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Abstract: The Schrödinger equation has an important place among the partial differential equations
used in quantum mechanics, since it describes the time evolution of a physical system. In this paper,
a numerical method is developed for the time-fractional nonlinear Schrödinger equation involving
the Caputo fractional derivative. The temporal discretization is constructed using the L1 formula
together with Crank–Nicolson-type averaging, and the nonlinear coefficient is evaluated explicitly
at the previous time level. For the spatial discretization, a collocation method based on cubic B-
splines is combined with a high-order approximation of the second spatial derivative. The resulting
formulation leads to a linear algebraic system at each time step for the coefficients associated with
the real and imaginary parts of the solution. A local consistency analysis is presented for sufficiently
smooth solutions. The analysis shows that the complete discretization has local truncation error of
order O(∆t + h4) so that the temporal discretization is first-order consistent, whereas the high-order
spatial approximation is fourth-order accurate. These behaviors are also examined separately through
temporal and spatial refinement studies. A nonsmooth test problem with a weak initial singularity
is also considered to examine the numerical behavior of the method for a solution with limited
temporal regularity. The numerical results exhibit approximately first-order temporal convergence
for the smooth test problems and approximately fourth-order spatial convergence for Problem 1.
Numerical experiments are further used to compare the performance of cubic, trigonometric, and
uniform hyperbolic polynomial B-spline bases. A Fourier analysis of the corresponding linearized
frozen-coefficient recurrence is also discussed. The numerical results and comparisons illustrate the
accuracy of the proposed high-order B-spline collocation approach for the considered time-fractional
Schrödinger problems.
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1. Introduction

Fractional partial differential equations (FPDEs) have received considerable attention because of
their ability to describe processes involving memory and nonlocal effects. In contrast to classical
integer-order derivatives, fractional derivatives incorporate information from the previous history of
the solution and therefore provide a useful mathematical framework for modeling systems whose
present state depends on their past evolution. Applications of fractional differential equations
arise in areas such as anomalous diffusion, viscoelasticity, transport and relaxation processes, and
wave propagation in heterogeneous or complex media. Consequently, fractional models have been
increasingly studied in physics, engineering, biology, and other applied sciences. Several definitions
of fractional derivatives have been introduced, including the Riemann–Liouville, Caputo, and Caputo–
Fabrizio derivatives. Among them, the Caputo derivative is particularly convenient for many initial-
value problems because it permits the use of initial conditions expressed in terms of integer-order
derivatives. The nonlocal character of the Caputo derivative, however, also introduces additional
difficulties in the numerical approximation of fractional differential equations. In particular, the history
dependence of the fractional derivative must be combined carefully with the discretization of the
remaining spatial and nonlinear terms. Therefore, the construction and analysis of accurate numerical
methods for fractional partial differential equations remain important computational problems. Among
the equations considered in fractional form, the Schrödinger equation is of particular interest because
of its fundamental role in quantum mechanics and wave propagation. In its classical form, the
Schrödinger equation contains a first-order derivative in time and a second-order derivative in space [1].
Its nonlinear counterpart arises in several physical settings involving nonlinear wave phenomena,
including nonlinear optics, surface water waves, and plasma physics [2]. Fractional generalizations of
the Schrödinger equation have subsequently been considered in order to incorporate nonlocal effects
into the mathematical model. Depending on the application, fractional operators may be introduced in
the spatial variable, the temporal variable, or both.

In the present study, we consider the following time-fractional nonlinear Schrödinger equation
involving the Caputo derivative:

i CDγt u(x, t) + uxx(x, t) + |u(x, t)|2u(x, t) = f (x, t), 0 < γ ≤ 1, t ≥ 0, (1.1)

where u(x, t) is a complex-valued function, i denotes the imaginary unit, f (x, t) is a prescribed source
term, and CDγt denotes the Caputo fractional derivative of order γ with respect to time. The time-
fractional formulation provides a mathematical framework in which temporal memory effects can be
incorporated into the evolution of the wave function. A variety of analytical, semi-analytical, and
numerical techniques have been developed for fractional Schrödinger-type and related nonlinear wave
equations. Amer et al. [3] obtained exact optical soliton solutions for a fractional quadratic–cubic
nonlinear Schrödinger equation involving a conformable derivative and also considered a numerical
validation of their solutions. Mustafa and Murad [4] studied a time-fractional extended (3 + 1)-
dimensional nonlinear Schrödinger equation with a conformable derivative, and they constructed
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several classes of soliton solutions. Panwar et al. [5] investigated the time-fractional nonlinear
Schrödinger and coupled Klein–Gordon–Schrödinger equations involving the Caputo derivative using
a homotopy-analysis-based approach and discussed the convergence of the resulting approximation.
Related semi-analytical studies have also contributed to the treatment of fractional nonlinear wave
models. Hagag et al. [6] applied the q-homotopy analysis transform method to a fractional fourth-
order dispersive cubic nonlinear Schrödinger equation, and Arafa and Hagag [7] employed the same
general methodology for fractional Kundu–Eckhaus and massive Thirring models. More recent
developments for related fractional nonlinear equations include neural-network-assisted exact-solution
techniques for a conformable fractional Kolmogorov–Petrovskii–Piskunov model [8] and traveling-
wave constructions for a paraxial wave equation involving a conformable fractional derivative [9].
Although these studies employ different fractional operators, equations, and solution strategies from
those considered here, they illustrate the continuing development of analytical and semi-analytical
techniques for fractional nonlinear wave problems. Numerical approaches based on collocation, finite
differences, and finite elements have also been developed. Mohebbi et al. [10] employed a meshless
collocation method based on radial basis functions for the time-fractional nonlinear Schrödinger
equation. Hadhoud et al. [11] developed a trigonometric B-spline collocation method for the
time-fractional Schrödinger equation. Bayrak and Demir [12] considered a fractional collocation
technique for a space-fractional Schrödinger equation. Nemati et al. [13] employed fractional-order
Chelyshkov functions for space–time fractional Schrödinger equations and transformed the separated
real and imaginary equations into an algebraic system. Wang et al. [14] developed a modified
L1 Crank–Nicolson finite element method for the nonlinear time-fractional Schrödinger equation
and established stability and error estimates for its formulation. Zhou et al. [15] considered L1-
2 finite element methods for nonlinear Schrödinger equations with a variable-order time-fractional
derivative and analyzed the stability and convergence of their schemes. Serik et al. [16] constructed
a high-accuracy finite-difference method for the time-fractional Schrödinger equation using an L1-
type temporal approximation together with a fourth-order compact spatial discretization, and analyzed
the corresponding stability and convergence properties. Hayat et al. [17] studied a cubic B-
spline computational scheme for a fractional Schrödinger problem involving the Atangana–Baleanu
derivative. These studies illustrate the variety of temporal and spatial discretizations that have been
developed for fractional Schrödinger-type problems. B-spline collocation methods are particularly
attractive for spatial discretization because of their local support, smoothness, and relatively simple
algebraic structure. Nevertheless, the accuracy of the resulting method depends not only on the selected
basis but also on the approximation used for the spatial derivatives. Related high-order B-spline
constructions have also been considered for other time-fractional nonlinear equations. For example,
Önal et al. [18] developed a higher-order trigonometric cubic B-spline collocation approach for time-
fractional Burgers equations in which a high-order approximation of the second spatial derivative (as
in the present work) was used. The present study differs from [18] in three respects. First, the equation
considered here is a complex-valued nonlinear Schrödinger equation, which is treated as a coupled
system for its real and imaginary parts. Second, cubic B-splines are used as the primary basis, and
trigonometric and uniform hyperbolic polynomial B-splines are examined numerically. Third, the
nonlinear term is frozen at the previous time level, so that each time step requires the solution of a linear
system without nonlinear iteration, whereas [18] used the Rubin–Graves linearization. In addition,
the present work provides a local consistency analysis and a Fourier resolvent analysis, whereas a
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von Neumann stability analysis was used in [18]. In the present work, the main emphasis is placed
on increasing the spatial accuracy of the collocation formulation by combining cubic B-splines with
a high-order approximation of the second spatial derivative. The resulting construction retains the
computational structure of B-spline collocation while providing a fourth-order spatial approximation
for sufficiently smooth solutions. The temporal discretization requires separate consideration. The
Caputo derivative is approximated using the L1 formula, whereas Crank–Nicolson-type averaging is
employed for the spatial terms and the nonlinear coefficient is evaluated explicitly from the solution
at the previous time level. Because these components do not all correspond to the same temporal
location, the formal consistency order of the L1 approximation alone does not determine the temporal
order of the complete scheme. Accordingly, a local consistency analysis is included to identify the
contributions of the temporal and spatial discretizations. For sufficiently smooth solutions, the analysis
gives the local discretization error

T = O(∆t + h4) (1.2)

showing that the complete temporal treatment is first-order consistent, whereas the high-order spatial
approximation retains fourth-order consistency. This distinction is also taken into account in the
numerical assessment of the method. Temporal convergence is examined by refining ∆t while keeping
the spatial mesh fixed, whereas spatial convergence is examined by refining h with a fixed sufficiently
small time step. Joint-refinement experiments are interpreted separately in accordance with (1.2). In
particular, under the balanced refinement relation ∆t = Ch4, the temporal and spatial error contributions
formally behave as

O(h4) + O(h4),

so that both contributions are of the same order and the observed rate in a joint-refinement experiment is
expected to approach four, provided that the numerical errors follow the behavior suggested by the local
consistency analysis. This distinction is important when interpreting convergence tables in which h and
∆t are simultaneously refined. The numerical implementation is developed primarily using cubic B-
spline basis functions. Trigonometric and uniform hyperbolic polynomial B-splines are also considered
numerically in order to examine the influence of the basis family under comparable computational
settings. These comparisons are treated as numerical investigations rather than as an assertion that
the three basis families possess identical approximation or stability properties. Furthermore, a Fourier
analysis is carried out for the corresponding linearized frozen-coefficient recurrence. The scope of this
analysis is stated explicitly so that conclusions obtained for the linearized problem are not interpreted
as a complete nonlinear stability result. The contribution of the present work is not the introduction
of the L1 formula or B-spline collocation individually but rather their particular combination with the
high-order spatial correction and, importantly, the explicit separation of the temporal and spatial error
contributions. A local consistency analysis is provided to identify the effective temporal order of the
complete discretization, and separate temporal and spatial refinement studies are used to examine the
corresponding numerical behavior. This distinction also provides a consistent interpretation of joint-
refinement experiments, for which the observed rate reflects both temporal and spatial errors rather
than the spatial approximation alone. To the authors’ knowledge, the combination of the L1 formula,
B-spline collocation and the high-order spatial correction has not previously been considered for the
time-fractional nonlinear Schrödinger equation. The remainder of the paper is organized as follows.
In Section 2, the basic definitions used throughout the study are introduced, including the Caputo
fractional derivative, the L1 discretization formula, and the B-spline basis functions. In Section 3,
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the high-order approximation of the second spatial derivative is presented. Section 4 develops the
fully discrete formulation for the time-fractional nonlinear Schrödinger equation and derives the
resulting linear algebraic system. Section 5 then establishes the local consistency and truncation
error of the complete discretization. Section 6 presents a Fourier analysis of the associated linearized
frozen-coefficient recurrence. Finally, in Section 7, numerical experiments are used to investigate the
temporal and spatial convergence behavior separately inorder to examine joint-refinement behavior,
to investigate the numerical behavior of the method for a nonsmooth solution with a weak initial
singularity, and to compare the numerical results with available reference results.

2. Preliminaries and definitions

In this section, the basic definitions and numerical ingredients required for the construction of
the proposed method are introduced. We first recall the Caputo fractional derivative and its L1
approximation. We then present the B-spline collocation framework and the cubic, trigonometric cubic,
and uniform hyperbolic polynomial B-spline basis functions considered in the numerical experiments.

2.1. The Caputo fractional derivative

The Caputo fractional derivative of order α of a sufficiently smooth function x(t) is defined by

CDα0,tx(t) =
1

Γ(m − α)

∫ t

0
(t − τ)m−α−1x(m)(τ) dτ, m − 1 < α < m, m ∈ N. (2.1)

For a constant c, the Caputo derivative satisfies [19]

CDα0,tc = 0. (2.2)

Throughout this paper, the fractional derivative is understood in the Caputo sense, and its order is
denoted by γ. Because the governing equation involves 0 < γ ≤ 1, for 0 < γ < 1, we have m = 1 and

CDγt x(t) =
1

Γ(1 − γ)

∫ t

0
(t − s)−γx′(s) ds. (2.3)

The limiting case γ = 1 corresponds to the classical first-order time derivative.

2.2. The L1 discretization

Let
0 = t0 < t1 < · · · < tM = T, tn = n∆t, ∆t =

T
M
, (2.4)

be a uniform temporal partition. For 0 < γ < 1, the Caputo fractional derivative of a sufficiently
smooth function u(x, t) at t = tn+1 is given by

CDγt u(x, tn+1) =
1

Γ(1 − γ)

∫ tn+1

0

∂u(x, s)/∂s
(tn+1 − s)γ

ds. (2.5)

Dividing the integration interval into the temporal subintervals [tk, tk+1] gives

CDγt u(x, tn+1) =
1

Γ(1 − γ)

n∑
k=0

∫ tk+1

tk

∂u(x, s)/∂s
(tn+1 − s)γ

ds. (2.6)
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On each interval [tk, tk+1], the first derivative is approximated by

∂u(x, s)
∂s

=
u(x, tk+1) − u(x, tk)

∆t
+ O(∆t), s ∈ [tk, tk+1]. (2.7)

Substituting this approximation into (2.6) and evaluating the kernel integral exactly leads to the
standard L1 approximation

CDγt u(x, tn+1) =
(∆t)−γ

Γ(2 − γ)

n∑
k=0

bk [u(x, tn+1−k) − u(x, tn−k)] + r n+1
∆t , (2.8)

where
bk = (k + 1)1−γ − k1−γ, k = 0, 1, 2, . . . . (2.9)

For sufficiently smooth u, the local truncation error of the L1 approximation satisfies

r n+1
∆t = O

(
(∆t)2−γ

)
, 0 < γ < 1; (2.10)

see [20]. For later use, we introduce the discrete L1 operator

Dγ
∆tu

n+1 =
(∆t)−γ

Γ(2 − γ)

n∑
k=0

bk

(
un−k+1 − un−k

)
. (2.11)

Thus,
CDγt u(tn+1) = Dγ

∆tu
n+1 + O

(
(∆t)2−γ

)
. (2.12)

It should be emphasized that (2.12) describes the consistency order of the L1 approximation itself. It
does not by itself determine the temporal consistency order of the complete numerical scheme, as the
remaining terms of the governing equation are treated at different temporal levels. The consistency of
the fully discrete method is therefore examined separately in the subsequent analysis.

Lemma 2.1. Let 0 < γ < 1 and

bk = (k + 1)1−γ − k1−γ, k = 0, 1, 2, . . . .

Then
1 = b0 > b1 > b2 > · · · > 0, bk → 0 as k → ∞.

Remark 2.2. The properties stated in Lemma 2.1 follow from the monotonicity and concavity of x1−γ

for 0 < γ < 1. They are also established in [21] in the more general setting of a variable fractional
order. The constant-order case considered here is obtained as a particular case.

2.3. B-spline collocation

Spline functions are piecewise-defined functions satisfying prescribed continuity conditions at
the knots. B-splines provide locally supported basis functions and are therefore convenient for the
construction of collocation approximations [22]. In what follows, a B-spline is a spline function
of minimal support, the functions ϕ j are the B-spline basis functions obtained by translation on the
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uniform knot sequence, and a B-spline family is the cubic; the trigonometric cubic or the uniform
hyperbolic polynomial type.

Let the spatial interval [a, b] be divided uniformly as

a = x0 < x1 < · · · < xN = b, h = xm+1 − xm =
b − a

N
. (2.13)

The knot sequence is extended outside the physical interval where necessary so that the B-spline basis
functions are well–defined near the boundaries. For a sufficiently smooth function u(x, t), its B-spline
collocation approximation is represented by

u(x, t) ≈ Uh(x, t) =
N+1∑
j=−1

δ j(t)ϕ j(x), (2.14)

where ϕ j(x) denotes the selected B-spline basis function and δ j(t) are time-dependent coefficients.
The coefficients are determined from the collocation equations together with the prescribed boundary
conditions [23]. For the B-spline families considered below, the nodal values of the approximation and
its second spatial derivative can be expressed in the common algebraic form

Uh(xm, t) = a1δm−1(t) + a2δm(t) + a3δm+1(t), (2.15)
(Uh)x(xm, t) = d1δm−1(t) + d2δm+1(t), (2.16)

(Uh)xx(xm, t) = c1δm−1(t) + c2δm(t) + c3δm+1(t). (2.17)

The coefficients ai, di, and ci depend on the particular B-spline family and on the spatial mesh size. The
representation (2.15)–(2.17) is used as a common algebraic framework for assembling the collocation
equations. This common representation should not be interpreted as implying identical approximation,
consistency, or stability properties for the different basis families. The higher-order spatial analysis
developed in the present work is associated with the corrected cubic B-spline construction, whereas
the trigonometric and uniform hyperbolic polynomial B-spline bases are also considered for numerical
comparison.

2.3.1. Cubic B-splines

The cubic B-spline basis function associated with the node xm is defined by

Bm,3(x) =
1
h3



(x − xm−2)3, x ∈ [xm−2, xm−1),

(x − xm−2)3 − 4(x − xm−1)3, x ∈ [xm−1, xm),

(xm+2 − x)3 − 4(xm+1 − x)3, x ∈ [xm, xm+1),

(xm+2 − x)3, x ∈ [xm+1, xm+2),

0, otherwise.

(2.18)

Thus, Bm,3(x) has compact support on [xm−2, xm+2]. With the normalization used in (2.18), the
coefficients in (2.15)–(2.17) are

a1 = a3 = 1, a2 = 4; (2.19)
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d1 = −
3
h
, d2 =

3
h

; (2.20)

and

c1 = c3 =
6
h2 , c2 = −

12
h2 . (2.21)

2.3.2. Trigonometric cubic B-splines

For comparison purposes, trigonometric cubic B-splines are also considered. These basis functions
are constructed from trigonometric functions and have compact support on the corresponding knot
intervals [24]. Define

p j(x) = sin
( x − x j

2

)
(2.22)

and

ϑ = sin
(
h
2

)
sin(h) sin

(
3h
2

)
. (2.23)

The trigonometric cubic B-spline associated with the knot x j is

T3, j(x) =
1
ϑ



p3
j(x), x j < x < x j+1,

−p2
j(x)p j+2(x) − p j(x)p j+3(x)p j+1(x) − p j+4(x)p2

j+1(x), x j+1 < x < x j+2,

p j(x)p2
j+3(x) + p j+4(x)p j+3(x)p j+1(x) + p2

j+4(x)p j+2(x), x j+2 < x < x j+3,

−p3
j+4(x), x j+3 < x < x j+4,

0, otherwise.

(2.24)

The corresponding coefficients in (2.15)–(2.17) are

a1 = a3 = sin2
(
h
2

)
csc(h) csc

(
3h
2

)
, (2.25)

a2 =
2

1 + 2 cos h
, (2.26)

d1 = −
3
4

csc
(
3h
2

)
, d2 =

3
4

csc
(
3h
2

)
, (2.27)

c1 = c3 =
3
(
3 cos2

(
h
2

)
− 1

)
4 sin(h) sin

(
3h
2

) , (2.28)

c2 = −
3 cot2

(
h
2

)
2 + 4 cos h

. (2.29)

These coefficients provide the nodal collocation relations for the trigonometric basis. Their use in the
numerical experiments does not imply that the approximation or stability properties established for the
cubic B-spline construction automatically extend to the trigonometric basis.
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2.3.3. Uniform hyperbolic polynomial B-splines

Uniform hyperbolic polynomial B-splines are also considered as an alternative basis in the
numerical comparisons [25]. Because the spatial mesh is uniform, the notation ∆x used in some
definitions of this basis is identified here with the mesh size h. Define

p1 = 2h(cosh h − 1). (2.30)

The fourth-order uniform hyperbolic polynomial B-spline associated with xi is given by

H4
i (x) =

1
p1



sinh(x − xi−2) − (x − xi−2), xi−2 ≤ x ≤ xi−1,

−2 sinh(x − xi−1) − sinh(x − xi) + (2 cosh h + 1)(x − xi) + 2h cosh h, xi−1 ≤ x ≤ xi,

sinh(x − xi) + 2 sinh(x − xi+1) − (2 cosh h + 1)(x − xi) + 2h cosh h, xi ≤ x ≤ xi+1,

− sinh(x − xi+2) + (x − xi+2), xi+1 ≤ x ≤ xi+2,

0, otherwise.
(2.31)

The corresponding nodal coefficients in (2.15)–(2.17) are

a1 = a3 =
sinh h − h

p1
, (2.32)

a2 = −
2(sinh h − h cosh h)

p1
, (2.33)

d1 = −
1

2h
, d2 =

1
2h
, (2.34)

c1 = c3 =
sinh h

p1
, (2.35)

c2 = −
2 sinh h

p1
. (2.36)

The relations above provide the nodal algebraic representation required for the numerical
implementation of the uniform hyperbolic polynomial basis. As in the trigonometric case, no
assumption is made that the consistency or stability properties established for the corrected cubic B-
spline discretization transfer automatically to this basis without a separate analysis.

3. High-order approximation of the second spatial derivative

We now present a higher-order approximation of the solution and its derivatives at the nodes. Let
Ihu(x, t) denote the cubic spline interpolant of u(x, t) on the uniform grid. At the collocation nodes x j,
it satisfies the interpolation and boundary conditions

(Ihu)(x j, t) = u(x j, t), 0 ≤ j ≤ N, (3.1)

(Ihu)′′(x j, t) = u′′(x j, t) −
1

12
h2u(4)(x j, t), j = 0,N.
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If u(x, t) is of class C6 on [a, b] in x and Ihu(x, t) satisfies these conditions, then

(Ihu)′′(x j, t) = u′′(x j, t) −
1

12
h2u(4)(x j, t) + O(h4), 0 ≤ j ≤ N. (3.2)

This is Eq (1.3) of [26]; the bound follows from two lemmas of that paper. Put

e j = u′′(x j, t) −
h2

12
u(4)(x j, t) − (Ihu)′′(x j, t).

By [26, Lemma 2], for a uniform mesh,

e j−1 + 4e j + e j+1 = η j, 1 ≤ j ≤ N − 1, |η j| ≤ Kh4 ∥u(6)∥∞,

and the end conditions in (3.1) give e0 = eN = 0. The matrix tridiag(1, 4, 1) is strictly diagonally
dominant, so [26, Lemma 4] gives max j |e j| ≤ max j |η j|/2, and (3.2) follows. To eliminate the term u(4)

from (3.2), it is approximated by finite differences. At the interior nodes, a central difference of the
second derivative gives

u(4)(x j, t) =
(Ihu)′′(x j−1, t) − 2(Ihu)′′(x j, t) + (Ihu)′′(x j+1, t)

h2 + O(h2), 1 ≤ j ≤ N − 1. (3.3)

Because this formula cannot be applied at the two end nodes, the values there are obtained by linear
extrapolation:

u(4)(x0, t) = 2u(4)(x1, t) − u(4)(x2, t), u(4)(xN , t) = 2u(4)(xN−1, t) − u(4)(xN−2, t), (3.4)

which, after substituting (3.3), yields one-sided formulas at x0 and xN . Collecting all three cases, the
fourth derivative is approximated by

u(4)(x j, t) =
2(Ihu)′′(x0, t) − 5(Ihu)′′(x1, t) + 4(Ihu)′′(x2, t) − (Ihu)′′(x3, t)

h2 + O(h2), j = 0, (3.5)

u(4)(x j, t) =
(Ihu)′′(x j−1, t) − 2(Ihu)′′(x j, t) + (Ihu)′′(x j+1, t)

h2 + O(h2), 1 ≤ j ≤ N − 1,

u(4)(x j, t) =
2(Ihu)′′(xN , t) − 5(Ihu)′′(xN−1, t) + 4(Ihu)′′(xN−2, t) − (Ihu)′′(xN−3, t)

h2 + O(h2), j = N.

Substituting these expressions into (3.2) removes the u(4) term and gives the high-order approximation
of the second derivative [27, 28]

u′′(x0, t) =
14(Ihu)′′(x0, t) − 5(Ihu)′′(x1, t) + 4(Ihu)′′(x2, t) − (Ihu)′′(x3, t)

12
+ O(h4), j = 0, (3.6)

u′′(x j, t) =
(Ihu)′′(x j−1, t) + 10(Ihu)′′(x j, t) + (Ihu)′′(x j+1, t)

12
+ O(h4), 1 ≤ j ≤ N − 1,

u′′(xN , t) =
−(Ihu)′′(xN−3, t) + 4(Ihu)′′(xN−2, t) − 5(Ihu)′′(xN−1, t) + 14(Ihu)′′(xN , t)

12
+ O(h4), j = N.

The formulas (3.6) are those of [26, Theorem 1, (vi), (viii), (viii)′]; for u ∈ C6 and the end
conditions (3.1) they hold with error O(h4). For later reference, we denote by D(4)

h, ju(x j, t) the right-
hand side of (3.6) without the O(h4) term; that is,

D
(4)
h, ju(x j, t) =

1
12

[
(Ihu)′′(x j−1, t) + 10(Ihu)′′(x j, t) + (Ihu)′′(x j+1, t)

]
, 1 ≤ j ≤ N − 1,

with the corresponding one-sided expressions for j = 0 and j = N. Thus u′′(x j, t) = D
(4)
h, ju(x j, t)+O(h4)

for 0 ≤ j ≤ N.

AIMS Mathematics Volume 11, Issue 11, 37837–37878.



37847

4. The fully discrete scheme for the time-fractional nonlinear Schrödinger equation

As discussed in the previous sections, finding numerical solutions of the time-fractional Schrödinger
equation is of considerable importance. In this section, a numerical scheme is constructed for the
following fractional-order Schrödinger equation:

i CDγt u +
∂2u
∂x2 + |u|

2u = f (x, t), 0 < γ ≤ 1, t ≥ 0, (4.1)

together with the boundary conditions

u(a, t) = ua(t), u(b, t) = ub(t), t ≥ 0, (4.2)

and the initial condition
u(x, 0) = u0(x). (4.3)

Because u(x, t) is a complex-valued function, it can be decomposed as

u(x, t) = R(x, t) + iS (x, t), (4.4)

where R(x, t) and S (x, t) denote the real and imaginary parts, respectively. Writing u = R + iS , the
fractional time derivative takes the form

i CDγt u = i CDγt R − CDγt S . (4.5)

Similarly, the spatial and nonlinear terms become

uxx = Rxx + iS xx, |u|2u = (R2 + S 2)(R + iS ). (4.6)

When these expressions are substituted into Eq (4.1) and the real and imaginary parts are separated,
the following coupled system appears:

CDγt S − Rxx − (R2 + S 2)R = − fr(x, t), (4.7)

CDγt R + S xx + (R2 + S 2)S = fs(x, t), (4.8)

where
f (x, t) = fr(x, t) + i fs(x, t).

At the collocation points, the approximate solutions for R and S are expressed in terms of the selected
B-spline basis functions as

Rn
j = a1δ

n
j−1 + a2δ

n
j + a3δ

n
j+1, (4.9)

(Rxx)n
j = c1δ

n
j−1 + c2δ

n
j + c3δ

n
j+1,

and

S n
j = a1σ

n
j−1 + a2σ

n
j + a3σ

n
j+1, (4.10)

(S xx)n
j = c1σ

n
j−1 + c2σ

n
j + c3σ

n
j+1.
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For convenience, the nonlinear coefficient is denoted by

Zn
j = (Rn

j)
2 + (S n

j)
2, (4.11)

evaluated explicitly at the known time level tn and held fixed while computing the solution at tn+1.
This treatment keeps the algebraic system linear with respect to the unknown coefficients at tn+1.
Equations (4.7) and (4.8) may therefore be written in the compact form

CDγt S − Rxx − ZR = − fr, (4.12)

CDγt R + S xx + ZS = fs. (4.13)

The Caputo fractional derivative is now approximated by the L1 formula, and a Crank–Nicolson-type
averaging is applied to the remaining terms. The nonlinear coefficient is evaluated at the known time
level tn. Thus, Eqs (4.12) and (4.13) become

∆t−γ

Γ(2 − γ)

n∑
k=0

bk

[
S n−k+1

j − S n−k
j

]
−

(Rxx)n+1
j + (Rxx)n

j

2

− Zn
j

Rn+1
j + Rn

j

2
= − fr

(
x j, tn+ 1

2

)
(4.14)

and

∆t−γ

Γ(2 − γ)

n∑
k=0

bk

[
Rn−k+1

j − Rn−k
j

]
+

(S xx)n+1
j + (S xx)n

j

2

+ Zn
j

S n+1
j + S n

j

2
= fs

(
x j, tn+ 1

2

)
, (4.15)

where
tn+ 1

2
=

tn + tn+1

2
.

Denoting s = ∆tγΓ(2 − γ) and rearranging the terms, these equations can be written as

S n+1
j −

s
2

(Rxx)n+1
j − Zn

j
s
2

Rn+1
j = S n

j +
s
2

(Rxx)n
j + Zn

j
s
2

Rn
j

− s fr
(
x j, tn+ 1

2

)
−

n∑
k=1

bk

[
S n−k+1

j − S n−k
j

]
, (4.16)

Rn+1
j +

s
2

(S xx)n+1
j + Zn

j
s
2

S n+1
j = Rn

j −
s
2

(S xx)n
j − Zn

j
s
2

S n
j

+ s fs
(
x j, tn+ 1

2

)
−

n∑
k=1

bk

[
Rn−k+1

j − Rn−k
j

]
. (4.17)
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Substituting the B-spline approximations (4.9)-(4.10) together with the high-order formulas of
Section 3 into Eqs (4.16)-(4.17) and after some arrangements, we have

j = 0⇒



a1σ
n+1
−1 + a2σ

n+1
0 + a3σ

n+1
1 + δn+1

−1

[
− s

24 (14c1) − Zn
0

s
2a1

]
+ δn+1

0

[
− s

24 (14c2 − 5c1) − Zn
0

s
2a2

]
+δn+1

1

[
− s

24 (14c3 − 5c2 + 4c1) − Zn
0

s
2a3

]
+ δn+1

2

[
− s

24 (−5c3 + 4c2 − c1)
]

+δn+1
3

[
− s

24 (4c3 − c2)
]
+ δn+1

4

[
− s

24 (−c3)
]

= a1σ
n
−1 + a2σ

n
0 + a3σ

n
1 + δ

n
−1

[
s

24 (14c1) + Zn
0

s
2a1

]
+ δn

0

[
s

24 (14c2 − 5c1) + Zn
0

s
2a2

]
+δn

1

[
s

24 (14c3 − 5c2 + 4c1) + Zn
0

s
2a3

]
+ δn

2

[
s

24 (−5c3 + 4c2 − c1)
]

+δn
3

[
s

24 (4c3 − c2)
]
+ δn

4

[
s

24 (−c3)
]
− s fr(x0, tn+ 1

2
) −

∑n
k=1 bk

[
S n−k+1

0 − S n−k
0

]
.

(4.18)
For the interior points j = 1, 2, . . . ,N − 1, the same substitution and arrangements lead to

j = 1, 2, . . . ,N − 1⇒



a1σ
n+1
j−1 + a2σ

n+1
j + a3σ

n+1
j+1 + δ

n+1
j−2

[
− s

24 (c1)
]
+ δn+1

j−1

[
− s

24 (c2 + 10c1) − Zn
j

s
2a1

]
+δn+1

j

[
− s

24 (c3 + 10c2 + c1) − Zn
j

s
2a2

]
+ δn+1

j+1

[
− s

24 (10c3 + c2) − Zn
j

s
2a3

]
+δn+1

j+2

[
− s

24 (c3)
]

= a1σ
n
j−1 + a2σ

n
j + a3σ

n
j+1 + δ

n
j−2

[
s

24 (c1)
]
+ δn

j−1

[
s

24 (c2 + 10c1) + Zn
j

s
2a1

]
+δn

j

[
s

24 (c3 + 10c2 + c1) + Zn
j

s
2a2

]
+ δn

j+1

[
s

24 (10c3 + c2) + Zn
j

s
2a3

]
+δn

j+2

[
s

24 (c3)
]
− s fr(x j, tn+ 1

2
) −

∑n
k=1 bk

[
S n−k+1

j − S n−k
j

]
.

Finally, for the right boundary j = N,

j = N ⇒



a1σ
n+1
N−1 + a2σ

n+1
N + a3σ

n+1
N+1 + δ

n+1
N−4

[
− s

24 (−c1)
]
+ δn+1

N−3

[
− s

24 (−c2 + 4c1)
]

+δn+1
N−2

[
− s

24 (−c3 + 4c2 − 5c1)
]

+δn+1
N−1

[
− s

24 (4c3 − 5c2 + 14c1) − Zn
N

s
2a1

]
+ δn+1

N

[
− s

24 (−5c3 + 14c2) − Zn
N

s
2a2

]
+δn+1

N+1

[
− s

24 (14c3) − Zn
N

s
2a3

]
= a1σ

n
N−1 + a2σ

n
N + a3σ

n
N+1 + δ

n
N−4

[
s

24 (−c1)
]
+ δn

N−3

[
s

24 (−c2 + 4c1)
]

+δn
N−2

[
s

24 (−c3 + 4c2 − 5c1)
]
+ δn

N−1

[
s

24 (4c3 − 5c2 + 14c1) + Zn
N

s
2a1

]
+δn

N

[
s

24 (−5c3 + 14c2) + Zn
N

s
2a2

]
+ δn

N+1

[
s

24 (14c3) + Zn
N

s
2a3

]
−s fr(xN , tn+ 1

2
) −

∑n
k=1 bk

[
S n−k+1

N − S n−k
N

]
.

The same procedure is repeated for Eq (4.17). Substituting the approximations (4.9)-(4.10) together
with the high-order formulas into (4.17) produces the following:

j = 0⇒



a1δ
n+1
−1 + a2δ

n+1
0 + a3δ

n+1
1 + σn+1

−1

[
s

24 (14c1) + Zn
0

s
2a1

]
+ σn+1

0

[
s

24 (14c2 − 5c1) + Zn
0

s
2a2

]
+σn+1

1

[
s

24 (14c3 − 5c2 + 4c1) + Zn
0

s
2a3

]
+ σn+1

2

[
s

24 (−5c3 + 4c2 − c1)
]

+σn+1
3

[
s

24 (4c3 − c2)
]
+ σn+1

4

[
s

24 (−c3)
]

= a1δ
n
−1 + a2δ

n
0 + a3δ

n
1 + σ

n
−1

[
− s

24 (14c1) − Zn
0

s
2a1

]
+ σn

0

[
− s

24 (14c2 − 5c1) − Zn
0

s
2a2

]
+σn

1

[
− s

24 (14c3 − 5c2 + 4c1) − Zn
0

s
2a3

]
+ σn

2

[
− s

24 (−5c3 + 4c2 − c1)
]
+ σn

3

[
− s

24 (4c3 − c2)
]

+σn
4

[
− s

24 (−c3)
]
+ s fs(x0, tn+ 1

2
) −

∑n
k=1 bk

[
Rn−k+1

0 − Rn−k
0

]
.
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In the same way,

j = 1, 2, . . . ,N − 1⇒



a1δ
n+1
j−1 + a2δ

n+1
j + a3δ

n+1
j+1 + σ

n+1
j−2

[
s

24 (c1)
]
+ σn+1

j−1

[
s

24 (c2 + 10c1) + Zn
j

s
2a1

]
+σn+1

j

[
s

24 (c3 + 10c2 + c1) + Zn
j

s
2a2

]
+ σn+1

j+1

[
s

24 (10c3 + c2) + Zn
j

s
2a3

]
+σn+1

j+2

[
s

24 (c3)
]

= a1δ
n
j−1 + a2δ

n
j + a3δ

n
j+1 + σ

n
j−2

[
− s

24 (c1)
]
+ σn

j−1

[
− s

24 (c2 + 10c1) − Zn
j

s
2a1

]
+σn

j

[
− s

24 (c3 + 10c2 + c1) − Zn
j

s
2a2

]
+ σn

j+1

[
− s

24 (10c3 + c2) − Zn
j

s
2a3

]
+σn

j+2

[
− s

24 (c3)
]
+ s fs(x j, tn+ 1

2
) −

∑n
k=1 bk

[
Rn−k+1

j − Rn−k
j

]
,

and

j = N ⇒



a1δ
n+1
N−1 + a2δ

n+1
N + a3δ

n+1
N+1 + σ

n+1
N−4

[
s

24 (−c1)
]
+ σn+1

N−3

[
s

24 (−c2 + 4c1)
]

+σn+1
N−2

[
s

24 (−c3 + 4c2 − 5c1)
]
+ σn+1

N−1

[
s

24 (4c3 − 5c2 + 14c1) + Zn
N

s
2a1

]
+σn+1

N

[
s

24 (−5c3 + 14c2) + Zn
N

s
2a2

]
+ σn+1

N+1

[
s

24 (14c3) + Zn
N

s
2a3

]
= a1δ

n
N−1 + a2δ

n
N + a3δ

n
N+1 + σ

n
N−4

[
− s

24 (−c1)
]
+ σn

N−3

[
− s

24 (−c2 + 4c1)
]

+σn
N−2

[
− s

24 (−c3 + 4c2 − 5c1)
]
+ σn

N−1

[
− s

24 (4c3 − 5c2 + 14c1) − Zn
N

s
2a1

]
+σn

N

[
− s

24 (−5c3 + 14c2) − Zn
N

s
2a2

]
+ σn

N+1

[
− s

24 (14c3) − Zn
N

s
2a3

]
+s fs(xN , tn+ 1

2
) −

∑n
k=1 bk

[
Rn−k+1

N − Rn−k
N

]
.

The system obtained above contains 2N + 2 equations and 2N + 6 unknowns. The extra unknowns
δ−1, δN+1, σ−1, and σN+1 are eliminated by using the boundary values of the approximation functions,
which reduces the system to (2N + 2) × (2N + 2). Notice that no nonlinear iteration is required at this
stage, because the nonlinear coefficient Zn

j is already known from the previous time level. Before the
time stepping can begin, the initial coefficients need to be determined. Using the boundary conditions
u (a, t) and u (b, t), we obtain the following systems for the real and imaginary parts, respectively:

(a1δ−1 + a2δ0 + a3δ1)0 = R(x0, 0)
(a1δ0 + a2δ1 + a3δ2)0 = R(x1, 0)
...

(a1δN−1 + a2δN + a3δN+1)0 = R(xN , 0)

and
(a1σ−1 + a2σ0 + a3σ1)0 = S (x0, 0)
(a1σ0 + a2σ1 + a3σ2)0 = S (x1, 0)
...

(a1σN−1 + a2σN + a3σN+1)0 = S (xN , 0).

It should be noted that the elimination procedure used at the initial time differs from that employed
in the time-stepping scheme. At tn+1, the prescribed Dirichlet boundary values constitute information
independent of the discretized PDE residual equations above, and can therefore be used directly to
eliminate the exterior coefficients. At t = 0, however, the nodal equations above already enforce the
initial data u0(x) at every collocation point, including the boundary nodes; consequently, the boundary
value alone does not provide an independent relation at this level. The second-derivative conditions
below, which follow from the known smoothness of the initial data, supply the additional independent
information required to close the initial systems. Now, as with the main numerical scheme, we have
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(2N + 2) equations and (2N + 6) unknowns. Thus, δ0
−1, δ0

N+1, σ0
−1, and σ0

N+1 need to be eliminated
using the boundary values of R′′j (x, t) and S ′′j (x, t), to obtain two systems, each in the form of (N + 1)
equations with (N + 1) unknowns, as follows(

a2 − a1
c2
c1

)
δ0

0 +
(
a3 − a1

c3
c1

)
δ0

1 = R(x0, 0) − a1
c1

R′′(x0, 0)
a1σ

0
0 + a2σ

0
1 + a3σ

0
2 = S (x1, 0)

...(
a1 − a3

c1
c3

)
δ0

N−1 +
(
a2 − a3

c2
c3

)
δ0

N = R(xN , 0) − a3
c3

R′′(xN , 0)

and (
a2 − a1

c2
c1

)
σ0

0 +
(
a3 − a1

c3
c1

)
σ0

1 = S (x0, 0) − a1
c1

S ′′(x0, 0)
a1σ0 + a2σ1 + a3σ2 = S (x1, 0)
...(
a1 − a3

c1
c3

)
σ0

N−1 +
(
a2 − a3

c2
c3

)
σ0

N = S (xN , 0) − a3
c3

S ′′(xN , 0).

Solving these systems gives the initial vector. Thus, the time-stepping scheme is ready to run, and the
numerical solutions can be obtained at desired time level.

5. Consistency and truncation error analysis

In this section, the local consistency of the fully discrete scheme is examined. The following
regularity is assumed; it is sufficient for the argument below, although it is not claimed to be minimal.
Assumption. The exact solution u satisfies ∂k

xu ∈ C([a, b] × [0, T ]) for k = 0, . . . , 6 and ut, utt, uxxt ∈

C([a, b] × [0, T ]), and ft is bounded on [a, b] × [0, T ].
Let T n+1

j denote the residual obtained when the exact solution is substituted into the discrete
equations (4.14)-(4.15) before they are multiplied by s = ∆tγΓ(2−γ), with the second spatial derivative
replaced by the high-order approximationD(4)

h, j of Section 3.

Proposition 5.1. Let 0 < γ < 1, and assume that the exact solution of (4.1) satisfies the assumption
above. Then, the local truncation error of the fully discrete scheme satisfies

T n+1
j = O(∆t) + O(h4). (5.1)

Hence, the complete discretization is first-order consistent in time and fourth-order consistent in space.

Proof. For a sufficiently smooth function v(t), the L1 approximation of the Caputo derivative satisfies

CDγt v(tn+1) = Dγ
∆tv

n+1 + O
(
∆t 2−γ

)
, 0 < γ < 1. (5.2)

On the other hand, the Crank–Nicolson-type average provides a second-order approximation at the
temporal midpoint. However, when expressed relative to the time level tn+1, as required in the present
consistency analysis, it satisfies

vn+1 + vn

2
= v(tn+1) + O(∆t). (5.3)

Although the centered average is second-order accurate at tn+ 1
2
, the L1 derivative in the present scheme

is evaluated at tn+1. Therefore, when the fully discrete equation is compared with the differential
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equation at the same time level tn+1, this difference in temporal levels introduces an O(∆t) consistency
term. Furthermore, the nonlinear coefficient is evaluated explicitly at the previous time level,

Zn
j = (Rn

j)
2 + (S n

j)
2 = Z(x j, tn+1) + O(∆t), (5.4)

for a sufficiently smooth solution. Thus, the frozen treatment of the nonlinear coefficient also
contributes an O(∆t) term. Finally, the source term is evaluated at the midpoint tn+ 1

2
in the discrete

equations and at f (x j, tn+ 1
2
) = f (x j, tn+1) + O(∆t), which is again an O(∆t) contribution. For the spatial

discretization, the high-order approximation derived in Section 3 gives

uxx(x j, t) = D
(4)
h, ju(x j, t) + O(h4) (5.5)

under the stated spatial smoothness assumptions. Combining these contributions, the local residual of
the complete scheme satisfies

T n+1
j = O

(
∆t 2−γ

)
+ O(∆t) + O(h4)

= O(∆t + h4), 0 < γ < 1 (5.6)

because 2 − γ > 1. This proves (5.1). □

Remark 5.2. The estimate in Proposition 5.1 is a local consistency result and should not be interpreted
as a global convergence theorem. In particular, the O(∆t 2−γ) accuracy of the L1 formula alone does
not determine the temporal order of the complete scheme. Owing to the temporal-level treatment of
the remaining terms and the frozen nonlinear coefficient, the full discretization is first-order consistent
in time. The fourth-order statement refers to the spatial discretization.

6. Fourier resolvent analysis

In this section, we investigate the Fourier resolvent associated with the linearized form of the
proposed numerical scheme. Because the nonlinear coefficient depends on the numerical solution,
the quantity

Z = R2 + S 2

is frozen and regarded as a real constant during the analysis. It is important to distinguish the present
analysis from the classical von Neumann amplification-factor argument. For 0 < γ < 1, the L1
approximation of the Caputo derivative contains a discrete convolution involving all previous time
levels. Consequently, a Fourier mode cannot in general be represented by a single time-independent
amplification factor. We therefore work directly with the complete fractional convolution recurrence
and its generating function.

Notation. In this section, i denotes the imaginary unit, j the spatial index, and n the time level. The
numbers bk = (k + 1)1−γ − k1−γ are the L1 weights of Section 2, and s = ∆tγΓ(2 − γ) is the parameter
introduced in Section 4. The constant Z is the frozen nonlinear coefficient. A Fourier mode of wave
number θ has the amplitudes Pn and Wn for the real and imaginary parts, and ζn = Pn + iWn is the
complex amplitude. The real symbols A(θ) and B(θ) and their ratio ρ(θ) are defined below, Bγ(z) is the
generating function of the L1 weights, andZ(z) is the generating function of the amplitudes ζn.

AIMS Mathematics Volume 11, Issue 11, 37837–37878.



37853

Let
Rn

j = Pnei jθ, S n
j = Wnei jθ, (6.1)

where θ is the Fourier wave number and Pn and Wn are time-dependent Fourier amplitudes. For a
symmetric B-spline basis, define

A(θ) = a2 + 2a1 cos θ (6.2)

and
C4(θ) =

5 + cos θ
6

(c2 + 2c1 cos θ) . (6.3)

The factor (5 + cos θ)/6 is real and positive for every θ. We further define

B(θ) =
s
2

[C4(θ) + ZA(θ)] , (6.4)

where s is the time-discretization parameter appearing in the fully discrete scheme. Because the spline
coefficients are real and symmetric and, Z is real, both A(θ) and B(θ) are real. Substitution of (6.1) into
the homogeneous linearized difference equations gives

A
n∑

k=0

bk

(
Wn−k+1 −Wn−k

)
= B

(
Pn+1 + Pn

)
, (6.5)

A
n∑

k=0

bk

(
Pn−k+1 − Pn−k

)
= −B

(
Wn+1 +Wn

)
. (6.6)

Introducing the complex Fourier amplitude

ζn = Pn + iWn. (6.7)

Equations (6.5)-(6.6) can be combined as

A
n∑

k=0

bk

(
ζn−k+1 − ζn−k

)
= iB

(
ζn+1 + ζn

)
. (6.8)

Equivalently,

(A − iB)ζn+1 = (A + iB)ζn − A
n∑

k=1

bk

(
ζn−k+1 − ζn−k

)
. (6.9)

For n = 0, the memory sum is empty, and hence,

ζ1 =
A + iB
A − iB

ζ0. (6.10)

Because A, B ∈ R, ∣∣∣∣∣A + iB
A − iB

∣∣∣∣∣ = 1. (6.11)

Equation (6.11) is only a one-step identity. In the fractional case, it must not be interpreted as a
time-independent amplification factor for all subsequent time levels because the memory term in (6.9)
contains the complete history of the Fourier amplitudes.
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6.1. Generating function of the L1 weights

For 0 < γ < 1, the L1 coefficients are

bk = (k + 1)1−γ − k1−γ, k = 0, 1, 2, . . . . (6.12)

Define

Bγ(z) =
∞∑

k=0

bkzk, |z| < 1. (6.13)

The following positivity property will be used to locate the zeros of the Fourier resolvent denominator.

Lemma 6.1. For 0 < γ < 1,

Re
[
1 − z
1 + z

Bγ(z)
]
> 0, |z| < 1. (6.14)

Proof. From (6.12),

bk = (1 − γ)
∫ k+1

k
τ−γ dτ. (6.15)

Using

τ−γ =
1
Γ(γ)

∫ ∞

0
tγ−1e−τt dt,

we obtain
bk =

1 − γ
Γ(γ)

∫ ∞

0
tγ−2(1 − e−t)e−kt dt. (6.16)

With x = e−t, this can be written as

bk =

∫ 1

0
xk dµγ(x), (6.17)

where
dµγ(x) =

1 − γ
Γ(γ)

(1 − x)(− ln x)γ−2 dx
x

(6.18)

is a positive measure on (0, 1). Consequently,

Bγ(z) =
∫ 1

0

1
1 − xz

dµγ(x), |z| < 1. (6.19)

Hence,
1 − z
1 + z

Bγ(z) =
∫ 1

0

1 − z
(1 + z)(1 − xz)

dµγ(x). (6.20)

Let z = a + ib. A direct calculation gives

Re
[

1 − z
(1 + z)(1 − xz)

]
=

(1 − |z|2)(1 − x Re z) + 2x(Im z)2

|1 + z|2|1 − xz|2
. (6.21)

For |z| < 1 and 0 ≤ x ≤ 1,

1 − |z|2 > 0, and 1 − x Re z ≥ 1 − x|z| > 0,

and 2x(Im z)2 ≥ 0, and the denominator in (6.21) is strictly positive. Therefore,

Re
[

1 − z
(1 + z)(1 − xz)

]
> 0.

Because dµγ is a positive measure, integration in (6.20) yields (6.14). □
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6.2. Fourier resolvent

Assume that A(θ) > 0, as verified below for the spline bases used in this study, and define

ρ(θ) =
B(θ)
A(θ)

∈ R. (6.22)

Dividing (6.8) by A gives
n∑

k=0

bk

(
ζn−k+1 − ζn−k

)
= iρ

(
ζn+1 + ζn

)
. (6.23)

Introduce the generating function

Z(z) =
∞∑

n=0

ζnzn. (6.24)

Using
∞∑

n=0

(ζn+1 − ζn)zn =
(1 − z)Z(z) − ζ0

z
(6.25)

and
∞∑

n=0

(ζn+1 + ζn)zn =
(1 + z)Z(z) − ζ0

z
, (6.26)

the generating-function form of (6.23) becomes

Bγ(z)
[
(1 − z)Z(z) − ζ0

]
= iρ

[
(1 + z)Z(z) − ζ0

]
. (6.27)

Therefore,

Z(z) = ζ0 Bγ(z) − iρ
(1 − z)Bγ(z) − iρ(1 + z)

. (6.28)

Define
∆ρ(z) = (1 − z)Bγ(z) − iρ(1 + z). (6.29)

Theorem 6.2. Let 0 < γ < 1, let ρ ∈ R, and assume A(θ) > 0. Then,

∆ρ(z) , 0, |z| < 1. (6.30)

Thus, the Fourier resolvent has no pole in the open unit disk for any real value of the Fourier
parameter ρ.

Proof. Suppose that
∆ρ(z) = 0

for some |z| < 1. Then,
(1 − z)Bγ(z) = iρ(1 + z).

Because 1 + z , 0 in the open unit disk,

1 − z
1 + z

Bγ(z) = iρ. (6.31)
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The right-hand side has zero real part because ρ ∈ R, whereas Lemma 6.1 gives

Re
[
1 − z
1 + z

Bγ(z)
]
> 0.

This is a contradiction. Hence
∆ρ(z) , 0, |z| < 1.

□

Remark 6.3. Theorem 6.2 concerns the location of the poles of the discrete Fourier resolvent. No
condition coupling the temporal step size with the spatial mesh size is required to establish (6.30).
However, pole-freeness of the generating function in the open unit disk does not by itself provide
a uniform bound on its Taylor coefficients. Therefore, Theorem 6.2 is not interpreted as a proof of
unconditional stability in the stronger sense

sup
n≥0
|ζn| ≤ C|ζ0|.

Accordingly, no unconditional stability claim is made for the fractional scheme on the basis of the
present resolvent analysis.

6.3. Behavior on the boundary and at ρ = 0

The zeros of ∆ρ are also excluded on the unit circle itself. For z = eiφ with 0 < |φ| < π, the same
moment representation (6.19) gives

ImBγ(eiφ) = sinφ
∫ 1

0

x
|1 − xeiφ|2

dµγ(x),

and, because
1 − eiφ

1 + eiφ = −i tan
φ

2
,

we obtain

Re
[
1 − eiφ

1 + eiφBγ(e
iφ)

]
= (1 − cosφ)

∫ 1

0

x
|1 − xeiφ|2

dµγ(x) > 0.

Therefore,
∆ρ(eiφ) , 0, 0 < |φ| < π.

At z = −1,

∆ρ(−1) = 2Bγ(−1) = 2
∫ 1

0

1
1 + x

dµγ(x) > 0.

For ρ , 0, as z→ 1 from within the unit disk,

(1 − z)Bγ(z)→ 0, −iρ(1 + z)→ −2iρ,

so the limiting denominator remains nonzero. When ρ = 0, (6.23) reduces to
n∑

k=0

bk

(
ζn−k+1 − ζn−k

)
= 0.
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Starting from n = 0 and proceeding recursively gives

ζn = ζ0, n ≥ 0.

Thus, the zero-symbol mode is represented by the constant Fourier sequence.

6.4. Positivity of the spatial symbol

It remains to confirm A(θ) > 0 for the spline families of Section 2. For the cubic B-spline,

A(θ) = 4 + 2 cos θ ≥ 2 > 0

for every θ. For the trigonometric cubic B-spline, using a2 = 4a1 cos(h/2) from Section 2, we obtain

A(θ) = 2a1

[
cos θ + 2 cos

(
h
2

)]
.

Under the admissible mesh condition
0 < h <

2π
3
,

we have a1 > 0 and 2 cos(h/2) − 1 > 0, and hence, A(θ) > 0. For the uniform hyperbolic polynomial
B-spline, a1, a2 > 0 for h > 0. Moreover,

A(θ) ≥ a2 − 2a1 =
h(cosh h + 1) − 2 sinh h

h(cosh h − 1)
> 0,

where the last inequality follows by writing h = 2y and using the monotonicity of y cosh y − sinh y
for y > 0. Thus, A(θ) > 0 holds for all three spline families under their respective admissible mesh
conditions, and consequently,

ρ(θ) =
B(θ)
A(θ)

is real and finite for every Fourier mode. The restriction 0 < h < 2π/3 for the trigonometric cubic
B-spline is a spatial admissibility condition on the spline coefficients, not a Courant–Friedrichs–Lewy
(CFL) type condition coupling ∆t and h.

6.5. Classical limit γ = 1

For γ = 1, the memory term disappears, and (6.23) reduces to

ζn+1 − ζn = iρ(ζn+1 + ζn).

Hence,

ζn+1 =
1 + iρ
1 − iρ

ζn,

with ∣∣∣∣∣1 + iρ
1 − iρ

∣∣∣∣∣ = 1.

Thus, the usual neutral Fourier stability property of the classical Crank–Nicolson limit is recovered for
γ = 1.
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7. Numerical results

In this section, the performance of the proposed numerical method is investigated through three test
problems. The accuracy and reliability of the method are evaluated by considering the L2 and L∞ error
norms, convergence rates, and comparisons with existing numerical results reported in the literature.
In addition, temporal and spatial refinement studies are considered separately in order to examine the
consistency behavior discussed in Section 5. The first two test problems involve sufficiently smooth
solutions, whereas the third problem involves a solution with limited temporal regularity and is used to
investigate the numerical behavior of the method in the presence of a weak initial singularity.

For the numerical experiments, the computational domain is divided into a uniform mesh with
spatial step size h and time step size ∆t. The accuracy of the proposed scheme is measured using the
following error norms:

L2 =

h N∑
j=0

|u j − U j|
2


1/2

,

and
L∞ = max

0≤ j≤N
|u j − U j|,

where u j and U j represent the exact and numerical solutions, respectively, at the nodal points (x j, tn).
The rate of convergence (RoC) is calculated by

RoC =
log(Eq1/Eq2)
log(q1/q2)

,

where Eq denotes the corresponding error norm, and q represents the refinement parameter. Thus,
q = h is used for the spatial convergence tests, whereas q = ∆t is used for the temporal convergence
tests.

7.1. Problem 1

As a first test problem, the time-fractional nonlinear Schrödinger equation

i
∂γu
∂tγ
+
∂2u
∂x2 + |u|

2 u = f (x, t), 0 < γ ≤ 1, and t ≥ 0 (7.1)

is considered on the interval [0, 1] with the boundary conditions

u(0, t) = it2, u(1, t) = it2, t ≥ 0 (7.2)

and the initial condition
u(x, 0) = 0. (7.3)

The exact solution of this problem is

u(x, t) = t2 (sin(2πx) + i cos(2πx)) , (7.4)
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and the corresponding source term is

f (x, t) = −2
t2−γ

Γ(3 − γ)
cos(2πx) + (t6 − 4π2t2) sin(2πx)

+i
(
2

t2−γ

Γ(3 − γ)
sin(2πx) + (t6 − 4π2t2) cos(2πx)

)
.

(7.5)

Tables 1 and 2 present the numerical and exact solutions of the real and imaginary parts, respectively,
obtained with N = 50, ∆t = 0.001, and t f = 1 for γ = 0.1, 0.3, 0.7, 0.9. The numerical solutions are in
close agreement with the exact solution for all considered values of the fractional order. For the real
part, the L2 and L∞ errors remain small for all tested values of γ. The pointwise errors vary slightly
with the fractional order and spatial position, without showing a uniform monotonic dependence on γ.

For the imaginary part, the errors remain small over the considered values of γ. Both error norms
decrease as γ increases, with L∞ decreasing from approximately 1.39×10−4 at γ = 0.1 to approximately
1.00 × 10−4 at γ = 0.9. Overall, Tables 1 and 2 show that the numerical solution remains close to the
exact solution for all tested values of the fractional order.

Table 1. Comparison of numerical and exact solutions for the real part of Problem 1 for
N = 50, ∆t = 0.001, t f = 1, and different values of γ.

x γ = 0.1 γ = 0.3 γ = 0.7 γ = 0.9 Exact solution

0.0 0.000000 0.000000 0.000000 0.000000 0.000000

0.1 0.587755 0.587754 0.587748 0.587743 0.587785

0.2 0.951017 0.951015 0.951003 0.950989 0.951057

0.3 0.951031 0.951028 0.951011 0.950988 0.951057

0.4 0.587792 0.587788 0.587768 0.587737 0.587785

0.5 0.000045 0.000041 0.000019 −0.000015 0.000000

0.6 −0.587711 −0.587715 −0.587736 −0.587768 −0.587785

0.7 −0.950974 −0.950977 −0.950995 −0.951020 −0.951057

0.8 −0.950989 −0.950991 −0.951004 −0.951019 −0.951057

0.9 −0.587749 −0.587751 −0.587757 −0.587763 −0.587785

1.0 0.000000 0.000000 0.000000 0.000000 0.000000

L2 4.82899135e − 05 4.68923843e − 05 4.09051615e − 05 4.14293819e − 05

L∞ 8.28566013e − 05 7.95722606e − 05 6.18037040e − 05 7.13536981e − 05
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Table 2. Comparison of numerical and exact solutions for the imaginary part of Problem 1
for N = 50, ∆t = 0.001, t f = 1, and different values of γ.

x γ = 0.1 γ = 0.3 γ = 0.7 γ = 0.9 Exact solution

0.0 1.000000 1.000000 1.000000 1.000000 1.000000

0.1 0.809050 0.809050 0.809043 0.809030 0.809017

0.2 0.309093 0.309092 0.309080 0.309058 0.309017

0.3 −0.308902 −0.308903 −0.308919 −0.308945 −0.309017

0.4 −0.808880 −0.808881 −0.808898 −0.808922 −0.809017

0.5 −0.999866 −0.999868 −0.999883 −0.999901 −1.000000

0.6 −0.808910 −0.808912 −0.808924 −0.808933 −0.809017

0.7 −0.308950 −0.308953 −0.308961 −0.308963 −0.309017

0.8 0.309044 0.309043 0.309038 0.309040 0.309017

0.9 0.809020 0.809019 0.809017 0.809019 0.809017

1.0 1.000000 1.000000 1.000000 1.000000 1.000000

L2 8.56477485e − 05 8.45880849e − 05 7.38200661e − 05 6.03052743e − 05

L∞ 1.38863425e − 04 1.37467045e − 04 1.21277943e − 04 1.00218596e − 04

Tables 3 and 4 report the numerical and exact solutions of the real and imaginary parts for ∆t =
0.002, t f = 1, and γ = 0.5 to examine the behavior of the spatial discretization. The time step is
kept fixed, and only the spatial mesh is refined, with the number of subintervals increased through N =
10, 20, 40, 80. For the real part, the L2 error drops from nearly 3.52×10−4 at N = 10 to nearly 1.03×10−4

at N = 20, and the imaginary part improves more sharply, from nearly 1.07×10−3 to nearly 2.04×10−4

over the same refinement. However, for N = 40 and N = 80, the errors show only minor variations;
for example, the real part L2 norm changes only from 8.88 × 10−5 to 8.79 × 10−5 between N = 40 and
N = 80. Because ∆t is kept constant, the temporal error remains fixed while the spatial error decreases
with increasing N. Therefore, further spatial refinement produces no significant reduction in the total
error, indicating that the remaining error is increasingly dominated by the temporal discretization error
associated with the fixed value of ∆t.

Tables 5 and 6 show the error norms and temporal convergence rates of the real and imaginary parts
for a fixed spatial mesh N = 40 at t = 0.25 with γ = 0.5, whereas the time step is reduced from
∆t = 0.01 to ∆t = 0.001. The spatial mesh is kept fixed so that the effect of temporal refinement on the
accuracy of the scheme can be observed. It can be seen from the tables that both error norms decrease
steadily as ∆t is refined. For the real part, the L2 error decreases from approximately 1.56 × 10−4 at
∆t = 0.01 to approximately 1.66 × 10−5 at ∆t = 0.001, and for the imaginary part, it decreases from
approximately 1.10 × 10−4 to approximately 1.04 × 10−5. The computed convergence rates remain
close to one for both components. This numerical behavior is consistent with the first-order temporal
consistency of the complete discretization discussed in Section 5. For γ = 0.5, the L1 formula alone
would give the rate 2 − γ = 1.5; the observed rates close to one show that the temporal order of the
complete scheme is determined by the time-level treatment of the remaining terms and not by the L1
formula.
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Table 3. Comparison of numerical and exact solutions for the real part of Problem 1 for
∆t = 0.002, t f = 1, γ = 0.5, and different values of N.

x N = 10 N = 20 N = 40 N = 80 Exact solution

0.0 0.000000 0.000000 0.000000 0.000000 0.000000
0.1 0.587553 0.587699 0.587717 0.587718 0.587785
0.2 0.950494 0.950930 0.950963 0.950965 0.951057
0.3 0.950410 0.950950 0.950986 0.950988 0.951057
0.4 0.587281 0.587748 0.587776 0.587778 0.587785
0.5 −0.000214 0.000053 0.000066 0.000067 0.000000
0.6 −0.587698 −0.587656 −0.587659 −0.587660 −0.587785
0.7 −0.950791 −0.950896 −0.950910 −0.950912 −0.951057
0.8 −0.950799 −0.950918 −0.950936 −0.950937 −0.951057
0.9 −0.587733 −0.587711 −0.587722 −0.587722 −0.587785
1.0 0.000000 0.000000 0.000000 0.000000 0.000000

L2 3.51638218e − 04 1.03011279e − 04 8.87767261e − 05 8.79066063e − 05
L∞ 6.46794844e − 04 1.60739592e − 04 1.46025816e − 04 1.45080618e − 04

Table 4. Comparison of numerical and exact solutions for the imaginary part of Problem 1
for ∆t = 0.002, t f = 1, γ = 0.5, and different values of N.

x N = 10 N = 20 N = 40 N = 80 Exact solution

0.0 1.000000 1.000000 1.000000 1.000000 1.000000
0.1 0.809518 0.809091 0.809079 0.809078 0.809017
0.2 0.309831 0.309188 0.309080 0.309160 0.309017
0.3 −0.307812 −0.308752 −0.308797 −0.308800 −0.309017
0.4 −0.807513 −0.808694 −0.808755 −0.808758 −0.809017
0.5 −0.998399 −0.999678 −0.999744 −0.999748 −1.000000
0.6 −0.807560 −0.808753 −0.808814 −0.808818 −0.809017
0.7 −0.307886 −0.308847 −0.308894 −0.308897 −0.309017
0.8 0.309758 0.309093 0.309064 0.309063 0.309017
0.9 0.809472 0.809032 0.809019 0.809018 0.809017
1.0 1.000000 1.000000 1.000000 1.000000 1.000000

L2 1.06542121e − 03 2.04451254e − 04 1.62991288e − 04 1.60635816e − 04
L∞ 1.60074768e − 03 3.30377110e − 04 2.65532336e − 04 2.62210047e − 04

Table 5. Error norms and temporal convergence rates for the real part of Problem 1 for
N = 40, t = 0.25, γ = 0.5, and different values of ∆t.

∆t L2 RoC L∞ RoC
0.0100 1.56445811e − 04 − 2.56989099e − 04 −

0.0050 8.03399890e − 05 0.962 1.31936913e − 04 0.962
0.0025 4.09332489e − 05 0.973 6.70326467e − 05 0.977
0.0020 3.29022105e − 05 0.979 5.38565582e − 05 0.981
0.0010 1.66354421e − 05 0.984 2.72162141e − 05 0.985
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Table 6. Error norms and temporal convergence rates for the imaginary part of Problem 1
for N = 40, t = 0.25, γ = 0.5, and different values of ∆t.

∆t L2 RoC L∞ RoC

0.0100 1.09615721e − 04 − 1.90264776e − 04 −

0.0050 5.27381458e − 05 1.056 8.99652352e − 05 1.080
0.0025 2.60415843e − 05 1.018 4.37954386e − 05 1.039
0.0020 2.08164620e − 05 1.003 3.49094790e − 05 1.018
0.0010 1.04292037e − 05 0.997 1.73879718e − 05 1.006

Table 7 compares the error norms obtained by the present method with previously reported
numerical results for the same test problem.

Table 7. Comparison of the L∞ error norms of the present method with those reported in the
literature for Problem 1 for N = 40, t = 1, ∆t = 0.002.

γ = 0.1 γ = 0.3

L∞ Real part Imaginary part Real part Imaginary part
Present method 1.6594e − 04 2.7894e − 04 1.5922e − 04 2.7599e − 04
[29](Collocation) 4.2147e − 04 4.8592e − 04 4.7631e − 04 4.5151e − 04
[29] (Galerkin) 2.8117e − 03 5.4323e − 03 2.9432e − 03 5.3688e − 03
[10] 2.8536e − 03 2.1753e − 03 2.8610e − 03 2.1771e − 03

Under the parameter settings listed in Table 7, the present computations produce errors that
are comparable to, and in several cases smaller than, the reported values. These comparisons
provide a numerical reference for the performance of the proposed method. However, because the
compared approaches may differ in their spatial and temporal discretizations, parameter choices, and
implementations, the results should not be interpreted as a general ranking of the numerical methods.
Table 8 presents the spatial convergence behavior of the method for γ = 0.5 at t f = 1. In this
experiment, a sufficiently small time step, ∆t = 0.00005, is kept fixed as the spatial mesh is refined
from N = 5 to N = 20. The errors decrease rapidly with spatial refinement. For the real part, the
observed L∞ convergence rates are approximately 4.18 and 3.86, whereas for the imaginary part, they
are approximately 3.92 and 4.14. Thus, the observed spatial rates are close to four and are consistent
with the fourth-order spatial consistency of the high-order approximation discussed in Section 5.

Table 8. Maximum error norms and convergence rates for the real and imaginary parts of
Problem 1 for t = 1, ∆t = 0.00005, γ = 0.5, and different values of N.

N L∞(R) RoC L∞(S ) RoC

5 1.05290500e − 02 − 2.05251653e − 02 −

10 5.80349703e − 04 4.18 1.35728154e − 03 3.92
20 4.00974039e − 05 3.86 7.70858771e − 05 4.14

Table 9 extends the spatial convergence check of Table 8 to N = 40 and to a smaller time step for
the real part. The observed rates (3.89 and 3.52 for ∆t = 2.5×10−5; 3.90 and 3.74 for ∆t = 1.25×10−5)
remain close to four but decrease slightly between N = 20 and N = 40; this is consistent with the fixed
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time step contributing a temporal error of O(∆t), whose relative weight grows as the O(h4) spatial error
shrinks. Halving ∆t reduces this contamination and brings the observed rate closer to four, as seen in
the table.

Table 9. Maximum absolute errors and spatial convergence rates for the real part of
Problem 1 with γ = 0.5 and t f = 1, using two sufficiently small fixed time steps.

∆t N = 10 N = 20 RoC N = 40 RoC

0.000025 5.7953e − 04 3.9178e − 05 3.89 3.4240e − 06 3.52

0.0000125 5.7912e − 04 3.8766e − 05 3.90 2.9008e − 06 3.74

Tables 10 and 11 present additional refinement experiments in which the time step is selected
according to the balanced refinement relation ∆t = Ch4 so that the first-order temporal consistency
error O(∆t) and the fourth-order spatial consistency error O(h4) are of the same order. Under this
joint-refinement strategy, both contributions to the local consistency error discussed in Section 5 scale
as O(h4), and the observed convergence rates are therefore expected to approach four as the mesh is
refined.

Table 10. Maximum absolute errors and convergence rates for the real part of Problem 1
under the joint-refinement strategy ∆t = Ch4, with γ = 0.8 and t f = 1.

N ∆t L∞ RoC

10 1/5 1.9210290694e-02 −

20 1/80 8.4453392092e-04 4.51
40 1/1280 4.7941553789e-05 4.13
80 1/20480 2.8869101609e-06 4.05

Table 11. Maximum absolute errors and convergence rates for the imaginary part of
Problem 1 under the joint-refinement strategy ∆t = Ch4, with γ = 0.5 and t f = 1.

N ∆t L∞ RoC

10 1/5 3.5386701584e-02 −

20 1/80 1.7456730670e-03 4.34
40 1/1280 1.0591314509e-04 4.04
80 1/20480 6.6181057330e-06 4.00

As shown in Tables 10 and 11, the observed rates approach four as N increases for both the real
and the imaginary parts (4.51 → 4.13 → 4.05 and 4.34 → 4.04 → 4.00, respectively). These
results are consistent with the combined error behavior predicted by the local consistency analysis of
Section 5 under the relation ∆t = Ch4. Tables 12 and 13 present numerical results obtained using
cubic, trigonometric cubic, and uniform hyperbolic polynomial B-spline bases. In both tables, the time
step is small enough, ∆t = 0.000025, for the spatial error to be visible, and the two tables use identical
parameters (γ = 0.8; t f = 0.5; N = 4, 8, 16), differing only in the solution component considered.
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Table 12. Comparison of the L2 and L∞ error norms for the real part of Problem 1 using
different B-spline bases at t f = 0.5, γ = 0.8, and ∆t = 0.000025 for various values of N.

Trigonometric Cubic Hyperbolic

N = 4

L2 6.9770270065e − 03 5.1211056908e − 03 4.4846383633e − 03
L∞ 1.0113925127e − 02 8.2497282110e − 03 7.5086940099e − 03

N = 8
L2 4.9398668344e − 04 1.8774987329e − 04 4.1336658991e − 04
L∞ 7.6494319840e − 04 3.3450056310e − 04 7.3300402285e − 04

N = 16
L2 1.4866601699e − 04 1.2843672021e − 05 7.7637089231e − 05
L∞ 2.5364903384e − 04 2.2715519706e − 05 1.3347330006e − 04

From N = 4 to N = 8 and from N = 8 to N = 16, the observed L2 rates are 4.77 and 3.87 for the
cubic B-spline, 3.82 and 1.73 for the trigonometric cubic B-spline, and 3.44 and 2.41 for the uniform
hyperbolic polynomial B-spline; only the cubic B-spline remains close to the fourth order at the finer
mesh. Table 13 reports the corresponding errors for the imaginary part. The relative errors of the three
spline bases again depend on the spatial discretization.

Table 13. Comparison of the error norms for the imaginary part of Problem 1 using cubic,
trigonometric cubic, and uniform hyperbolic polynomial B-spline bases for γ = 0.8, ∆t =
0.000025, t f = 0.5, and different values of N.

Trigonometric Cubic Hyperbolic

N = 4
L2 9.6451326787e − 04 3.7694810857e − 03 4.9365467020e − 03
L∞ 1.4442817515e − 03 6.1702942393e − 03 8.1090626111e − 03

N = 8
L2 4.4598858053e − 04 4.7542709947e − 04 8.2685263799e − 04
L∞ 7.8176697428e − 04 6.8625353072e − 04 1.2739755871e − 03

N = 16
L2 2.0817059452e − 04 2.2675962059e − 05 1.1523404335e − 04
L∞ 3.4370847415e − 04 3.5518774642e − 05 1.8789394904e − 04

For N = 4, the trigonometric cubic B-spline produces the smallest reported errors, whereas at
N = 16, the smallest reported errors are obtained with the cubic B-spline. Thus, the relative error levels
of the three bases vary with the discretization parameters considered. Between N = 4 and N = 16,
the observed L2 rates are 2.99 and 4.39 for the cubic B-spline, 1.11 and 1.10 for the trigonometric
cubic B-spline, and 2.58 and 2.84 for the uniform hyperbolic polynomial B-spline. Thus, only the
cubic B-spline approaches the fourth order in this experiment, in agreement with the fact that the
analysis of Section 5 concerns the corrected cubic B-spline approximation. It should be emphasized
that the fourth-order spatial consistency analysis presented in Section 5 is associated with the corrected
cubic B-spline spatial approximation. The trigonometric cubic and uniform hyperbolic polynomial
B-spline results in Tables 12 and 13 are included only as numerical comparisons; no identical fourth-
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order consistency property is inferred for these alternative bases from the cubic B-spline analysis. The
graphical results for Problem 1 are provided to visualize the behavior of the numerical solution and the
numerical error. Figure 1 compares the numerical and exact solutions of the real and imaginary parts
of Problem 1, obtained with N = 50, ∆t = 0.001, and γ = 0.5 at t f = 1. Consistent with the small error
norms reported in the tables, the differences between the numerical and exact solutions are not visually
distinguishable, and the corresponding curves nearly overlap for both the real and imaginary parts.

0 0.2 0.4 0.6 0.8 1
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(a) Real part
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(b) Imaginary part

Figure 1. Comparison of the numerical solution (circles) and the exact solution (solid line)
for the real and imaginary parts of Problem 1 for N = 50, ∆t = 0.001, and γ = 0.5 at t f = 1.

Figure 2a,2b depicts the distribution of the absolute errors along the domain at t = 1 for the real
and imaginary parts of Problem 1, respectively, for N = 20; ∆t = 0.01; and γ = 0.1, 0.3, 0.5, 0.7, 0.9.
In these figures, the error is zero at the two endpoints of the domain in accordance with the prescribed
boundary conditions and increases in the interior. The error of the real part exhibits two dominant
peaks located in the first and second halves of the interval. The ordering of the curves with respect to γ
changes across the domain. Near the first peak, the error is largest for γ = 0.9 and smallest for γ = 0.1,
whereas near the second peak, this ordering is reversed. For the imaginary part, a single dominant
peak appears in the interior of the interval. The maximum error is obtained for γ = 0.1, and the error
generally decreases as γ increases, with γ = 0.9 producing the smallest error over most of the interval.
These plots indicate that for this test problem, the fractional order affects not only the magnitude but
also the spatial distribution of the numerical error.

Figure 3a,3b presents the numerical solution of Problem 1 as surfaces over the space–time plane
for the real and imaginary parts, respectively, obtained with N = 20, ∆t = 0.01, and γ = 0.5. Both
surfaces start from the zero initial condition at t = 0 and gradually develop the spatial profile of the
solution as time increases. For the real part, the solution develops a positive peak in the first half of the
interval and a negative peak in the second half. The imaginary part develops the corresponding spatial
profile with increasing amplitude as time increases, in accordance with the t2 dependence of the exact
solution.

Figure 4 shows the L∞ error against the mesh size h on a logarithmic scale for the real and imaginary
parts of Problem 1, with γ = 0.5 and ∆t = 0.00005. The error curves are approximately parallel to
the reference line of slope four. This behavior is consistent with the approximately fourth-order spatial
rates reported in Table 8 and with the fourth-order spatial consistency of the high-order approximation
discussed in Section 5.
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Figure 2. Distribution of the absolute error at t = 1 for the real part (top) and the imaginary
part (bottom) of Problem 1 for N = 20; ∆t = 0.01; and γ = 0.1, 0.3, 0.5, 0.7, 0.9.
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Figure 3. Space–time surfaces of the numerical solution for the real part (left) and the
imaginary part (right) of Problem 1 for N = 20, ∆t = 0.01, and γ = 0.5.
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Figure 4. L∞ error versus mesh size h for the real and imaginary parts of Problem 1 for
γ = 0.5 and ∆t = 0.00005. The dashed reference line has slope four.

In none of the computations reported in this section was a spurious oscillation observed, and for
Problem 1, the error is largest at the final time decreases with the time step, and the error distributions
in Figure 2a,2b show no oscillations. Additional computations for Problem 1 with γ = 0.5 and N = 100
show, however, that for a longer final time, the time step must be sufficiently small. At t f = 1.5, the
error decreases, with the time step with rates approaching one. At t f = 2, where the exact solution
has modulus |u| = 4, the errors at ∆t = 0.05 and ∆t = 0.00625 are 25 and 0.16, respectively, that
is, larger than the solution itself in the first case. This is consistent with the explicit treatment of the
nonlinear coefficient and with the fact that no unconditional stability is claimed. These are numerical
observations and do not constitute a stability analysis of the nonlinear scheme.

7.2. Problem 2

As a second test problem, the time-fractional nonlinear Schrödinger equation (1.1) is considered on
[0, 1] × [0, 1] with the initial condition

u(x, 0) = 0 (7.6)

and the boundary conditions
u(0, t) = 0, u(1, t) = it2, t ≥ 0. (7.7)

For this problem, the exact solution is taken as

u(x, t) = t2
(
(1 − x)x + ix2

)
, (7.8)

and the corresponding source term is

f (x, t) = −2
t2−γ

Γ(3 − γ)
x2 − 2t2 + t6x3(1 − x)

(
(1 − x)2 + x2

)
+i

(
2

t2−γ

Γ(3 − γ)
(1 − x)x + t6x4

(
x2 + (1 − x)2

)
+ 2t2

)
.

(7.9)

Tables 14 and 15 present the numerical and exact solutions of the real and imaginary parts of Problem 2
for N = 50, ∆t = 0.001, and t f = 1 at γ = 0.1, 0.3, 0.7, 0.9. At every node, the numerical values are
in close agreement with the exact solution. For the real part, the error norms remain of order 10−5

for all the fractional orders considered. Although the errors do not vary monotonically with γ, the
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smallest errors among the reported values are obtained at γ = 0.9, where the L∞ error is approximately
2.17 × 10−5. For the imaginary part, the L2 errors are of order 10−6, and the smallest reported L2 and
L∞ errors occur at γ = 0.7. Overall, the errors in the imaginary part are smaller than those in the real
part for the parameter values considered in these tables.

Table 14. Comparison of numerical and exact solutions for the real part of Problem 2 for
N = 50, ∆t = 0.001, t f = 1, and different values of γ.

x γ = 0.1 γ = 0.3 γ = 0.7 γ = 0.9 Exact solution

0.0 0.000000 0.000000 0.000000 0.000000 0.000000
0.1 0.089989 0.089989 0.089991 0.089996 0.090000
0.2 0.159979 0.159978 0.159982 0.159992 0.160000
0.3 0.209968 0.209968 0.209973 0.209988 0.210000
0.4 0.239960 0.239959 0.239965 0.239985 0.240000
0.5 0.249953 0.249952 0.249959 0.249981 0.250000
0.6 0.239950 0.239948 0.239956 0.239979 0.240000
0.7 0.209951 0.209950 0.209957 0.209978 0.210000
0.8 0.159959 0.159958 0.159963 0.159981 0.160000
0.9 0.089975 0.089974 0.089977 0.089988 0.090000
1.0 0.000000 0.000000 0.000000 0.000000 0.000000

L2 3.56792198e − 05 3.65377059e − 05 3.11821228e − 05 1.48657113e − 05
L∞ 5.05826846e − 05 5.18186398e − 05 4.43990342e − 05 2.16502256e − 05

Table 15. Comparison of numerical and exact solutions for the imaginary part of Problem 2
for N = 50, ∆t = 0.001, t f = 1, and different values of γ.

x γ = 0.1 γ = 0.3 γ = 0.7 γ = 0.9 Exact solution

0.0 0.000000 0.000000 0.000000 0.000000 0.000000
0.1 0.010003 0.010003 0.010003 0.010000 0.010000
0.2 0.040004 0.040005 0.040005 0.040000 0.040000
0.3 0.090005 0.090006 0.090006 0.089999 0.090000
0.4 0.160003 0.160004 0.160005 0.159997 0.160000
0.5 0.250000 0.250001 0.250002 0.249994 0.250000
0.6 0.359995 0.359997 0.359997 0.359990 0.360000
0.7 0.489990 0.489991 0.489992 0.489985 0.490000
0.8 0.639987 0.639988 0.639988 0.639983 0.640000
0.9 0.809988 0.809988 0.809989 0.809986 0.810000
1.0 1.000000 1.000000 1.000000 1.000000 1.000000

L2 6.94585694e − 06 6.76920894e − 06 6.64516796e − 06 9.17831529e − 06
L∞ 1.34478935e − 05 1.28655965e − 05 1.23791217e − 05 1.67203894e − 05

Tables 16 and 17 report the numerical and exact solutions of the real and imaginary parts of
Problem 2 for a fixed time step ∆t = 0.002 at γ = 0.5, as the number of subintervals is increased
through N = 10, 20, 40, 80. These tables examine the effect of spatial mesh refinement while the time
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step is kept fixed, in the same manner as Tables 3 and 4 for Problem 1. For the real part, represented
in Table 16, the nodal values are identical to the displayed precision for all values of N, and the error
norms change only slightly as the spatial mesh is refined. In particular, the L2 error changes from
7.0964 × 10−5 at N = 10 to approximately 7.0969 × 10−5 at N = 80. The imaginary part, in Table 17
exhibits similar behavior, with the error norms remaining of order 10−5 and showing very little change
as N increases. Thus, for the fixed value ∆t = 0.002 and the range of spatial meshes considered here,
further spatial refinement produces negligible improvement in the total error. This indicates that the
remaining error is predominantly associated with the temporal discretization for this experiment.

Table 16. Comparison of numerical and exact solutions for the real part of Problem 2 for
∆t = 0.002, t f = 1, γ = 0.5, and different values of N.

x N = 10 N = 20 N = 40 N = 80 Exact solution

0.0 0.000000 0.000000 0.000000 0.000000 0.000000
0.1 0.089979 0.089979 0.089979 0.089979 0.090000
0.2 0.159958 0.159958 0.159958 0.159958 0.160000
0.3 0.209938 0.209938 0.209938 0.209938 0.210000
0.4 0.239920 0.239920 0.239920 0.239920 0.240000
0.5 0.249907 0.249907 0.249907 0.249907 0.250000
0.6 0.239900 0.239900 0.239900 0.239900 0.240000
0.7 0.209902 0.209902 0.209902 0.209902 0.210000
0.8 0.159917 0.159917 0.159917 0.159917 0.160000
0.9 0.089949 0.089949 0.089949 0.089949 0.090000
1.0 0.000000 0.000000 0.000000 0.000000 0.000000

L2 7.09640475e − 05 7.09683594e − 05 7.09685031e − 05 7.09685100e − 05
L∞ 1.00350249e − 04 1.00559534e − 04 1.00766982e − 04 1.00767018e − 04

Table 17. Comparison of numerical and exact solutions for the imaginary part of Problem 2
for ∆t = 0.002, t f = 1, γ = 0.5, and different values of N.

x N = 10 N = 20 N = 40 N = 80 Exact Solution

0.0 0.000000 0.000000 0.000000 0.000000 0.000000
0.1 0.010006 0.010006 0.010006 0.010006 0.010000
0.2 0.040011 0.040011 0.040011 0.040011 0.040000
0.3 0.090013 0.090013 0.090013 0.090013 0.090000
0.4 0.160011 0.160011 0.160011 0.160011 0.160000
0.5 0.250004 0.250004 0.250004 0.250004 0.250000
0.6 0.359995 0.359995 0.359995 0.359995 0.360000
0.7 0.489985 0.489985 0.489985 0.489985 0.490000
0.8 0.639977 0.639977 0.639977 0.639977 0.640000
0.9 0.809978 0.809978 0.809978 0.809978 0.810000
1.0 1.000000 1.000000 1.000000 1.000000 1.000000

L2 1.32993767e − 05 1.33429869e − 05 1.33458990e − 05 1.33460843e − 05
L∞ 2.34861803e − 05 2.46636158e − 05 2.46647867e − 05 2.46648805e − 05
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Table 18 compares the error norms obtained by the present method with those reported in [11] for
Problem 2 at γ = 0.1, N = 40, and t = 1, as the time step is decreased from ∆t = 1/16 to 1/32 and
1/64. For both the real and imaginary parts, the error norms obtained by the present method are smaller
than the corresponding values reported in [11] for all three time steps considered. Moreover, the L2 and
L∞ errors of the present method decrease steadily as ∆t is refined. Thus, for this test problem and the
parameter values considered in Table 18, the present high-order cubic B-spline approach yields smaller
reported error norms than the trigonometric B-spline collocation results given in [11].

Table 18. Comparison of the error norms of the present method with those reported in [11]
for the real and imaginary parts of Problem 2 with γ = 0.1, N = 40, t = 1, and different
values of ∆t.

Real part

Present method [11]

∆t L2 L∞ L2 L∞

1/16 2.45632e-03 3.46400e-03 1.23434e-02 1.69582e-02

1/32 1.16784e-03 1.65277e-03 8.50622e-03 6.19172e-03

1/64 5.67004e-04 8.02306e-04 3.10742e-03 4.26873e-03

Imaginary part

Present method [11]

∆t L2 L∞ L2 L∞

1/16 3.78018e-04 6.88825e-04 6.12270e-02 1.64917e-02

1/32 2.00864e-04 3.67089e-04 6.09586e-03 8.22627e-03

1/64 1.03808e-04 1.95912e-04 3.05180e-03 4.11967e-03

In Tables 19 and 20, the time step is selected according to the balanced refinement relation ∆t = Ch4

so that the first-order temporal consistency contribution O(∆t) and the fourth-order spatial consistency
contribution O(h4) are of the same formal order. Table 19 presents the results for the real part and
Table 20 for the imaginary part of Problem 2, both with γ = 0.8.

Table 19. Maximum absolute errors and convergence rates for the real part of Problem 2
under the joint-refinement strategy ∆t = Ch4 for different values of N.

N ∆t L∞ RoC

10 1/5 8.0712261181e − 03 −

20 1/80 6.1855939140e − 04 3.70

40 1/1280 3.9568066488e − 05 3.96

80 1/20480 2.4911359221e − 06 3.98
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Table 20. Maximum absolute errors and convergence rates for the imaginary part of
Problem 2 under the joint-refinement strategy ∆t = Ch4 for different values of N.

N ∆t L∞ RoC

10 1/5 4.0670850468e − 03 −

20 1/80 1.5052852104e − 04 4.75

40 1/1280 9.6222712292e − 06 3.96

80 1/20480 5.9815683551e − 07 4.00

Under this joint-refinement strategy, the observed convergence rates approach four as the mesh is
refined for both components. These results are consistent with the combined error behavior predicted
by the local consistency analysis of Section 5. Figure 5 compares the numerical and exact solutions of
the real and imaginary parts of Problem 2, obtained with N = 50, ∆t = 0.001, and γ = 0.5 at t f = 1.
Consistent with the small error norms reported in the tables, the differences between the numerical and
exact solutions are not visually distinguishable, and the corresponding curves nearly overlap for both
the real and imaginary parts.
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Figure 5. Comparison of the numerical solution (circles) and the exact solution (solid line)
for the real and imaginary parts of Problem 2 for N = 50, ∆t = 0.001, and γ = 0.5 at t f = 1.

Figure 6a,6b presents the absolute error distributions for the real and imaginary parts of Problem 2 at
t = 1 for N = 20; ∆t = 0.01; and γ = 0.1, 0.3, 0.5, 0.7, 0.9. In both figures, the error vanishes at the two
boundaries in accordance with the prescribed boundary conditions and develops in the interior of the
domain. For the real part, the error exhibits a single smooth interior peak, with the curve corresponding
to γ = 0.9 lying below the other curves over most of the interval. For the imaginary part, a different
error pattern is observed. In particular, the error corresponding to γ = 0.9 is relatively small in the left
part of the interval but increases substantially toward the right part and develops the largest peak near
x = 0.8. Thus, for this test problem, the fractional order affects not only the magnitude but also the
spatial distribution of the numerical error.
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Figure 6. Distribution of the absolute error across the domain at t = 1 for the real
part (top) and the imaginary part (bottom) of Problem 2 for N = 20; ∆t = 0.01; and
γ = 0.1, 0.3, 0.5, 0.7, 0.9.

Figure 7a,7b presents the numerical solution of Problem 2 as surfaces over the space–time plane
for the real and imaginary parts, respectively, obtained with N = 20, ∆t = 0.01, and γ = 0.5. Both
surfaces start from the zero initial condition at t = 0 and gradually develop their spatial profiles as
time increases. The real part develops an interior maximum and vanishes at both spatial boundaries,
whereas the imaginary part increases with x and reaches its largest value at the boundary x = 1. The
amplitudes of both components increase with time, in accordance with the t2 dependence of the exact
solution.

Figure 8 illustrates the L∞ errors for the real and imaginary parts of Problem 2 under a joint spatial–
temporal refinement, with γ = 0.8. In this experiment, halving the spatial step size is accompanied by
a tenfold reduction in the time step, corresponding to

∆t ∝ hlog2(10) ≈ h3.322.

This refinement relation differs from the balanced relation ∆t = Ch4 used in Tables 19 and 20,
and Figure 8 is reported as a separate experiment. The error curves decrease rapidly under this joint
refinement and are shown together with a reference line of slope four. Because both h and ∆t vary
simultaneously here, the slopes in this figure represent the combined influence of the temporal and
spatial discretizations and should not be interpreted as a direct measurement of the spatial convergence
order; this is consistent with the local consistency error O(∆t + h4) established in Section 5.
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Figure 7. Space–time surfaces of the numerical solution for the real part (left) and the
imaginary part (right) of Problem 2 for N = 20, ∆t = 0.01, and γ = 0.5.
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Figure 8. L∞ error under a joint spatial–temporal refinement for the real and imaginary parts
of Problem 2 at γ = 0.8, with ∆t ∝ hlog2(10) ≈ h3.322; this refinement relation differs from the
balanced relation ∆t = Ch4 used in Table 19. The dashed reference line has slope four.

7.3. Problem 3

To further examine the performance of the proposed method in the presence of limited temporal
regularity, we consider a nonsmooth test problem of Example 3 in [14]. The time-fractional nonlinear
Schrödinger equation

i
∂γu
∂tγ
+
∂2u
∂x2 + |u|

2u = f3(x, t), 0 < x < 1, 0 < t ≤ 1, 0 < γ < 1 (7.10)

is considered with the homogeneous boundary conditions

u(0, t) = u(1, t) = 0 (7.11)

and the initial condition
u(x, 0) = 0. (7.12)

The exact solution is taken as
u(x, t) =

(
t3 + tγ

)
sin(πx). (7.13)

AIMS Mathematics Volume 11, Issue 11, 37837–37878.



37874

Accordingly, the corresponding source term is

f3(x, t) = i
(

6t3−γ

Γ(4 − γ)
+ Γ(1 + γ)

)
sin(πx)

− π2
(
t3 + tγ

)
sin(πx) +

[(
t3 + tγ

)
sin(πx)

]3
.

(7.14)

Unlike the smooth test problems considered above, the solution (7.13) has limited temporal regularity
near the initial time. Indeed,

ut(x, t) =
(
3t2 + γtγ−1

)
sin(πx), (7.15)

and therefore ut(x, t) becomes unbounded as t → 0+ for 0 < γ < 1. Thus, this example contains
the weak initial singularity that commonly arises in time-fractional evolution problems. In particular,
the smoothness assumptions employed in the local consistency analysis of Section 5 are not satisfied
by this test solution at t = 0. The numerical experiment is performed with γ = 0.5, t f = 1, and
N = 80. The spatial mesh is kept fixed while the time step is successively halved from ∆t = 1/50 to
∆t = 1/800. The resulting errors and observed temporal rates are reported in Table 21. The rates are
calculated using

Rate =
log(E∆t/E∆t/2)

log 2
.

Table 21. Temporal refinement results for the nonsmooth solution of Problem 3 with γ = 0.5,
N = 80, and t f = 1.

∆t L2(u) Rate L∞(u) Rate

1/50 4.5794881 × 10−2 – 6.7406530 × 10−2 –
1/100 2.6173443 × 10−2 0.807 3.8532500 × 10−2 0.807
1/200 1.4225035 × 10−2 0.880 2.0944295 × 10−2 0.880
1/400 7.4643788 × 10−3 0.930 1.0990823 × 10−2 0.930
1/800 3.8322120 × 10−3 0.962 5.6428543 × 10−3 0.962

Table 21 shows a systematic decrease in both error norms as the time step is refined. The observed
rates increase from approximately 0.81 on the coarser temporal meshes to approximately 0.96 on the
finest pair of meshes. Thus, although the exact solution possesses a weak initial singularity and does
not satisfy the temporal smoothness assumptions used in Section 5, the present computation exhibits
an approximately first-order temporal behavior as the time step is refined. To verify that the behavior
observed in Table 21 is not dominated by the spatial discretization, an additional spatial-mesh check
was carried out at the smallest time step ∆t = 1/800. The L∞(u) errors obtained with N = 40, 80, and
160 were 5.6437562× 10−3, 5.6428543× 10−3, and 5.6427978× 10−3, respectively. The corresponding
L2(u) errors were 3.8328312× 10−3, 3.8322120× 10−3, and 3.8321732× 10−3. The negligible variation
under this spatial refinement indicates that for the parameters used in Table 21, the reported error
behavior is predominantly associated with the temporal discretization. Moreover, the differences
between the errors obtained with N = 40, 80 and 160 decrease by a factor of approximately 16,
which is consistent with an O(h4) spatial contribution added to a temporal error that does not depend
on N. It is important to emphasize that the results of this nonsmooth test are numerical observations
rather than a convergence theorem for solutions with initial singularities. Nevertheless, the experiment

AIMS Mathematics Volume 11, Issue 11, 37837–37878.



37875

demonstrates that the proposed scheme remains effective for this weakly singular test problem and
complements the smooth-solution experiments presented in the preceding subsections.

8. Conclusions

In this paper, a numerical method is presented for the time-fractional nonlinear Schrödinger
equation with the Caputo fractional derivative. The time derivative is discretized by the L1 algorithm
together with Crank–Nicolson-type averaging, and the nonlinear coefficient is evaluated explicitly at
the previous time level. The space discretization is carried out by a collocation method based on cubic
B-spline functions. The second-order spatial derivative is approximated by a high-order approach
in order to increase the spatial accuracy of the scheme. A local consistency analysis for sufficiently
smooth solutions shows that the complete discretization has local truncation error O(∆t+h4). Thus, the
complete temporal discretization is first-order consistent, whereas the high-order spatial approximation
is fourth-order accurate. The separate temporal and spatial refinement studies are consistent with these
respective behaviors. Cubic; trigonometric; and uniform hyperbolic polynomial B-spline bases are also
examined numerically. Although these basis functions can be written in a common algebraic form, the
fourth-order spatial analysis developed in this study is associated with the corrected cubic B-spline
approximation and is not automatically transferred to the other B-spline families. The stability-related
behavior of the corresponding linearized frozen-coefficient recurrence is investigated through Fourier
resolvent analysis. For the fractional case, the L1 memory term leads to a convolution recurrence
rather than a single time-independent amplification factor. The resulting resolvent denominator is
shown to have no zeros in the open unit disk under the stated assumptions. This pole-free property
is not interpreted as a proof of unconditional stability in the stronger sense of a uniform bound on
all time-level Fourier coefficients. The scheme is applied to three test problems, and its accuracy is
measured through the L2 and L∞ error norms, observed rates of convergence, and comparisons with
results reported in the literature. For the smooth test problems, the numerical experiments exhibit
approximately first-order temporal behavior; for Problem 1, they exhibit approximately fourth-order
spatial behavior, when temporal and spatial refinements are examined separately. In addition, a
nonsmooth test problem with a weak initial singularity is considered. For this problem, the errors
decrease systematically under temporal refinement, with the observed rates approaching first-order
behavior on the finer temporal meshes, despite the limited temporal regularity of the exact solution. The
results indicate that the proposed high-order B-spline collocation method provides accurate numerical
approximations for the considered time-fractional nonlinear Schrödinger test problems.
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