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Abstract: In this study, I aimed to propose two inertial viscosity-type subgradient extragradient
methods to approximate the solution of the variational inequality problems in real Hilbert spaces.
These methods hybridize the viscosity and the inertial techniques to speed up the convergence rate.
Furthermore, weak convergence results for the proposed algorithms were established under relaxed a-
monotonicity and Lipschitz continuity assumptions. I present applications of my results to approximate
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and complement several results in the literature.
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1. Introduction

Several problems in nonlinear analysis can be modeled as the variational inequality problem
involving certain nonlinear operators. However, it is not always possible to solve the variational
inequality problem analytically. To overcome this issue, iterative algorithms are valuable tools for
approximate solutions to variational inequality problems. Variational inequality problems and their
solutions are significant due to their applications in signal processing, image restoration, tomography,
and radiation therapy. Therefore, the solution of variational inequality and inclusion problems remains
the interest of many authors; for more details, I refer to [1-3]. Several efficient extragradient-type
methods have been proposed for solving variational inequality problems under different generalized
monotonicity assumptions. Long et al. [30] introduced modified subgradient extragradient algorithms
equipped with a new line-search rule to improve the convergence performance for variational
inequality problems. Moreover, Long et al. [31] proposed a self-adaptive double inertial extragradient


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.20261468

37977

algorithm for solving quasimonotone variational inequality and fixed point problems, together with
applications to image restoration. Motivated by these developments, I propose two inertial viscosity-
type subgradient extragradient algorithms for variational inequality problems involving relaxed a-
monotone operators.

2. Preliminaries

Throughout this paper, I assume that ZZ; is a nonempty closed and convex subset of a real Hilbert
space Y. The sets of real numbers and natural numbers are denoted by R and N, respectively. Let D :
Z1 — Y be a mapping. For any real number a € R, I write

[a]. := max{a, 0}, [a]- := min{a, O}.

The variational inequality problem (VIP) is defined as follows:
Find [, € Z; such that
<Dll,lg—ll> 20, for all leZ]. (21)

The VIP was introduced by Stampacchia [19] in finite dimensional space and then extended to
infinite dimensional spaces [21].

I recall the following definitions for the sake of completeness:

Let D : Y — Y be a mapping. Then, for all /1,1, € Y, D is known as

e JA-contraction, if [ havea A € (0, 1), and
1Dl — Dbl < Al - bl
e o-strongly monotone, if I have a oo > 0, and
(Dl = Dhy, [y = L) > ollly = LIP,

e monotone, if (DI} — D, 1, — ) >0,
e pseudomonotone, if (DI, [, — ) > 0, then (DI, [, — L) > 0,
e quasimonotone, if (DI, [} — L) > 0, then (DI, 1, — ) > 0.

Definition 1. [22] A mapping D : Z, — Y is known as relaxed a-monotone if there exists a map « :
Y — R satisfying a(qz) = ¢'a(z) for all ¢ > 0 and z € Y, where t > 1 is a constant, such that

<Dll - Dlz,ll - lz) > (Y(ll - lz), for all ll,lz € Z1~

As monotonicity has an important role in the theory of variational inequalities, I refer the reader
to [22-24].

Definition 2. [7] The metric projection Pz, : ¥ — Z,, is a mapping with
Iy = Pz Ll = inf{lll; = LIl : b € Z,}.
An important characterization of metric projection Pz, is:

lell = l]jr <ll -1, lz — l> <0, for all lz S -Z1~ (22)
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For solving variational inequality problems, the following gradient-projection algorithm has
been proposed:
Wiyl = PZl(wk - lﬂ@(uk), k € N. (23)

The sequence {wy} converges to the solution of problem (2.1) if D is o-strongly monotone and £-
Lipschitzian and the parameter i is constrained within the interval (0, zf .

On the other hand, if the mapping D is monotone and Lipschitz continuous, then the method given
in (2.3) fails to converge to the solution of (2.1). For instance, if I set Y = R? and D is a rotation
map with angle 7, then the method given in (2.3) may not converge. To overcome this drawback,
Korpelevich [8] introduced the following extragradient algorithm that converges to a solution of

problem (2.1) in the case of a monotone and Lipschitzian mapping, which is given as follows:

w) €2y,
Vi = Pz (wi — Y Dwy),
Wir1 = Pz (W — 4 Dvy),

where ¥, € (0, }).

Many authors have discussed the convergence behavior of this algorithm for monotone and
pseudomonotone mappings [9-11]. However, one of the major drawbacks of these methods is the
involvement of two projections onto the feasible set at each iteration, which becomes computationally
demanding when the feasible set possesses a complicated structure. To overcome this difficulty, a
subgradient extragradient algorithm was proposed and its weak convergence was established to a
solution of the VIP for monotone and Lipschitzian continuous mappings [12].

wi €Y,

Vi = Pz, (0 — Y Dwy),
Z, =we VY (wr — i Dwy = vi, w — vy < 0},
w1 = Pz, (W = Dvy), k> 1.

Ogwo et al. [13] introduced a new method to solve the VIP for quasi-monotone and Lipschitz
continuous mappings and given as follows:

Algorithm: 1.1

Choose ¥ € [0, 1) and 7 € (0, 1], suppose ¢ € (0, 1/ L), and let wy, w; € Y be arbitrary.
Step 1: For wy_; and wy, find
pr = W + N(wy — wi-1).

Find

v = Pz, (ox — ¥ Dpy),
if pr = v;: then STOP. Otherwise move next.
Step 2: Calculate

Ly =wel o —¥Dpr —vi,w — v < 0}

Compute

te = Pz, (o =¥y Dvy).
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Find

wir1 = (1 = T)pr + Tty

Subgradient extragradient methods are generally computationally cheaper than conventional
extragradient methods. The convergence of an algorithm in a fewer number of steps has attracted
the interest of many authors [4—6]. Motivated by [12,13,23], in this paper, I propose inertial viscosity-
type subgradient extragradient methods for relaxed @-monotone and Lipschitz continuous operators.
My methods exhibit faster convergence to the solution of the VIP, and I extend the applicability of the
proposed algorithms to convex minimization problems.

Yao et al. [25] obtained convergence results for proximal-type algorithms with reflections for
variational inequalities, and Peng et al. [26] developed an extrapolated adaptive proximal method
with a single dynamic parameter together with applications to optimization problems. A two-term
inertial method for monotone variational inequality problems, with implementations in multiclass
classification and portfolio optimization, was studied in [27]. Beyond linear settings, the golden ratio
method for monotone variational inequality problems in Hadamard spaces was investigated in [28],
while modified Halpern and viscosity methods for hierarchical variational inequalities on Hadamard
manifolds were analyzed in [29]. The methods in [25-27] were designed for monotone operators in
Hilbert spaces, whereas the schemes in [28, 29] were formulated in nonlinear geodesic spaces. In
contrast, the algorithms proposed in this work are developed for relaxed a-monotone operators in real
Hilbert spaces and combine the inertial and viscosity techniques within the subgradient extragradient
framework. Since the underlying assumptions and settings of these works are different from ours, a
direct numerical comparison with them would not be meaningful; nevertheless, they indicate useful
directions in which my results may be further developed.

In this paper, I denote the weak convergence of a sequence {wy} to w* by w; — w*, and the solution
set of (2.1) is denoted by Y. Comments about the contributions of this paper are provided below.

Remark 1. If I set ¥ = 0 and take ¢ to be the identity mapping, then our proposed Algorithm 2.1
reduces to Algorithm 3.3 given in [17]. Similarly, if ¢ is the identity mapping, then my proposed
Algorithm 2.1 reduces to Algorithm 3.3 given in [13]. Observe that the parameters and the involvement
of the contraction mapping play a key role to improve the rate of convergence of an iterative scheme,
which is also verified in Section 4. Hence, my proposed scheme is a significant improvement over the
schemes given in [13, 17]. Moreover, the numerical results in Section 4 show that my Algorithms 2.1
and 2.2 converge faster than Algorithms 3.3 and 3.4 given in [13]. Further, in the study of inertial
methods, the parameter is often restricted or required to be non-decreasing with an upper limit.
Additionally, many authors assume that the inertial parameter depends on the Lipschitz constant, which
may be very difficult to find in practice. As an analogue of this condition, I use another condition that
is less restrictive to guarantee the convergence of inertial approaches.

Definition 3. [13] A mapping D : Z, — Y is said to be sequentially weakly continuous if, for any
sequence {wy} in Zy, which converges weakly tow € Z,, the sequence {Dwy} converges weakly to Dw

iny.
Remark 2. The proposed Algorithms 2.1 and 2.2 do not take the classical inertial form

Wi1 = Wy + (g — wi-1).
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The following discussion is included only to motivate the summability condition (2.4). According
to [14], for the classical inertial iteration

Wil = Wy + (g — Wi-1),

one has
k

Wiyl — W = (l—[ 17]') (w1 — wy),
j=1
which implies
k-1 m
l_l ﬁ]] (a)1 - a)o).

a)k:w1+[
m=1 j=1

Hence, the convergence of the classical inertial sequence is ensured whenever

This motivates Assumption (2.4), which is required to define the auxiliary sequence {h,} in (2.5) and is
used throughout the convergence analysis of the proposed algorithms.

m

i [ ]9 <o, (2.4)

m=a j=«

which is adopted in the convergence analysis of the proposed algorithms. Based on this condition, the

auxiliary sequence
m

h = i ﬁﬂj:1+il—[ﬁj (2.5)

m=a-1 j=a m=a j=«a

is well defined, where

Remark 3. By [14], the condition (2.4) guarantees that the sequence {h,} given by (2.5) is well-
defined, and
he =1+ Ohgyy, foralla > 1. (2.6)

The subsequent result ensures the assumption (2.4).

Proposition 1. [14] Suppose {9} C [0, 1). If

I ( 1 1 )
im - =,
ks \1 =y 1 -1

where r € [0, 1). Then I get:

o The (2.4) holds, and hy, ~ m as k — oo,
e as k — oo, then equivalence of 1 — ¥ ~ 1 — ¥4 exists. Hence, hiyy ~ hys.
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Remark 4. [13] By Proposition 1, we have 9, = 1 — 2, and O > 1, is an example that fulfils (2.4).
Indeed, I have that

1 1 1 1 1

m{ - ):hm:k+1—:k::eOJ,

koo \1 =ty 1= kaooﬁ( ) 19() ) 0.1

which fulfils the conditions of Proposition 1. Then, by Proposition 1(i), Condition (2.4) holds It is
worth noting that many choices of ¥, comply with (2.4) [14—16]. The related finite sum of {h,} is given

as: Take a, k > 1,

m=a— aﬂ)_1+ ( aﬁ) J Sk’
hox = 1(“] - fa @2.7)
0, otherwise.
In a similar way, {h,;} is well-defined, and
hox = 1+ Gohgsrs, forall a>1, k>a+1. (2.8)

Lemma 1. [14] Assume that {l}, {0}, and {m;} are sequences in R satisfying the following conditions:
lk+1 < ﬁklk + my.

Suppose ¥ > 0.

(a) Then I get that
k=1

k
Z < higly + Z Ros1 kM,

a=1 a=1
where {h,} is as given in (2.7).
(b) For (2.4), assume that the sequence {h,} defined by (2.7) such that

(o)
D hasilmg]. < oo,
a=1

Then, the series ), ,s[l,]+ is convergent. Additionally,

i[lah <Ll + i has1lme]s,

a=1 a=1

here |h], := max{h, 0} and h is real.
Lemma 2. [14] Suppose that {w,} C Y and {9} C [0,1). Forte M, if T} := %llwk — 1||%, then we get

Tirr = T = KL = Tpoy) = —(79k + ID)lwi — wr|* + (Wis1 — P ox — 1)
(2.9)

+ Sl -l
where pr = wy + H(wg — Wi-1).
Now we recall some well-known results.
Lemma 3. Suppose that {w;} € Y and w, — w, then
likm_)glflla)k —w|| < h?lglf”wk -V, VYv#w.
Lemma 4. If w,v € Y, then

2 2 2 2 2 2
2w, v) = Wll” = llw = vII" + [VII" = llw + VI = [Iwll” = [IVII*.
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3. Convergence analysis

Here, I present an inertial viscosity-type subgradient extragradient method for VIP.
Now I have the following assumptions:
Before stating the assumptions, I recall that the sequence {/;} is defined by (2.5) and satisfies the

recursive relation (2.6). Moreover, 9 € [0, 1) denotes the inertial parameter, 7 € (0, 1] is the viscosity

parameter, and {; = 12—77: whenever 7, € (0, 1). Throughout the paper, || - || denotes the norm induced by

the inner product of the underlying real Hilbert space Y.
Assumption 1. Suppose that the sequences {%;} < [0,1), {rx} € (0,1] and {&} < (O, 1) satisty
likm infr, > 0. Assume there exists & € (0, 1) such that, for all sufficiently large k, the following

ingqoaality holds:
2641 (1 = Dl = @lwe-)IP < 281 (1 = F)llwk — (w1

- ﬁkhkﬂ(z[(k(l — 9]l = W) = 2081 (1 = Sl — eI

+ (1 + 0+ 2 + Dl — o + (1 + Ik — it — @y — W)

+ 2|y - w(wk—1)||2) — hallwg — @I, if 7, € (0, 1),

3.1

E( = G Dl = plwr-DIP < (1 = T Dllwr = e(wr-)II?

~Ohea([1 = Ol lle(x = oI = 11 = Dea]- o = el DIP

1+ O+ 2+ Dllwk = ol + (1 + Illwx = w1 = plwr — we-)IP

2w - ¢(wk_1>||2) I llwg — (@I, it 7 = 1.

Assumption 1 is a technical condition used in the convergence analysis of the proposed algorithms.
It controls the additional terms generated by the inertial and viscosity components and provides the
recursive estimates required to establish the boundedness and convergence of the generated sequence.
It plays the role of the decrease conditions employed in the analysis of relaxed inertial methods
in [14], and it involves only quantities that are generated by the algorithm, namely the iterates, the
contraction ¢, and parameters ¥, T, {x, and h,;. Consequently, it can be monitored along the
iterations, and it holds in particular when the weighted distances ||w; — ¢(wi_1)|| decay sufficiently
fast in comparison with the inertial weights 9¥;/;.,. This assumption is introduced for the theoretical
analysis and is not intended as an additional restriction on the VIP.
Assumption 2. Moreover, we have the following assumptions:
@Y +#0.
(b) D is relaxed a-monotone and Lipschitzian on the set Y, and it is sequentially weakly continuous
on the subset Z;.
(c) The set {t € Z, : Dt = 0} \ Y is finite.
(d) Let ¢ : Z; — Y be a linear and A-contraction mapping satisfying

ok =Dl < llox —2ll,  VieZy.
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Algorithm 2.1 Proposed algorithm with fixed step size.

Choose ¥ € [0, 1) and 7 € (0, 1], assume ¢ € (0, 1/ L) and w,, w; € Y are arbitrary.
Step 1: Find
pr = wy + N(wy — wi-1).
Find
vi = Pz, (¢(or) — ¥ De(py)).

Step 2: Construct
2y, ={w el {plpr) — ¥ Dy(pr) — vi, w — vi) < 0}

Compute
t = Pz, (¢(or) = yDwy).
Compute
wir1 = (1 = 1)9(0x) + T Dty
4. Results

Theorem 1. Assume that {wy} is generated by Algorithm 2.1 and that Assumption 2(a),(b) holds. Then

1 get that:
Tir = T = H(Lie — Tir)
1 T
< E(ﬂk + Il = e IP = il = (oI = 5"(1 — D) lleor) = vill?
2 1 2
+ 1Dt — will™| + E”Pk = (Poll"
where i = 5% and . = Sllwi — 1P, forall t € Y.

Proof. Lett € Y. Using Algorithm 2.1, I have

W1 — @(r) = T(Dt — (k). 4.1)

By (4.1), I have
lwier = eI = 771Dt — @(pII.

Hence,
T Nlwker = eI = Tl Dt = (Pl (4.2)
Using the characterization (2.2) of Pz, , I have

Ti{@(or) — Y Dvi — Dty t — Diyy < 0. (4.3)
Using (4.1), (4.2) and the contraction condition, I have
(Wks1 = PrsPr — 1)
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= (Wir1 = @(P), P = 1) + {p(Pr) = Pis i — 1)

< —1(Dt — p(pr), Dty — pic + 1 = Dty + Allpy — 1I° + {@(t) = pi, i — 1)

= =Dt — 9(pr), Dy — o(o1)) — Tk Dt — p(w), p(Px) — pi + 1 — Diy)
+ Allox =t + (@) = i i = 1)

According to Assumption 2(d), I get

(Wis1 = Prs P = 1)
=~ Dt — e(P)IP = Tl Dt — @(p1), () — pi) — Tl Dt — @(pi), t — Diy)
+ Allox = 1l = (i = @(0), px = 1)
< 1 Nlwiat = @EOIIP = 71Dt = ©(ok), (k) — Pi)
— 7Dt + Y Dvi — YD — @(pi), t — Dty + Ao — 1l = llox — 1l
= 7 Nwier — @EOIIF = TilDt = ©(p), ©(r) = pi) — Til—Y Dy, t — D)
— 7Dt + YD — p(pp), t — Di) + (A = Doy — 1l
< 1 lwier = @I = Tl Dt — @(pi), @) = pi) + YTl Dvie, 1 — D)
+ 7o) — Y Dvi — Diy, t — Diy).

Using (4.3) and 7 € Y, I get

(Wkt1 = P> Pk — 1)
< 1 ket — @(EOIP = 71Dt — (1), 9(0r) — pr) + YTi{Dvy, £ — Dity). 4.4)

By (4.4) and (4.2) in Lemmas 2 and 4, respectively, I get
Tir1 = Vi = F(Th = V1)
< 300+ Bl ~ il + s ol = 75 ks ~ @0l
— 7Dtk — (i), (Pr) — pi) + YT(DV, 1 = D)
= %(ﬁk + Ik — il + %“wkﬂ — pll” = Tl D1 — (oI
+ YT(Dvi, 1 — D) — TilDitx — (), p(ox) — i)

= %(7% + D) llwy — W |P + %Hwkﬂ —pill? - %Tk”@tk + v — v — (oI
~ 3D~ @(IP + U (Dvis 1~ i)~ 7Dt~ (01, #00) ~ ).
This gives
Tip1 — T — R(Th — Tiy)
< S0+ Bl — il + gl ol = 3Telgto0) = vo) — (Di ~ vol?

1
- ETk”Dtk - ‘70([)k)||2 + YTi{Dvi, t — Dty — il Dt — p(pi), (Pr) — Pi)
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1 1 1
= E(ﬂk + ) llwg — W |IP + §||wk+l —pill? = ETk[”SD(Pk) —will? + 1Dt — il P

1
= 2e(or) = vi, Dty = vi) | — ETk”Z)tk - ‘P(/Ok)H2 +YTi(Dvy, t — D)
— 7Dt — w(pi), (Px) — pi)

1 1 1
= E(ﬂk + I)lwp — w|I* + §||wk+1 —pill* = ETk[”‘P(pk) — il + 1Dt — will?

1
- ETk“Dtk — 0(EOII* = Tilp(or) = Vi, Vi — D) + YTi{ Dy, t — Dty
= 7Dt — ©(k), (k) — Pr)- 4.5)

Since {v;} € Z; and t € Y, I have
(Dvi, v —1) 2 0.

Adding and subtracting Dx; inside the second argument yields
(Dvi, (v = Dty)) + (Dt — 1)) 2 0,

which implies
Y(Dvy, t = Dity) < Y(Dvy, vi — D).
Thus, I get that

Y(Dvi, t — Dty — {p(or) — Vi, Vi = D) < Y(Dvy, vi — D) — (p(pr) — Vies Vi — D)
= WDvi — p(pi) + vi, vi — D). (4.6)

Substituting (4.6) into (4.5), I obtain that
Tier = T = H(Cp = L)

1 1 1
< z(ﬁk + ﬁ/%)“wk - wk—l||2 + 5||wk+1 —Pk||2 - ETk[”‘p(pk) - Vk||2

1
1Dt - vknz] - STl Dt = @I = 1D = (o), 9lp0) — p1)
+ T (Y Dvi — (k) + Vi, Vi — Dity)

1 1 1
= E(ﬁk + ) llwi — W |* + Ellwkﬂ —oull? - ETk[”(P(pk) —will?

1
+ 1Dty — Vk||2] - ETkHDtk — e(EIP = 7Dt — (), p(ox) — pic)
+ TP Dvi — Y De(pr), vie — D) + Tl Dp(pr) — (o) + Vi, Vi — Dity)
llp(or) — vill®

= 5O+ D)l = Wil + Sl = pull? = 57

1
+ 1D - Vk||2] - ETkHZ)lk - ‘,O(Pk)H2 — 7Dt — p(px), e(ex) — Pr)
+ YTl Dp(or) — Dvi, Dty — vie) + Tilp(or) — Y De(pr) — vie, Dty — ).
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By definition of Z5,, I have

Terr = Lo = D(Che = Ty1)

1 1 1
< E(ﬂk + ﬁ;%)HCUk - wk—1||2 + §||wk+1 —/0k||2 - ETk ll(or) — Vk||2
1
+ 11Dt — vl | - ETk“Dtk — 0(EOI* = 71Dt — o(o1), ©(Pr) — pi)

+YTi{Dep(pr) — Dvi, Dty — vy,).
Since D is Lipschitzian, by the Cauchy—Schwarz inequality and Young’s inequality, I obtain

(Do(pr) — Dvi, Dty — vi)
< 1D¢(pr) — Dl 1Dt — il
< Lllp(pr) = vl 1Dt — vill

L
< 5 (letoo) = vl + 1101 = wilF).
Using (4.8), (4.7), (2.1), and Lemma 4, I have
Vi1 = Vi = K(Ci — Yyo)
1 1 1
< E(ﬂk + )l — wp|* + Ellwkﬂ — ol = ETk[”(P(pk) —will?
1
+ 1Dt — Vk||2] - ETk”Dtk - ‘;0(,0k)||2 — 1i{D1tr. — o(px), (o) — pr)
L
+ure5 (Ieon) - velP + 108 = )
_ 1 2 2 1 2 Tk )
= E(ﬂk + )lwk — W |l” + §||wk+1 —pell” = 5(1 =D\ lle(or) — vl
1
+10 = vl | = STl Dt = 9P = 7Dt = 9l l00) - 1)
_ 1 2 2 ! 2 Tk 2
= E(ﬂk + I)llwk — Wi + E”wkﬂ —pill” = 5(1 =)\ lle(or) — vl
1
+100 = vl | = STl Dtk = 9P + (it = 90,1~ 00
_ 1 2 ) 1 2 Tk )
= E(ﬂk + I)llwk — Wi + Ellwkﬂ —pill” = 5(1 =D\ lle(or) — vl
2 1 2 1 2 2
+ 1Dt = will”| = ETk”Dtk — (eI + > llws1 = eI + llok — @@l
= @kt = o) = (o1 = eI )
Then I have
Tirr = Vi = KL — Yoor)

1 1 T
< 5@+ llwr = it P + Sl = pill - Eku —y D)|llp(or) — will®

4.7)

(4.8)
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1 1 1
+ 1Dt — vill*| - ETk”Dtk — (EoII* + Ellwm — (EoII* + E“Pk — @I
- §||wk+1 —Pk”z
1 T
= E(ﬂk + ) llwy — WP - Ek(l — D)\ llpor) — vill® + 1Dt — wil?
1 1 1
— —llwir1 — PO + =llwrsrt — eI + =llox — eEOIP.
27y 2 2

Hence, I get
Tirr = Vi = KL — Tpor)

1 T
< E(ﬂk + ID)llwk — w1 |I* = Ek(l —wL)|llor) — will* + 1Dt — Vk||2]

_ 1 — Tk _ 2 l _ 2
( - )||wk+1 PpOlP + 3 llox = @0l
1
= S @+ 3Dl = 01l = dllones = p(OIP - 21 - w£>[||<,o<pk) P

1
1Dt — vknz] + 3llox = ¢G0P,

where i = 5% and Y = 5llwi — 1l for all 7 € . O

Theorem 2. Assume that {w;} is generated by Algorithm 2.1 and that (2.4) and Assumption 2
hold. Then

=~

-1
ha+1,k[2{a(1 — 92)’l0(We = Wa-DIF = Dy + I)llwa — Wour |

1l
—_

[e%

+22,(1 = 9)(lwar1 = (@I = lp(wa = Wa-1)IIP)
— (1 + 9)llwa = P(wa)IP = (9% + F)lwe = ot = P(Wy = Wa-1)I
< 2|7y = Yol + 2,
here hy . as in (2.7) and provided that the ¢ is linear.

Proof. Using Lemma 4, I have

w1 — e(wII”
= [lwe1 + Pk — Wia1) — P — Wiet) — (i)
= |lp(wi — i )IP + llwrsr — e(wr) — el — wr)II?

+ w1 — e(wi) — (Wi — wi-1), P(W — Wi-1)).
This implies that

2wis1 — p(wi) — (Wi — Wi—1), P(W — Wk-1))

= llwrs1 — (I = llp(wi — wrDIF = llwisr — e(wi) — e(wp — )|
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Using the contraction condition along with the above equality, I have

llweer = (PO

= llwist — @(wi + Fe(wy — we-)IP

= |lwgr1 — p(wir) — e(wg — CL)1<—1)||2 +(1 - 19k)2||90(wk - wk—1)||2
+2(1 = 9 ){wre1 — p(wi) — p(Wr — Wi-1), P(Wi — Wi-1))

= ellwist — @lwi) — plw — DI + (1 = B llp(wi — we)II?

+ (1= 00 lowen = (@O = ot - oI
> (1 — ) llp(wr — wr-DIP + (1 - ﬁk)(llwkn — p(wpIl? = llp(wy - wk—l)llz)- (4.9)
Using Lemma 4, I have

llox — (eI
= |lwg + F(wp — wiey) — p(wy + Fp(wi — W)

= |lwy — <,0(6t)1<)||2 + ﬁ/%llwk — wy—1 — p(wg — wk—1)||2

+ 20 {wi — e(wr), Wi — Wi—1 — P(Wg — Wi-1))

= llwr — (@I + Fpllwr — wi-1 — @l — W) + Il — p(wII?
+ llwx = i1 = @l — we)IP = llwk = e(wi) — (Wi — wiet — e(wi — wi-)IP
< (1 + 9w — eI + % + Il — w1 — plwy — wi-)IF (4.10)
Using (4.9) and (4.10) in Theorem 1 and 1 — L > 0, I have
Tirr = L = H(Tx = Li-1)
< %(ﬁk + Il — w1 IF = & (1 = 9 llp(wi — we-DIP
+ (1 = 9 (lwerr — eI = llp(wi — we-)II?)
+ %((1 + )l — @I + B + Fllwk — wiet — e(wi — wi-)IIP)

1
= E(ﬁk + Il — wici I = Ge(1 = ) llp(wi — wi-p)IP
= (1 - ﬂk)(||wk+1 - 90(CUI<)||2 = |lp(ewr — wk—l)llz)

1 1
+ 5(1 + Illwr — p(wp)l* + 5(19;% + Fp)llwk — w1 — plwi — wp I (4.11)

Combining (4.11) with Lemma 1(a), I get
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k—1
1
< (T = Yo + hw,k[i(ﬂa £ 9| — et I = Lol = D) lp(wa — wanIP
a=1
— L1 - m)(nww — eI ~ (s — wa_])nz)
1 1
#5004 0)lw0 = gl + 50 + 8w, - 00t - $(@o - 00 DIE|

Thus, I obtain that
2(Cx = To)

k-1

< 2Ty = To) + ) haﬂ,k[(ﬁa + IDlwa = wontlP = 246(1 = Fo)lle(wa = wa-)IP
a=1

—24,(1 - ﬂa>(||wa+1 — G~ lp(we — wa_onz)
£ (1 4+ 0 lwa — @@IP + @2 + 9)l|we — ot — @(we — waIP]

Since h;; < hy, this gives

-1
hw,k[zga(l 9 (@ — Do) = D + 9 |we — Dol

=~

o4

+ 2{&(1 - ﬁa)(”wcwl - QD((L)Q)HZ - ”‘p(wa - wa—l)llz)
- (1 + ﬁa)”wa - 90(wa)||2 - (ﬂi + ﬂa)”wa — Wo-1 — ‘P(wa - wa—l)”2
<201 (0 — M) + 27y — 274

This implies that

=~

-1
ha+1,k[2§a(1 — ) (W = Wa-DIF = Fa + I |we — We-il

o4

+ 2{&(1 - ﬁa)(”wcwl - Qp(wa)”z - ”‘p(wa - wa—l)llz)
- (1 + ﬁa)”wa - 90((1)0)”2 - (ﬂi + ﬂ(t)”wa — Wo-1 — ‘P(wa - wa—l)”2

< 2|y = Yol + 27

Theorem 3. If I use the assumptions of Theorem 2 then I get that

k—1
> |21 = Bl = 0@ DI = B (2141 = 9l — oI
a=1

= 20401 (1 = B4 )] Nwy = @(@aDIP + (1 + Fo + 2 + Dllwe = Wa |
+ (1 + 9w = Wa-1 = (W = Wa DI + 2llwa — <P(wa—1)||2)

~hasllwa - so(wa)nz] < 2[h1|‘r1 Yol + Yo + ido(1 = Fo)llwr — QD(wo)HZ]-
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Proof. Observe that

k—1
has1240(1 - ﬁa>(||wa+1 — G~ lp(we — wa_onz)
a=1
k-1 k-1
= D hes1280(1 = a1 = @@ = D has1,240(1 = Bllp(@a = o)
a=1 a=1
k—1
=2 Z hosrila(1 = I War1 — @(W)II* + 2h1 1 Lo(1 = Fo)llw) — @(wo)Il*
a=1

k—1
= 2h14do(1 = Bo)lwr = @@l =2 > ha144a(l = I)IP(@a = wa I
a=1

k=2
=23 hartada(l = 9)llwart = G@P + 2hiadicr (1 = D)l — @lwr-)IP
a=1
+ 20 1 Lo(1 = Do)llwy — @(wo)ll* = 2k 1Lo(1 = Fo)llw) — @(wo)II*
k—1
=2 ) et ide(l = 9w, = o)
a=1
k-1 k—1
=23 halat (1= Fo- Do = (@0 I =2 ) har14lo(l = Illp(@ = wa DI
a=1 a=1

— 2h1 440(1 = Fo)llwy — e(wo)ll*.

Since h;x < h;, I obtain

k—1
> 1221 = 9) |00t = @I = lipwa = 0a-IP)

a=1

k-1
>2 ) (asors(0 = Bl = @@ DI = b4l = Bl = oI
a=1
~ 2ol = Illwr — p(wOlP-

Now, using (4.12) and Theorem 2, I have

>~

—1

ha+1,k[2§a(1 - ﬂa)zllgo(w(t - (1)(,_1)”2 - (ﬁa/ + 0?,)”(1)04 - (4)04—1”2

Il
—_

[e%

— (1 + 9)llwa = PP = (95 + Il Wa = a1 = P(Wa = wa—l)Hz]

k—1
+2 ) (aaors(0 = Dol = e@a DI = husiadall = Bllows = 0P

a=1

= 2hy440(1 = Fo)llwy — @(wo)|I* < 2k |y = Yol + 2.

(4.12)
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This means

=~

—1

[hm,k(z({a(l — 92— Zo(1 = IO — DaIF = D + )0 — waur |l

Il
—_

o4

= (1 + 900 = @l = (2 + 900 = -1 = (w0~ 0a-IP)
# il (1 = oDl - @I
< 2|y = Tol + Yo + ndo(1 = Dol = @(wo)lP | (4.13)
As
(1 -9, — (1 -9,) = -9,(1 —9,). (4.14)
Using (2.6) and (4.14), I have
acta] = 280400 = Ble(@s = o DIF = B+ O)llwa = i

= (1 + 9l = 9@ = B+ Tlws = ot = w0 = 0|
+2(1 + Fohar1 ) la1(1 = o Dllwa — @(Wa-1)II*

= hovd] = 266801 = 9@ = 00 DI = B + B0 = 01|
— (1 + 000 = $(@a)lF = B + 000 = 00t = 60 — 00|
2L (1= B ) + Do it (1 = T )l = (@ DI

= o] = 28801 = BP0 = o DIF = B+ T)lwa = 01

— (1 +9)llwa = PP = (Fa + I llwa = W1 = (e = WD)

+ 20&5{1—1(1 - ﬂa—l)”w(r - Qo(wa—l)llz] + 2{0{—1(1 - ﬂa—l)llwa - (p(wa—l)llz

= 2(&—1(1 - ﬁa—])”wa - ‘;0(0)01—1)”2 + ha+1,k[ - Zﬂa{a(l - ﬂa)llso(wa - a)a—l)”2

- ﬁa(l + ﬁa)Hwa - wa—lllz - ﬂa(l + ﬁa)”wa — Wo-1 — (,D(Q)a - wa—l)”2

+ 20ala1(1 = Fo-)llwy = @(@a-)IP = Follws — 90(wa)||2] = hasi dllws = pwa)I®

= 240 1(1 = Fo-)llwa = @(wa-DI* = ﬁahaﬂ,k[Z{a(l — F)llp(wa = WD)

+ (1 + 9)llwy = Wetl? + (1 + F)llwe = Wart — Plwy — We)I
= 2L 1(1 = Fg-Dllwy = @(Wo-DI” + llwe — w(wa)llz] = hos1 illwe — @@l
By hyi14 < het1, | get that

h(x+1,k - 2{0190(1 - 0(1)”90((1)0 - wa—l)llz - (0(1 + 29i)”(f‘)a - wa—lllz - (1 + ﬂa)”wa - QD((,()Q)HZ
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- (ﬂar + ﬁ(zy)”wa — We-1 — QO((J)Q - w(t—l)”Z] + 2(1 + ﬂahw+1,k)§ry—1(1 - ﬂa—l)Hwa - Qo(w(z—l)HZ

> 24 1(1 = Fo)llwe = p(wa- DI = ﬁaha+1|:2§a(1 = Fo)llp(Wa = eI

+ (1 + 9)llwa = Wil + (1 + Io)llwa = Wart = P(Wa = Wa- DI
= 2L 1 (1 = Fo)llwy = P(@a- DI + llwe = so(wa)IIZ] — hanllws — p(wd)IP. (4.15)

Here, by (4.15) in (4.13), I get

k-1

Z [240/—1(1 - ﬁaf—l)”w(x - So(w(x—l)llz - 0aha+l(2[§a(l - ﬂ(x)]+”§0(wa - wa—l)llz

a=1

= 2001 (1 = B4 )] Nwe = @@ DIP + (1 + F)llws = worr P

+ (1 + 9w = Wa1 = (o = Wa DI + llwa — <p(wa)||2) — hanllws — p(w)I

< 2[h1m Yol + Yo + Iido(1 = Fo)llwr — QD(wo)Hz]- (4.16)
Now using Lemma 4, I get

lwe = P(wa)II
= [lwa = @(Wa-1) + P(We-1) = P(W I
= llwa = P(@a-DI* + [lp(@a-1) = PW)II* + 2wy = P(Wa-1), P(Wa-1) = P(Wa))
= llwe = P(Wa-DIP + Pllwa-1 — Wl + [lwe = (@e-DII* + Alwe-1 — well?
~ llwe = P(wa-1) — P(Wa-1) + (W)’
< 2llwy = (oI + (A + Dllwy — wo1I. 4.17)

By (4.17) in (4.16),

k-1

Z |:2§a—1(1 - ﬂa—l)”waf - QD((UQ,_I)HZ - ﬂah(wl(z[ga(l - ﬁa/)]+||‘70(woz - (l)oz—l)”2

a=1
- 2[{(1—1(1 - ﬁa—l)]—”ww - (p(ww—l)llz + (1 + ﬁ(l)”w(l - 0-)(1—1”2 + (1 + ﬂa)”wa — Wo-1
— (o = Wa-)IP + 2lwa = P(Wa-)IF + (2> + Dllwe — wa—lnz) = hgsllwa = (I

< 2[h1m Yol + Yo + Iido(1 = Fo)llwr — 90(0)0)”2],

I now have

=~

—1

[2&1—1(1 - ﬁa—l)”wa - 90((1)&_1)”2 - ﬁahcwl(z[{a(l - ﬁa)]+”(p(wa - (i)oz—l)”2

l
—_

o4

- 2[4{1—1(1 - ﬁa—l)]—”wa - ‘10(0)(2—1)”2 + (1 + ﬂa + /12 + /l)”w(t - w(t—1||2

+ (1 + 9w = Waut — (W — WaIP + 2lwa - so(wa_l)nz)
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ol — so(wunz] < 2[h1|‘r1 Yol + To + ndo(1 = Fo)llwr — (o)l
O

Theorem 4. Assume that {wy} is generated by Algorithm 2.1 and that (2.4) and Assumptions 1 and 2
hold. Then I have

D ahaallwe = g, DIP < oo.
a=1

Remark 5. The summability condition

D Bahanillw, = pwe DI < o0

a=1

is a standard assumption in the analysis of inertial iterative algorithms. It guarantees that the
accumulated inertial perturbations remain controlled and asymptotically vanish, which is essential for
establishing the convergence of the proposed method. This condition can be ensured by an appropriate
choice of the inertial parameters together with the decay behavior of the iterative sequence.

Proof. Assume that inequality (3.1) holds and I split the proof in two cases.
Case 1. Consider 74 € (0, 1), for all k > 1. Now, by (3.1) in Theorem 3,

k=1
2Zf§a—1(1 — Py Dllwe — P(@a-DI* < 2|11 = Yol + Yo + A1 lo(1 = Fo)llw — e(wo)l*],

a=1

which gives

>~

-1

ELy1(1 = T )llwa — (W DI* < |y = Yol + Yo + hilo(1 = Fo)llwr — @(wo)l. (4.18)

Il
—_

[o%

As k — oo in (4.18), I have
D tara(1 = Fo)llw, = p(@a)IP < oo. (4.19)
a=1

Again from (3.1), I have
28451 (1 = Do-p)llwa — @(wo-DIP
< 2401 (1 = Fo_pllwe — p(we- DI = ﬂaha+1(2[§a(1 — J) (s — oI
= 2L 1(1 = Fo)]-Nwe = (o DI + (1 + Ty + 2 + Dllwy — ol
+ (1 + F)llwe = Wa1 = P(Wo = W) + 2wy — ‘P(wa—l)llz) — hasillwa = @(w,)II.
This implies that

0< 25&—1(1 - ﬂa—l)”wa - ()D(wa—l)nz - 2‘f§a—l(l - ﬂa—l)”wa - ¢(wa—1)||2
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- Zﬂwh(Hl”wa - ‘;0((")(1—1)”2 - ﬂah<x+l(2[§a(1 - ﬂa)]+”¢(ww - w(l—l)llz
- 2[{01—1(1 - ﬂa—l)]—Hwa - ‘;0(6‘)(1—1)”2 + (1 + ﬂ(x + /12 + /l)”a)a - wa—lllz

+ (1 +9)llwa — We-1 — P(we — wa—l)Hz) — hanllws — p(wa)IP.

Thus,
204hasillwa = P(Wa- DI < 2Lo-1(1 = Foi)llwa — P(we-1)II”
= 28Lp1(1 = Fo-)llwa = plwa-1I* = ﬂaha+1(2[§a(1 — J)]illp(wa — we-DIP
= 2L 1(1 = Fo )] Nwe = (o DIP + (1 + Ty + 2 + Dllwy — o]
+ (1 + F)llwe — Wa-1 — p(wo — wa—l)llz) — hanllws = p(w)IP.
Now, I have

19ozha+1||(f‘)a/ - 90((1)(1,_1)”2 < ga—l(l - ﬁaf—l)”w(x - ‘70((1)(1—1)||2~

Taking summation on both sides, I have
D Bahallon = @(@aDIP < D Lot = Bo))llws = plwa I
a=1 a=1

Using (4.20) in (4.19) I get
D ahaallwe = e, DIP < oo.

a=1

(4.20)

Case 2. Now consider 7, = 1, for all k > 1. Then, wyy; = Dt and ¢ = 0O, for all k£ > 1. Set

w = @(o;) — Vi and v = wyy1 — V¢ in Lemma 4

I(@(or) = Vi) + (Wis1 = VI = llp(or) = vill* = llwgsr — vill* = llpCor) = vill®

Hlwier = vill* = Ie(or) = vio) = (@rer = viIF,

which gives

1(e0r) + wirr = 2001 + llp(or) = Wistll® = 2[llp(or) = ill® + llewsr = vill’]-
It follows that

1(@(or) + wier = 2vOIIF + lle(or) — it I = 2[lle(or) = vill* + 1D — il .
This gives

lleGor) = vill> + 11Dt = vil > < 11(@(or) + wieer = 2v0IF + ll(or) = Wil

By (4.21) in Theorem 1 for 1 —yL > 0, as {; = 0 for 7, = 1, I have

Tir1 — Tk — KT = Tpop)

(4.21)
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1
< —( + )y — WP - 3 I(@(or) + w1 = 2vOI* + llp(or) — Wil

+ -

1
Ellpk — (eI’

1 2 , 1 , 1 2
= E(ﬁk + I)llwi — wi—1l]” = §||(80(Pk) + Wir1 — 2v)lI7 = §||90(Pk) — W1l

1
+ 3llox = e(eplI?

1 1 1
< E(ﬁk + D) llwy — WP = §||<P(Pk) — el + §||Pk — (eI (4.22)

Now, using (4.9) in (4.22) and by (4.10), I have
oot =Ty — Fe — Vi)
< S0+ Bl — il — 51~ B (e — an )P
~ 30 =0 lnss — ol = llgte — i )

1 1
+ 5+ Il - Pl + E(ﬂi + Fllwk — w1 — plwi = o)l

This together with Lemma 1(a) implies that

k
Y= To= D (Ta—Tom1)
a=1

k-1

1
< a0 =00+ ) hasia 50+ O)lw0 = 0l
a=1

1 1
- 5= Fa) lp(we = wa I = S - ﬁa)(”wcwl — p(wa)ll

1 1
= llp(wa = wa—l)llz) + 5+ Fo)llws — p(wa)ll’ + 5(193, + Fo)llWo = Wo1 = P(Wa = Wa I |.

Hence, I get that

k—1
2000 = Y0) £ 21s(Ty = To) + Y havra| B + 9Dl = ot

a=1

— (1 = P llp(@a — wa)IF — (1 m(nww — )l

= llp(wa - U)a—l)”z) + (1 + F)llwa = ()PP + (32 + Fo)llwe = Wa1 = (wy = Wa I |.

This yields that
k=1
Z ha+1,k[(1 — 3) lp(Wa = Wa- DI = o + Fllwa — warr P

a=1
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+ (1 - 19(z)(||0-)a+1 - 90(0)01)”2 - ”‘p(wa - a)a—l)”z) + (1 + ﬁa)”wa - 90(a)a)||2

£+ 0w — Wart — @@ — wa_onz]

< 2k (T = To) = 2% = o).

Using h;; < h; in above inequality

=~

-1
hmk[(l 9@ — oI = W + F)|0e — Dol

Il
—

0%

+(1- ﬂ@(nwaﬂ — G — llp(wa — wa_onz) (1 + 9)llwa — el

T @+ 9)l|we — Wart — @(wa — wa_onz]

<2h (T = Yo) + 27. (4.23)

Similar to (4.12), I have

k—1
Bl - ﬂa)(uwaﬂ — G ~ le(we - wa_1>||2)
a=1
k—1
=) Hgr1a(1 = I lwast — @I + by (1 = Fo)llwr — @(wo)l
a=1
k—1
— h1 (1 = 9)llw; — e(w)l* - Z has1 (1 = F)lp(We — Wa1)|?
a=1
k=2
= > hasix(1 = Bollwast = @@l + (1 = i )llwx = el )
a=1

+ hy (1 = 9o)llwr — @(wo)lI* = hyx(1 = Fo)llwr — e(wo)ll?

k-1
= D a1 = 9o = wo DI

a=1
k—1 k—1

= 3 i1 = B0 )llwa = o) = hars(1 = Bl — oI

a=1 a=1

— hix(1 = Fo)llw; — @(wo)ll*.
Since Ay < hy, I obtain

k-1

D st = 8 I0aet = 9@ = lp(@. - wo-)IF)
a=1

k—1
> 3 (el = ol = @(a P

a=1
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 haarx(1 = )lle(we — wa_l)nz)
— (1 - Bo)llws — el
Additionally, by (4.24) in Theorem 2, I have
k—1
> hmk[(l — 9l 0(@a = Wa DI = o + 92 we — DautlP
a=1
- (1 + 19a)”a)a - QO((L)Q)HZ - (ﬁ(zy + 19a)”a)a — Wg-1 — ‘P((Ua - wa—])llz]
k—1
#3 [es1 = Dol = G0 DI = a1 = B)llp(@ = o))
a=1

— hi (1 = Fo)llw; — @(wo)ll* < 2m |1 = Yol + 2.

This means
k-1
[ha+1,k((<1 — 92 = (1 = 9@ — DI = D + )0 — waur |
a=1
- (1 + 19a)”a)a - QD(wQ)HZ - (ﬂczy + 19cv)lla)a — Wo-1 — QO((L)Q - wa—l)llz)
1 2h0i(1 = Bl — @(wa P
< 2h |1 = Yol + 270 + A (1 = F)llw; — @(wo)ll.
I get that

=~

-1

[ha+l,k( — Ja(l = I)lP(We = W DIF = (Fa + Iy = WorrIP

Il
—_

[o%

- (1 + 19(!)”0)& - (,O(Cc)a)”z - (03 + ﬂa)”wa — Wo-1 — (,D(CL)Q - wa—l)Hz)
+ 2ha,k(1 - ﬁa—l)”wa - ‘10(0)(1—1)”2
< 20|y = Yol + 2F0 + (1 = Fo)llwr — @(wo)ll.
From (2.5) and (4.14), I have
ha+l,k[ - ﬂa(l - 0@)”‘10((-‘)0 - wa—l)llz - (00 + ﬁ(zy)”wa - wa—lllz

- (1 + ﬂ(z)”ww - Sp(ww)llz - (ﬁa + ﬂi)”wa — Wo-1 — (p(wa - wa—l)”2
+ (1 + ﬁ<1h(z+1,k)(1 - ﬂ(t—l)”wa - 90(0-)&—1)”2
= ha+1,k[ = Fo(1 = I P(Wa = Wa-DIF = T + I |we — Weurll’

— (1 + 9)llwe = PP = (Fa + I Wa = War1 = P(Wa = Wa- DI

(4.24)

(4.25)

(4.26)
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+ ﬁa(l - ﬂa—l)”wa - SD(CUa—l)”Z] + (1 - 19a—l)”a)a - SD(CUa—l)”Z
= (1 = Yo-Dllwe — e(wa-)II* = ﬁahan,k[(l — F)l(Wa — Wa-1IP
+ (1 + F)llwe = Wont P + (1 + F)llwe — We1 — P(we — wo-)IP
— (1 = Fo-Dllwa = (eI + llwa — 90(wa)||2] — hae1illwa — @(wo)I*.
Since ha+1,k < ha+1, I have
Basi k| = Pl = 9)N@(Wa = Wa-)IF = Py + I |wa — o l* = (1 + F)llwa — @(wo)I
— (P + Il lwo — Wa-1 — P(Wo — wa-l)llz] + (1 + Fahas1 1)1 = Fo-Dllwe — @wo-IP

2 (1 - 0(1—1)“(1)(1 - So(w(x—l)llz - ﬁaha+l|:(1 - ﬂa)llgo(wa - wa—l)Hz

+ (1 + ﬂ(x)”wa - wa—lllz + (1 + ﬂa)”wa — Wo-1 — QD((UQ - waf—l)”2

— (1 = Fo-Dllwa — @(@Wa-II* + llwa — so(wa)llz] — hgallwa — @(wo)II*. (4.27)
Using (4.27) in (4.26), 1 get
k-1
Z [(1 - ﬁa—l)”wa - ‘p(wa—l)llz - ﬁ(tha+l([1 - ﬂa]+”()0(waf - (‘-)af—l)llz
a=1
—[1 = Foet]-llwa = (@e-DI* + (1 + Fo)llwe — we-1l
+ (1 + 0(1)”(1)0 — Wg-1 — ()O(wa - wa—l)”2 + ”wa - ‘70((1)(1)”2) - hoz+1||wa - ‘10((")11)”2
< 20|y = Yol + 2Fo + I (1 = Fo)llwr — p(wo)lI*.
Now, using (4.17), I have
k-1
[(1 - ﬁa—l)”wa - 90(60(1—1)”2 - ﬂahw+l([1 - 19(1]4.”‘,0((,()@ - (,()(,_1)”2
a=1
- [1 - 00—1]—”0)& - (,0((1)&_1)”2 + (1 + ﬂa + /12 + /l)”woz - wa—lllz
+ (1 + ﬁa)“wa — Wo-1 — So(a)a - wa—l)llz + zllwa - Qo(wa—l)llz) - ha+1||wa - (,D(Q)a)”z
< 2k Ty = Yol + 20 + by (1 = Fo)llw; — (wp)l*. (4.28)

Using (3.1) in (4.28), I get
k-1
DTE0 ~ Bo)llwa — @lwa-)I?
a=1
< 2 [Ty = Yol + 2700 + hi (1 — Fo)llwr — e(wo)ll’.
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Also similar to Case 1, I obtain that

D Fahwillwe = g, DIP < oo.

a=1

O
Theorem 5. If I use assumptions of Theorem 4, then we have
(a) limy_,, ||wy — 1| exists for any t € Y, So {wy} is bounded.
(b) limysss [[lp(o0) = vell> + 1D = vilP2] = .
(c) limy_,e [lwi — pill = 0.
Proof. (a) By Theorem 1
1
Tir1 = Vi < H(Tre = Voy) + E(ﬁk + ﬁ/%)”‘”k - wk—1||2
T 1
= 201 =Dl = wlP + 108 = vlP | + Sl = e(oolF.
Using 92 < 9, L have
Tier — Ci < I(Tr = Tioy) + Killwk — |
T 1
= 201 - 0Dl = P + 108 = wlF | + Slox = ¢G0P, (4.29)
Now, using 1 — ¢ L > 0,1 get
1
Teer = Tk < H(k = Tit) + Kellwy — wia P + 5l - eIl (4.30)

Applying Lemma 1(b) and (4.7) in (4.30), I obtain that

- 1
Z[Tk = Tiorls < [T = Yols + Z hk+1(l9k||wk —wi | + E”pk - SD(Pk)HZ)-

[ee]
k=1 k=1

Set P := 332y hiniOllwx — wii |l and Q = 332, shiaillox — ¢(oo)ll?. I now verify that P and Q are
finite. Since all the terms appearing in the bracket of (3.1) are nonnegative, rearranging (3.1) gives, for
all sufficiently large k,

it | (1 + i+ 2 + Dy, — | + (1 + Follws — w1 = @i — DI | + hilloog = @(wp)I?

< 2(1 = &1 (1 = Bl — plwi-pIP,
when 7, € (0, 1), while the analogous estimate without the factor 2¢;_; holds when 7, = 1. Summing

these inequalities over k and using (4.19), together with its analogue obtained in Case 2 of the proof of
Theorem 4, I deduce that

[ee] [ee]
2 2
E Piehrillwk — wi—1]|” < oo, E Vhiillwr — we-1 — (W — wi-1)I|” < o0,
=1 =1
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D hallo = (@l < .
k=1

The first of these series dominates P, so P < oo. Moreover, combining the last two series
with (4.10) yields

D hallox = eOIP <2 bl = @I +2 ) Fihiallon — w1 = plwx = o )P < oo,
k=1

k=1 k=1

which shows that O < oo. Therefore, I have

Z[Tk = Tiarls <MY = Tols + P+ Q < o0,
=1

Since Y = %llwk — 1%, this gives limy_,, ||wy — 7|7, which implies the boundedness of {wy}.
(b) Using Lemma 1 in (4.29), I have

k
Y=o = > (To=La)

a=1
k—1

Ta
< h () = Yo) + Z ha+1,k[l9a||wa — Weill* - 3(1 — U L)[llp(oa) = vell®

a=1

1
+ 11Dt = valF] + Sllow - 90(,0@)”2]-

By hl,k < hl, | get

k
Ti— o= D (To=To)
a=1

k-1
1
<Oy = T0) + Y Bt Bullws = wartlF + 310w = ¢G0P

a=1

k—1
= 2 hariagr (L= wL)lllp(on) = vall + 110 = valP.

a=1

Thus, I have

=~

-1

Ta
hw+1,k?(1 - l/’l:)[”(/?(l?a) - VQHZ + ”Dt(t - V(l”2]

l
—

[o%

k—1
1
< To = Vit (0= To) + ) hovta|Ballon = il + Slow = ¢(00)IP|
a=1
k-1
2 1 2
< To BTy = T0) + ) ot ol = wortlF + 3l = @)l | < o
a=1
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As hyy1x =0, for all @ > k, for kK — oo, then by the monotone convergence result, I have

D a3 (L= L)llle(pa) = vall* + 1Dty = valP] < oo. (431)
a=1

Since liminf;_,., 74 > 0, there is a T > 0 with 7, > T, when £ is very large. Replace a with k in (4.31),
and i > 1 for all kK > 1, I get by (4.31) that )7, g(l — U D|lle(or) = vill* + 1Dt — vill?| < oo, which

further gives
lim (lg(o0) = velP + 1D = vilP) = 0.

(c) Using Algorithm 2.1, I have
llox — will = Fillwr — wi-ll.

Since 19,% < Y%, I obtain
[s+] [ee] oo
2 2 2 2
D hilloe = il = ) Bheillon = ol < - Bidnillog — @l = P < oo,
k=1 k=1 k=1

where the finiteness of P was established in the proof of part (a). Since i > 1 for all k > 1, the terms
of a convergent series tend to zero, and we conclude that lim;_,., ||jox — wi|| = 0. O

Theorem 6. Assume that {wy;} is generated by Algorithm 2.1 under (2.4), and that Assumptions 1
and 2(a)—(d) hold. If {w;} — w*, then w* € Y.

Proof. By Theorem 5, take a subsequence {wy,} of {wy} with wy, — w* € Y. Additionally,
from Theorem 5(b),(c), one can see limy_, [[vi — will = 0. Thus, the subsequence {vi} of {vi}
satisfies vy, — w”. Moreover, w* € Z; since {v,} C Z;. Here, I have the two different cases.

Case 1. Assume lim sup,_,, [|Dv || = 0. Thus,

]}im | Dvy || = likm inf ||Dvy || = 0.
Since D is sequentially weakly continuous and v, — w*, I have
Dy, = Dw'.

Moreover, from Theorem 5(b), I have
%im [|Dvy || = 0.

Hence, Dv, — 0 strongly. The strong convergence implies weak convergence, and therefore the weak
limit of {Dvy,} is zero. By the uniqueness of weak limits, we obtain

Dw* = 0.

Since w* € Z; and Dw* = 0, it follows from the definition of Y = VIP(Z;, D) that w* € T.
Case 2. Assume limsup,_,, [|Dv || > 0. Now, take a subsequence of {Dvy,} with

l}im 1Dl = M > 0.
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Additionally, by the characterization (2.2) of Pz,, for all w € Z;, I have

0 > <(p(pk1) - ‘ﬁDSD(sz = Vi, W sz)
= {p(Pr,) = Vi, W = Vi) = Y(Dp(pr,), w — vi,)
= <‘)0(pk1) = Vi, W vk[) w<D(}0(pkl) w = ‘10(/)/([)> !7[/<Z)90(pk1) ‘;0(pk1 vk[

This gives

(@lor) = Vi W = Vi) = ¥{Dp(01,), (o) — Vi) < YD (por,)> w — ©(01,))s

which implies that

1
J(‘P(sz) = Vi, W = Vi) — (D (o), (i) — Vi) < AD(px,), w — @(px,))-

As (k) = Vi, w = vi,) < 3llle(px,) = vil* + llw — v II*]. Using Theorem 5(b), I have

0< lign Inf(De(py,), w — ¢(px,)) < lim sup{De(px,), w — @(p,)) < oo, forallw e Z;.

>0

Now,

(Dvi,, w = vi,)
= <Z)Vk/’ w= Qo(pkz» + <Z)Vk1’ Qo(pkz) - Vk1>
= (Dvi, = De(pi,), w = ¢(pr,)) + (Do), w — @(pr,)) + (Dvi,, (o) — Viy)-

Since D is Lipschitzian, from Theorem 5(b) I have
lim [[Dg(py,) = Dyl = 0
Additionally, from Theorem 5, (4.33) and (4.34), I get

0< lign inf(Dvy,, w — v,) < limsup(Dvy,, w — v,) < oo, forallw e ;.

[—o00

From (4.35), I have the following cases:
Case A. Suppose that lim sup,_,  (Dvy,, w —v,) > 0, forall w € Z;.
Then, there exists a subsequence {vk,j} of {vy,} as follows:

Jli_)rg(i)vk,j, w— sz,> > 0.
Thus, there exists j, > 1, such that
(ka,j, w— Vk1j> >0, forany ;> jo.
Thus, I have

0< (ka,j, w— vk,j)

(4.32)

(4.33)

(4.34)

(4.35)
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={(Dw,w — vk,j> —(Dw — ka,j, w — Vk1j>
< {(Dw,w - vk,/) —a(w— Vkl_,)’
for all w € Z;, where « is the map given in Definition 1.1.
As j— oo, I get (Dw,w — w*) —a(w —w*) > 0.
This implies that
(Dw,w—-w") >0, forallw € Z,.

Hence, I have w* € Y.
Case B. Suppose that lim sup,_, . (Dvy,, w — v,) = 0, for all w € Z;. Then, by (4.35), I obtain that

llim(Z)vk,, w—w,) =0, forallwe Z;. (4.36)
Foreach /> 1, put
1
€ = |(Z)vkl,w - vk,)| + 1 4.37)

Then ¢ > 0 and lim;_,, = 0 by (4.36). Moreover, the scalar inequality
(Dvi,,w—=vi,)+>0, forallwe Z, (4.38)
holds. As lim;_,. ||Z)vk,|| = M > 0, there is an [, > 1 with ||Z)vk,|| > %, for all [ > [y. Thus, I can

define ¢;, = ”;%”2. Thus, (Dvy,, q,) = 1. Multiplying this identity by € and adding the resulting
1

equality to (4.38), I obtain
(Dvy,, w+ €qi, — vi,) > 0. (4.39)
Since D is relaxed @-monotone, I have
(DWW + aqi) — Dy, w + aqy, — i) 2 a(w + gy, — Vi,)-
Adding this inequality to (4.39) yields
(DWW + €qi), w+ aqi, — Vi) > a(w + €qy, — Vi,)- (4.40)

Writing D(w + €qyi,) = Dw + (D(w + €qi,) — Dw) in (4.40) and using the Lipschitz continuity of D
together with the Cauchy—Schwarz inequality, I get

(Dw, w+ eqi, — vi,) > a(W + €qi, — vi,) — (DWW + €qr,) — Dw, w + €qi, — Vi,)
> a(w + aqi, — vi,) — Lellgll W + aq, — v |

2L
> a(w + eqy, — Vi) — L M, (4.41)

where M; > 0, whose existence follows from the boundedness of the sequence {w + €qgi, — v}, and
I use the bound ||y || = 1/[|Dvy |l < 2/M, which is for all [ > [,. Now, letting / — oo in (4.41) and
using ¢ — 0 together with v, — w*, I get, asin Case A, (Dw, w—w")—a(w—w") > 0. This implies that

(Dw,w—-w") >0, forallw e Z,.

Hence, w* € T. O
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Theorem 7. Assume {wy;} as given in Algorithm 2.1 with (2.4), Assumptions | and 2(a)—(d) fulfilled,
then {wy} has at most one weak limit point in Y.

Proof. On the contrary, assume {w;} has two different weak limits in ; these are w* and w.
Additionally, assume {w,;} is a subsequence of {w;} with w,, — w, when j — oco. Then, using
Theorem 5(a) and (2.7), Imply

lim [lw, — Wl = lim [|w,;, — Wl
k— o0 jooo E
= liminf [lw,; — w|
J—)DO
< liminf [lw,; — ol
J—)DO
= lim |l — |
k—o0
= liminf [lwy, — ||
>0
< liminf ||wy, — W]
>0
= lim [jwy — W,
k—o0
This shows the contradiction. Thus, I get proof. O

Theorem 8. If we use the assumptions of Theorem 7, then {wy} converges weakly to a solution of
VIP(Z;, D).

Proof. By Theorem 6, every weak cluster point of {w;} belongs to ¥ = VIP(Z;, D). Moreover, b
y y p g y

Assumption 2(c), the set {w € Z; : Dw = 0} \ T is finite. Hence, {w;} has only finitely many weak

cluster points, all belonging to Y. Suppose w',w?,...,w™ are the weak limits of {w;}, and assume

that {wZ[ } is a subsequence of {w;} with w,fl — w®, as [ — oo. Then, we obtain
llim(a)j;, w® — W'y = (", W - W), Vj#a. (4.42)
Here, if j # a, set y'(w? — w/) = g, s0 ¥ = ||w® — /||, I obtain that

<a)(z’q> — y—1<ww’ w(y _ (,t)j>
=y (lw|* - (w*, w’))
T = S0 = Sl + 2" — ]
2 2 2

-1

-1
= 7—2 (I = NP + 7—2 7
1 a2 TN
= —_— f— + —_
55 (1P = 1) + 3
1 @2 Ji2 1
> — ("I = lwIP) + ~. (4.43)
2y 4

To distinguish weak cluster points, I construct mutually separated neighborhoods around each weak
cluster point. These neighborhoods are used to show that, for sufficiently large k, the iterates cannot
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move from the neighborhood of one weak cluster point to another. This leads to a contradiction by
using the fact that

llwges1 — will — 0.

As k is large enough, from (4.42) and (4.43), I get

1 o1
wj, € {w - w ) > (P = ) + Zy}. (4.44)

Thus, I have N; > N and

> ———(||w?|* = l/|IP) + & ¢, forall k > Ny, (4.45)
2w — w/l|

where &, = min{}lllw“ —w e, j=1,2,....ma# j}.

Since there are only finitely many distinct weak cluster points, the minimum above is strictly
positive. Hence, &, provides a uniform positive separation between the neighborhoods corresponding
to different weak cluster points. Now, from Theorem 5(b), I obtain that lim;_ ||t — oil| = O.
Since wy1 — wp = Tt — pr) and {74} a bounded sequence, then lim;_,c |lwis1 — will = 0. By
Theorem 5(c), I get limy_,e ||wi+1 — wyl| = 0. Thus, there exists N, > N; > N, such that

lwps1 — will < &o, ¥ k> N;.

I claim that {w;} has a weak limit in VIP(Z;, D). On the contrary, assume that {w;} has two or more
limits. Then, there exists N3 > N, > N; > N such that wy, € A* and wy, 4 € A/, where

. m w® — (Uj 1 .
Al = (=W, —) < i @2 _ 2y , 446
a:(llj{w w [lwe _a)J||> 2l _w]”(llw II© = ll’II%) §o} (4.46)

where m > 2 and

lwnpe1 — il < &o. (4.47)
As wy, € A and wy, 1 € A/, T get

w2 Z oL P = P + & 4.48)

WN-» - —(||w”||* = ||w . .

Ml — w0l T 20w — W] 0
This gives
W — w/ —1 :
, : > . Jl2 _ a2y _ .
(Ongsts o) > g (1P = 1P = &

This implies that
w® — W’

<_('UN3+17 || >

- < -
w -/ 2w - Wl

(P =l 1P) + &o- (4.49)
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Adding (4.48) and (4.49), I have

(1)” _ wj
(W, — WNs+15 m> > 2&,
and using (4.47), I obtain that
W — W’
28 <{wn;y — Wy, ———) < W — Wl < o (4.50)
lw® — w/|]

I conclude that {w;} has at most one weak limit and this gives that {w;} converges weakly to a point of
VIP(Z,, D). O

I next introduce the following algorithm incorporating a self-adaptive step size.

Algorithm 2.2 Proposed algorithm containing the self adaptive step-size.

Choose ¥ € [0, 1) and 7 € (0, 1], for all k£ > 1. Suppose that ¢; > 0,1 € (0, 1), and wy, w; € Y are
arbitrary. Choose a nonnegative real sequence {c;} such that } ;> ¢; < .
Step 1: Compute
Pk = Wi + I(wg — Wr-1).
Find
vi = Pz, (¢(px) = 1 Dg(px))-

Step 2: Construct
2y ={w e Y {plor) — Y Dp(pr) — viow — vi) < O}

Compute
te = Pz, (¢(pr) — Y Dvy).
Compute
wir1 = (1 = 1)p(or) + 76Dty
where

2°De(pi) =D, Dt—viy °

’ _ min {7](||90(Pk)—vk||2+||1)fk—vk||2) Wi + Ck} . if <Z)Q0(pk) — Dvi, Dty — ) > 0 @51)
e Wi + c, otherwise. '

Remark 6. (i) The result of Theorem 8 remains valid if the constant step size ¥ € (0,1/L) in
Algorithm 2.1 is replaced by a variable sequence {\r;} satisfying

1
O<}€n{t,//k <supyy < —.

k=1 L

However, such a choice of variable step size still requires the Lipschitz constant.

(ii) If the Lipschitz constant is unknown, we consider Algorithm 2.2 since the step size Yy does
not depend on it. I now show that the sequence {y;} generated by (4.51) is convergent. Since D is L-
Lipschitzian, in the case {Dy(p)—Dvy, Dty —vi) > 0, the Cauchy—Schwarz and Young inequalities give

L
(De(pr) — Dvi, Dt — vy < Lllp(or) = Vil (1Dt — vl < E(HQO(Pk) - Vk||2 + || D1y - Vk||2),
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so that
n(llee0) = vl + 11D6 = vid®) _ n
2UDe(or) — Dvi, Dt — vy L

Hence, by induction, Y > min{%,wl}for all k > 1. On the other hand, the definition (4.51) gives
Yot < Ui + ¢y, so that Yy < Yy + ¢ for all k > 1, where ¢ = 37, ¢ < oo. Setting Py := Y + 372, ¢
I obtain Wiy < Yy + ¢ + Z;‘;k a1 ¢j = Yy so {Wi} is non increasing and bounded below, and hence

convergent. Since 3.72, c; — 0 as k — oo, it follows that Y —  as k — oo, where

Ve [min{%,wl},wl + c],

and L denotes the Lipschitz constant of D (see also [17]).

(iii) If ¢, = O, then the step size generated by Algorithm 2.2 reduces to that of [18]. The step size
in [18] is monotone and therefore may depend on the initial choice .. In contrast, the step size defined
in (4.51) is non-monotone and hence may be less sensitive to the initial value ;.

In view of the above remark, I proceed to analyze the convergence of Algorithm 2.2.

Theorem 9. Suppose that {w,} is generated by Algorithm 2.2 and that Assumption 2(a),(b) holds. Then
I get

Tir1 — Tk — KT = Tiop)
n

1 T
< —(h + Illwk — Wil = Gllws — eI - =(1 =y )| lleCor) = vll?
2 2 ¢k+l
2 1 2
+ 1Dt = viell7| + Ellpk = (el
where i = 5% and T = 3l — 12, for all t € Y.
Proof. Similar to (4.7), I get
Tir1 = Vi = KL = Yoop)
1 1 1
< E(ﬂk + ID)llwp — Wi [P + §||wk+1 — ol - 3T llpor) = vill?

1
+ 1Dt — Vk||2] - ETkHZ)tk - ‘;0(/0k)||2 — (Dt — (k). (or) — pi)
+ Y7l De(pr) — Dvi, Dty — vie)

1 1 1
= E(ﬂk + ﬁ]%)”wk - wk—1||2 + §||wk+1 —Pk||2 - ETk[“QO(pk) - Vk||2

1
+ 1Dt — Vk||2] - ETkHDtk — @(EII* + (wis1 — ©(P0)), i — (1))
+ Uitk De(pr) — D, Dty — vi)

1 1 1
= E(ﬂk + ﬁ;%)HCUk - wk—1||2 + §||wk+1 —Pk||2 - ETk[”‘P(Pk) - Vk||2

1 1
1Dt — van] - 5l D8~ wlplP + (5||wk+1 — (o)l
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1 1
+ 5llok = ¢@OIF = Sl —pk||2) F T De(pr) — Dvi, Dty — i)
1 1
= 5@+ 9Dllox - il - Gllora = ¢l + Sk - @lpolF

.
- Ek ll(or) — Vk||2 + || D1y - Vk||2:| + YTl De(pr) — Dvi, Dty — Vi), (4.52)

where ¢ = (12_7 :k). If (De(or) — Dvi, Dty — vi) < 0, then the last term of (4.52) is nonpositive, and

since Yy, Ty, 7 and Yy, are positive, I directly obtain

UiTilDp(pr) — Dvi, Dty — vy <0 < Zk;m

(lp(or) = vill* + 11Dt — velP),

k+1

which gives the required conclusion in this case.
In the case (De(pr) — Dvi, Dt — vi) > 0, by the definition of the step size in (4.51), I have

Wees = min {U(”SO(Pk) — vl + 1Dt = will») Ui+ c }
“ ADg(pr) = Dvi, Dty — i) “f
Then, I have
Vi < n(lle(or) = vill* + 1Dt — viell?)
+1 =

2De(pr) — Dvi, Dty — vy
This implies that

Ui
k+1

(De(pr) = Dvi, Dty — vy < 2 (o) = vill? + 1Dt — vill). (4.53)

Substituting (4.53) into (4.52), I obtain that

Tir1 — Tk = KT = Tyop)

1) li(or) = vill?

1 T
< (@ + I)llwg — i IP = Gillwrsr — @EOIP = = (1 — gy
2 2 ¢k+l

1
1Dt — vknz] + 5llox = ¢G0P

Theorem 10. If we use the assumptions of Theorem 9, I have:

—1

ha+1,k|:2§0z(1 - ﬁa)ZH‘P(wa - (*)04—1)”2 - (ﬂoz + ﬂczy)”wa - (1)&—1”2

=~

Il
—_

[e%

+ 2{0(1 - 19(,)(“0.)@4_1 - QO((J),,)”Z - ”‘p(wa - w(l—1)||2)
— (1 + I)lwa — (W)l = (92 + Tl Wa — Wa-1 — P(We — Wa)II*

< 2h1|T1 - T0| + 2T0,

where hy . is from (2.7), provided that ¢ is linear.
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Proof. In the same way as (4.9), I get

wiet — @l
zu—mﬂwm—me+a—mwmﬂ—ﬂmW—wwrm%mﬁ (4.54)

Using Remark 6(ii), one can see lim;_,, mﬁ € (0,1). Thus, there exists ny > 1 such that k > ny,
0< ‘l’kﬁ < 1. By (4.54), (4.10), and Theorem 9, 1 get

Yir1 — Lo = K(Ci — Tioy)
1 2 B 2 3 LI 2
< (O + )Nk — w1 ll” = Sillwrrr — @(E)II™ + 2||Pk e(ell

< = + IDllwk — Wil = &(1 = 9 llp(wi — w-)II?

—Qﬂ—mwwﬂ—ﬂMW—W@rwmﬂﬂ

1 1
+ 5(1 + I)llwk — p(wp)l* + 5(19;% + Ip)llwk — w1 — plwi — wp )l

The rest of the proof follows as in Theorem 2. O

Similarly, I have that Theorems 3 to 7 hold for Algorithm 2.2.

Theorem 1. Assume that {w,} is generated by Algorithm 2.2 and that (2.4) and Assumptions 1 and 2
hold. Then, {wy;} converges weakly to a point of VIP(Z,, D).

Proof. 1 verify that all the conditions used in the proof of Theorem 8 are satisfied for Algorithm 2.2.
First, by Remark 6(ii), the step size sequence {i;} converges to some ¢ > 0, and therefore lim;_,, (1 —
Wi wll) =1 -1 > 0. Hence, there exists ky > 1 such that 1 — wk# > 0 for all k > kg, and Theorem 9
provides, for all k > k, the same recursive estimate as Theorem 1, with the coefficient (1 -y L) replaced

by (1 — lﬁk#)- Second, Theorem 10 yields the analogue of Theorem 2. Consequently, repeating the

arguments of Theorems 3 to 7 for k > k, I obtain that {w;} is bounded, that limy_, [|l¢(or) — vill* +
|Dt; — will?] = 0, that every weak cluster point of {w;} belongs to Y, and that {w;} has at most one
weak limit point in Y. Since Assumptions 1 and 2 remain unchanged for Algorithm 2.2, the conclusion
follows exactly as in the proof of Theorem 8. O

5. Application

The proposed inertial viscosity-type subgradient extragradient methods can be applied to various
optimization problems by establishing their connection with variational inequality problems. In this
section, I demonstrate an application of the obtained results to the convex minimization problem. This
application highlights the practical significance of the proposed methods and shows that the developed
theoretical framework can be used to solve important optimization models.

Convex minimization problems are fundamental in optimization theory and have numerous
applications in machine learning, signal processing, operations research, and engineering. My
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objective is to find a point that minimizes a convex function over a given feasible set. Let g : Y — R
be a convex and differentiable function. The convex minimization problem is defined as

' ) 5.1
min gw) (5.1)

A point w* € Z, is called a solution of problem (5.1) if
gw’) < g(w), Yw e Z;.

The relationship between convex minimization problems and variational inequality problems enables
me to apply the proposed algorithms for solving (5.1). The following lemma provides the required
optimality condition.

Lemma 1. [20] Let g : Y — R be convex and differentiable. Then w* solves (5.1) if and only
if w* € VIP(Z,,Vg).

By Lemma 1, the convex minimization problem can be reformulated as a variational inequality
problem with operator D = Vg. Therefore, the convergence results obtained for the VIP can be directly
applied to find the minimizers of convex functions. Applying Algorithm 2.2 to the operator Vg, I obtain
the following method.

Algorithm 3.1

Choose ¥ € [0, 1) and 7 € (0, 1], for all k£ > 1. Suppose that ; > 0,1 € (0, 1), and wy, w; € Y are
arbitrary. Choose a nonnegative real sequence {c;} such that };, ¢; < .
Step 1: Compute
Pk = Wi + I(wg — Wi-1).
Find
vi = Pz, (¢(pr) = iV g(p(or)))-
Step 2: Construct
2y ={w el {plpr) — iV g(e(pr) — vie w — vi) < 0},
and compute
t = Pz, (¢(pr) — Y Vg(vi)).

Compute
wir1 = (1 = 1)e(or) + 76V E(t),
where
— 2 \vj _ 2
y )i {Z'Z(V”;"((g ék))vf"V;(ﬂk)g(vt;)(tk)vf”wf),wk ¥ ck} i (V8(e(p0) — Vg(e). Vg(t) = ve) > 0,
k+1 = ’
Vi + ¢, otherwise.

(5.2)
Set k := k + 1 and repeat.

The convergence result of the proposed algorithm for the convex minimization problem is stated
as follows:
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Theorem 11. Let g : Y — R be a convex and differentiable function such that Vg is relaxed a-
monotone and Lipschitz continuous on MY and sequentially weakly continuous on Z,. Suppose that
problem (5.1) has a solution, that the set {t € Z, : Vg(t) = 0} \ T is finite, and that Assumption I,
Assumption 2(d), and condition (2.4) hold. If {wy} is generated by Algorithm 3.1, then {w;} converges
weakly to a solution of (5.1).

Proof. 1 verify that operator ) = Vg satisfies all the requirements of Theorem 1. By Lemma 1,
the solution set of (5.1) coincides with T = VIP(ZZ;, Vg); since (5.1) is solvable, Assumption 2(a)
holds. The conditions imposed on Vg guarantee that Assumption 2(b) holds, while the finiteness
of the set {r € Z; : Vg(r) = 0} \ T gives Assumption 2(c). Assumption 2(d), Assumption 1, and
condition (2.4) are imposed directly. Moreover, Algorithm 3.1 is exactly Algorithm 2.2 applied to the
operator O = Vg. Hence, all the conditions of Theorem 1 are satisfied, and {w;} converges weakly to
a point of VIP(Z;, Vg). By Lemma 1, this weak limit is a solution of problem (5.1). O

6. Numerical experiments

In this section, I present numerical simulations to demonstrate the efficiency and applicability of the
proposed methods. All computations are carried out using MATLAB (R2018a) on a personal computer
with an AMD A6-6310 APU processor operating at 1.80 GHz and 16 GB of RAM.

For performance evaluation, Algorithms 2.1 and 2.2 are compared with Algorithms 3.3 and 3.4
introduced by Ogwo et al. [13]. The comparison is performed using different initial points along with
various parameter selections. In the implementation, the tolerance at the k-th iteration is defined as

TOL; = [lwk — w1l
The stopping criterion for all iterative procedures is given by
TOLk <€,

where € = 1075.

Furthermore, the parameters are chosen as ¢, = 0.1, 9, = 0.5, 7, = 0.7, and ¢(p) = g. To further
validate the effectiveness of the proposed schemes, I apply them to Examples 5.1 and 5.2 reported
in [13]. I point out that the recent methods developed in [25-27] are designed for monotone variational
inequality problems in Hilbert spaces, while the schemes in [28,29] are formulated in Hadamard spaces
and Hadamard manifolds, respectively. Since the test problems considered below involve operators
that are not monotone, these methods are not included in the comparison; their relationship with the
proposed algorithms is discussed in Section 1.

Example 6.1. Consider the set Z, = [—1, 1] and define the mapping D : R — R by

2w, ifw>1,
D(w) = {w?, fowel-1,1],
2w-1, ifw<-1.

It can be verified that D is quasimonotone and Lipschitz continuous with constant 2. Moreover, the
solution set is given by VIP(Z, D) = {—1,0}.
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Convergence Comparison for Example 4.1

10° ¢

T
=——©— Algorithm 3.3 [20]
- —f— Algorithm 3.4 [20]
10° Proposed Algorithm 2.1 | 3
[ ——#— Proposed Algorithm 2.2
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Number of iterations

Figure 1. Comparison of TOL,, for Example 6.1.

Convergence for Algorithm 2.2 with different 7, values
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Figure 2. Effect of varying the relaxation parameter while keeping the inertial term fixed.

Table 1. Execution time comparison for Example 6.1.

CPU time for Example 6.1
Algorithm Time (Sec)
Algorithm 3.3 [13]  0.11872
Algorithm 3.4 [13]  0.08981
Algorithm 2.1 0.02323
Algorithm 2.2 0.02619

Discussion. The CPU times reported in Table 1 indicate that the proposed algorithms are
computationally more efficient than the methods in [13]. In particular, Algorithm 2.1 requires
only 0.02323 seconds, which is substantially less than the execution times of Algorithm 3.3 (0.11872
seconds) and Algorithm 3.4 (0.08981 seconds). Although Algorithm 2.2 requires slightly more time
than Algorithm 2.1, it outperforms both algorithms. These results demonstrate that the proposed
algorithms achieve faster execution while maintaining the desired convergence properties.
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Example 6.2. Let Z; = {w € R? : w% + w% <1, 0 <wi}and D(wy,wr) = (—wie*?, wy). Then, D need
not be quasimonotone and VIP(Z, D) = {(1,0)}.
In this case, other than the above parameters, I take w, = (0.5,0.5),w; = (0.6,0.5), and

o(p.q) = (£, 9).

Convergence Comparison for Example 4.2

=—©— Algorithm 3.3 [20]
——fe— Algorithm 3.4 [20]
Proposed Algorithm 2.1
Proposed Algorithm 2.2

TOL

| L } | | ] L ] ]
0 1 2 3 4 5 6 7 8 9 10
Number of iterations x10%

Figure 3. The TOL, comparison for Example 6.2.

Table 2. Numerical results for Example 6.2.

CPU time for Example 6.2
Algorithm Time (Sec)
Algorithm 3.3 [13] 9.3079
Algorithm 3.4 [13]  10.6671
Algorithm 2.1 9.3039
Algorithm 2.2 9.7172

Discussion. Table 2 presents the CPU times of the proposed algorithms and the methods for
Example 6.2. It is observed that Algorithm 2.1 achieves the smallest execution time (9.3039 s), while
Algorithm 2.2 exhibits competitive computational performance. Compared with [13, Algorithms 3.3
and 3.4], the proposed methods require comparable or less computational time, demonstrating their
computational efficiency for this test problem. These results indicate that the proposed algorithms
maintain competitive performance while preserving the desired convergence behavior.

Figures 1-3 illustrate the convergence behavior of the proposed algorithms and the methods under
different parameter settings and initial guesses. It can be observed that all algorithms start with a similar
initial error but exhibit different convergence rates. Algorithms 3.3 and 3.4 converge rapidly during the
initial iterations; however, their errors stabilize at relatively higher values as the iterations progress,
indicating slower long-term improvement. In contrast, the proposed algorithms continue to reduce the
error throughout the iteration process. In particular, Proposed Algorithm 2.2 achieves the lowest error
values over a larger number of iterations, demonstrating superior convergence performance. These
numerical results confirm the effectiveness of the proposed algorithms and are consistent with the
theoretical convergence analysis.

In the sequel example, we take different initial guesses and parameters for comparisons.
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Example 6.3. Consider the set Z, = [—1,1] x [-1, 1] and the mapping D : Z, — R? defined by
D(wl’wZ) = (w172w2)’ V(CL)I,CL)Q)E [_la 1]X[_1,1]

Let the function « : R* — R be given by a(z) = ||z||>. It is easy to verify that a(qz) = ¢*||z|]*> = ¢*a(2),
for all g > 0. Furthermore, define ¢ : R — R by ¢(p) = %.

Observe that D is a relaxed a-monotone mapping and is Lipschitz continuous with constant 2. In
addition, D is a bounded linear operator, and the solution set of the associated VIP is given by

VIP(Z,, D) = {(0,0)}.

The convergence behavior of the proposed algorithm is illustrated below, where it can be observed
that the method demonstrates improved efficiency.

Moreover, Figures 4 and 5 demonstrate that the proposed algorithms exhibit convergence behavior
that is comparable to or better than the existing methods while maintaining stable performance for all
tested initial guesses and parameter settings.
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Figure 5. Absolute convergence behavior of the considered algorithms.
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7. Conclusions

In this work, I introduced two novel iterative schemes based on inertial viscosity-type subgradient
extragradient methods for solving VIPs and convex minimization problems in real Hilbert spaces.
The proposed algorithms were developed under relaxed a-monotonicity and Lipschitz continuity
assumptions, which provide a broader framework than classical monotonicity conditions. By
employing suitable inertial parameters and viscosity techniques, we established the weak convergence
of the generated sequences to solutions of the considered problems. The obtained results extend and
improve several convergence results in the literature by considering a more general class of operators.

Furthermore, numerical experiments were conducted to evaluate the efficiency and practical
performance of the proposed methods. The computational results demonstrate that the proposed
algorithms achieve competitive convergence behavior and require reasonable computational effort
compared with existing approaches. These findings confirm the effectiveness and applicability of the
proposed schemes for solving related optimization problems.

Despite these contributions, some limitations remain. The analysis is restricted to real Hilbert
spaces and guarantees only weak convergence under the considered assumptions. Moreover, the
numerical validation is based on a limited number of test examples. In future studies, researchers
may focus on developing strongly convergent variants, extending the methods to broader spaces such
as Banach spaces, and investigating their applications to large-scale optimization problems and real-
world models.
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