ cZ) 54 4 c3l. (2.52)
Applying these relations to Eq (2.51) yields:
p(z, 1) = gi(0), q(y,z,1) = —# +83(z, 1), 0y, 1) = g2(0), n(z, 1) = -2z + g4(t). (2.53)

Consequently, a wave solution to the model is given by:

2¢e £
Yio(x,y,2,1) :gl(f)[cl exp (gz(f) +2g1x — g—lz + 8—1g4(f))
2 2

(2.54)
28] &1 y
+ ¢y exp (gz(t) +—z-— —g4(t)) +c3(eax — 22+ g4(t))] - + 83 0).
& & 82:8
Case 2.2: Logistic-type step wave structure
Alternatively, setting p4 = pg and p; = p» = p3 = ps = 0 in the reduced system gives:
681 1 2
Q L 2.55
=" (He«’) e 223
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Using these values in Eq (2.51) gives:
2

t
p(Z7 t) = 1’ Q(y’ <, t) = 82()’) + gl(Z7 t)a 9()’, t) = _6(‘::_12 +,35282()’), U(Z’ t) = _281t~ (256)

Consequently, the resulting closed-form expression represents a logistic-type step wave structure:

6 1 &l
Ui,y z,t) = —— ——(ex-2e)+ 8 +g (D). (2.57)

B+ exp (slx - Z—it + Bergn (y)) &p

Case 2.3: Compound trigonometric lattice solution

Imposing the restrictions p3 = pg and ps = p7, alongside p; = p, = pg = 0, transforms the reduced
system into:

81—5) + (c3 8in () + ¢4 cos () sin (%{) . (2.58)

Q (g, ) = (c; sin () + 3 cos (p)) cos (
& 2

Inserting these parameter reductions into Eq (2.51) results in:

2
p(z, 1) =1, q(y,z,t) = ,L% + g2(z, 1), 0y, 1) = g1(t), n(z,t) = % + g3(2). (2.59)
1 1

Accordingly, the compound trigonometric lattice solution to the model is obtained as:
. 2z &
Yia(x.y,2.1) = |(cr sin(erx + g1(1)) + 2 cos (£1x + gi(r))) cos &1x + —= + —g5(1)

1 &

(2.60)

2
+ (c3sin(g1x + g1(t)) + c4cos (g1x + g1(7))) sin (81)6 + i + ﬂg3(t))
e

y
+ — + Z,1).
| & ﬁsz g2( )

1

To graphically examine the exact analytic profiles of y1,(x,y,z,1), weset 8 = 1, & = 1, & = 1,
c1=1,¢,=0.5,¢c3=0.5,¢c4 =1, and y = 1, yielding the configurations shown in Figure 7 across the
following three sets of seed functions:

(a) Harmonic pattern: Using standard sinusoidal and cosinusoidal phase modulations:

g1(t) = 0.5c08(0.4%), g2(z, 1) = 0.45in(0.52)e %, g3(r) = 0.3 sin(0.2¢). (2.61)

(b) Phase-modulated lattice: Employing hyperbolic secant damping and nonlinear phase coupling to
create complex multi-peak structures:

g1(t) = 1.5sech(0.3¢) cos(t), ga(z,t) = 1.2sin(1.5z)sech(0.4z) cos(0.8¢), g3(¢) = tanh(0.2¢).
(2.62)
(c) Multi-periodic wave lattice: Utilizing coupled harmonic functions and exponential decay factors:

g1(£) = 0.85in(0.60), g2(z,1) = 0.6¢cos(1.22)e ", g3(f) = 0.5 cos(0.4¢). (2.63)
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(a) (b) (c)

Figure 7. Surface and contour plots of ¥1»(x, 1,z, 1) for (x,z) € [-10, 10]?, with 8 = &, =
e =1,ci=1,c0 =c3 =05, and ¢4 = 1. Seed functions: (a) Eq (2.61) (harmonic pattern),
(b) Eq (2.62) (phase-modulated lattice), (c) Eq (2.63) (multi-periodic lattice).

The trigonometric form of ¢, gives a periodic lattice in x and z. The functions g;, g», and g3 shift
and distort the lattice.

Case 2.4: Hyperbolic tangent kink profile
By applying p; = p» = p7 = 0 and setting p3 = pg = ps = 1, the reduced system simplifies to:

6 tanh (¢) (451 + 1)¢ _ (2.64)
B Bere

Substituting these conditions back into Eq (2.51) yields:

Q(p,0) =

1

—-c
pan=1,  qezt=(—5)y+aGo
pei (2.65)
(c281 = 2&2(c) — D)z .
0(y,t) = cit +y, n(z,t) = ct + > .
E
1
Substituting these coefficients into the ansatz yields the hyperbolic tangent kink profile
6 4e3 + 1 -2 -1 1-
sy, a0 = tanh (e + a4 3) — o (g b e+ 22D ) Lma e,
B Beie & &
(2.66)

Case 2.5: Hyperbolic—exponential mixed wave solution
Considering the parameter choices ps = 1, ps = pg, and p; = po = p7 = 0 yields the following

reduction:
1l 1L

e1¢ 14
su%az&wé+Qaw%mm@+&ﬁ%+maw%mm@+qg (2.67)

Substituting these parameter values into Eq (2.51) gives:

p(z, 1) = gi(0), q(y,z,1) = —é +83(z, 1), 0y, 1) = g2(0), n(z, 1) = =2z + g4(1). (2.68)
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Hence, the hyperbolic—exponential mixed wave solution to the modified EMC model is given by:

£1(89x—2z+g4(1)) _ &1 (epx—2z4g4(1)

Y14(x, y, 2, 1) = gl(t)[ (Cle 22 + cre 22 )sinh (e1x + g2(0))

(2.69)
£1(e9x—22+g4(1) &1 (8 x—2z+84(1)
+ (636 = + cqe” S )cosh (e1x+ g2(1) + c5(e2x — 27 + g4(t))] - _,3 + g3(z,1).
&
Case 2.6: Exponentially modulated background wave solution
Assuming the constraints p, = ps, pe = 0, and p3 = p4 = ps, the reduced system becomes:
e e
Q(p,0) = eXp(so - —15) - (2.70)
& &
Further, Eq (2.51) yields
Bted — z pte; —
Pt =peies(— =) a0z =g(—5 W+ gz,
Be; Be;
,3 o (2.71)
00,0 =10, 1z =—P(e ~ &) f gi(— )dz + 84(0).

Hence, an exponentially modulated background wave solution to the model is given by:

3 _
wlS(x’ Ys 2, t) = ﬁ‘g% 83 (ﬁtzlg_’, Z) [—81)6 + _ﬁ(‘gl - 82) fg3 (IB 81 Z) dz - _84(t)
1

ﬁts -z
+exp (gl(t) + —,3(81 - &) fgg(

ted —
+ &3 ('8 293 Z)y + 82(2. 1).

)dZ - —84(f))
1 2.72)

Remark 3. This study has several limitations. The ansatz ¢ = pA + g with one or two phases covers
only the cases in which the reduced equations (2.3) and (2.50) can be solved, and it does not yield well-
known solution types such as multi-soliton or lump solutions. Since the paper is primarily concerned
with analytical techniques, the constraints on the p; were selected to ensure mathematical solvability
rather than to reflect physical considerations.

Remark 4. It is also notable that Eq (1.9) is invariant under ¢ — ¢ + C(z, ).

Remark 5. All solutions obtained in this study have been verified through direct substitution into the
modified EMC equation (1.9) using Maple.

3. Graphical discussion and behavior of the solutions

This section provides graphical discussion of the exact wave solutions derived in the previous
section.
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3.1. Superposition of two counter-propagating pulses in
In this subsection, we investigate the spatial structure and crossing dynamics of the exact wave
solution ¥ (x, y, z,t) with € = 8 = 1, and the seed functions:
hl(t) = 0’ hZ(I) = 0’ 84(0 = Oa gZ(Z’ t) = 07 81 (Z’ Z) = O.7SCCh2(0.8Z),

3.1
gs(£,1) = 2.2[sech’(£ — 1.21) + sech’(& + 1.21) . G-1)

Figure 8 illustrates the spatiotemporal dynamics of (x, 1, z, ) across the domain [-7,7] X [-7, 7]
atr = —2,0,2. Atr = -2 (Figure 8(a)), two counter-propagating sech® pulses whose crests lie on
the curves & = +1.2¢, where & = 8 f g1(z, 1) dz + x; the z-dependence of & bends the wave fronts. At
t = 0 (Figure 8(b)), the two pulses overlap along the curve ¢ = 0, and the peak reaches 2 X 2.2 = 4.4
above the background ridge. Att = 2 (Figure 8(c)), they separate again with their original shape and
amplitude, while the ridge g;(z) is unchanged.

(a:t=-2 (b):t=0 ©:t=2

Figure 8. Dynamic evolution of (x, 1, z, f) evaluated at (a) t = -2, (b) r = 0, and (c) t = 2
with parameters € = 5 = 1.

3.2. One-dimensional wave dynamics and slice profiles of Y,

To examine the temporal oscillation and spatial localization of ¥,, we consider the exact wave
profiles across Cases (a) and (b) as previously defined by Eqs (2.13) and (2.14), respectively. Figure 9
illustrates representative one-dimensional slice profiles.

3.3. Some modulation effects in yry

In this subsection, we demonstrate the modeling flexibility of yy(x,y,z,¢). To this end, A(gp, ) =
4sech2((p), g2(z,1) = 0,g4(t) = 1,g5(t) = 0 is considered. Moreover, we take € = 8 = 1, and the
following seed functions:

@): gz =09z¢ " sin(21), g3(£.1) = —6 sech?(0.2¢) cos(1.5¢) — 4¢%e 1€,
(b): g1z 1) = 2.5 sech®(2)cos(2r),  g3(€,1) = —5sin(3¢) sech(0.51) - 3cos(4)e €', (3
cos(r),  g3(£,1) = 4cos(5€) cos(50)e " E+) _ 3sech®(0.3(¢ — 1)).

©: g1z = 1522

Figure 10 illustrates the three-dimensional surface profiles and floor-projected contours of
Wo(1,1,z,t) over the (z, f) domain.
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— t=-2 z/Q\ JQ\
e B N Y
=1 /, x=1

20 “10 o 10 20 20 “10 o

N
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x=-2

- x=-1
. x=
x
. .

-20 N o 10 20 20 =T} ) 10 20 -20 10 ) 10 20

Figure 9. One-dimensional slice profiles of wave solution i,: the first row corresponds to
Case (a) in (2.13), and the second row corresponds to Case (b) in (2.14) with the remaining
coordinates fixed to unity.

() (b) (©

Figure 10. Dynamic evolution of ¢9(1, 1, z, t) using the seed functions (3.2).

3.4. Dynamic analysis and extreme—value evaluation for ¥y,

To construct localized rational-pulse profiles for (x,y, z, 1), the seed function g(z,?) is taken to
be a time-dependent superposition of rational functions:

M
(M) (M) -
. . ’ 3.3
g (z,1) =c, ; w; + (liz —vit = by)? o

where M is the number of rational pulses, CE)M) is a constant, /; is a spatial scaling factor, v; is the

longitudinal velocity, b; is the spatial phase shift, while o; and w; represent the weight coefficient and
shape parameter of the i-th pulse, respectively.

In what follows, we investigate the dynamic behavior and extremum characteristics for M = 1 and
M =2,withe =0.8, & =1, = 1.2, along with g,(y) = 2/(0.8 + y?) evaluated at the snapshot xp = 0
and 1, = 0.

Single-pulse configuration (M = 1): For the single-pulse state, the seed function reduces to:

(1) (1) 01
1) = . 3.4
&1 (Z ) G * w1 +(112—V1t—b1)2 ( )
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For ¢}’ = 0.1, 0y = 1.5, w; = 04,1, = 1,v; = 0.7,b, = 0 in (3.4), and restricting ¥\ (x,y,2,1) to
x =0, 1= 0 gives the scalar field U(y, z). Setting V(, ,U = 0 yields a critical point at P,(0,0). At this
point, the corresponding Hessian matrix is given by:

-7.605 0

H(P‘)z( 0 -1875

), det H(P;) ~ 142.6 > 0. (3.5)

Given det H(P;) > 0 and both Hessian eigenvalues are negative, P; is a local maximum with a peak
amplitude of Y.« = 6.16.

Superposition of rational pulses configuration (M = 2): In this case, we have

@ @ g1 72
. , 3.6
81 (Z ) CO + Wi +(llz—v1t—b1)2 " w2+(lzz—vzt—b2)2 ( )

Let us fix the parameters ¢’ = 0.3, oy = 0.5, w; = 0.6, [; = 0.80, and v; = 0.4, 05 = 2,y =
0.8,l,b=03,b; =1.4,b, = -1.4,v, = 0.7 in (3.6), and define W(y, z) = ¥1(x0, Y, 2, o). Then, solving
VoW = 0 yields the following three critical points:

The local maximum point P, =~ (0, —4.66): At this point, the Hessian matrix is evaluated as:

-7.61 0

") =( 0 056

), det H(P;) ~ 4.26 > 0. 3.7
Given det H(P;) > 0 and negative principal curvatures, P; is a local maximum with a peak amplitude
of W(P;) = 5.13.

The local maximum point P, ~ (0, 1.68): This point satisfies the same conditions and is therefore
another local maximum with a peak amplitude of W(P,) ~ 3.89.

The saddle point P; ~ (0,0.16): At the critical point P, we have det H(P,) < 0, making it a saddle
point with a value of W(P,) ~ 3.53. The graphical representations of these cases are displayed in
Figures 11 and 12.

—————

Figure 11. Extremum analysis and critical point classification of ¢; for the single-pulse
configuration (3.4).
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P20, 1.68)
\®)
\V/

P.0,0.16) @

Figure 12. Extremum analysis and critical point classification of ¢, for the multi-pulse
configuration (3.6).

3.5. Parameter sensitivity analysis of Y\, and 1,

Sensitivity analysis serves to identify and quantify the impact of parameter variations on the
resulting wave solutions. In this subsection, we analyze the sensitivity of i, and ¥, to parameter
variations. Figure 13 presents the impact of the parameters &, &, and S on the solution ¥;; with
g1(z,1) = 0,g,(y) =sinyat x = 0,z = 0, = 1. Similarly, Figure 14 depicts the impact of &, &,, and 8
on Y, for gi(t) = 0, g2(z, 1) = sin(z + 1), and g5(t) = rat x =0,y = 1,z = 0.

— =03 — B=05

— B=1

— & =06
— =09 — B=2.

— =12 — B=35

— =15 — B=5.

Figure 13. Two-dimensional profile of ¢, along the y-axis. The non-swept parameters
are fixed at (g1,&,68) = (0.8,1,1), while the swept parameters take the values & €
{0.3,0.6,0.9,1.2,1.5} (a), &, € {0.5,1,1.5,2.5,4} (b), and B € {0.5, 1,2, 3.5, 5} (c).

'
3

— =03 2 — =05
1

WM I W W\Qﬁ o NV/\VA\V//A\ \V/// o

— B=35

— =09 — =4

— B=s.

-10 -5 0 5 10 0

l (a) ‘ (b) t (©)
Figure 14. Two-dimensional profile of ¢, along the t-axis. The non-swept parameters
are fixed at (g1,&,,8) = (1,1,1), while the swept parameters take the values & €

{0.3,0.45,0.6,0.75,0.9} (a), &, € {0.5,1,1.5,2.5,4} (b), and 5 € {0.5, 1,2,3.5, 5} (¢).

-10 -5 0 5 10
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3.6. Solitary structures in Y1, and ¥ 3

The functions i, and 13 contain a hyperbolic step in x added to a part that is linear in x, so that
itself is a kink on a ramp. Differentiating Eq (2.66) gives

68% 5 43? +1
013 = —sech™ (g\x+ it +y) — , (3.8)
B Be
and differentiating Eq (2.57) gives
3&? 9\ & e
Oy = 2—ﬂ1 sech? (5) - E‘ 9=z (x- 8—?) + Ber (). (3.9)

Both are sech® pulses on a constant pedestal. Taking the pulse as A sech’(s/w), where s is the
coordinate across the crest, the following quantities can be read off. ¢3: amplitude A = 6&7/5, width
w = 1/gy, crest on the line ;x + ¢; + y = 0 of the (x, y)-plane, which moves in the x-direction with
velocity —c; /&1, and integral across the pulse 12, /8. ¢,: amplitude A = 38% /(2B), width w = 2/gy,
crest at x = (g1/&)t — (Bey/€1)g2(y), velocity €1 /¢&;, and integral across the pulse 6&1 /8. In both cases
BAW? = 6, so that the amplitude is fixed by the width and by . The arbitrary function g,(y) of i,
does not change the amplitude, the width, or the velocity. It changes only the shape of the crest in the
(x,y)-plane, which is the curve x = —(Be,/g1)g2(y) at t = 0. The crest of ¢35 is a straight line in the
(x, y)-plane for every z. The fields (3.8) and (3.9) do not depend on z, and the function g(z, ) enters
Y11 and 13 only additively. Figure 15 (a) and (b) show 0,45 and 0.41;.

(a) (b)

Figure 15. (a) 0,413 att = O with¢y = 1l and g = 8 = 1; (b) 0y at ¢t = 0 with
g1 =& =B =1and g(y) = 2sin(0.5y). Both are shown in the (x, y)-plane.

4. Conclusions

In this paper, we have developed an analytic framework to construct diverse classes of
non—traveling wave solutions to the modified (3 + 1)-dimensional EMC equation. To this end, we
adopted two extended variable-separation reduction strategies to simplify the governing Eq (1.9),
yielding the more tractable reduced forms (2.3) and (2.50). Then, by imposing various algebraic
constraints on these reductions, several families of explicit exact solutions were obtained. The first
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reduction involves one mixed phase, is more direct, and yields closed-form non—traveling solutions
with free functions. This reduction strategy leads to solutions of linear, parabolic-exponential,
quadratic-background, exponential-decay, and unconstrained functional types. The second reduction,
on the other hand, uses two independent phases and has more structural flexibility, resulting in
additional solution families with a stronger multi-phase coupling mechanism. From this reduction
strategy, various exponential linear background, logistic step, trigonometric lattice, hyperbolic tangent
and mixed hyperbolic—exponential solutions were determined. We note that many existing studies
concern the original (1+1)-dimensional EMC equation (1.6) and its fractional or generalized variants,
not the modified (3 + 1)-dimensional equation (1.9); our solutions can therefore be compared with
those in the literature via the reductions of (1.9) to (1.8) and (1.6). Among the solutions obtained, ¥
provides a general family of non—traveling wave solutions. We also provide a graphical discussion of
the exact solutions, including the effects of selected seed functions and parameters on their behavior.
The technique used in this paper can be viewed as an efficient analytical tool for studying other
nonlinear models in fluid dynamics. One possible future direction for this work involves investigating
fractional-order versions of the EMC equation using fractal derivatives to model wave propagation in
media with non-smooth boundaries [25,26].
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