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exist, and compare the two-function inequalities with the original single-function ones by means of
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1. Introduction

The Sobolev inequality lies at the interface of analysis and geometry, bridging isoperimetric
phenomena and functional inequalities, and has been the subject of extensive and influential research.
It plays a central role in potential theory, harmonic analysis, and partial differential equations. Various
properties, extensions, and applications of the Sobolev inequality have been thoroughly investigated
in the literature; we refer the interested reader to [1–3] for a more systematic account. We also refer
to [4, 5] for further related results.

In a recent work, Baêta and Cai established the chord Sobolev inequality for a single function,
which further reveals the profound connection between Sobolev inequalities and integral geometry;
see [6, 7].
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Chord Sobolev inequalities for a single function. For λ ∈ (0, n) and nonnegative f ∈ L
n

2n−λ (Rn),"
Rn×Rn

min{ f (x), f (y)}
|x − y|λ

dx dy ≤ σn,λ ∥ f ∥ n
2n−λ

. (1.1)

For λ < 0 and non-zero nonnegative f ∈ L1 (Rn) ∩ L∞ (Rn),

σn,λ ∥ f ∥
2n−λ

n
1 ∥ f ∥

λ−n
n
∞ ≤

"
Rn×Rn

min{ f (x), f (y)}
|x − y|λ

dx dy. (1.2)

Here the sharp constant σn,λ is given by

σn,λ =
n 2n−λ π

λ−1
2 Γ

(
n−λ+1

2

)
Γ
(

n
2 + 1

) n−λ
n

|n − λ| Γ
(

2n−λ
2 + 1

) .

In both cases, equality holds if and only if f is a constant multiple of the characteristic function of a
ball.

The proof of (1.1) and (1.2) relies on chord power integrals. For α ≥ −1 and a convex body K ⊂ Rn,
the chord power integral of K is defined by

Iα+1(K) =
∫

Aff(n,1)
|K ∩ l|α+1 dl.

When α > 0, it admits the equivalent representation

Iα+1(K) =
α(α + 1)

nωn

"
Rn×Rn

1K(x)1K(y)
|x − y|n−α

dx dy.

The equivalence of the two definitions follows from a straightforward computation.
Motivated by (1.1) and (1.2), we establish two chord Sobolev inequalities for two distinct functions

in this paper. Unlike the original approach, our proof does not rely on integral-geometric tools;
instead, it employs the technique of symmetric decreasing rearrangement, convex geometry, and
the classical Hardy–Littlewood–Sobolev (HLS) inequality. In particular, the two-function analogue
of (1.1) involves both pointwise weights and pairwise interaction weights. As a consequence, its
integral kernel is precisely that of the Stein–Weiss inequality (see [8,9]). Our results extend the single-
function inequalities of Baêta and Cai and are obtained by more elementary methods.

Theorem 1.1. Let f ∈ Lp (Rn) and g ∈ Lq (Rn) be two nonnegative functions, where p = n
2n−λ−2α and

q = n
2n−λ−2β . The parameters satisfy0 ≤ 2α < n; 0 ≤ 2β < n;

0 < 2λ < n; λ + 2 max{α, β} < n.
(1.3)

Then "
Rn×Rn

min { f (x), g(y)}
|x|α|x − y|λ|y|β

dx dy ≤ Cn,λ,α,β ∥ f ∥
1
2
p ∥g∥

1
2
q . (1.4)
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Here, the constant Cn,λ,α,β has an explicit expression

Cn,λ,α,β =

πλΓ
(

n
2 − λ

)
Γ (n − λ)

[
Γ(n/2)
Γ(n)

] 2λ−n
n


1
2

·
n |Bn|

α+β
n√

(n − 2α)(n − 2β)
,

and |Bn| denotes the volume of the n-dimensional Euclidean unit ball. Equality holds in (1.4) if and
only if f ≡ 0 or g ≡ 0; for non-trivial f and g, equality never occurs. Moreover, in the unweighted
case α = β = 0, the constant Cn,λ,0,0 is strictly larger than the optimal constant σn,λ of (1.1).

In particular, setting α = β = 0 and f = g, inequality (1.4) reduces to (1.1) with the constant
Cn,λ,0,0 =

√
C(n, 2λ) in place of σn,λ, where C(n, ·) denotes the sharp HLS constant of Theorem 2.1.

We will prove this inequality in Section 3 and provide the explicit representation of the constant
Cn,λ,α,β. Then, the equality cases and the non-optimality of constants will be discussed in Section 5.
The following theorem generalizes inequality (1.2) for two distinct functions.

Theorem 1.2. Let f , g ∈ L1 (Rn)∩L∞ (Rn) be two non-zero, nonnegative functions, and let λ < 0. Then

Cn,λ
∥ f ∥

2n−λ
2n

1 ∥g∥
2n−λ

2n
1

max
{
∥ f ∥∞ , ∥g∥∞

}1− λn
≤

"
Rn×Rn

min { f (x), g(y)}
|x − y|λ

dx dy. (1.5)

Here, the constant Cn,λ has an explicit expression

Cn,λ =
2n−λπ

2n−1
2 Γ

(
n−λ−1

2

)
Γ
(

n
2

)
Γ
(

2n−2−λ
2

) · 4 |Bn|
λ
n−2

(2n − λ)2 ,

and |Bn| denotes the volume of the n-dimensional Euclidean unit ball. For every λ < 0, we have
Cn,λ < σn,λ. Moreover, the constant Cn,λ is not sharp.

In particular, when f = g, inequality (1.5) reduces to (1.2) with exactly the same norm exponents
and with Cn,λ in place of σn,λ; we also study this reduction in detail in Section 5. Since σn,λ is the
optimal constant of (1.2), one has Cn,λ ≤ σn,λ, and in fact Cn,λ < σn,λ (see Subsection 5.2).

This paper is organized in the following manner. We lay out essential background on function
spaces, Schwarz symmetrization, and inequality theory in Section 2 that is needed in the sequel.
Theorem 1.1 is proved in Section 3, while Section 4 contains the derivation of inequality (1.5). In
Section 5, we study the sharpness of the constants and discuss the equality cases and the extremal
functions of our main theorems. We also compare the two-function inequalities with the original
single-function chord Sobolev inequalities of Baêta and Cai, and some explicit examples will be given
in Section 5. Finally, we conclude the entire article with a brief summary in Section 6.

2. Preliminaries

We first collect some necessary results on function spaces, convexity theory, Schwarz
symmetrization, and inequality theory, which are needed in our works. The books of Brezis [10],
Lieb, and Loss [11] are nice general supportive references.
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2.1. Lp spaces

This subsection collects fundamental background material concerning function spaces. The
definitions and auxiliary results presented below can be found in the references [10, 11]; we recap
these elementary facts for the convenience of readers.

Let p ≥ 1, and let f : Rn → R denote a measurable function. We define the standard Lp-norm of f
via

∥ f ∥p =
(∫
Rn
| f (x)|p dx

)1/p

.

For any real number t ∈ R, the superlevel set of f at height t is written as { f ≥ t} = {x ∈ Rn : f (x) ≥ t},
and analogous notation will be adopted for all other superlevel set variants. A measurable function f is
called non-trivial whenever the set { f , 0} carries positive Lebesgue measure. Throughout this paper,
two measurable functions are treated as identical provided they coincide almost everywhere, i.e., off a
null subset of Rn.

For each exponent p ≥ 1, the Lebesgue space Lp (Rn) is defined by

Lp (Rn) =
{
f : Rn → R : f is measurable and ∥ f ∥p < ∞

}
.

2.2. Schwarz symmetrization

This subsection presents the classic Schwarz symmetrization for nonnegative measurable functions,
and further relevant backgrounds are available in [12].

Given any subset K ⊆ Rn, its characteristic function 1K is defined pointwise by 1K (x) = 1 for
x ∈ K, and 1K (x) = 0 otherwise. For any Borel set K ⊆ Rn with finite Lebesgue measure, its Schwarz
symmetrization K⋆ is defined as the closed origin-centered Euclidean ball that shares the same volume
with K.

Let f : Rn → [0,∞) be a nonnegative measurable function satisfying that every superlevel set
{ f ≥ t} has finite Lebesgue measure for all t > 0. The layer cake formula asserts that

f (x) =
∫ ∞

0
1{ f≥t} (x) dt,

which holds for almost every point x ∈ Rn. The Schwarz symmetrization f ⋆ of f is defined as

f ⋆ (x) =
∫ ∞

0
1{ f≥t}⋆(x)dt

for x ∈ Rn. Consequently, f ⋆ is characterized almost everywhere by being radially symmetric and
possessing superlevel sets whose measures coincide with those of f . Note that f ⋆ is also called the
symmetric decreasing rearrangement of f . If for all x, y with |x| < |y|, the inequality f ⋆(x) > f ⋆(y)
holds, we say that f ⋆ is strictly symmetric decreasing. For more theory on rearrangement techniques,
please refer to [11, 12].

2.3. Convexity theory

A subset K ⊆ Rn is called convex provided that (1 − λ) x + λy ∈ K for arbitrary x, y ∈ K and
all scalars λ ∈ [0, 1]. A convex body refers to a compact convex subset of Rn that possesses a
nonempty interior.

AIMS Mathematics Volume 11, Issue 11, 37815–37836.
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For an arbitrary convex body K, its associated gauge function ∥ · ∥K : Rn → [0,∞] is defined as

∥x∥K = inf {λ > 0 : x ∈ λK} .

Each gauge function induced by a convex body K satisfies positive homogeneity of degree one on
the whole space Rn. We also have ∥x∥Bn

= | x |, where Bn denotes the n-dimensional Euclidean unit ball.
Given a constant α > 0 and a vector x ∈ Rn, the gauge function of the scaled set αK obeys the identity

∥x∥αK =
1
α
∥x∥K .

Let C ⊂ Rn be a convex set, and let f : C → R be a real-valued function. The function f is convex
provided that

f (λx1 + (1 − λ)x2) ≤ λ f (x1) + (1 − λ) f (x2) , ∀x1, x2 ∈ C, λ ∈ [0, 1].

Meanwhile, f is defined to be strictly convex on the convex set C if

f (λx1 + (1 − λ)x2) < λ f (x1) + (1 − λ) f (x2) , ∀x1, x2 ∈ C, x1 , x2, λ ∈ (0, 1).

A function f : Rn → R is called concave if − f is convex on the whole space Rn.
Readers can refer to the references [13,14] for systematic introductions to fundamental notions and

theories within convex geometric analysis.

2.4. Classical inequalities

In this subsection, we introduce some essential inequalities. For detailed information, please refer
to references [11, 12, 14].

2.4.1. Hardy–Littlewood–Sobolev inequality

The classical HLS inequality plays a fundamental role in analysis and partial differential equations,
describing the boundedness of fractional integral operators on Lp spaces.

Theorem 2.1 (The classical HLS inequality). Let p, r > 1 and 0 < λ < n with 1/p + λ/n + 1/r = 2.
Let f ∈ Lp (Rn) and h ∈ Lr (Rn). Then there exists a sharp constant C(n, λ, p), independent of f , h,
such that ∣∣∣∣∣"

Rn×Rn

f (x)h(y)
|x − y|λ

dxdy
∣∣∣∣∣ ≤ C(n, λ, p) ∥ f ∥p ∥h∥r . (2.1)

If p = r = 2n/(2n − λ), then

C(n, λ, p) = C(n, λ) = πλ/2
Γ(n/2 − λ/2)
Γ(n − λ/2)

[
Γ(n/2)
Γ(n)

]−1+λ/n

.

In this case, there is equality in (2.1) if and only if f = Cg, where C is a constant, and

f (x) = A
(
γ2 + |x − a|2

)−(2n−λ)/2

for some A ∈ C, 0 , γ ∈ R, and a ∈ Rn.
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2.4.2. Rearrangement inequalities

The following theorem states a rearrangement inequality for two distinct nonnegative functions.

Theorem 2.2. Let f and g be nonnegative measurable functions on Rn. Then∫
Rn

f (x)g(x)dx ≤
∫
Rn

f ⋆(x)g⋆(x)dx,

with the understanding that if the left-hand side is infinite, then so is the right-hand side.

The proofs of our results rely on the Riesz rearrangement inequality as well as its general version.

Theorem 2.3 (Riesz rearrangement inequality). Let f , g, k : Rn → R be nonnegative measurable
functions with superlevel sets of finite measure. Then"

Rn×Rn
f (x)k(x − y)g(y)dxdy ≤

"
Rn×Rn

f ⋆(x)k⋆(x − y)g⋆(y)dxdy.

2.4.3. A corollary of Minkowski inequality

The following inequality, as a simple consequence of the Minkowski inequality, will be used in this
paper. We have not provided a proof for Theorem 2.4 here; it can be found in reference [7], Lemma 3.1.

Theorem 2.4. Let α ∈ (0, n) and let f ∈ L
n

n+α (Rn) be nonnegative. Then

∥ f ∥ n
n+α
≥

∫ ∞

0
|{ f ≥ t}|

n+α
n dt.

Equality holds if and only if there exist some measurable set E of finite measure and a constant c > 0
such that f = c1E.

2.4.4. Jensen inequality

We next state the well-known Jensen inequality for convex functions, whose proof can be found
in [15].

Theorem 2.5 (Jensen inequality). Let Ω ⊂ Rn be a measurable set with finite Lebesgue measure,
and let G : R → (−∞,+∞] be a convex function satisfying G . +∞. Suppose f ∈ L1(Ω) satisfies
f (x) ∈ dom(G) for almost every x ∈ Ω and G( f ) ∈ L1(Ω). Then

G
(

1
|Ω|

∫
Ω

f
)
≤

1
|Ω|

∫
Ω

G( f ).

In particular, if G is strictly convex, equality holds if and only if f is constant almost everywhere on Ω.
Furthermore, since −G : R→ [−∞,+∞) is concave, we obtain the reversed inequality

−G
(

1
|Ω|

∫
Ω

f
)
≥

1
|Ω|

∫
Ω

−G( f ).
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2.4.5. Chebyshev integral inequality

We recall the classical Chebyshev integral inequality for monotone functions, which serves as a key
ingredient in the proof of Theorem 1.2.

Theorem 2.6 (Chebyshev integral inequality). Let a, b ∈ R with a < b, and let f , g : [a, b] → R
be integrable functions that are monotonic in the same direction (both non-increasing or both non-
decreasing). Then

1
b − a

∫ b

a
f (x)g(x) dx ≥

(
1

b − a

∫ b

a
f (x) dx

) (
1

b − a

∫ b

a
g(x) dx

)
.

If f and g are monotonic in opposite directions, the inequality is reversed.

3. The proof of Theorem 1.1

In this section, we aim to prove Theorem 1.1.

Proof of Theorem 1.1. Let f and g be two nonnegative functions. By the layer cake formula, we have

f (x) =
∫ ∞

0
1{ f≥t}(x)dt,

g(x) =
∫ ∞

0
1{g≥t}(x)dt,

and, since f ∈ Lp(Rn) and g ∈ Lq(Rn), Markov’s inequality gives |{ f ≥ t}| ≤ t−p ∥ f ∥pp < ∞ and |{g ≥ t}| ≤
t−q ∥g∥qq < ∞ for every t > 0; hence all these superlevel sets have finite measure. It is easy to verify that
the following equation also holds:

min{ f (x), g(y)} =
∫ ∞

0
1{ f≥t}(x)1{g≥t}(y)dt.

Substituting this into the left-hand side of (1.4) and keeping the parameters α, β, λ satisfying the
condition (1.3), we arrive at"

Rn×Rn

min { f (x), g(y)}
|x|α|x − y|λ|y|β

dxdy =
"
Rn×Rn

(∫ ∞

0

1{ f≥t}(x)1{g≥t}(y)
|x|α|x − y|λ|y|β

dt
)

dxdy.

Using the Tonelli theorem, we have"
Rn×Rn

min { f (x), g(y)}
|x|α|x − y|λ|y|β

dxdy =
"
Rn×Rn

(∫ ∞

0

1{ f≥t}(x)1{g≥t}(y)
|x|α|x − y|λ|y|β

dt
)

dxdy

=

∫ ∞

0

("
Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x|α|x − y|λ|y|β

dxdy
)

dt.

(3.1)

We now investigate the inner integral of Eq (3.1). By the Cauchy–Schwarz inequality, we obtain"
Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x|α|x − y|λ|y|β

dxdy

AIMS Mathematics Volume 11, Issue 11, 37815–37836.
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=

"
Rn×Rn

(
11/2
{ f≥t}(x)11/2

{g≥t}(y)
)2

|x|α|x − y|λ|y|β
dxdy

≤

("
Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x|2α|y|2β

dxdy
)1/2 ("

Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x − y|2λ

dxdy
)1/2

. (3.2)

Then, we denote

I1 =

"
Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x|2α|y|2β

dxdy,

I2 =

"
Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x − y|2λ

dxdy.

We next estimate the upper bound of integrals I1 and I2 in two steps. First, for I1, we have

I1 =

"
Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x|2α|y|2β

dxdy

=

(∫
Rn

1{ f≥t}(x)
|x|2α

dx
) (∫

Rn

1{g≥t}(y)
|y|2β

dy
)
. (3.3)

If 2α = 0 (respectively 2β = 0), then the bound (3.6) (respectively (3.7)) below is trivial, so we
assume 2α > 0 and 2β > 0 in the computation. We claim the following layer cake formula: For every
x ∈ Rn and α > 0,

1
|x|2α

=

∫ +∞

0
1ψ(s)Bn(x)ds,

where ψ(s) := s−
1

2α and Bn denotes the n-dimensional Euclidean unit ball.
Indeed, for x , 0, since | · | is the gauge function of the convex body Bn, we have the equivalence

x ∈ ψ(s)Bn ⇐⇒ |x| ≤ ψ(s) = s−
1

2α .

The function s 7→ s−
1

2α is strictly decreasing on (0,∞). Hence the above condition is equivalent to

s ≤ |x|−2α =
1
|x|2α

.

Consequently, ∫ +∞

0
1ψ(s)Bn(x)ds =

∫ |x|−2α

0
1ds =

1
|x|2α

,

which proves the desired identity. The case x = 0 is trivial since both sides are infinite (or follow by a
standard limiting argument). On this basis, using the Tonelli theorem, we establish the following result:∫

Rn

1{ f≥t}(x)
|x|2α

dx =
∫
Rn

1{ f≥t}(x)
(∫ +∞

0
1ψ(s)Bn(x)ds

)
dx

=

∫ +∞

0

(∫
Rn

1{ f≥t}(x)1ψ(s)Bn(x)dx
)

ds. (3.4)
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37823

Using Theorem 2.2, we obtain (note that (ψ(s)Bn)⋆ = ψ(s)Bn, since ψ(s)Bn is a ball centered at
the origin)

∫
Rn

1{ f≥t}(x)1ψ(s)Bn(x)dx ≤
∫
Rn

1{ f≥t}⋆(x)1ψ(s)Bn(x)dx. (3.5)

By virtue of the theory of Schwarz symmetrization, the set { f ≥ t}⋆ is a Euclidean ball of radius
r0 =

(
|{ f≥t}|
|Bn |

)1/n
. Substituting (3.5) into (3.4), we obtain∫

Rn

1{ f≥t}(x)
|x|2α

dx =
∫
Rn

1{ f≥t}(x)
(∫ +∞

0
1ψ(s)Bn(x)ds

)
dx

=

∫ +∞

0

(∫
Rn

1{ f≥t}(x)1ψ(s)Bn(x)dx
)

ds

≤

∫ +∞

0

(∫
Rn

1{ f≥t}⋆(x)1ψ(s)Bn(x)dx
)

ds

=

∫
Rn

1{ f≥t}⋆(x)
|x|2α

dx.

Using the spherical coordinate change of variables, we arrive at∫
Rn

1{ f≥t}⋆(x)
|x|2α

dx =
∫
{ f≥t}⋆

1
|x|2α

dx

=

∫
S n−1

∫ r0

0

1
r2α rn−1drdu

= n |Bn|

∫ r0

0
rn−2α−1dr.

Since 0 ≤ 2α < n, we have ∫
Rn

1{ f≥t}⋆(x)
|x|2α

dx = n |Bn|

∫ r0

0
rn−2α−1dr

=
n |Bn|

n − 2α

[
rn−2α

]r0

0

=
n |Bn|

n − 2α

(
|{ f ≥ t}|
|Bn|

) n−2α
n

=
n

n − 2α
|Bn|

2α
n |{ f ≥ t}|

n−2α
n .

Then, we obtain ∫
Rn

1{ f≥t}(x)
|x|2α

dx ≤
n

n − 2α
|Bn|

2α
n |{ f ≥ t}|

n−2α
n . (3.6)

By the same reasoning, for 0 ≤ 2β < n, we have∫
Rn

1{g≥t}(y)
|y|2β

dy ≤
n

n − 2β
|Bn|

2β
n |{g ≥ t}|

n−2β
n . (3.7)
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Substituting (3.6) and (3.7) into (3.3), we arrive at

I1 =

"
Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x|2α|y|2β

dxdy

≤
n2

(n − 2α)(n − 2β)
|Bn|

2α+2β
n |{ f ≥ t}|

n−2α
n |{g ≥ t}|

n−2β
n . (3.8)

Second, for I2, we employ Theorem 2.1 (HLS inequality). Since 0 < 2λ < n, we may apply
Theorem 2.1 with the kernel exponent 2λ and with p0 = q0 =

n
n−λ (indeed 1

p0
+ 2λ

n +
1
q0
= 2), which gives

I2 =

"
Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x − y|2λ

dxdy ≤ C(n, λ)
∥∥∥1{ f≥t}

∥∥∥ n
n−λ

∥∥∥1{g≥t}

∥∥∥ n
n−λ

≤ C(n, λ) |{ f ≥ t}|
n−λ

n |{g ≥ t}|
n−λ

n . (3.9)

At this point, the optimal constant C(n, λ) is given by

C(n, λ) = πλ
Γ(n/2 − λ)
Γ(n − λ)

[
Γ(n/2)
Γ(n)

] 2λ−n
n

.

Finally, substituting (3.8) and (3.9) into (3.2), we obtain"
Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x|α|x − y|λ|y|β

dxdy

≤

("
Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x|2α|y|2β

dxdy
)1/2 ("

Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x − y|2λ

dxdy
)1/2

≤ Cn,λ,α,β |{ f ≥ t}|
2n−λ−2α

2n |{g ≥ t}|
2n−λ−2β

2n . (3.10)

Here, the constant Cn,λ,α,β is given by

Cn,λ,α,β =

πλΓ
(

n
2 − λ

)
Γ (n − λ)

[
Γ(n/2)
Γ(n)

] 2λ−n
n


1
2

·
n |Bn|

α+β
n√

(n − 2α)(n − 2β)
.

Inserting (3.10) into (3.1) and applying the Cauchy–Schwarz inequality, we obtain∫ ∞

0

("
Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x|α|x − y|λ|y|β

dxdy
)

dt

≤ Cn,λ,α,β

∫ ∞

0
|{ f ≥ t}|

2n−λ−2α
2n |{g ≥ t}|

2n−λ−2β
2n dt

≤ Cn,λ,α,β

(∫ ∞

0
|{ f ≥ t}|

2n−λ−2α
n dt

)1/2 (∫ ∞

0
|{g ≥ t}|

2n−λ−2β
n dt

)1/2

.

Since λ + 2α < n and λ + 2β < n, the numbers n − λ − 2α and n − λ − 2β belong to (0, n), and we
may apply Theorem 2.4 with the parameter α of that theorem replaced by n − λ − 2α and n − λ − 2β,
respectively. This yields ∫ ∞

0

("
Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x|α|x − y|λ|y|β

dxdy
)

dt
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≤ Cn,λ,α,β

(∫ ∞

0
|{ f ≥ t}|

2n−λ−2α
n dt

)1/2 (∫ ∞

0
|{g ≥ t}|

2n−λ−2β
n dt

)1/2

≤ Cn,λ,α,β ∥ f ∥
1
2
p ∥g∥

1
2
q .

That is, "
Rn×Rn

min { f (x), g(y)}
|x|α|x − y|λ|y|β

dxdy ≤ Cn,λ,α,β ∥ f ∥
1
2
p ∥g∥

1
2
q .

This completes the proof of the inequality in Theorem 1.1. □

4. The proof of Theorem 1.2

In this section, we aim to prove Theorem 1.2. To this end, the following key lemma should be
established first. An initial version of the proof for this lemma appears in a preprint by the author (see
Lemma 4.3 in [16]), yet we include its proof here for completeness.

Lemma 4.1. Let f , g : Rn → [0,∞) be integrable functions and let q > 0. Then"
Rn×Rn

min{ f (x), g(y)} |x − y|q dxdy ≥
"
Rn×Rn

min
{
f ⋆(x), g⋆(y)

}
|x − y|q dxdy.

Proof. For z ∈ Rn \ {0} and q > 0, the layer cake representation gives

|z|q =
∫ ∞

0
1Rn\r1/qBn(z)dr,

and we shall also use the identity min{ f (x), g(y)} =
∫ ∞

0
1{ f≥t}(x)1{g≥t}(y) dt. By the Tonelli theorem, we

obtain "
Rn×Rn

min{ f (x), g(y)} |x − y|q dxdy

=

∫ ∞

0

∫ ∞

0

"
Rn×Rn

1{ f≥t}(x)
(
1 − 1r1/qBn(x − y)

)
1{g≥t}(y)dxdydrdt.

For every fixed r > 0 and t > 0, the Riesz rearrangement inequality (Theorem 2.3) applied to the
kernel 1r1/qBn gives "

Rn×Rn
1{ f≥t}(x)1r1/qBn(x − y)1{g≥t}(y)dxdy

≤

"
Rn×Rn

1{ f≥t}⋆(x)1r1/qBn(x − y)1{g≥t}⋆(y)dxdy.

On the other hand, the base integral is unchanged by symmetrization, because it depends only on the
volumes of the superlevel sets. Then, we have"

Rn×Rn
1{ f≥t}(x)1{g≥t}(y)dxdy = |{ f ≥ t}| |{g ≥ t}|
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=

"
Rn×Rn

1{ f≥t}⋆(x)1{g≥t}⋆(y)dxdy.

Subtracting the rearranged upper bound from this invariant quantity reverses the inequality for the
complementary kernels: "

Rn×Rn
1{ f≥t}(x)

(
1 − 1r1/qBn(x − y)

)
1{g≥t}(y)dxdy

≥

"
Rn×Rn

1{ f≥t}⋆(x)
(
1 − 1r1/qBn(x − y)

)
1{g≥t}⋆(y)dxdy.

Note that no finiteness assumption on the two double integrals is needed: Since f , g ∈ L1(Rn), we
have |{ f ≥ t}| |{g ≥ t}| ≤ t−2∥ f ∥1∥g∥1 < ∞ for every t > 0, so that the subtraction above is legitimate;
consequently the conclusion holds in [0,+∞], both sides being possibly infinite.

Integrating the last inequality in r and t and applying the Tonelli theorem once more, we obtain"
Rn×Rn

min{ f (x), g(y)} |x − y|q dxdy ≥
"
Rn×Rn

min
{
f ⋆(x), g⋆(y)

}
|x − y|q dxdy,

which proves the lemma. □

Proof of Theorem 1.2. Let f and g be two non-zero, nonnegative functions. By the layer cake formula,
we have

f (x) =
∫ ∞

0
1{ f≥t}(x)dt,

g(x) =
∫ ∞

0
1{g≥t}(x)dt,

and, since f , g ∈ L1(Rn), Markov’s inequality for Lp(p > 0) gives |{ f ≥ t}| ≤ t−1 ∥ f ∥1 < ∞ and
|{g ≥ t}| ≤ t−1 ∥g∥1 < ∞ for every t > 0; hence all these superlevel sets have finite measure. It is easy to
verify that the following equation also holds:

min{ f (x), g(y)} =
∫ ∞

0
1{ f≥t}(x)1{g≥t}(y)dt.

Substituting this into the right-hand side of (1.5) and keeping the parameter λ < 0, we obtain"
Rn×Rn

min { f (x), g(y)}
|x − y|λ

dxdy =
"
Rn×Rn

(∫ ∞

0

1{ f≥t}(x)1{g≥t}(y)
|x − y|λ

dt
)

dxdy.

Using the Tonelli theorem, we have"
Rn×Rn

min { f (x), g(y)}
|x − y|λ

dxdy =
"
Rn×Rn

(∫ ∞

0

1{ f≥t}(x)1{g≥t}(y)
|x − y|λ

dt
)

dxdy

=

∫ ∞

0

("
Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x − y|λ

dxdy
)

dt. (4.1)

AIMS Mathematics Volume 11, Issue 11, 37815–37836.



37827

We now investigate the inner integral of (4.1). First, Lemma 4.1 gives"
Rn×Rn

1{ f≥t}(x)1{g≥t}(y)|x − y|−λdxdy ≥
"
Rn×Rn

1{ f≥t}⋆(x)1{g≥t}⋆(y)|x − y|−λdxdy.

Second, let x, y ∈ Rn and x, y , o. By the law of cosines and the arithmetic–geometric mean inequality,
we have

|x − y|2 = |x|2 + |y|2 − 2 cos ⟨x, y⟩ |x||y|
≥ 2 (1 − cos ⟨x, y⟩) |x||y|.

Taking ξ = x/|x| and η = y/|y|, we have ξ, η ∈ Sn−1. Moreover,

|ξ − η|2 = |ξ|2 + |η|2 − 2 cos ⟨ξ, η⟩ |ξ||η|
= 2 − 2 cos ⟨ξ, η⟩ .

Since cos ⟨ξ, η⟩ = cos ⟨x, y⟩, we obtain

|x − y|2 = |x|2 + |y|2 − 2 cos ⟨x, y⟩ |x||y|
≥ |ξ − η|2|x||y|.

Then "
Rn×Rn

1{ f≥t}⋆(x)1{g≥t}⋆(y)|x − y|−λdxdy

≥

"
Rn×Rn

1{ f≥t}⋆(x)1{g≥t}⋆(y)
(
|ξ − η|2|x||y|

)− λ2 dxdy.

Applying a change of variables to spherical coordinates in the preceding integral and noting that both
{ f ≥ t}⋆ and {g ≥ t}⋆ are balls centered at the origin, we set

R f =

(
|{ f ≥ t}|
|Bn|

)1/n

, Rg =

(
|{g ≥ t}|
|Bn|

)1/n

,

and obtain "
Rn×Rn

1{ f≥t}⋆(x)1{g≥t}⋆(y)|x − y|−λdxdy

≥

"
Rn×Rn

1{ f≥t}⋆(x)1{g≥t}⋆(y)
(
|ξ − η|2|x||y|

)− λ2 dxdy

=

"
Sn−1×Sn−1

∫ R f

0

∫ Rg

0

(
|ξ − η|2 |r1| |r2|

)− λ2 rn−1
1 rn−1

2 dr1dr2dξdη

=

("
Sn−1×Sn−1

|ξ − η|−λdξdη
) (∫ R f

0

∫ Rg

0
rn− λ2−1

1 rn− λ2−1
2 dr1dr2

)
. (4.2)

Since λ < 0, a direct computation (see, e.g., [14], or the change of variables ξ 7→ ξ − η together with
the beta integral on the sphere) gives"

Sn−1×Sn−1
|ξ − η|−λdξdη =

2n−λπ
2n−1

2 Γ
(

n−λ−1
2

)
Γ
(

n
2

)
Γ
(

2n−2−λ
2

) .
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Furthermore, we have ∫ R f

0
rn− λ2−1

1 dr1 =
2

2n − λ

(
|{ f ≥ t}|
|Bn|

)1− λ
2n

,∫ Rg

0
rn− λ2−1

2 dr2 =
2

2n − λ

(
|{g ≥ t}|
|Bn|

)1− λ
2n

.

Substituting them into (4.2), we arrive at"
Rn×Rn

1{ f≥t}⋆(x)1{g≥t}⋆(y)
|x − y|λ

dxdy

≥
2n−λπ

2n−1
2 Γ

(
n−λ−1

2

)
Γ
(

n
2

)
Γ
(

2n−2−λ
2

) · 4 |Bn|
λ
n−2

(2n − λ)2 |{ f ≥ t}|1−
λ
2n |{g ≥ t}|1−

λ
2n . (4.3)

Denoting the preceding coefficients by Cn,λ and substituting (4.3) and (4.2) into (4.1), we obtain"
Rn×Rn

min { f (x), g(y)}
|x − y|λ

dxdy =
∫ ∞

0

("
Rn×Rn

1{ f≥t}(x)1{g≥t}(y)
|x − y|λ

dxdy
)

dt

≥

∫ ∞

0

("
Rn×Rn

1{ f≥t}⋆(x)1{g≥t}⋆(y)
|x − y|λ

dxdy
)

dt

≥ Cn,λ

∫ ∞

0
|{ f ≥ t}|1−

λ
2n |{g ≥ t}|1−

λ
2n dt.

We also write m = max
{
∥ f ∥∞ , ∥g∥∞

}
, and denote r = 1 − λ

2n . Note that r > 1 since λ < 0.
We first apply the Chebyshev integral inequality (Theorem 2.6). The superlevel set measures

|{ f ≥ t}| and |{g ≥ t}| are both non-increasing functions of t, and hence monotonic in the same direction
on [0,m]. It follows that

1
m

∫ m

0
|{ f ≥ t}| · |{g ≥ t}| dt ≥

(
1
m

∫ m

0
|{ f ≥ t}| dt

) (
1
m

∫ m

0
|{g ≥ t}| dt

)
.

Since r > 1, the univariate function φ(u) = ur is convex on [0,∞). Applying Jensen’s inequality
(Theorem 2.5) to φ yields

1
m

∫ m

0
(|{ f ≥ t}| · |{g ≥ t}|)r dt ≥

(
1
m

∫ m

0
|{ f ≥ t}| · |{g ≥ t}| dt

)r

.

Combining the two inequalities above, we conclude that

1
m

∫ m

0
|{ f ≥ t}|r |{g ≥ t}|r dt ≥

(
1
m

∫ m

0
|{ f ≥ t}| dt

)r ( 1
m

∫ m

0
|{g ≥ t}| dt

)r

.

Multiplying both sides by m and substituting
∫ m

0
|{ f ≥ t}| dt = ∥ f ∥1,

∫ m

0
|{g ≥ t}| dt = ∥g∥1, we obtain∫ ∞

0
|{ f ≥ t}|1−

λ
2n |{g ≥ t}|1−

λ
2n dt ≥ max

{
∥ f ∥∞ , ∥g∥∞

} λ
n−1
∥ f ∥1−

λ
2n

1 ∥g∥1−
λ
2n

1 .

That is, "
Rn×Rn

min { f (x), g(y)}
|x − y|λ

dxdy ≥ Cn,λ
∥ f ∥1−

λ
2n

1 ∥g∥1−
λ
2n

1

max
{
∥ f ∥∞ , ∥g∥∞

}1− λn
.

Now, the inequality (1.5) has been established. □
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5. The study of equality cases and relations with the single-function inequalities

In this section, we study the sharpness of the constants in Theorems 1.1 and 1.2, and discuss
the equality cases and the corresponding extremal functions. We also pinpoint the precise
relations between the two-function inequalities and the original single-function chord Sobolev
inequalities (1.1)–(1.2) of Baêta and Cai [6, 7].

5.1. The study of sharpness and equality cases for Theorem 1.1

Our proof of Theorem 1.1 combines the layer-cake representation, two applications of the Cauchy–
Schwarz inequality, the weighted rearrangement bound (3.6)–(3.7), the sharp HLS inequality, and
Theorem 2.4. We note that each of these ingredients is essentially sharp in its own right. However,
their equality conditions are mutually incompatible. This is why the constant Cn,λ,α,β is not attained.

Proposition 5.1. Let the parameters satisfy (1.3), and let f and g be admissible for Theorem 1.1.
Equality holds in (1.4) if and only if f ≡ 0 or g ≡ 0; for non-trivial f and g, equality never occurs.
Moreover, in the unweighted case α = β = 0, the constant Cn,λ,0,0 =

√
C(n, 2λ) is strictly larger than

the optimal constant σn,λ of (1.1).

Proof. We take f ≡ 0 or g ≡ 0. Then min{ f (x), g(y)} = 0 for almost every (x, y). Hence both sides
of (1.4) vanish, and equality holds trivially. Conversely, we suppose that f . 0, g . 0, and equality
holds in (1.4). Then equality must hold in every step of our proof of Theorem 1.1. In particular, all the
following equality conditions must hold simultaneously.

• By the equality case of Theorem 2.4 (see [7], Lemma 3.1), the functions must be characteristic
functions: f = c f 1E f and g = cg1Eg for measurable sets E f , Eg of finite positive measure and
constants c f , cg > 0.
• By the equality case of the rearrangement bound (3.6)–(3.7) (a weighted version of the two-

function rearrangement inequality, with the strictly decreasing radial weight |x|−2α), the sets E f

and Eg must be, up to null sets, balls centered at the origin, whenever α > 0 and β > 0.
• By the equality case of the HLS inequality (Theorem 2.1), equality in (3.9) forces 1{ f≥t} and 1{g≥t}

to have the extremal form A
(
γ2 + |x − a|2

)−(n−λ)
, up to multiplicative constants, for almost every t.

The third condition is incompatible with the first. Indeed, a characteristic function of a set of finite
measure is never of the extremal form A

(
γ2 + |x − a|2

)−(n−λ)
, whose support is the whole space. Hence

equality cannot occur when f . 0 and g . 0.
For the second assertion, we take α = β = 0 and f = g. Then (1.4) becomes"

Rn×Rn

min{ f (x), f (y)}
|x − y|λ

dx dy ≤
√

C(n, 2λ) ∥ f ∥ n
2n−λ

,

while (1.1) asserts the same upper bound with the optimal constant σn,λ. For f = 1B, the characteristic
function of a ball, equality holds in (1.1) by the results of Baêta and Cai [6, 7]:"

B×B
|x − y|−λ dx dy = σn,λ |B|

2n−λ
n .
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If
√

C(n, 2λ) = σn,λ were true, then 1B would also saturate the reduced form of (1.4), and consequently
equality would have to hold in every step of the proof, in particular in the HLS step (3.9)—impossible
by the first part above. Hence, we obtain

√
C(n, 2λ) > σn,λ. □

Remark 5.1. The extremal functions A
(
γ2 + |x − a|2

)−(n−λ)
of the HLS step are exactly the functions

that saturate that step. Proposition 5.1 shows why no extremal function for (1.4) can exist: The
rearrangement step and the HLS step pull in different directions. Therefore, we choose the constant
multiples of characteristic functions of balls as the natural candidates. Then we find that those
characteristic functions also do not attain the constant of Theorem 1.1.

Example 5.1. Let n = 1, λ = α = β = 1
4 , and f = g = 1[−1,1]. The conditions (1.3) hold, and

p = q = 1
2− 1

4−
1
2
= 4

5 . Theorem 1.1 gives"
R×R

min{ f (x), g(y)}

|x|
1
4 |x − y|

1
4 |y|

1
4

dx dy =
∫ 1

−1

∫ 1

−1
|x|−

1
4 |x − y|−

1
4 |y|−

1
4 dx dy ≤ C1, 1

4 ,
1
4 ,

1
4
∥ f ∥ 4

5
,

where

C1, 1
4 ,

1
4 ,

1
4
=

(
Γ(1/4)
Γ(3/4)

) 1
2

×
2

1
2

1/2
≈ 4.8651, ∥ f ∥ 4

5
= 2

5
4 ≈ 2.3784,

so that the right-hand side of the inequality is approximately 4.8651 × 2.3784 ≈ 11.5713. For the
left-hand side, we split the square [−1, 1]2 into the regions {xy > 0} and {xy < 0}. The integrand
|x|−

1
4 |x − y|−

1
4 |y|−

1
4 is invariant under (x, y) 7→ (−x,−y) and symmetric in x and y; hence the four

congruent triangles of {xy > 0} and the two congruent quadrants of {xy < 0} give

LHS = 4
∫ 1

0

∫ x

0
x−

1
4 (x − y)−

1
4 y−

1
4 dy dx + 2

∫ 1

0

∫ 1

0
x−

1
4 u−

1
4 (x + u)−

1
4 dx du,

where u = −y in the second integral. In the first integral, we substitute y = xs with 0 < s < 1;
this yields ∫ 1

0

∫ x

0
x−

1
4 (x − y)−

1
4 y−

1
4 dy dx =

∫ 1

0
x

1
4 dx

∫ 1

0
s−

1
4 (1 − s)−

1
4 ds =

4
5

B
(

3
4 ,

3
4

)
,

where B(·, ·) denotes the beta function. Then the first summand equals 4 × 4
5 B

(
3
4 ,

3
4

)
= 16

5 B
(

3
4 ,

3
4

)
≈

5.42216, while the second one, evaluated by numerical quadrature, is approximately 3.92946.
Consequently,

LHS ≈ 5.42216 + 3.92946 ≈ 9.35162.

Hence the inequality is strict, with ratio 9.3516/11.5713 ≈ 0.8082 < 1, in accordance with
Proposition 5.1. For comparison, in the unweighted case α = β = 0, the same interval [−1, 1] saturates
the single-function inequality (1.1) with the sharp constant σ1, 1

4
= 32

21 ; see Subsection 5.3.

5.2. The study of sharpness and equality cases for Theorem 1.2

For Theorem 1.2, the situation is somewhat different, and it can be decided completely: The constant
Cn,λ is strictly smaller than the sharp single-function constant σn,λ.
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Proposition 5.2. For every λ < 0, we have Cn,λ < σn,λ. In particular, the constant Cn,λ is not sharp.
Moreover, equality in (1.5) can occur only in the trivial case f ≡ 0 or g ≡ 0, which the hypotheses of
Theorem 1.2 exclude. Hence, within the admissible class of non-zero functions, equality never occurs.

Proof. We take f = g = 1B, where B is a Euclidean ball. Since the single-function inequality (1.2)
is sharp, with equality for constant multiples of characteristic functions of balls (Baêta–Cai, [6, 7]),
we have "

B×B
|x − y|−λ dx dy = σn,λ |B|

2n−λ
n .

Next, we follow the proof of Theorem 1.2 with this particular pair. The layer-cake identity and the
rearrangement step (Lemma 4.1) are equalities, because 1B is already symmetrized. However, we use
the following elementary estimate

|x − y|2 ≥ |ξ − η|2|x||y|, ξ =
x
|x|
, η =

y
|y|
.

Here, equality holds if and only if |x| = |y|, and the set {(x, y) ∈ B × B : |x| = |y|} has measure zero
in Rn × Rn. Since −λ/2 > 0, the pointwise estimate |x − y|−λ ≥

(
|ξ − η|2|x||y|

)−λ/2
is strict on the set of

positive measure where |x| , |y|, and therefore the integrated bound (4.3) is strict for every t ∈ (0, 1].
Integrating in t (the Chebyshev and Jensen steps are equalities for this pair, since |{ f ≥ t}| = |{g ≥ t}| =
|B| for every t ∈ (0, 1], and both inequalities hold with equality for constant functions), we obtain the
strict inequality

Cn,λ |B|
2n−λ

n <

"
B×B
|x − y|−λ dx dy = σn,λ |B|

2n−λ
n ,

that is, Cn,λ < σn,λ.
For the last assertion, we first suppose that equality holds in (1.5) for some non-zero f , g. Then

equality must hold in every step of the proof. In particular, for almost every t in the interval(
0,min

{
∥ f ∥∞ , ∥g∥∞

})
(where both superlevel sets have positive measure), equality must hold in the

estimate of (4.2). This forces |x| = |y| for almost every (x, y) ∈ { f ≥ t}⋆ × {g ≥ t}⋆. But { f ≥ t}⋆ and
{g ≥ t}⋆ are balls of positive radius, and the set {(x, y) : |x| = |y|} has measure zero in the product of two
such balls—a contradiction. Hence, the equality above cannot occur. □

Remark 5.2. We still state Theorem 1.2 with the sign ≤. Proposition 5.2 shows that equality never
occurs for admissible (non-zero) functions: At every fixed λ < 0, inequality (1.5) is strict. A short
discussion below will explain why we keep the sign ≤.

For f = g = 1B, where B is the Euclidean unit ball, we let λ → −∞. (We do not study the limiting
cases of λ in this paper, since the limiting cases of λ, especially near 0, give rise to further new research.
We use λ → −∞ here only to explain why the sign ≤ in (1.5) is stated from the consideration of self-
consistency.) We substitute the explicit expression of Cn,λ from Theorem 1.2. Since B is the Euclidean
unit ball, we have |B| = |Bn|, and the powers of |Bn| cancel. This gives

Cn,λ |B|
2n−λ

n =
4 · 2n−λ π

2n−1
2 Γ

(
n−λ−1

2

)
Γ
(

n
2

)
Γ
(

2n−2−λ
2

)
(2n − λ)2

.

By Stirling’s formula, the ratio Γ
(

n−λ−1
2

)
/Γ

(
2n−2−λ

2

)
is asymptotic to

(
n−λ

2

)− n−1
2 as λ→ −∞. Since 2n−λ ∼

n−λ as λ→ −∞, the expression for Cn,λ|B|
2n−λ

n above is of the order 2−λ(n−λ)−
n+3

2 , and the exponential
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factor 2−λ dominates every power of n − λ; hence the left-hand side of (1.5) tends to +∞. On the other
hand, |x − y| ≤ 2 on B × B and |x − y| ≥ 3

2 on the set S =
{
(x, y) ∈ B × B : x1 ≤ −

3
4 , y1 ≥

3
4

}
(here x1

and y1 denote the first coordinates of x and y), which has positive measure. Then, we have

(
3
2

)−λ
|S | ≤

"
B×B
|x − y|−λ dx dy ≤ 2−λ |B|2,

and the right-hand side of (1.5) also tends to +∞.
Thus both sides of (1.5) tend to +∞ as λ→ −∞. In fact the two sides are asymptotically equivalent,

and not merely both divergent. Since 1B saturates (1.2), the right-hand side of (1.5) equals σn,λ|B|
2n−λ

n ,
so the ratio of the two sides of (1.5) is exactly

Cn,λ

σn,λ
= 1 +

λ

(n − λ − 1)(2n − λ)
−→ 1 (λ→ −∞),

which also recovers Cn,λ < σn,λ for λ < 0, in accordance with Proposition 5.2. Hence the two sides
coincide in the limit, in the precise sense that they are asymptotically equivalent and both tend to +∞.
A strict inequality is not preserved under this limiting procedure: The limiting form of (1.5) reads
+∞ ≤ +∞, whereas +∞ < +∞ would be false. Writing the theorem with the sign ≤ therefore keeps
the statement valid and self-consistent in the limiting regime, whereas the sign < would degenerate.
This is why we still state Theorem 1.2 with the sign ≤.

Example 5.2. Let n = 2, λ = −1
2 , and f = g = 1B, where B is the unit disk. Theorem 1.2 gives the

lower bound

C2,− 1
2
π

9
4 ≈ 8.4120 ≤

"
B×B
|x − y|

1
2 dx dy,

while the sharp single-function inequality (1.2), saturated by 1B, gives the value"
B×B
|x − y|

1
2 dx dy = σ2,− 1

2
π

9
4 ≈ 9.0849,

which is also confirmed by an independent numerical quadrature of the double integral. Hence
C2,− 1

2
/σ2,− 1

2
≈ 0.9259 < 1, in accordance with Proposition 5.2.

Remark 5.3. We now summarize the sharpness status of the two main theorems: We were not able to
determine the sharp constants or the extremal functions of Theorems 1.1 and 1.2. For Theorem 1.1,
equality occurs exactly in the trivial cases f ≡ 0 or g ≡ 0. In the unweighted reduction α = β = 0,
f = g, the constant is strictly larger than the optimal single-function constant σn,λ. Whether Cn,λ,α,β

is optimal for general α, β remains an open problem. For Theorem 1.2, equality never occurs for
admissible (non-zero) functions, and the constant is strictly smaller than σn,λ, hence provably not
optimal.

We also verified that the constant multiples of characteristic functions of balls do not attain our
constants. Readers can see the computations of Examples 5.1 and 5.2. Determining the optimal
constants of (1.4) and (1.5), and identifying the corresponding maximizing sequences (if any), remains
interesting open problems.
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5.3. Differences and connections with the single-function chord Sobolev inequalities

In this subsection, we display the reduced forms of the two-function inequalities. The explicit
examples will be given here, which are compared with the single-function inequalities (1.1)–(1.2) and
with the related literature.

The reduced forms. Setting α = β = 0 in (1.4), the two-function inequality becomes"
Rn×Rn

min{ f (x), g(y)}
|x − y|λ

dx dy ≤ Cn,λ,0,0 ∥ f ∥
1
2

n
2n−λ
∥g∥

1
2

n
2n−λ

, Cn,λ,0,0 =
√

C(n, 2λ). (5.1)

For f = g in (5.1), the two square roots combine into one norm. Then, we obtain"
Rn×Rn

min{ f (x), f (y)}
|x − y|λ

dx dy ≤
√

C(n, 2λ) ∥ f ∥ n
2n−λ

, (5.2)

which is exactly (1.1) with
√

C(n, 2λ) in place of the sharp constant σn,λ.
Similarly, setting f = g in (1.5), the two L1-factors combine into ∥ f ∥(2n−λ)/n

1 , and the denominator
contributes ∥ f ∥1−λ/n∞ = ∥ f ∥(n−λ)/n

∞ , so that

Cn,λ ∥ f ∥
2n−λ

n
1 ∥ f ∥

λ−n
n
∞ ≤

"
Rn×Rn

min{ f (x), f (y)}
|x − y|λ

dx dy, (5.3)

which is exactly (1.2) with Cn,λ in place of σn,λ (note that 1 − λ/n = −(λ − n)/n, which is
why the exponents of the ∥ f ∥∞-factors coincide). Thus the two-function inequalities reproduce the
single-function ones with the same norm exponents but with different constants:

√
C(n, 2λ) > σn,λ

(Proposition 5.1) for the upper bound, and Cn,λ < σn,λ (Proposition 5.2) for the lower bound.
An explicit one-dimensional example. Let n = 1 and f = 1[−1,1]. We first note the elementary

one-dimensional identity"
[−1,1]2

|x − y|−λ dx dy =
∫ 2

−2
(2 − |t|) |t|−λ dt

= 2
∫ 2

0
(2 − t) t−λ dt

=
23−λ

(1 − λ)(2 − λ)
, λ < 1,

obtained by the change of variables t = x − y and a direct integration. For λ = 1
4 , this identity gives"

[−1,1]2
|x − y|−

1
4 dx dy =

23−λ

(1 − λ)(2 − λ)
=

2
11
4

3
4 ×

7
4

≈ 5.1255.

The single-function inequality (1.1) reads 5.1255 ≤ σ1, 1
4
∥ f ∥ 4

7
, and since σ1,λ = 2/((1− λ)(2− λ)) = 32

21

and ∥ f ∥ 4
7
= 2

7
4 ≈ 3.3636, equality holds: 32

21 × 2
7
4 ≈ 5.1255. By contrast, the reduced two-function

bound (5.2) gives√
C(1, 1

2 ) ∥ f ∥ 4
7
=

(
Γ(1/4)
Γ(3/4)

) 1
2

× 2
7
4 ≈ 1.7201 × 3.3636 ≈ 5.7856 > 5.1255.
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Here the first equality follows from the explicit formula of C(n, λ) in Theorem 2.1: For n = 1 and

λ = 1
2 , one has C(1, 1

2 ) = π
1
4
Γ(1/4)
Γ(3/4)

[
Γ(1/2)
Γ(1)

]− 1
2
=
Γ(1/4)
Γ(3/4) , since Γ(1/2) =

√
π and Γ(1) = 1; we also used

∥ f ∥ 4
7
= 2

7
4 for f = 1[−1,1]. Hence, we show that the two-function constant is strictly larger than the

sharp one, as stated in Proposition 5.1. For the lower-bound direction, λ = −1
4 , the same identity gives"

[−1,1]2
|x − y|

1
4 dx dy =

23−λ

(1 − λ)(2 − λ)
=

2
13
4

5
4 ×

9
4

≈ 3.3826.

Here (1.2) gives equality: σ1,− 1
4
∥ f ∥

9
4
1 =

32
45 × 2

9
4 ≈ 0.7111 × 4.7568 ≈ 3.3826. By the reduced two-

function bound (5.3), we have

C1,− 1
4
∥ f ∥

9
4
1 =

2
(2 − λ)2 × 2

9
4 =

32
81
× 4.7568 ≈ 1.8792 < 3.3826.

Thus, the two-function constant is strictly smaller than the sharp one, as stated in Proposition 5.2.
These examples also show explicitly how the equality cases of the single-function inequalities are lost
in the two-function setting.

Structural differences and comparison with the literature.

• The two-function functional. In (1.4) and (1.5), the functional min{ f (x), g(y)} couples the value
of f at x with the value of g at y: It is not symmetric in (x, y) unless f = g, it never “sees” the
diagonal x = y, and its layer-cake form is the product 1{ f≥t}(x)1{g≥t}(y) of two level sets that are in
general different. In the single-function theory, the pair 1{ f≥t}(x)1{ f≥t}(y) consists of two copies of
the same set, and it is precisely this symmetry that the chord power integrals of Baêta–Cai exploit.
• Pointwise weights. The kernel |x|−α|x − y|−λ|y|−β that we set in Theorem 1.1 is the Stein–Weiss

kernel (see [8, 9]). The weights shift the integrability indices from n
2n−λ to n

2n−λ−2α and n
2n−λ−2β .

Hence f and g may lie in different Lp spaces. This models two profiles with different behavior at
the origin. This is one of our motivations for setting this kernel.
• Methods of proof. Baêta and Cai [6, 7] derive (1.1)–(1.2) from chord power integrals via

integral geometry (Crofton-type and Blaschke–Petkantschin formulas). Our proofs use no integral
geometry at all: only the layer-cake representation, rearrangement, the HLS inequality, and the
elementary inequalities of Minkowski, Chebyshev, and Jensen.

Based on the above, we think the two-function framework may be useful for some physical problems
involving two interacting profiles (for instance, estimates for min-type interactions or double-layer
potentials), where the pointwise weights model different decay rates of the two profiles.

6. Conclusions

In this paper, we established two chord Sobolev inequalities for two distinct functions, extending
the single-function chord Sobolev inequalities of Baêta and Cai [6, 7]. Theorem 1.1 is a pointwise-
weighted upper bound whose kernel |x|−α|x−y|−λ|y|−β is of Stein–Weiss type and whose right-hand side
involves the product of two (possibly different) Lp norms; Theorem 1.2 is a lower bound, valid for
every λ < 0, involving the L1 and L∞ norms. Both constants are explicit.
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We also analyzed the sharpness of the constants. For Theorem 1.1, equality holds exactly in the
trivial cases f ≡ 0 or g ≡ 0. In the unweighted reduction, the constant is strictly larger than the
optimal single-function constant. For Theorem 1.2, equality never occurs for admissible functions,
and the constant is strictly smaller than the sharp single-function constant σn,λ. The sharp constants
and the extremal functions of the two-function inequalities could not be determined, and we stated this
explicitly in Subsection 5.2, together with the corresponding open problem. Finally, we displayed the
reductions of the two-function inequalities to the single-function ones.

We believe that the two-function pointwise-weighted framework opens several directions for future
research, in particular the determination of the sharp constants and the study of affine-invariant two-
function versions.
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