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Abstract: ¢, regularization is widely used to preserve important features of the desired solution in
ill-posed inverse problems. We employed the split Bregman (SB) algorithm, which reformulates the
{i-regularized problem as a sequence of unconstrained optimization problems involving generalized
Tikhonov minimization. Selecting the regularization parameter at each SB iteration was crucial
for obtaining accurate reconstructions. To address this challenge, we transformed each generalized
Tikhonov problem into standard form and determined the regularization parameter using the singular
value decomposition (SVD) of a transformed coeflicient matrix, thereby improving both stability and
efficiency. An enlarged Krylov subspace strategy based on Golub—Kahan bidiagonalization (EGKB)
was employed to compute an approximate truncated SVD, with the EGKB implemented in single
precision to further reduce computational cost. We extended the unbiased predictive risk estimator
(UPRE) to the transformed problem and used it to estimate stabilizing regularization parameters
throughout the SB iterations. A theoretical analysis of the computational complexity was presented to
demonstrate the efficiency of the proposed framework. Numerical experiments on X-ray tomographic
problems demonstrated that EGKB-UPRE achieves reconstruction quality comparable to GSVD-based
methods while substantially reducing computational time and storage requirements.
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1. Introduction

We are concerned with the solution of linear discrete inverse problems of the form

AX™ x b, (1.1)
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where A € R™" is a large ill-conditioned matrix, x"™¢ € R™! is an unknown solution, and b € R"™!

is measured data typically with Gaussian white noise 7, i.e., b = b™¢ + 75, where b™ is the exact
noise-free data vector that achieves Ax"™® = b"™¢. Here we assume a bound ||| < 6, with § > 0, is
available. Due to the ill-conditioning of A and the presence of noise in b, direct inversion of (1.1) is
generally unstable and fails to yield a meaningful approximation of x"™¢. Therefore, the problem must
be replaced by an appropriately stabilized well-posed formulation [1,2]. For example, a least squares
solution of the Tikhonov minimization

X" = arg min{|]Ax - b3 + 2| Lx][3} (1.2)

gives an approximation of x"™ in (1.1), where u > 0 is a regularization parameter that balances the
contribution of the fitting of data, ||Ax — b]|?, against the regularization term, ||Lx|?, and L € R™" is
a regularization matrix. If L = I, where I is an appropriately sized identity matrix, then (1.2) is in its
standard form and u impacts the norm of the desired solution. When L # I, as in cases where L is
chosen as the discretization of a derivative operator, then (1.2) is in its general form and u influences
the smoothness of the solution.

We assume that

NA)NN(L) = {0},

where N(T') denotes the null space of a matrix 7. This condition guarantees that (1.2) has a unique
solution for any u > 0, [3]. For small-scale problems, one could use the generalized SVD (GSVD)
of the matrix pair {A, L} to obtain a joint decomposition and solve (1.2). The GSVD, however, is
computationally unattractive for large problems, as it requires substantial storage and computations. It
was shown in [4] that (1.2) is equivalent to the minimization problem in standard form,

arg miin{llALZi —bli5 + LIl (1.3)

where L} is the A-weighted generalized inverse of L, defined by L, = (I — (A(I — L'L))’A)L'. The
A-weighted generalized inverse L/Z permits the standard-form transformation to accommodate more
general regularization operators, including rank-deficient ones. Extending the present framework to
this more general setting is beyond the scope of this study and is left for future work.

In this work, we restrict the numerical framework to the case in which L is invertible. In this
setting, LZ = L', and hence (1.3) reduces to the standard-form problem with A = AL™!. The solution
of (1.2) is then recovered from the solution of (1.3) as x = L™'X. Although the Tikhonov problem (1.2)
admits a closed-form solution, it generally produces overly smooth reconstructions. Consequently, its
effectiveness may be limited when the underlying solution contains sharp edges, as is often the case in
practical imaging applications [35, 6].

To accommodate a more general class of problems, we consider the ¢;-regularized minimization
problem

1
x = argmin{5|Ax - bl + BILxI ), (14)

where 8 is a regularization parameter and L is usually selected as a discrete gradient operator so that
||ILx||; represents the total variation of x, see [7]. Unlike the Tikhonov solution in (1.2), the solution
of (1.4) generally does not admit a closed-form expression and depends on both L and 5. Consequently,
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it must be computed iteratively. There are many iterative algorithms to find x, however, all of which
require solving an optimization problem at each iteration, see [7—12]. For instance, in [9], the iteratively
reweighted norm approximation reformulates the original problem as a sequence of standard-form
Tikhonov problems, each solved using a flexible GMRES algorithm. The majorization-minimization
framework of [11], which is also employed in [13], generates a sequence of least-squares problems that
can be solved efficiently using generalized Krylov subspace methods. When generalized Tikhonov
problems arise at each iteration, they can be solved using iterative algorithms, thereby enabling the
application of parameter selection techniques for the associated regularization parameters [9, 11, 14].
Comprehensive surveys of hybrid iterative regularization methods and parameter-selection strategies
for ill-posed inverse problems can be found in [15]. Here, we use the split Bregman (SB) algorithm [10]
with one ¢, regularization term to approximate the solution of (1.4). The inner-generalized Tikhonov
problem at each iteration in the SB is solved using the IRcgls algorithm with the original matrix A [16].

It can be difficult to estimate an appropriate regularization parameter in (1.4) when A is large and
has no suitable structure [17, 18]. In such cases, the Kronecker product sum approximation to A could
be used [19]. We refer to [20-23] for more details on the construction of the Kronecker product
sum approximation. However, the complexity introduced by the multiple-term KP structure poses
challenges in effectively managing the regularization parameter.

Therefore, we choose to transform the inner—generalized Tikhonov problem arising in the solution
of (1.4) into a standard form. This transformation facilitates the use of the SVD of A rather than
the GSVD of {A, L}. If the noise variance in the data is available, the value of the regularization
parameter can be determined using the discrepancy principle [24,25] or the unbiased predictive risk
estimation (UPRE) [18]. Otherwise, it can be estimated using methods such as generalized cross-
validation (GCV) [25] or the L-curve method [25, 26]. In this paper, we focus on employing the
UPRE; however, the methodology can be adapted to fit any parameter selection technique.

However, computing the full SVD of large A is unattractive. Experimental results presented in [27]
showed that using the enlarged Krylov space implemented within the Golub—Kahan bidiagonalization
algorithm, termed EGKB, significantly improves the quality of the desired TSVD approximation. The
benefits of taking extra steps with a Krylov subspace method were noted in [28] for the Arnoldi—
Tikhonov regularization. Inspired by this, the EGKB is considered for A. The idea of applying
projection to the SB is not new; see [29-31] for more discussion. We focus on estimating the
regularization parameter for the inner-generalized Tikhonov problem by transforming it to standard
form and projecting it onto a low-dimensional subspace, where parameter-choice methods can be
applied efficiently. Moreover, we explore the potential of using single precision (SP) for EGKB to
reduce both storage requirements and computational costs [32].

1.1. Major contributions

e An implicit transformation of the inner-generalized Tikhonov problem arising in split Bregman
iterations into standard form, allowing parameter estimation through the SVD of A = AL instead
of the GSVD of {A, L}.

e Development of a projected UPRE criterion for the transformed problem using EGKB-generated
TSVD approximations.

e An efficient mixed-precision implementation where EGKB is computed in single precision while
the split Bregman iterations remain in double precision.
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e A computational complexity analysis demonstrating the reduction in cost compared with GSVD-
based parameter selection.
e Numerical validation on tomography problems.

1.2. Organization

The remainder of this paper is structured as follows. Section 2 reviews the essential steps of the SB
iterative algorithm. Section 3 presents the EGKB algorithm that is used to form TSVD approximations
for any matrix. Section 4 develops the UPRE method to determine the regularization parameter derived
from transforming the inner-generalized Tikhonov problem in the SB to standard form. Section 5
provides a theoretical analysis of the computational costs of selecting the regularization parameter in
the SB, both using the transformation with the approximation to A and with the GSVD of the pair
{A, L}. The computed results are presented in Section 6, and the conclusions can be found in Section 7.

2. Iterative techniques for /,-regularized problems

This section is concerned with the solution of the ¢,-regularized problem (1.4) obtained using the
SB algorithm of Goldstein and Osher [10]. The constrained problem of (1.4) is written as

1
midn{ille —b|5+4ldl;} suchthat d=Lx. 2.1

The SB algorithm uses the augmented Lagrangian approach to convert (2.1) to the unconstrained
optimization problem

! A
(x,d) = argmin{~{|Ax — b|[3 + — llix - dif; +Blldll}, (2.2)

where A > 0 is a penalization parameter. Following [10], the SB algorithm for solving (2.2) computes
alternating updates for x and d given by

X([+1) = ar : l _hi? (/1(6))2 _ h([) 2 2
= argmin{_[|AX — blj} + =——|ILx - h 3} 2.3)
‘ 20)2
d“" = arg ngn{( 2) lld = (Lx + g DIl + £V}, 24

where h®© = d© — g®_ The Bregman variable is updated according to
gD = g0 4 5D _ g+, 2.5)

Throughout, we use the superscript £ to represent the value of a variable at the £ SB iteration. Defining
y = BY/(A9)?, the update in (2.4) can be written as

1
A"V = argmin{5]ld = (LxV + g3 + yldil ). (2.6)

The solutions of (2.6) can be written using the shrinkage formulas found in [10, Eqs (4.4)—(4.6)],
(d“*); = shrink((Lx“); + g, ), 2.7)
where shrink(w, y) = sign(w) max(jw| — vy, 0).

In summary, the SB algorithm for the £;-regularized problem (1.4) is given in Algorithm 1.
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Algorithm 1 [10] Split Bregman method for the ¢,-regularized problem (1.4)

Require: A, b, L, A, B, Lyax, TsBs Imaxs TiRegls
Ensure: x©
1: Initialize £ = 0,x? =0,d? =0,g% =0
2: while not converged and ¢ < L,,x do
3 Update x“*D by solving (2.3)

4 Update d“*V using (2.7)

5: Update g“*V using (2.5)

6: if [[x“*D — xO1,/|IxO||, < g5 then
7: break

8: end if

9: {=C(+1

10: end while

2.1. Computational cost of the SB algorithm

The computational cost of Algorithm 1 is dominated by step 3, namely, the computation of x as the
solution of the generalized Tikhonov problem (2.3) at each SB iteration. As discussed in Section 1,
a variety of approaches can be used to compute x”. However, our focus is on demonstrating the
effectiveness of our proposed method for selecting an appropriate A in (2.3). Therefore, rather than
focusing on the choice of solver, we employ the IRcgls algorithm from the IR Tools package [16] to
solve the generalized Tikhonov subproblem. The computational cost of IRcgls is primarily determined
by the matrix-vector products involving A and AT. For a matrix A € R™", this requires approximately
O(4mme) flops, where ¢ denotes the number of iterations to convergence. Since L often corresponds to
a sparse finite-difference operator, its contribution to the computational cost in IRcgls is negligible.

To summarize the computational cost of the SB algorithm, let £.,q denote the number of SB
iterations required for convergence and define

fend
Ltotal = § Ley

t=1

where ¢, is the number of IRcgls iterations performed at the {th SB iteration. Neglecting the costs
of the updates (2.5) and (2.7), the overall cost of the SB algorithm is dominated by the matrix-vector
products with A and AT arising in the solution of the generalized Tikhonov subproblems.

3. Enlarged GKB

The GKB algorithm was introduced in [33] to reduce a general matrix to bidiagonal form. Applying
k steps of GKB to the matrix A with starting vector b generates two related decompositions

AQr = Sk Ci,
ATSk+1 = Qk+1CkT,
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where Q, € R™* and S;,; € R™**! have orthonormal columns, and
-

h
C, = € RikHDxk 3.1)

e

tk+l |

is a lower bidiagonal matrix.

The SVD of Cy yields a rank-k truncated SVD (TSVD) approximation of A. To improve this
approximation, we continue the GKB process beyond the desired rank k& and construct an enlarged
Krylov subspace of dimension k, = k + p, where p denotes the number of additional GKB steps beyond
the desired rank k. This yields the enlarged projected matrix ka that captures both the dominant and the
smallest singular values of A [34], thereby providing useful information about the spectral properties
and conditioning of A. Let ; denote the ith singular value of ka, ordered from largest to smallest.
Then, fori = 1,...,k, the singular values &; typically provide accurate approximations to the dominant
singular values o; of A, whereas the singular values corresponding to indices i > k approximate the
smallest singular values of A [34].

The strategy of enlarging the projected subspace was proposed in [35, Section 3.3.1], and
subsequently employed for regularization parameter estimation in [14] and to improve reconstruction
quality in challenging geophysical applications in [36]. More recently, this approach was used in [27]
to improve the accuracy of the Kronecker product approximation for general matrices.

The steps of the enlarged GKB (EGKB) approach for finding an approximate rank-k TSVD are
given in Algorithm 2.

To preserve the orthogonality of the columns of Q, one-sided reorthogonalization is performed
at step 13, following the approach of [37]. While an efficient reorthogonalization approach based
on Cholesky QR decomposition was proposed in [38], the projected dimension k, is assumed to be
sufficiently small such that modified Gram—Schmidt (MGS) reorthogonalization is computationally
inexpensive and therefore adopted in step 13.

When k, = k + p, the steps of EGKB are applied to B, and a rank-k TSVD approximation
is obtained from the enlarged projected matrix, where p is typically small but may increase with k.
Selecting an appropriate value of k, may be accomplished by examining the convergence of the singular
values as k), increases. Such an approach, however, can be inefficient because it requires repeated SVD
computations for different values of k,. Alternatively, [27, 39] suggest determining k based on the
monotonic decay of the geometric mean of the products of the elements in (3.1). However, these
approaches may lead to underestimating k, which often results in a poor TSVD approximation of B.
Therefore, we use the discrepancy principle as the stopping criterion in Algorithm 2. Specifically, the
iteration is terminated at the first index k satisfying

k = argmin{|ICy; - el Vlly < 6 Tecks)- (3.2)

Here, e(lj *D denotes the first canonical unit vector in R/*!) § is the noise bound, and Tggxg > 1 is a
user-defined parameter typically chosen close to 1. In our experiments, we set Tggxg = 1.01. Finally,
the computed TSVD approximation is truncated to k terms giving the desired By.
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Algorithm 2 EGKB: Computation of a rank-k TSVD approximation

Require: B € R™",z € R", kna, P, 9, Tegks > 1, prec € {SP, DP}
Ensure: Bk = Ukik‘_/,;r

1:
2:
3:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

4
5
6:
7
8
9

t = llzlh, s1 = z/ti, q = B'si, a1 = |lqlh, q1 = q/ai, k = kpax
for j=2,... knax + 1 do
S; = Bq;_1 —aj_1S;_
if prec = SP then
Reorthogonalize s; against S ;_; using MGS
end if
ti = Isll2;
if 7; = 0 then
k = j—1; break
end if
S; =S;/t;
q; = B's; - 1,41
Reorthogonalize q; against Q;_; using MGS
a; = |lqjlh;
if @; = 0 then
k = j—1; break
end if
q; =q;/a;
Form C; and compute the projected solution y;
if [ICjy; — 11|l < Tigkpo then
k = j; break
end if
end for
k, = min{k + p, m,n} and continue GKB to k), steps to obtain Sy .1, Ox,, and Cy,
Compute the SVD Cy, = Uy %, V,; , where Uy, € R&*D6 5, e RY% and V€ RbY*
Form Ukp = Skp+l Ukl’ S Rka”, Vkp = Qkp Vk,, e Rk
Truncate Uy,, %, and V;, to their first k singular components to obtain Uy, X, and V;
By = Uz V!

3.1. Computational cost of By

We present the computational cost of constructing an approximate TSVD of a general matrix B €

R™" We assume that B has no special structure and that the operations with B and B' are performed
using the standard approach. The cost of computing a rank-k approximate TSVD using EGKB with
oversampling parameter p was derived in [36, Eq (11)] and is given by

AIMS Mathematics

Cost with Algorithm 2: O (4mnk, + 2mk* + 2n(K* + k2) + 12k}) ~ O(4mnk,).

(3.3)
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4. Regularization parameter for the SB

In this section, we provide a brief overview of the derivations of UPRE. We then extend the UPRE
to estimate the regularization parameter in the SB.

4.1. Unbiased predictive risk estimation

We derive UPRE [18] for the inner-generalized Tikhonov problem (2.3). For notational
convenience, we will drop the superscripts £. Let h = Lh, and then (2.3) can be written as

1 _ A2 _ _
y. = arg myln{EIIAy —bl5 + EIILyH%}, b =b - Ah, 4.1)

with the solution y, = ALAl_), where Ay, is the regularized inverse matrix defined by A;, = (ATA +
A2LTL)"'AT. The solution of (2.3) can be obtained from the solution of (4.1) viax = y, + h.
The predictive error for y, is defined by

P = Ay/l _ Btrue — AALAB _ Btrue — (Aj; _ Im)l_)true + AE'], (42)

where b™ = b™° — Ah and AE = AA;, is the influence matrix. The regularized residual of y, can be
written as

r;=Ay,—-b= (A" - 1,)b = (A} - 1,)b™ + A" - L. (4.3)

Applying [18, Lemma 7.2] to (4.2) and (4.3), respectively, yields

1 1 _ 2
E(—npnﬁ) = — AT = L)b"™|2 + L trace(A’AT) (4.4)
m m m
and )
1 1 T 1. true P T T
E(Enmné) = — (4} = L)b' 112 + —trace (A} - L)T(@A] - 1), (4.5)

where p? denotes the variance of the additive white Gaussian noise and trace(C) is the trace of a matrix
C. In the numerical experiments, where both b and the noise-free data bie are available, the variance
is estimated by

Ib - b|2

m

2 (4.6)
When b is unavailable, p> may be estimated directly from the measured data using standard
techniques, such as residual-based estimators or discrepancy-principle-based approaches; see,
e.g., [41]. The resulting estimate can then be incorporated into the UPRE functional in place of the true
variance, allowing the proposed parameter-selection strategy to be applied even when the noise level
is not known a priori.

Using the symmetry of AE and the linearity of the trace, we rewrite (4.5) as

2

2 2
£ P trace(A") + p*. 4.7)
m

1 1 _ 2
E(—IIUII%) = AT = LB ™2 + ©trace(al’) - -
m m m

AIMS Mathematics Volume 11, Issue 11, 37909-37933.
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By comparing (4.4) and (4.7), we obtain
E(IIpall3) = E (lIral3) + 20*trace(A}) — mp”.
By setting E(||r AII%) ~ ||y, Aopt 18 selected to minimize the UPRE function as
Aop = arg min{U(2) = (A}, = L)bIl; + 2p°trace(A) — mp?}. (4.8)

Similar to the implementation of the GCV approach presented in [3], we determine A,y as the
minimum value from a range of A values derived from the SVD of Az when L = [. If L # I, one may
use the GSVD of {A, L} [25,40] to find an expansion for Az. However, for non-sparse large A and L
matrices, the computations of the GSVD tend to be unattractive.

4.2. Extension of UPRE to the {,-regularized problem

In this section, we derive UPRE in terms of the solution of the projected problem based on an
efficient TSVD calculated using the EGKB, described in Algorithm 2. First, we transform (4.1) into

standard form as )

N GO A
mzln{EIIAZ —bll; + ?HZII%}, z, = Ly,, (4.9)

where
A=AL"eR™", b=b-AheR™, (4.10)

Here we extend the derivation of UPRE presented in [14] to encompass the problem in (4.9) in terms
of the projected problem based on the regularization parameter {. Applying k + p steps of the EGKB
in Algorithm 2 on matrix A with initial vector b and then truncating to the first k terms yields the
bidiagonal form AQi = Si1Cy. Letz, = Oiw,, and then by the column orthogonality of Qy, we have
1zl = [1Qxw,ll> = lIw|l>. This gives the Tikhonov projected problem

{2
2

(k+1)

o1
min{Z[|ICew - 11€) I3 + S lIwl3), (4.11)

where tle(lk”) = SkTHf), whose solution is given by

w, = 1(C{Cr + L)' Cl el D,

To find £, we need to write the predictive error and regularized residual in terms of the projected
problem. Let AI = (AQy)(AQy), be the influence matrix for the projected solution, where (AQy), =

~ ~ -1 -
((AQk)TAQk + ¢ 2Ik) (AQy)T is the regularized inverse matrix. Then we can rewrite the predictive
error and regularized residual as

p; = AQuw, —b™ = Alb — b, (4.12)
r; = AQww, —b = (A] - 1,)b, (4.13)

where b™ = b™e — Ah. Since the A} is still symmetric, and by comparing (4.12) with (4.2) and (4.13)
with (4.3), we have

Lo = argmin{Urn(¢) = (A, = Ln)bll; + 2p’trace(A;) — mp?).
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The influence matrix AZ can be simplified into

Al = (A0 (AQ)T(AQ0 + 1) (AQYT
St e ((Se1COTS i G+ 28) (S GO
St (Ce(CTCu+ 28) " €T ) Sk

S

= k+1Hk(§)S]1—+1$

where H;({) 1s the influence matrix for the projected Tikhonov problem. Using this decomposition and
the orthogonality of the columns of S, ;, we obtain

trace(fiz) = trace (S w1 Hi(0)S ) = trace(H(0)).
Therefore, we obtain

Lopy = argmin{Urn(¢) = ll11(Hi(0) = L) VI3 + 20 trace(Hi(£)) — mp*). (4.14)

The parameter {,y is calculated without reprojecting the solution w, for every ¢ back into the original
subspace z. Since W, solves the problem with C; € R*1* and a right-hand-side vector of size k + 1,
we rewrite the UPRE for the projected problem as

Lope = arg min(Upoi(0) = ll11(Hi(Q) = s ey I + 2p%trace(Hi(0)) = (k + Dp?). (4.15)
Note that (4.14) and (4.15) differ only in their final constant terms. In fact,

Uni({) = Upeoj({) = (m =k = 1)p. (4.16)

Since this difference is independent of , the two criteria have exactly the same minimizer for a fixed
projected subspace

arg m:in Ura() = arg ngl’l Uproj . 4.17)

Thus, no approximation is introduced by replacing Uy with Up,,; when optimizing over a fixed EGKB
subspace. The approximation enters earlier, through the replacement of the original transformed
operator A by its projected representation. Accordingly, the quality of the resulting regularization
parameter depends on how accurately the selected Krylov subspace represents the dominant spectral
components relevant to regularization.

Let Ci, = Up, %, VkTp be the economy-size SVD of the enlarged projected matrix, where

Uk € R(kp+l)><kp zk e Rk,,xkp Vk € Rkpxk,,

4 ’ P ’ P :

Retaining only the leading k singular triplets yields the rank-k approximation Cy = U;X;V,", where
U= UG 1:k), Z=%,(1:k1:k)=diagdr,...,0), Vi=V(G1:k). (4.18)

AIMS Mathematics Volume 11, Issue 11, 37909-37933.
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Because Cy is rectangular, p + 1 additional orthogonal residual directions remain outside the retained
rank-k singular subspace. Its contribution is independent of { and therefore does not affect the
minimizer of the projected UPRE functional. Using (4.18), we obtain

H(0) = Uy di ( &% 5-% U/ (4.19)
= iag| ——,...,———— , )
¢ e <) A
and hence
trace(Hy({)) = Z FEe (4.20)

i=1 i
Let u; ; denote the ith component in the first row of the matrix Uy. Then the projected UPRE function
can be written as

v

k 2
. _ i Tkt D)2 2 _Ii :
arg min{UPRE(Z) = it (2, — I)Ug €™ "l + 2p ; S+ )
s o 4.21)
—argmin{UPRE(Q) = > (2514} 4 02 — ko).
argmgn{ &) ;(5';'2+§2) P ;5—%+§2 o)

Since the final term in (4.21) is independent of £, it can be omitted without altering the minimizer.

The optimal value of { is obtained by evaluating the projected UPRE function over a logarithmically
spaced set of candidate values. Since the quantities J; and u;; are derived from the SVD of the
projected bidiagonal matrix Cy, the UPRE criterion can be evaluated entirely in the projected space,
thereby avoiding the formation of the dense transformed matrix A. The resulting value of £ is then
used as an approximation to the regularization parameter of the original SB problem and, for notational
consistency, is denoted by A hereafter.

Classical UPRE assumes additive white Gaussian measurement noise with variance p>. During the
SB iterations, however, the effective right-hand side b in (4.9) depends on the Bregman variables and,
consequently, on the noisy data. Therefore, the UPRE assumptions may not hold exactly at later SB
iterations, and their application to the updated projected problems is regarded as an approximation.
The effectiveness of this approximation is assessed through the numerical experiments.

5. Computational complexity of the SB

Based on the computational costs provided in Sections 2.1 and 3.1, we show the results for
determining the regularization parameter in the inner-generalized Tikhonov problem (2.3) using UPRE
for two cases: (i) using the GSVD of {A,L} for (4.1), and (ii) using EGKB for the projected
problem (4.11). Note that the operation with A = AL™! in (4.11) is performed without explicitly
forming A. A product with A is evaluated sequentially as

Av = A(L™'v),
whereas a transpose product is evaluated as
Au=LT(ATu).

AIMS Mathematics Volume 11, Issue 11, 37909-37933.
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Thus, the matrices L' and LT are neither formed nor stored explicitly; only their actions on given
vectors are required. Assuming that these actions can be computed efficiently, their additional cost
is small relative to the dominant matrix-vector products with A and AT. Consequently, the cost of
computing a rank-k TSVD approximation via EGKB associated with A is O(4mnk,), as given in (3.3).

As discussed in [42], computing the GSVD of {A, L} needs approximately O(mn?+2n?). Since A and
L remain fixed throughout the SB iterations, the GSVD needs to be computed only once. Empirically,
we observe that using either the GSVD components of {A, L} or the TSVD components associated
with A in (4.21) leads to comparable costs within the UPRE evaluation. We therefore omit the costs
common to the UPRE evaluations and focus on the dominant costs associated with the GSVD and
EGKB used to determine A. The dominant cost associated with the SB iterations in all cases is the
overall sum of columns 2, 3, and 4 in Table 1.

Table 1. Dominant computational costs for €., iterations of the SB algorithm when
the regularization parameter is determined using (i) the GSVD with (4.1) and (i1) EGKB
with (4.11), where the rank-k approximation associated with A is obtained using Algorithm 2.
The augmented system in (2.3) has size 2n X n when the regularization matrix is of size n X n.

Method TSVDof B= A GSVD of {A, L} Total IRcgls Iterations
(i) GSVD O(mn* + 2n?) O (87%to1at)
(ii) EGKB O(4mnk,) O (81101

As shown in Table 1, comparing the dominant GSVD and EGKB costs gives the theoretical cost

ratio
mn® +2n°  mn + 2n?

Sy = = :
Y7 dmnk,t, — dmk,t,

(5.1)

where £, denotes the number of EGKB runs required until A reaches convergence with EGKB. Once 4
has converged, it is kept fixed in the subsequent SB iterations; hence, £, < {.,q. Therefore, the EGKB
approach is computationally advantageous whenever

dmk,t; < mn + 2n?,

or equivalently, S ; > 1. In particular, when k,{; < min(m, n), the ratio in (5.1) increases with m + 2n,
indicating a potentially substantial reduction in computational cost when the rank-k approximation is
employed within the SB algorithm.

Regarding storage requirements, the GSVD of {A, L} requires approximately m> + 2n* entries. By
contrast, the projected approach stores the EGKB bases Sy,.1 and @y, together with the truncated
SVD factors of the projected problem, resulting in a storage cost of O(mk, + nk, + k*). Since k, <
min(m, n) in practical applications, the projected framework is considerably more memory efficient
than the GSVD while simultaneously reducing the computational burden.

Mixing precision for the SB

Using SP has become increasingly popular for large-scale computations due to its significant
advantages in storage and floating-point costs. However, this approach often sacrifices accuracy in
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the results. While higher precision can be used to maintain accuracy, it is often costly for large-
scale computations. By using mixed-precision techniques, one can achieve superior results with high
precision while benefiting from the efficient performance of lower precision [32].

Motivated by recent work on mixed precision in [43], we use SP arithmetic to compute the low-rank
approximation A, via EGKB and the DP for the SB solution. However, when EGKB is performed in
SP, one-sided reorthogonalization may be insufficient to maintain orthogonality. Therefore, full two-
sided reorthogonalization using the MGS algorithm is applied at steps 5 and 13 of Algorithm 2 to
maintain the accuracy of the SP results. Although this additional reorthogonalization increases the cost
of EGKB, particularly as the projected dimension grows, it does not alter the dominant computational
cost of Algorithm 2.

It is worth noting that the use of SP reduces the computational cost of DP by approximately a factor
of 2 [32], thereby decreasing the computational cost of EGKB relative to cases (i) and (ii) in Table 1.
In our implementation, SP computations are performed using the MATLAB function single, and the
low-rank approximation Ay is constructed from single(A).

Summary of the proposed framework

Before presenting the numerical experiments, we summarize the main steps of the proposed
framework as follows.

Transform the generalized Tikhonov subproblem (2.3) into the standard form (4.9).

Apply the EGKB method in Algorithm 2 using SP arithmetic to construct an enlarged Krylov
subspace for the transformed problem.

Select the regularization parameter A from the resulting low-dimensional projected problem using
the TSVD-based UPRE criterion (4.21), thereby avoiding explicit computation of the GSVD.
Solve the generalized Tikhonov subproblem using IRcgls in DP and update the SB variables.
Repeat these steps until the prescribed SB stopping criterion is satisfied.

Thus, the proposed framework integrates Krylov subspace projection, adaptive regularization-
parameter selection, and iterative solution of the generalized Tikhonov subproblem within the SB
scheme.

6. Numerical experiments

We present numerical experiments designed to assess both the performance of the EGKB for
finding A, for A in the transformation (4.9), as well as the performance of using A; with the UPRE
in determining the regularization parameter A for the SB algorithm. We suppose that both x"™¢ and b'™¢
are available for all simulations.

The noisy data b are generated by adding white Gaussian noise 7 to the exact measurements b™<,
where 7 is generated using MATLAB’s randn(’seed’, 1) function. A fixed random seed is used to
ensure the reproducibility of the numerical results. For a prescribed signal-to-noise ratio (SNR), the
noise level is defined by

[Ib™ll>

SNR =20 logm HI]T
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The variance p* appearing in the UPRE criterion (4.21) is taken as the variance of the generated
Gaussian noise and is estimated in the numerical experiments using (4.6). Thus, the prescribed SNR
determines the magnitude of the added noise, while p? provides the corresponding noise variance
required for evaluating the UPRE functional.

To evaluate the computed solution performance qualitatively, we record the relative error (RE) in
the solution at iteration ¢, as given by

”X(f) _ Xtrue”2

REx"Y) = t , 6.1)
[Ixel
and the peak SNR (PSNR), which is defined by
PSNR(x) = 1010g,, (X" 6.2)
= £10 Ix© — Xtme”% , .

where n denotes the total number of pixels in the image. A closer solution x'© to x™ has a smaller RE
and a larger PSNR.

The SB algorithm requires two convergence tolerances: 7gp for the outer iteration £ and g, for
the inner iteration ¢ in IRcgls. We stop the IRcgls algorithm when the relative residual for the normal
equations (2.3) becomes smaller than the tolerance 7g.qs:

BIRERE
A

Convergence of the SB algorithm is determined using the relative change in x as:
[Ix© = x“ Dl
XDl

The SB solution is terminated when RCsp(x\)) < 745. This stopping criterion is particularly useful
when the true solution x"™¢ is unavailable. Although x"™¢ is known in our numerical experiments, we
use RC;3(x¥’) to mimic practical applications and to assess the convergence behavior of the algorithm.
Moreover, the stopping tolerance 7sg is chosen according to the noise level in the data. Specifically,
higher noise levels permit the use of a larger tolerance, leading to earlier termination of the iteration,
whereas lower noise levels require a smaller tolerance to achieve a more accurate solution.

For both the outer SB iterations and the inner IRcgls iterations, maximum iteration limits are
imposed, denoted by Ly.x and I, respectively. Since the number of SB iterations is expected to
remain relatively small compared with the problem size, we set L;,,x = 50. On the other hand, because
IRcgls solves the large-scale generalized Tikhonov subproblem (2.3), we choose /;,,x = 100 to ensure
that the dominant spectral components of the problem are adequately captured.

The regularization matrix L in (2.3) is defined by

[1 -1 0 |

2

TIRcgls-

RCs3(x") = (6.3)

L= e R, (6.4)
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In the implementation, L and L™! are not explicitly constructed. Their actions on vectors are computed
directly, thereby avoiding the explicit formation and storage of these matrices.

For a small-scale problem, we evaluate the performance of the proposed strategy for selecting A
within the SB algorithm by comparing it with the GSVD-based selection and a fixed optimal value of
A. The optimal A is determined by testing 100 logarithmically spaced values in the interval [1072, 10?]
and selecting the one that yields the smallest RE.

We record the timing of the SB algorithm without recording it to find the optimal fixed 1. Observe
that finding A by sweeping is usually impractical, as it requires knowledge of the true solution
and running the algorithm for multiple choices of 4. When reporting results obtained with the
transformation A and GSVD, we include the associated costs of selecting A and implementing SB.
We record the average time over 5 runs.

We consider A with the EGKB method to be converged and stop updating it if

_ A2 - @DP
T Ay

RC((A)%) (6.5)
becomes smaller than a fixed tolerance, here 7, = 1073, provided that A4™D # 0. If A0 converges
to a fixed value at early iterations, this can significantly reduce the computational cost of the SB, as
it eliminates the need to compute a TSVD of A during the transformation, as indicated in column 2
of Table 1. For a fixed shrinkage parameter vy, once A is selected, the corresponding value of S is
determined by

B =y’ (6.6)

Thus, the proposed procedure should be interpreted as an adaptive SB regularization scheme in
which the effective regularization weight 8 varies with the UPRE-selected parameter 1), while the
shrinkage parameter vy is kept fixed.

All numerical results presented in this work were computed using MATLAB R2025b [44] on a 2023
MacBook Pro equipped with an M3 Pro chip and 18 GB of memory. The software is available from
the author upon request.

Example 6.1 (Underdetermined example). We generate a synthetic image of size 64 X 64, shown in
Figure 1(a), and use PRtomo from [16] to generate a two-dimensional X-ray tomography test problem.
This procedure vyields a discrete forward operator A € R34 The sinogram data, displayed in
Figure 1(b), are generated using 60 projection angles uniformly distributed between 0 and 179 together
with 60 parallel-beam detector elements. The measurements are then contaminated with 6% additive
white Gaussian noise, corresponding to an SNR of approximately 24, producing the noisy sinogram
data b € R*%! shown in Figure 1(c).

Using the regularization matrix L € R4*9040% defined in (6.4), we apply the EGKB algorithm with
B = A € R36940% ip (4.9) to construct A; in SP. The first k singular values computed by Algorithm 2
with p = 5 and p = 27 are compared with those obtained using DP, the TSVD, and the standard
GKB method [33] without oversampling (p = 0). The RE in A;, measured in the Frobenius norm and
reported in Table 2, indicate that p = 27 provides the most accurate approximation. The singular-value
plots in Figure 2 further support this choice, showing that the SP implementation of EGKB with p = 27
yields approximations of the dominant singular values comparable to those obtained with DP and the
TSVD. These results suggest that the use of SP has little effect on the accuracy of the dominant singular
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values, provided that sufficient accuracy is maintained in the Krylov basis vectors, consistent with the
observations in [45].

(a) True image (b) True sinogram (c¢) Noisy sinogram
Figure 1. The true image of 64 X 64 pixels, true sinogram, and noisy sinogram with 6%
additive white Gaussian noise, for the problem in Example 6.1.
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Figure 2. Approximation of the singular values using the true SVD, GKB, and EGKB in SP
and DP with k = 27 and p = 27 for the transformation A in (4.9) in Example 6.1.

Table 2. The SP results of estimating A for (4.9) in Example 6.1, with A € R3000x40%  The
results in DP for the corresponding methods are provided in parentheses.

A=Ayl
Method k p WliF
GKB 27 0 0.0180 (0.0180)
5 0.0165 (0.0165)
EGKB 27 27 0.0160 (0.0160)

For the proposed method, the regularization parameter A in (4.9) is determined by replacing A
with A;. This approximation is computationally efficient and is not expected to significantly affect
the parameter selection, since EGKB provides nearly indistinguishable approximations to the first k
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singular values of A, as illustrated in Figure 2. For the inner-generalized Tikhonov problem (2.3),
v is kept fixed throughout the SB iterations, while A is selected using UPRE as in (4.21), and S is
computed according to (6.6). At each SB iteration, the updated right-hand side yields a new A and,
consequently, an updated A. Strictly speaking, although the GSVD factors remain unchanged during
the SB iterations, the UPRE minimizer depends on the current right-hand side and may therefore vary
with €. In this work, the GSVD-based parameter is computed only at the first SB iteration and then
kept fixed. Consequently, the GSVD results should be interpreted as a baseline comparison rather than
a fully adaptive parameter-selection strategy.

For the SB algorithm, we set 753 = 1072 and Tjpes = 107°, and fix y = 1, resulting in
a monotonically decreasing RCysp, as defined in (6.3). The optimal A obtained by sweeping is
A = 29151, whereas the GSVD-based approach yields 4 = 2.5543. The reconstructions in Figure 3
show that the EGKB method produces solutions comparable to those computed with the optimal and
GSVD methods. The results for SB with these selection methods are displayed in Figure 4. As
illustrated in Figure 4(e), EGKB does not select a suitable A at the first iteration because the solution is
still far from convergence and A is more suited for the noise in the initial steps. The quantitative results,
together with the computational times reported in Table 3, show that although EGKB requires more
iterations than GSVD, it incurs a lower computational cost while achieving reconstruction quality
comparable to that of the optimal approach with a fixed 4. This behavior can be attributed to the
rapid stabilization of the regularization parameter selected by (6.5) within the EGKB framework. In
particular, the parameter remains unchanged after A®, as illustrated in Figure 4(d), (e).

As discussed in Section 5, the dominant cost associated with determining A for the original problem
is the computation of the GSVD of {A, L}, as reflected in the results reported in column 6 of Table 3.
To evaluate the predictive accuracy of the theoretical cost model in (5.1), we compare its estimates
with the observed computational cost obtained when A is determined using either the GSVD of {A, L}
or the low-rank approximation A;. Using the values m = 3600, n = 4096, k = 27, p = 27, and
£, = 6 from Table 3, (5.1) predicts that determining A via the GSVD of {A, L} is approximately ten
times more expensive than using the low-rank approximation A;. In practice, the timings reported
in column 6 of Table 3 show that the GSVD-based approach is nearly eight times more expensive.
These results demonstrate that EGKB is considerably more efficient than the GSVD approach, even
though the GSVD is computed only once at the first SB iteration, whereas A; is generated through
EGKB over 12 outer iterations. Although the SB method requires 12 outer iterations to converge, the
EGKB procedure for estimating A is performed only during the first £, = 6 iterations. Thereafter, the
converged value of A is reused, which is consistent with the complexity analysis in (5.1).

The results in column 6 of Table 3 demonstrate that using SP reduces the computational cost of
EGKB by approximately a factor of two compared with DP, confirming the computational advantages
of using SP arithmetic. Moreover, comparing columns 6 and 7 shows that estimating A using the
GSVD and EGKB requires approximately 20 and 1.5 times, respectively, the cost of solving the SB
problem with the original matrix A. Thus, replacing the GSVD with the low-rank approximation Ay
yields a significant reduction in computational cost, a benefit that becomes increasingly important for
large-scale problems.
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(a) SB Opt (b) SB GSVD (c) SB EGKB
(1 =2.9151) (1 =2.5543)

Figure 3. SB solutions at convergence for Figure 1(c). The regularization parameter is
selected using the optimal approach, the GSVD, or the EGKB.
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Figure 4. The corresponding RE, PSNR, RC, and 1) in the outer iterations ¢ in the SB
algorithm for the methods applied to Example 6.1. Note that A is fixed with Optimal and

GSVD.
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Table 3. The corresponding RE and PSNR, defined in (6.1) and (6.2), respectively, by the SB
with A obtained with A and using the optimal approach, the GSVD, and EGKB, respectively,
applied to the problem with SNR ~ 24 in Example 6.1. The results in DP for the EGKB are
provided in parentheses. The best results are shown in boldface.

Timing
Method Cend Liotal RE(x) PSNR(x) A SB Total
Optimal 49 903 0.13 28.37 - 5.01 5.01
GSVD 10 173 0.14 27.70 23.26 1.11 24.37

EGKB  12(12) 235(253) 0.14(0.14) 27.72(27.72) 3.03(6.01) 1.95(4.45) 4.98 (10.46)

While the theoretical cost in (5.1) predicts a larger advantage for estimating A using A; than is
observed in practice, the practical timings are based on SP computations and do not account for factors
such as memory access, memory usage, and data movement. These effects, together with the choice of
precision, are expected to play an increasingly important role as problem sizes grow, although obtaining
reliable comparative measurements is difficult. Nevertheless, the results demonstrate a substantial
computational benefit from using A, particularly when the regularized problem is solved repeatedly
for multiple right-hand sides. Moreover, Figure 4(a),(b) show comparable reductions in RE and RC
with respect to the SB iterations. Therefore, estimating A from A, provides an efficient and effective
alternative for large-scale problems where computing the GSVD of {A, L} is impractical.

Example 6.2 (Overdetermined example). We consider the SheppLogan image of size 256 X 256,
shown in Figure 5(a), and use PRtomo from [16] to generate a two-dimensional X-ray tomography
test problem. This procedure yields a discrete forward operator A € R3820965536 The sinogram data,
displayed in Figure 5(b), are generated using 245 uniformly distributed projection angles between 0
and 179, together with 360 parallel-beam detector elements. The measurements are then contaminated
with 10% additive white Gaussian noise, corresponding to an SNR of approximately 20, producing the
noisy sinogram data b € R¥2! shown in Figure 5(c).

The regularization matrix L € R5336%65536 jg defined similarly to that in (6.4). Because the size
of this problem is large, we construct A; without explicitly forming the large matrix A. Thus, a
comparison with the true TSVD of Alis not provided. The parameter y was set to 2 based on preliminary
numerical experiments. In particular, values of y < 1 generally resulted in poorer reconstruction
quality, whereas larger values, e.g., v > 10, led to faster convergence at the expense of reconstruction
quality. Hence, y = 2 was selected as a reasonable compromise between reconstruction quality and
convergence behavior. The SB stopping tolerance was set to 753 = 107>, Notably, using TiRegls = 1073
yields reconstruction quality comparable to that obtained with T/gegs = 10~*, while reducing the
computational effort. The computational requirements of the GSVD and optimal methods make
them less attractive for this simulation. The EGKB reconstruction is shown in Figure 6, while the
corresponding results are presented in Figure 7. The quantitative results and computational timings are
summarized in Table 4.

From these results, we can see that EGKB in SP and DP yield reconstructions with comparable
RE and PSNR. As reported in column 6 of Table 4, EGKB in SP is considerably faster than in DP,
saving approximately 37% of the computational time. Although this problem is larger than the one
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discussed in Example 6.1 and the construction of A; requires significant computational effort, the gain
in computation time for selecting A and obtaining the solution for the SB is reasonable.

We conduct an additional experiment with 15% white Gaussian noise, corresponding to SNR = 16,
to assess the sensitivity of the method to increased noise. As shown in the second row of Table 4,
the higher noise level results in a deterioration of the reconstruction quality, as reflected by the larger
RE values and lower PSNR values. Nevertheless, the EGKB-based approach remains effective, and
the SP and DP implementations continue to produce comparable reconstruction results. Therefore, we
conclude only that the proposed method exhibits similar qualitative behavior for the two noise levels
considered in this study.

Our results demonstrate the effectiveness of the stopping criterion (3.2) for determining k in EGKB.
The parameters p, y, and Treys Were selected as described above, with values chosen independently
for each problem based on its numerical characteristics. Although the experiments focus on X-ray
tomographic reconstruction problems, the proposed approach is general and can be readily applied to
other inverse problems, including image deblurring, signal restoration, and MRI reconstruction.

(a) True image (b) True sinogram (¢) Noisy sinogram
Figure S. The true image of 256 X 256 pixels, true sinogram, and noisy sinogram with 10%
Gaussian noise, for the problem in Example 6.2.

Figure 6. SB solution with EGKB at convergence for Figure 5(c).
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Figure 7. The corresponding RE, PSNR, RC, and A9 in the outer iterations ¢ in the SB
algorithm for the EGKB applied to Example 6.2.

Table 4. The corresponding RE and PSNR values, defined in (6.1) and (6.2), respectively,
obtained by the SB method with A selected using EGKB for the problem in Example 6.2.
The first and second rows correspond to SNR ~ 20 and SNR = 16, respectively. The results
in DP for EGKB are provided in parentheses. The best results are shown in boldface.

Timing
Method Noise Cend Liotal RE(x) PSNR(x) A SB Total
EGKB 10% 12(12) 178 (178) 0.19(0.19) 26.83 (26.83) 471.43 (741.54) 427.76 (675.29) 899.19 (1416.83)
15% 32(28) 574(499) 0.39(0.38) 20.39 (20.54) 2571 (3011) 2484 (2896) 5055 (5907)

7. Conclusions

This paper presents an efficient strategy for solving the inner-generalized Tikhonov regularization
problems arising in the split Bregman (SB) framework. The proposed approach first transforms
each generalized Tikhonov problem into standard form and then projects it onto a low-dimensional
Krylov subspace. To improve parameter estimation accuracy, we use an enlarged Golub—Kahan
bidiagonalization (EGKB) method that enriches the Krylov subspace. The regularization parameter
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is then selected using a computationally efficient TSVD-based UPRE criterion, avoiding the explicit
computation of the GSVD. The resulting SB iterates are computed using the IRcgls algorithm applied
to the original problem formulation.

We provide a theoretical analysis of the computational costs of the proposed method and
compare them with those of GSVD-based approaches. Numerical experiments demonstrate that the
EGKB-UPRE framework achieves reconstruction quality comparable to that obtained with GSVD-
based parameter estimation. Furthermore, although single-precision arithmetic does not reduce the
number of iterations, it lowers the computational cost and storage requirements per iteration without
compromising reconstruction accuracy.

Overall, the proposed approach offers an effective and computationally attractive alternative
to GSVD-based methods for large-scale inverse problems, particularly when explicit GSVD
computations are impractical.

Future work will explore extending the framework to other regularization parameter selection
techniques, such as GCV and discrepancy-principle-based approaches, as well as its application
to broader classes of inverse problems and sparsity-promoting regularization models. The present
framework is restricted to invertible L; extensions to rank-deficient regularization operators via the
A-weighted generalized inverse L', including those arising in total-variation regularization, remain for
future investigation.
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