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Abstract: In this study, we aim to approximate the solution of a general class of stochastic differential
equations (SDEs) driven by fractional Brownian motion with a Hurst parameter H > 1

2 and a square-
root term in the diffusion coefficient. We employ the drift-implicit Euler-Maruyama (DIEM) method
to approximate solutions of these SDEs and investigate its strong convergence properties. Despite the
challenges posed by the non-Lipschitz diffusion coefficient, we demonstrate that, under reasonable
monotonicity, regularity and moment assumptions on the drift function, the DIEM is mean-square
convergent of order 1 for the Lamperti-transformed process, which is an optimal order. For the original
square-root process Y = X2, we obtain strong convergence of order 1 at the grid points. To demonstrate
the practical relevance and computational efficiency of the method, we apply it to the fractional Cox-
Ingersoll-Ross (CIR) model and discuss a fractional Heston-3/2 model whose reciprocal is a fractional
CIR process. These applications underscore the potential of the proposed scheme in solving complex
problems in computational statistics and finance, where fractional dynamics are used to model long-
range dependencies and market memory.
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1. Introduction

Stochastic differential equations (SDEs) are fundamental in modeling dynamic systems subject to
random fluctuations. Their wide-ranging applications in diverse fields, including economics, finance,
mechanics, and more, have attracted significant attention from researchers [1–3].
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As is well-known, many crucial equations in various applications possess coefficients that do
not satisfy the global Lipschitz condition, making it essential to investigate a more general setting.
Consequently, considerable research has been directed toward developing numerical schemes that
remain valid within restricted domains for SDEs with non-Lipschitz continuous coefficients [4–6].
A classical and effective technique involves the application of a suitable Lamperti transform to convert
the SDE into one with a constant diffusion coefficient, thus transferring all the non-smoothness to the
drift term. This transformation is particularly useful for SDEs with non-globally Lipschitz coefficients
and has, in particular, been successfully employed by Alfonsi [7] in the numerical treatment of the
Cox-Ingersoll-Ross (CIR) process. Several financial models feature diffusion coefficients with square
roots, which are non-globally Lipschitz, including the well-known CIR model [8].

SDEs driven by fractional Brownian motion (fBm) have attracted considerable attention from
researchers [9, 10]. In financial modeling, fBm has been used to model temporal dependence in
volatility. Gatheral et al. [11] showed that log-volatility behaves approximately like a fractional
Brownian motion with a small Hurst parameter H < 1

2 , while Wang et al. [12] proposed a fractional
Ornstein-Uhlenbeck model for realized volatility forecasting, also finding evidence of rough sample
paths with H < 1

2 . These rough volatility models, however, lie outside the mathematical framework
considered in this paper, which focuses on the regime H > 1

2 , i.e., persistent or long-memory dynamics.
Long-memory stochastic-volatility models have been studied, e.g., in [13–15], including applications
to option pricing and the estimation of volatility from financial data. In [16], a fractional Heston model
with H > 1

2 was developed and applied to derive option prices and implied volatilities. In [17], strict
positivity of a fractional CIR-process has been proven for H > 1

2 , and in [18], a fractional Heston
model was applied to the numerical approximation of option prices.

However, despite the increasing attention devoted to this area, the availability of numerical
approximation methods for these equations remains limited, with only a few approaches to address
the challenges posed by fBm.

Most researchers have investigated SDEs with fBms whose coefficients are globally Lipschitz [19–
21]. The numerical approximation of fractional SDEs with non-Lipschitz coefficients presents unique
challenges compared to the standard Brownian motion framework. Standard explicit Euler schemes are
known to suffer from stability issues; they often fail to preserve the positivity of the solution, which is a
strict requirement for volatility models like CIR, and can diverge in the strong sense when coefficients
grow superlinearly. To overcome this, tamed and truncated Euler schemes have been proposed for
fractional SDEs [22, 23]. While these methods restore strong convergence, they generally do not
inherently guarantee pathwise positivity without modifications.

Implicit treatment of the drift is attractive for equations with singular or stiff transformed drifts,
since it can improve stability and, for important models such as the fractional CIR equation, preserve
positivity of the numerical approximation. Compared with explicit schemes, the additional per-step
cost of a drift-implicit method stems from solving a generally nonlinear implicit equation, typically by
an iterative nonlinear solver. When the implicit equation can be solved in closed form, as in the two
CIR-type examples considered in Section 5, no iterative nonlinear solver is required.

Among the numerical methods for SDEs with non-Lipschitz or singular coefficients, several
approaches are closely related to this work. For the fractional CIR model with H ∈ (1/2, 1),
Hong et al. [24] applied a backward-Euler-type scheme to the Lamperti-transformed equation and
proved positivity and strong convergence of order one for the transformed process and, after
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transforming back, for the original CIR process.
Related positivity-preserving numerical approaches for the CIR model include the adaptive splitting

scheme proposed in [25]. For a class of additive SDEs characterized by a locally Lipschitz drift
that is unbounded in the neighborhood of the origin, Zhang and Yuan [26] studied an implicit Euler
approximation and obtained convergence of order H. Di Nunno et al. [27] investigated a drift-implicit
Euler scheme for SDEs with unbounded drift driven by an arbitrary λ-Hölder continuous process and
established convergence of order λ, which yields order H in the case of fractional Brownian motion.

An alternative approach for the fractional CIR model was proposed by Gao et al. [22],
who introduced a positivity-preserving truncated Euler-Maruyama scheme and established strong
convergence of order H. Related truncation-based methods for fractional Brownian motion-driven
SDEs with nonlinear coefficients were studied by He et al. [23].

On the analytical side, Hu, Nualart, and Song [9] established existence and uniqueness results for
singular stochastic differential equations driven by fractional Brownian motion. In particular, under
suitable assumptions on the drift, their framework covers equations of the form

dY(t) = f1(Y(t))dt +
√︁

Y(t)dBH(t), t ∈ [0, T ],
Y(0) = y0 > 0,

(1.1)

where T > 0 and BH(t) denotes a fBm with Hurst parameter H ∈ ( 1
2 , 1). Equation (1.1) is stated in the

normalized form with unit diffusion scale. In Section 3, we consider the corresponding scaled model
with a constant factor σ > 0 in the diffusion coefficient.

This paper provides an efficient numerical scheme for approximating solutions of the general
SDE (1.1), focusing on SDEs with square-root diffusion, including the fractional CIR model, and
showing how the fractional Heston-3/2 volatility model can be treated within the same framework via
its reciprocal process. The main contribution of this paper is to extend the strong order-one analysis of
drift-implicit discretizations beyond the specific fractional CIR drift treated in [24]. We consider the
more general class of square-root diffusion models in (1.1), with a general drift function f1 satisfying
Assumptions 3.1–3.4 given in Section 3, and prove mean-square convergence of order one for the
Lamperti-transformed process. We also establish strong order-one convergence in L1 for the original
process Y = X2. For the fractional Heston-3/2 model, whose inverse-square transformation is singular
at the origin, we derive a separate order-one result under additional inverse-moment conditions on
the exact and numerical transformed solutions. The choice of fractional Brownian motion with Hurst
parameter H ∈ (1/2, 1) enables the model to represent persistence and long-range dependence, which
can be relevant for financial quantities such as volatility and interest rates. The strong convergence
result of order one provides accurate pathwise approximations of the fractional CIR and Heston-
3/2-type processes. Such approximations can also be used to estimate functionals of the underlying
financial process. In Section 5, we illustrate this by considering the integrated-short-rate functional

D(0, T ) = E
(︃
e−

∫︁ T
0 Ysds

)︃

and studying its numerical approximation for different time-step sizes.
However, we do not aim to develop a complete arbitrage-free pricing or forecasting framework.

A systematic treatment of option pricing, volatility-surface calibration, or risk-measure evaluation
would require additional modeling components and is beyond the scope of this work. The numerical
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experiments are primarily designed to validate the theoretically predicted convergence behavior of
the proposed drift-implicit Euler-Maruyama (DIEM) method and to illustrate its implications for a
financially relevant functional. The analysis is restricted to one-dimensional fractional models with
H ∈ (1/2, 1) and square-root-type diffusion coefficients under the assumptions stated in the paper.
More specifically, the convergence analysis relies essentially on the monotonicity of the Lamperti-
transformed drift, together with the regularity and moment conditions introduced in Section 3.
Although the DIEM scheme attains the optimal strong order one within this framework, extending the
drift-implicit analysis to higher-order methods for fractional equations with singular or non-Lipschitz
coefficients would require additional regularity and higher-order pathwise expansions and is beyond
the scope of this work.

The article is organized as follows: In Section 2, we concisely review essential aspects related
to fractional Brownian motion and Malliavin calculus for fBms. In Section 3, we present a detailed
explanation of the problem under consideration, outlining the mathematical formulation and conditions
for the existence of the solution. Section 4 is dedicated to the thorough convergence analysis of the
DIEM scheme for SDEs driven by fBms with a square-root term. Furthermore, the strong convergence
rate of the proposed method is obtained. Finally, in Section 5, we demonstrate the practical application
of our approach, presenting outcomes and findings from numerical experiments on examples such as
the CIR and Heston-3/2 volatility models, and showing the effectiveness and accuracy of our numerical
scheme in financially motivated examples.

2. Preliminaries

Consider a filtered probability space (Ω,F , (Ft)t≥0, P), and let BH = (BH(t))t≥0 be a one-dimensional
standard (Ft)-adapted fractional Brownian motion with Hurst parameter H ∈ (1

2 , 1). A centered
Gaussian stochastic process {BH(t) : t ≥ 0} with Hurst parameter H is defined such that E(BH(t)) = 0,
and its covariance function is expressed as

RH(t, s) := E(BH(t)BH(s)) =
1
2

(︂
t2H + s2H − |t − s|2H

)︂
. (2.1)

For H = 1
2 , BH(t) represents standard Brownian motion. The covariance function (2.1) implies that

the increment of the process within an interval [s, t] follows a normal distribution with zero mean and
variance given by

E
(︂
BH(t) − BH(s)

)︂2
= |t − s|2H.

Malliavin analysis for fractional Brownian motion. In this section, we explore fundamental
aspects of fractional Brownian motion [9]. The set E is defined as a collection of step functions on the
interval [0,T ], and the associated Hilbert spaceH is constructed by closing E under the scalar product

< 1[0,t], 1[0,s] >H := RH(t, s).

To establish an isometry betweenH and its corresponding Gaussian space, we extend the mapping
1[0,t] → BH(t). This isometry, denoted as u→ BH(u) for u ∈ H , satisfies, for any u, v ∈ H ,

< u, v >H=
∫︂ T

0
(K∗u)(s)(K∗v)(s)ds,

AIMS Mathematics Volume 11, Issue 11, 37735–37763.



37739

where K∗ is a linear operator from E to L2([0, T ]) defined as

(K∗u)(t2) =
∫︂ T

t2
u(t1)
∂KH

∂t1
(t1, t2)dt1, u ∈ E, t2 ∈ [0,T ],

and KH(t1, t2) takes the form

KH(t1, t2) := cHt
1
2−H
2

∫︂ t1

t2
(t − t2)H− 3

2 tH− 1
2 dt1{t2<t1},

with

cH :=

√︄
αH

β(2 − 2H,H − 1
2 )
,

where αH = H(2H − 1) and β(·, ·) is the Beta function.

Definition 2.1. Consider a function f ∈ C∞b (Rn). Let F denote a smooth random variable defined as
F = f (BH(t1), ..., BH(tn)). The derivative process of F is denoted by the H-valued random variable
DsF, where

DsF :=
n∑︂

i=1

∂ f
∂xi

(BH(t1), . . . , BH(tn))1[0,ti](s), s ∈ [0, T ].

Notably, for the fractional Brownian motion BH(t), we express DsBH(t) = 1[0,t](s).

Furthermore, let D1,2 be the completion of the class of smooth random variables with respect to
the norm

|G|D1,2 :=
(︂
E[|G|2] + E[|DG|2H ]

)︂ 1
2
.

Let δ denote the adjoint of the operator D. The Skorohod integral of g with respect to fractional
Brownian motion is introduced as ∫︂ T

0
g(t)δBH(t) := δ(g),

and this yields

E

[︄∫︂ T

0
g(t)δBH(t)

]︄
= 0.

Moreover, for t ∈ [0, T ], the expression
∫︁ t

0
g(u)δBH(u) := δ(g1[0,t]) is defined. Notably, the definition

of D1,2 can be extended to D1,2(H) for H-valued random variables, and this space is contained in
Domain(δ).

Furthermore, we have
∫︂ t

0
g(s)dBH(s) =

∫︂ t

0
g(s)δBH(s) +

∫︂ t

0

∫︂ T

0
Dςg(s)ϱ(ς, s) dς ds, (2.2)

where the integral on the left side is the Riemann-Stieltjes integral and

ϱ(ς, s) = αH |ς − s|2H−2. (2.3)
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Lemma 2.1. [9] Let pH > 1 and denote L1,p
H :=

{︂
g ∈ D1,2(H) : ∥g∥p,1 < ∞

}︂
, where

∥g∥pp,1 :=
∫︂ T

0
E[|g(u)|p]du + E

⎡⎢⎢⎢⎢⎢⎣
∫︂ T

0

(︄∫︂ T

0
|Dςg(u)| 1H dς

)︄pH

du

⎤⎥⎥⎥⎥⎥⎦ .

If a process g ∈ L1,p
H , then

E

[︄
sup

0≤t≤T

⃓⃓
⃓⃓
⃓⃓
∫︂ t

0
g(u)δBH(u)

⃓⃓
⃓⃓
⃓⃓
p]︄
≤ C(T,H, p)∥g∥pp,1.

3. Problem formulation and drift-implicit discretization

Model, Lamperti transformation, and existence. Consider the following SDE:

dY(t) = f1(Y(t))dt + σ
√︁

Y(t)dBH(t), t ∈ [0, T ],
Y(0) = y0,

(3.1)

where T > 0, y0 > 0, and BH(t) is a fractional Brownian motion with Hurst parameter H ∈ (1
2 , 1).

Assumption 3.1. Assume that f1 ∈ C1((0,∞)) and

2y f ′1(y) ≤ f1(y), ∀y > 0.

Remark 3.1. The rationale for Assumption 3.1 is structural: It ensures that the drift f (x) of the
Lamperti-transformed process X(t) =

√
Y(t) satisfies the one-sided monotonicity condition f ′(x) ≤ 0

for all x > 0. Thus, the drift of the Lamperti-transformed equation is non-increasing, a property that is
essential for the stability estimate in the convergence analysis. For example, in the CIR model where
f1(y) = K(θ − y) with K, θ > 0, Assumption 3.1 reduces to −2Ky ≤ K(θ − y), which is satisfied for all
y > 0.

Applying the Young chain rule to the positive stochastic process Y = (Y(t), t ≥ 0), with X(t) =√
Y(t), we find that Y(t) satisfies (3.1) if and only if X(t) satisfies the following equation:

dX(t) = f (X(t))dt +
σ

2
dBH(t), t ∈ [0, T ],

X(0) = x0 =
√

y0,
(3.2)

where f (x) = f1(x2)
2x .

Although fractional Brownian motion BH is neither a Markov process nor a semimartingale,
applying the Lamperti transformation reduces the non-Lipschitz diffusion to an additive fractional
noise. This simplification enables stochastic integrals to be well-defined in a pathwise sense, while our
strong convergence analysis uses Malliavin calculus to handle non-Markovian error propagation.

The following theorem introduces conditions that ensure the existence of solutions for (3.1)
and (3.2).

AIMS Mathematics Volume 11, Issue 11, 37735–37763.



37741

Theorem 3.1. [9] Suppose that Assumption 3.1 holds and that f1(y) ≥ 0 for all y > 0. Assume also
that there exist constants c > 0, y∗ > 0, and

q < 1 − 1
2H

such that
f1(y) ≥ cyq, 0 < y < y∗. (3.3)

Then Eq (3.2) has a unique pathwise solution X(t) such that X(t) > 0 almost surely on [0,∞).
Consequently, Y(t) = X(t)2 is the unique strictly positive pathwise solution of (3.1).

Regularity assumptions for the convergence analysis. Theorem 3.1 provides sufficient conditions
for existence and strict positivity of the exact solution. For the strong convergence analysis of the
numerical method, we also require the following regularity and moment assumptions on the Lamperti-
transformed solution.

Assumption 3.2. Assume that f ∈ C2((0,∞)) and that Eq (3.2) admits a unique pathwise solution X(t)
such that X(t) > 0 almost surely on [0,T ] and

sup
t∈[0,T ]

E| f ′(X(t))|2 + sup
t∈[0,T ]

E| f ′(X(t)) f (X(t))|2 + sup
t∈[0,T ]

E| f ′′(X(t))|2 < ∞.

Remark 3.2. Assumption 3.2 requires the boundedness of specific moments involving the transformed
drift and its derivatives evaluated at the exact solution. This is a technical necessity to bound the
truncation errors and Malliavin derivatives in the proof of the strong convergence rate in Theorem 4.1.
Although assuming bounds on the exact solution may appear abstract, it is not overly restrictive for
practical financial applications. As demonstrated in Examples 5.1 and 5.2, the required moment
bounds are naturally satisfied for the CIR-type equations provided that a generalized Feller-type
condition holds, which restricts the parameters such that the process does not accumulate near zero.
The fractional Heston-3/2 model is treated separately in Example 5.3 and Corollary 5.1, where
additional inverse-moment bounds are imposed to control the singular inverse-square transformation.

Assumption 3.3. For every t ∈ [0,T ], the solution X(t) belongs to D1,2. Moreover, for 0 ≤ ς ≤ t ≤ T,
its Malliavin derivative satisfies

DςX(t) =
σ

2
+

∫︂ t

ς

f ′(X(u))DςX(u) du, (3.4)

whereas DςX(t) = 0 for ς > t.

Remark 3.3. Assumption 3.3 is a standard regularity property for fractional SDEs with additive noise.
For equations with regular coefficients, Malliavin differentiability and the corresponding variational
equation follow from standard results; see, e.g., [10]. For singular equations with additive fractional
Brownian noise, corresponding results are established in [9]. In particular, this covers the drift
f (x) = K/x considered in Example 5.1. For the fractional CIR equation considered in Example 5.2,
the Malliavin derivative is given explicitly in [24]. Hence, Assumption 3.3 is satisfied for the principal
examples considered below; (5.14) reduces to the same CIR-type transformed equation.
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The DIEM scheme and well-posedness. The primary challenge in model (3.2) is the severe
stiffness introduced by the Lamperti-transformed drift, which can cause standard explicit schemes
to oscillate and fail to preserve the strict positivity of the underlying volatility process. Therefore, we
isolate this difficulty by treating the drift implicitly. Because the fractional noise becomes additive after
the transformation, the non-Markovian dependence structure of the fBm does not alter the algebraic
form of the implicit solve at an individual time step.

Applying the DIEM method to Eq (3.2), we obtain the following numerical scheme:

Xk+1 = Xk + f (Xk+1)∆ +
σ

2
∆BH

k , k = 0, 1, . . . ,N − 1, (3.5)

where X0 = x0, N ∈ N is the number of time steps, ∆ = T
N > 0 represents the time discretization

step-size, tk = k∆ for k = 0, 1, . . . ,N, and

∆BH
k = BH((k + 1)∆) − BH(k∆). (3.6)

The following assumption guarantees that the implicit equation in (3.5) is well posed on (0,∞).

Assumption 3.4. There exists ∆0 > 0 such that, for every ∆ ∈ (0,∆0], the function

Φ∆(x) := x − ∆ f (x), x > 0,

satisfies
lim
x↓0
Φ∆(x) = −∞, lim

x→∞
Φ∆(x) = +∞.

Remark 3.4. By Assumption 3.1, Φ′
∆
(x) = 1 − ∆ f ′(x) ≥ 1 for x > 0. Together with Assumption 3.4,

which, by continuity, ensures thatΦ∆ maps (0,∞) onto R, this implies that the implicit equation in (3.5)
admits a unique positive solution at every time step. Both CIR-type examples considered in Section 5
satisfy this condition; in fact, in these cases, the unique positive solution is available in closed form.
Moreover, if the assumptions of Theorem 3.1 hold, Assumption 3.4 is fulfilled.

Thus, Assumptions 3.1 and 3.4 ensure that the DIEM recursion is pathwise well defined and
strictly positive at every time step. Together with Assumptions 3.2 and 3.3, these conditions form
the framework for the convergence analysis in the next section.

4. Convergence of the proposed numerical scheme

Our main aim in this section is to investigate the convergence and the strong convergence rate of
the numerical scheme (3.5). Throughout this section, C denotes a generic constant that is independent
of ∆, but may depend on T,H, σ and may change from line to line.

Theorem 4.1. Let T > 0, and suppose Assumptions 3.1–3.4 hold. Let X(k∆) denote the solution of
SDE (3.2), and Xk be the numerical solution obtained using the DIEM scheme (3.5) at the grid point
tk = k∆. Then, there exists a constant C > 0 such that

E

[︄
max

k=0,...,N
|X(k∆) − Xk|2

]︄
≤ C∆2.
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Proof. The proof of the strong convergence result proceeds in four main steps. First, on each interval
[tk, tk+1], we use the integrated chain rule to decompose the local defect into a Lebesgue-integral
contribution C1

k+1, involving only ordinary time integrals, and a fractional-noise term C2
k+1, involving

an integral with respect to fBm. Second, Assumption 3.1 implies the monotonicity f ′(x) ≤ 0, which
yields γk+1 ≤ 0 in the error recursion ek+1 = ek + ek+1γk+1∆ +C1

k+1 +C2
k+1. A discrete integrating factor

is then used to obtain a stable representation of the accumulated global error. Third, the Young integral
appearing in C2

k+1 is rewritten, using (2.2), as the sum of a Skorohod integral and a Malliavin correction
term. Discrete summation by parts is subsequently used to control the accumulation of the Skorohod-
integral increments. This leads to the decomposition of the global error into the three terms I, II,
and III below. Finally, these terms are estimated separately: I is controlled by the moment bound on
f ′(X) f (X), II by Lemma 2.1 together with a Malliavin-derivative estimate, and III by the moment
bound on f ′′(X). Together with the monotonicity condition in Assumption 3.1 and the Malliavin
regularity in Assumption 3.3, Assumption 3.2 provides the moment bounds needed to complete these
estimates.

Step 1. Local defect decomposition and error recursion
From Eq (3.2), we have

X(tk+1) = X(tk) +
∫︂ tk+1

tk
f (X(s))ds +

σ

2
∆BH

k , k = 0, 1, . . . ,N − 1. (4.1)

Since f is twice continuously differentiable, using the integrated chain rule, we deduce

f (X(s)) = f (X(tk+1)) −
∫︂ tk+1

s
f (X(r)) f ′(X(r))dr − σ

2

∫︂ tk+1

s
f ′(X(r))dBH

r . (4.2)

By substituting (4.2) into (4.1), we obtain

X(tk+1) = X(tk) + f (X(tk+1))∆ +C1
k+1 +C2

k+1 +
σ

2
∆BH

k , (4.3)

where

C1
k+1 = −

∫︂ tk+1

tk

∫︂ tk+1

s
f (X(r)) f ′(X(r))drds,

and

C2
k+1 = −

σ

2

∫︂ tk+1

tk

∫︂ tk+1

s
f ′(X(r))dBH(r)ds.

By subtracting (3.5) from (4.3), we obtain

X(tk+1) − Xk+1 = X(tk) − Xk + ( f (X(tk+1)) − f (Xk+1))∆ +C1
k+1 +C2

k+1, (4.4)

which leads to
ek+1 = ek + ek+1γk+1∆ +C1

k+1 +C2
k+1,

where γk+1 := f (X(tk+1))− f (Xk+1)
X(tk+1)−Xk+1

if X(tk+1) , Xk+1 and γk+1 := 0 if X(tk+1) = Xk+1.
Step 2. Stability and accumulation of the local errors
From Assumption 3.1 and the mean value theorem, we deduce γk+1 ≤ 0. Therefore,

(1 − γk+1∆)ek+1 = ek +C1
k+1 +C2

k+1. (4.5)
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Define ζ0 := 1 and ζk :=
∏︁k

j=1(1 − γ j∆). Multiplying both sides by ζk, we obtain

(1 − γk+1∆)
k∏︂

j=1

(1 − γ j∆)ek+1 =

k∏︂

j=1

(1 − γ j∆)ek +

k∏︂

j=1

(1 − γ j∆)
(︂
C1

k+1 +C2
k+1

)︂
,

which leads to
ẽk+1 = ẽk + ζk(C1

k+1 +C2
k+1), (4.6)

where ẽk := ζkek, implying that ẽk =
∑︁k−1

j=0 ζ j(C1
j+1 +C2

j+1) and thus

ek =
1
ζk

k−1∑︂

j=0

ζ j(C1
j+1 +C2

j+1). (4.7)

Step 3. Young-Skorohod decomposition of the fractional-noise error
Note that

C1
k+1 = −

∫︂ tk+1

tk
(r − tk) f (X(r)) f ′(X(r))dr, (4.8)

and from (2.2), we get

C2
k+1 = −

σ

2

∫︂ tk+1

tk
(r − tk) f ′(X(r))dBH(r)

= −σ
2

∫︂ tk+1

tk
(r − tk) f ′(X(r))δBH(r) − σ

2

∫︂ tk+1

tk

(︄∫︂ T

0
(r − tk)Dς[ f ′(X(r))]ϱ(ς, r) dς

)︄
dr.

(4.9)

For r ∈ [tk, tk+1), denote ⌊r/∆⌋ = k. Define

R̃(t) := −σ
2

∫︂ t

0
(r − t⌊r/∆⌋) f ′(X(r)) δBH(r). (4.10)

Then, we obtain from (4.7)–(4.10)

ek = −
∫︂ tk

0

ζ⌊r/∆⌋
ζk

(r − t⌊r/∆⌋) f ′(X(r)) f (X(r)) dr +
k−1∑︂

j=0

ζ j

ζk
(R̃(t j+1) − R̃(t j))

−
∫︂ tk

0

∫︂ T

0

1
2
σ
ζ⌊r/∆⌋
ζk

(r − t⌊r/∆⌋)Dς[ f ′(X(r))]ϱ(ς, r) dς dr. (4.11)

Applying discrete summation by parts to the Skorohod-integral increments, we obtain
⃓⃓
⃓⃓
⃓⃓
⃓

k−1∑︂

j=0

ζ j(R̃(t j+1) − R̃(t j))

⃓⃓
⃓⃓
⃓⃓
⃓
=

⃓⃓
⃓⃓
⃓⃓
⃓
ζk−1R̃(tk) +

k−1∑︂

j=1

(ζ j−1 − ζ j)R̃(t j)

⃓⃓
⃓⃓
⃓⃓
⃓
≤ 2ζk−1 sup

1≤ j≤k
|R̃(t j)|.

Using ζ j

ζk
≤ 1, j = 1, · · · , k, we deduce

E
[︃
max
0≤k≤N
|ek|2

]︃
≤ C

(︄
E

⎡⎢⎢⎢⎢⎢⎣
(︄∫︂ T

0
|(r − t⌊r/∆⌋) f ′(X(r)) f (X(r))| dr

)︄2⎤⎥⎥⎥⎥⎥⎦ + E
[︄
max
1≤ j≤N
|R̃(t j)|2

]︄

AIMS Mathematics Volume 11, Issue 11, 37735–37763.



37745

+ E

⎡⎢⎢⎢⎢⎢⎣
(︄∫︂ T

0

∫︂ T

0

⃓⃓
⃓⃓
⃓
1
2
σ(r − t⌊r/∆⌋)Dς[ f ′(X(r))]ϱ(ς, r)

⃓⃓
⃓⃓
⃓ dς dr

)︄2⎤⎥⎥⎥⎥⎥⎦
)︄

=: C(I + II + III). (4.12)

Step 4. Estimates of the three error contributions
We first record the Malliavin derivative estimate that will be used for II and III. Malliavin

differentiability of solutions of fractional SDEs and the corresponding variational equation are
discussed, for example, in [10]; see also [9] for singular equations with additive fractional Brownian
noise.

For 0 ≤ ς ≤ r, applying the Malliavin derivative Dς to the integral form of (3.2) gives

DςX(r) =
σ

2
+

∫︂ r

ς

f ′(X(u))DςX(u) du,

whereas DςX(r) = 0 for ς > r. Solving this linear variational equation yields

DςX(r) =
σ

2
exp

(︄∫︂ r

ς

f ′(X(u)) du
)︄

1[0,r](ς). (4.13)

By the chain rule of Malliavin calculus,

Dς[ f ′(X(r))] = f ′′(X(r))DςX(r). (4.14)

Since Assumption 3.1 implies that f ′(x) ≤ 0 for all x > 0, and X(ι) > 0 almost surely by
Assumption 3.2, we have exp

(︂∫︁ r

ς
f ′(X(ι)) dι

)︂
≤ 1. Consequently, (4.13) and (4.14) imply

|Dς[ f ′(X(r))]| ≤ | f ′′(X(r))
σ

2
|1[0,r](ς). (4.15)

For the first term I, using Minkowski’s integral inequality, the estimate |r − t⌊r/∆⌋| ≤ ∆ and the moment
bound on f ′(X(r)) f (X(r)) in Assumption 3.2, we get

I =

⃦⃦
⃦⃦
⃦⃦
∫︂ T

0
|(r − t⌊r/∆⌋) f ′(X(r)) f (X(r))| dr

⃦⃦
⃦⃦
⃦⃦

2

L2(Ω)

≤
(︄∫︂ T

0
∥(r − t⌊r/∆⌋) f ′(X(r)) f (X(r))∥L2(Ω) dr

)︄2

≤ ∆2 sup
0≤r≤T

∥ f ′(X(r)) f (X(r))∥2L2(Ω)T
2 ≤ C∆2. (4.16)

For the second term II, Lemma 2.1 with p = 2 yields

II = E
[︄
max
1≤ j≤N
|R̃(t j)|2

]︄

≤ C
∫︂ T

0
E

⃓⃓
⃓⃓
⃓
1
2
σ(r − t⌊r/∆⌋) f ′(X(r))

⃓⃓
⃓⃓
⃓
2

dr +CE

⎡⎢⎢⎢⎢⎢⎢⎣
∫︂ T

0

⎛⎜⎜⎜⎜⎜⎝
∫︂ T

0

⃓⃓
⃓⃓
⃓
1
2
σ(r − t⌊r/∆⌋)Dς[ f ′(X(r))]

⃓⃓
⃓⃓
⃓

1
H

dς

⎞⎟⎟⎟⎟⎟⎠
2H

dr

⎤⎥⎥⎥⎥⎥⎥⎦

AIMS Mathematics Volume 11, Issue 11, 37735–37763.



37746

≤ C∆2
∫︂ T

0
E| f ′(X(r))|2dr +C∆2E

⎡⎢⎢⎢⎢⎢⎣
∫︂ T

0

(︄∫︂ T

0

⃓⃓
⃓Dς[ f ′(X(r))]

⃓⃓
⃓

1
H dς

)︄2H

dr

⎤⎥⎥⎥⎥⎥⎦ .

Moreover, by (4.15),
(︄∫︂ T

0
|Dς[ f ′(X(r))]|1/H dς

)︄2H

≤
(︃
σ

2

)︃2
r2H | f ′′(X(r))|2,

implying that

II ≤ C∆2
∫︂ T

0
E| f ′(X(r))|2dr +C∆2

∫︂ T

0
r2HE| f ′′(X(r))|2 dr ≤ C∆2,

where we have used the uniform L2(Ω)-bounds on f ′(X(r)) and f ′′(X(r)) in Assumption 3.2.
For the third term III, (4.15) and

∫︂ T

0
1[0,r](ς)ϱ(ς, r) dς = Hr2H−1 ≤ HT 2H−1

give together with the uniform L2(Ω)-bound on f ′′(X(r)) from Assumption 3.2

III ≤ CE

⎡⎢⎢⎢⎢⎢⎣
(︄∫︂ T

0
(r − t⌊r/∆⌋)| f ′′(X(r))|

∫︂ T

0
1[0,r](ς)ϱ(ς, r)dς dr

)︄2⎤⎥⎥⎥⎥⎥⎦

≤ C∆2
(︄∫︂ T

0
∥ f ′′(X(r))∥L2(Ω) dr

)︄2

≤ C∆2. (4.17)

Combining the estimates for I, II, and III, we obtain

E
[︃
max
0≤k≤N
|ek|2

]︃
≤ C∆2, (4.18)

which completes the proof.

Corollary 4.1. Under the assumptions of Theorem 4.1, let Y(t) = X2(t) and let Xk be the numerical
approximation obtained from (3.5). Suppose also that E

[︂
sup0≤t≤T |X(t)|2

]︂
< ∞. Then, for any T > 0,

there exists a constant CT such that

E
[︃
max
0≤k≤N

|Y(tk) − X2
k |
]︃
≤ CT∆. (4.19)

Proof. By the algebraic identity |a2 − b2| = |a − b||a + b| and the Cauchy-Schwarz inequality, we have

E
[︃
max
0≤k≤N

|X2(tk) − X2
k |
]︃
≤ E

[︃
max
0≤k≤N

|X(tk) − Xk| · max
0≤k≤N

|X(tk) + Xk|
]︃

≤
(︃
E

[︃
max
0≤k≤N

|X(tk) − Xk|2
]︃)︃1/2 (︃

E
[︃
max
0≤k≤N

|X(tk) + Xk|2
]︃)︃1/2
.

From Theorem 4.1, the first term is O(∆). For the second term, we use the triangle inequality:
(︃
E

[︃
max
0≤k≤N

|X(tk) + Xk|2
]︃)︃1/2

≤
(︃
E

[︃
max
0≤k≤N

|2X(tk) + (Xk − X(tk))|2
]︃)︃1/2
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≤ C
(︄
E

[︄
sup

0≤t≤T
|X(t)|2

]︄)︄1/2

+C
(︃
E

[︃
max
0≤k≤N

|Xk − X(tk)|2
]︃)︃1/2
.

The first part is finite by the moment assumption on the exact solution X in Corollary 4.1, and the
second part is O(∆) by Theorem 4.1. Thus, the second term in the Cauchy-Schwarz inequality is
bounded by a constant independent of ∆. Consequently, the strong convergence rate of order 1 is
established for the process Y(t).

5. Numerical results

In this section, we demonstrate the effectiveness of the theoretical results by applying the proposed
numerical scheme (3.5) to some problems in mathematical finance.

Numerical error measures and confidence intervals. In the numerical experiments in this section,
the exact solutions X of (3.2) and Y of (3.1) are unavailable. Therefore, we approximate them by
reference solutions based on a fine-grid DIEM approximation with (unless stated otherwise) N∗ = 215

time steps and time step size ∆∗ = T
N∗

. For the coarser grids, we use Nℓ = 2ℓ, ∆ℓ = T
Nℓ

, ℓ = 6, . . . , 10.
By applying the covariance formula (2.1) to the fractional Brownian motion increments defined

in (3.6), we obtain

Cov
(︁
∆BH

j ,∆BH
j+k

)︁
=
∆2H
∗
2

(︂
|k + 1|2H − 2|k|2H + |k − 1|2H

)︂
.

To generate increments with this covariance structure, we use the Davies-Harte circulant-embedding
method [28].

For each Monte Carlo path, the coarse-grid increments are obtained by summing the corresponding
fine-grid increments, ensuring an exact coupling of the fine and coarse discretizations.

Unless stated otherwise, we use M = 1000 Monte Carlo sample paths to approximate expectations.
The complete simulation procedure is summarized in Algorithm 1.

Algorithm 1 DIEM convergence experiments

1: Set Y0 and T . Set N∗ = 215, and M = 1000.
2: for m = 1, . . . ,M do
3: Generate the increments of a standard fractional Brownian motion on the reference grid using

the Davies-Harte circulant-embedding method.
4: Compute the reference DIEM solution.
5: for j = 6, . . . , 10 do
6: Set N = 2 j and ∆ = T

N .
7: Construct coarse fBm increments by aggregating the corresponding reference-grid

increments.
8: Compute the coarse-grid DIEM solution.
9: Record the errors against the reference solution at the corresponding coarse-grid points.

10: end for
11: end for
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We denote by X(m)
ℓ,k the DIEM approximation for the mth Monte Carlo path on the grid with step

size ∆ℓ at time point tℓ,k = k∆ℓ, k = 0, . . . ,Nℓ, and by X∗,m(tℓ,k) the corresponding fine-grid reference
approximation. For the original process Y , we define

Y (m)
ℓ,k =

(︁
X(m)
ℓ,k

)︁2
, Y∗,m(tℓ,k) =

(︁
X∗,m(tℓ,k)

)︁2
.

For each path, we define the pathwise errors as

QX,m
ℓ = max

0≤k≤Nℓ

⃓⃓
⃓X(m)
ℓ,k − X∗,m(tℓ,k)

⃓⃓
⃓ , QY,m

ℓ = max
0≤k≤Nℓ

⃓⃓
⃓Y (m)
ℓ,k − Y∗,m(tℓ,k)

⃓⃓
⃓ .

The corresponding Monte Carlo estimator for the root mean square error (RMSE) of the approximation
to X is then given by

ˆ︂ErrX,2(∆ℓ) =

⎛⎜⎜⎜⎜⎜⎝
1
M

M∑︂

m=1

(︂
QX,m
ℓ

)︂2
⎞⎟⎟⎟⎟⎟⎠

1/2

,

while the Monte Carlo estimator for the strong error of the approximation of the original process Y is
given by

ˆ︂ErrY,1(∆ℓ) =
1
M

M∑︂

m=1

QY,m
ℓ .

For ℓ = 7, . . . , 10, we calculate the observed convergence orders as

ˆ︁pX,2(∆ℓ) = log2

⎛⎜⎜⎜⎜⎜⎝
ˆ︂ErrX,2(∆ℓ−1)
ˆ︂ErrX,2(∆ℓ)

⎞⎟⎟⎟⎟⎟⎠ , ˆ︁pY,1(∆ℓ) = log2

⎛⎜⎜⎜⎜⎜⎝
ˆ︂ErrY,1(∆ℓ−1)
ˆ︂ErrY,1(∆ℓ)

⎞⎟⎟⎟⎟⎟⎠ .

To quantify the Monte Carlo sampling uncertainty, we use a batch average method (see [29]). We
distribute the M = 1000 independent paths into B = 20 disjoint batches with n = 50 paths each, such
that M = Bn. Denoting by Ib the index set of the b-th batch, we calculate the batch averages

QY
ℓ,b =

1
n

∑︂

m∈Ib

QY,m
ℓ , b = 1, . . . , B.

The mean of the batch means satisfies

QY
ℓ =

1
B

B∑︂

b=1

QY
ℓ,b =

1
M

M∑︂

m=1

QY,m
ℓ .

The sample variance of the batch averages is then given by

S 2
ℓ,B,Y =

1
B − 1

B∑︂

b=1

(︃
QY
ℓ,b − QY

ℓ

)︃2
.

The standard error of the overall mean value QY
ℓ can therefore be estimated by S ℓ,B,Y√

B
. Assuming that

the batch means are approximately normally distributed, we obtain the approximate 95% confidence
interval [︄

QY
ℓ − tB−1,0.975

S ℓ,B,Y√
B
, QY

ℓ + tB−1,0.975
S ℓ,B,Y√

B

]︄
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for the expected pathwise error E[QY,1
ℓ ] relative to the fine-grid reference solution, where tB−1,0.975

denotes the 0.975 quantile of the Student-t distribution with B − 1 = 19 degrees of freedom.
Analogously applying this approach to the batch mean values of

(︂
QX,m
ℓ

)︂2
, we define

R
X
ℓ,b :=

1
n

∑︂

m∈Ib

(︂
QX,m
ℓ

)︂2
, b = 1, . . . , B, and R

X
ℓ :=

1
B

B∑︂

b=1

R
X
ℓ,b =

1
M

M∑︂

m=1

(︂
QX,m
ℓ

)︂2
,

with sample variance

S 2
ℓ,B,X :=

1
B − 1

B∑︂

b=1

(︃
R

X
ℓ,b − R

X
ℓ

)︃2
.

Then, an approximate 95% confidence interval for the root mean square pathwise error
(︂
E[(QX,1

ℓ )2]
)︂1/2

relative to the fine-grid reference solution is given by
⎡⎢⎢⎢⎢⎢⎢⎣

√︄
R

X
ℓ − tB−1,0.975

S ℓ,B,X√
B
,

√︄
R

X
ℓ + tB−1,0.975

S ℓ,B,X√
B

⎤⎥⎥⎥⎥⎥⎥⎦ .

Computational cost. From a computational point of view, for a discretization with N time steps, the
DIEM time recursion requires O(N) operations per Monte Carlo path, apart from the cost of solving the
implicit equation at the individual time steps. For the two CIR-type examples considered in this section,
this equation has an explicit positive solution, and hence no iterative nonlinear solver is required. The
fractional Brownian motion increments used in the numerical experiments are generated by the Davies-
Harte circulant-embedding method, whose FFT-based implementation has complexity O(N log N) per
path. Thus, for these examples, the simulation of the fractional noise is asymptotically more expensive
than the DIEM recursion itself.

The Monte Carlo paths are mutually independent and can therefore be simulated in parallel, whereas
the time recursion within each individual path is inherently sequential. This work is restricted to one-
dimensional equations. In higher-dimensional fractional models, additional computational costs arise
from the simulation of multidimensional fractional Brownian motion and, for general drifts, from the
solution of possibly coupled nonlinear implicit equations. The development and analysis of such high-
dimensional extensions are beyond the scope of this paper.

Example 5.1. Consider the following SDE:

dY(t) = 2Kdt + σ
√︁

Y(t)dBH(t), t ≥ 0, Y(0) > 0, (5.1)

where K > 0. By transforming X(t) =
√

Y(t), Eq (5.1) can be written as

dX(t) =
K

X(t)
dt +
σ

2
dBH(t), t ≥ 0, X(0) =

√︁
Y(0). (5.2)

Here, f1(y) = 2K and f (x) = K
x . Therefore, the conditions of Theorem 3.1 are satisfied. Consequently,

Eq (5.1) has a unique pathwise solution Y(t) such that Y(t) > 0 almost surely on [0,∞). Trivially,

f ′(x) = −K
x2 ≤ 0, f ′′(x) =

2K
x3 , f (x) f ′(x) =

−K2

x3 .
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Furthermore, Theorem 3.1 in [9], applied after the rescaling ˜︁X = (2/σ)X, implies that, for every T > 0
and p > 0,

(︄
E

[︄
sup

0≤t≤T
|X(t)|p

]︄)︄1/p

< ∞.

Moreover, Proposition 3.4 in [9] implies that for all t ≤
(︂

4K
σ2(p+1)H

)︂ 1
2H−1

E[|X(t)|−p] ≤ |X(0)|−p. (5.3)

Therefore, Assumptions 3.1 and 3.2 are satisfied for t ≤
(︂

4K
7σ2H

)︂ 1
2H−1 . The DIEM scheme for Eq (5.2) is

given by

Xk+1 =
1
2

⎛⎜⎜⎜⎜⎜⎝Xk +
σ

2
∆BH

k +

√︃(︃
Xk +

σ

2
∆BH

k

)︃2
+ 4K∆

⎞⎟⎟⎟⎟⎟⎠ , k = 0, 1, . . . , (5.4)

where X0 = X(0). Trivially, Xk ≥ 0, ∀ k ≥ 0.

Proposition 5.1. Consider the DIEM approximation (5.4) of (5.2), and suppose that the assumptions
of Theorem 4.1 are satisfied. Then we have

max
k=1,...,N

E

[︄⃓⃓
⃓⃓
⃓

1
Xk

⃓⃓
⃓⃓
⃓
2]︄
≤ C. (5.5)

Proof. From (4.4), we get

ek+1 = ek + K∆
(︄

1
X(tk+1)

− 1
Xk+1

)︄
+C1

k+1 +C2
k+1,

hence,
1

Xk+1
=

1
K∆

(︄
ek − ek+1 +

K∆
X(tk+1)

+C1
k+1 +C2

k+1

)︄
. (5.6)

From Theorem 4.1, (5.3) and the estimates of I, II, III, we conclude

max
k=1,...,N

E

[︄⃓⃓
⃓⃓
⃓

1
Xk

⃓⃓
⃓⃓
⃓
2]︄
≤ C. (5.7)

For the numerical experiment, we set K = 5, σ = 0.75, Y0 = 1 and T = 1 and examine the DIEM
scheme for the Hurst parameters H ∈ {0.6, 0.75, 0.9}, which satisfy the condition T ≤ ( 4K

7σ2H )
1

2H−1 .
To evaluate the accuracy of our scheme, we assess the Lamperti-transformed process X and the

original process Y using the reference-solution procedure described above.
First, in Figure 1, we plot the RMSE of the approximation to the transformed process X and the

strong error of the approximation to the original process Y . In view of Theorem 4.1 and Corollary 4.1,
one expects ˆ︂ErrX,2(∆) = O(∆) and ˆ︂ErrY,1(∆) = O(∆), which is confirmed by Figure 1.

AIMS Mathematics Volume 11, Issue 11, 37735–37763.



37751

2−10 2−9 2−8 2−7 2−6

10−3

10−2

Stepsize ∆

ˆ︂ Er
r X
,2

RMSE for the approximation to X

H = 0.6
H = 0.75
H = 0.9
Order 1

2−10 2−9 2−8 2−7 2−6

10−2

10−1

Stepsize ∆

ˆ︂ Er
r Y
,1

Strong error for the approximation to Y = X2

H = 0.6
H = 0.75
H = 0.9
Order 1

Figure 1. Monte Carlo estimates of the errors of the DIEM approximation for the
transformed process (5.2) and original process (5.1) in Example 5.1.

Furthermore, Tables 1 and 2 provide the numerical RMSE and strong errors and corresponding
observed convergence rates. These rates are close to the theoretical value of 1, consistently confirming
the convergence order of the proposed DIEM scheme.

Moreover, for a numerical illustration of the results presented in Proposition 5.1, we plot in Figure 2
the empirical second moment

ˆ︁m∗−2(t j) =
1
M

M∑︂

m=1

(︂
X∗,m(t j)

)︂−2

of the inverse of the solution for Eq (5.2). For all three Hurst parameters considered, the empirical
inverse second moment remains bounded over the simulated time interval, in agreement with the
theoretical inverse-moment estimates.

0 0.2 0.4 0.6 0.8 1

0.5

1

time t

ˆ︁ m
∗ −2

H = 0.6
H = 0.75
H = 0.9

Figure 2. Monte Carlo estimates of the inverse second moment E[X(t)−2] = E[Y(t)−1] for
Example 5.1. The results for the different Hurst parameters coincide visually.
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Table 1. RMSE for X with approximate 95% confidence intervals and observed convergence
orders for Example 5.1.

H T ∆ ˆ︂ErrX,2(∆) CI lower CI upper ˆ︁pX,2

0.6 1 1.563 · 10−2 1.488 · 10−2 1.481 · 10−2 1.495 · 10−2 –
0.6 1 7.813 · 10−3 7.517 · 10−3 7.480 · 10−3 7.553 · 10−3 0.985
0.6 1 3.906 · 10−3 3.763 · 10−3 3.743 · 10−3 3.783 · 10−3 0.998
0.6 1 1.953 · 10−3 1.874 · 10−3 1.866 · 10−3 1.883 · 10−3 1.006
0.6 1 9.766 · 10−4 9.213 · 10−4 9.176 · 10−4 9.251 · 10−4 1.025

0.75 1 1.563 · 10−2 1.455 · 10−2 1.447 · 10−2 1.462 · 10−2 –
0.75 1 7.813 · 10−3 7.328 · 10−3 7.291 · 10−3 7.364 · 10−3 0.989
0.75 1 3.906 · 10−3 3.670 · 10−3 3.653 · 10−3 3.687 · 10−3 0.998
0.75 1 1.953 · 10−3 1.825 · 10−3 1.816 · 10−3 1.834 · 10−3 1.008
0.75 1 9.766 · 10−4 8.989 · 10−4 8.947 · 10−4 9.032 · 10−4 1.021
0.9 1 1.563 · 10−2 1.432 · 10−2 1.427 · 10−2 1.438 · 10−2 –
0.9 1 7.813 · 10−3 7.214 · 10−3 7.187 · 10−3 7.241 · 10−3 0.989
0.9 1 3.906 · 10−3 3.611 · 10−3 3.597 · 10−3 3.624 · 10−3 0.999
0.9 1 1.953 · 10−3 1.795 · 10−3 1.789 · 10−3 1.802 · 10−3 1.008
0.9 1 9.766 · 10−4 8.846 · 10−4 8.812 · 10−4 8.880 · 10−4 1.021

Table 2. Strong error for Y = X2 with approximate 95% confidence intervals and observed
convergence orders for Example 5.1.

H T ∆ ˆ︂ErrY,1(∆) CI lower CI upper ˆ︁pY,1

0.6 1 1.563 · 10−2 9.467 · 10−2 9.379 · 10−2 9.555 · 10−2 –
0.6 1 7.813 · 10−3 4.783 · 10−2 4.738 · 10−2 4.828 · 10−2 0.985
0.6 1 3.906 · 10−3 2.397 · 10−2 2.371 · 10−2 2.423 · 10−2 0.997
0.6 1 1.953 · 10−3 1.194 · 10−2 1.182 · 10−2 1.205 · 10−2 1.006
0.6 1 9.766 · 10−4 5.872 · 10−3 5.816 · 10−3 5.929 · 10−3 1.023

0.75 1 1.563 · 10−2 9.347 · 10−2 9.245 · 10−2 9.449 · 10−2 –
0.75 1 7.813 · 10−3 4.707 · 10−2 4.656 · 10−2 4.758 · 10−2 0.99
0.75 1 3.906 · 10−3 2.358 · 10−2 2.333 · 10−2 2.383 · 10−2 0.998
0.75 1 1.953 · 10−3 1.173 · 10−2 1.160 · 10−2 1.185 · 10−2 1.008
0.75 1 9.766 · 10−4 5.777 · 10−3 5.716 · 10−3 5.838 · 10−3 1.021
0.9 1 1.563 · 10−2 9.309 · 10−2 9.225 · 10−2 9.394 · 10−2 –
0.9 1 7.813 · 10−3 4.688 · 10−2 4.646 · 10−2 4.730 · 10−2 0.99
0.9 1 3.906 · 10−3 2.346 · 10−2 2.325 · 10−2 2.367 · 10−2 0.999
0.9 1 1.953 · 10−3 1.166 · 10−2 1.156 · 10−2 1.177 · 10−2 1.008
0.9 1 9.766 · 10−4 5.746 · 10−3 5.694 · 10−3 5.798 · 10−3 1.021

Example 5.2. Consider the following CIR model:

dY(t) = K(θ − Y(t))dt + σ
√︁

Y(t)dBH(t), t ≥ 0, Y(0) > 0, (5.8)
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where K, θ, σ > 0. From (3.2), by defining X(t) =
√

Y(t), Eq (5.8) can be written as

dX(t) =
K
2

(︄
θ

X(t)
− X(t)

)︄
dt +
σ

2
dBH(t), t ≥ 0, X(0) =

√︁
Y(0). (5.9)

By Proposition 3.1 in [24], for every T > 0 and p ≥ 1, there exists a unique solution X(t) of Eq (5.9)
satisfying (︄

E

[︄
sup

0≤t≤T
|X(t)|p

]︄)︄ 1
p

< ∞, (5.10)

and if, in addition,

Kθ exp
(︃Ks

2

)︃
≥ (p + 1)

∫︂ s

0

σ2

2
exp

(︃Kς
2

)︃
ϱ(ς, s)dς, 0 ≤ s ≤ T,

holds, then

sup
0≤t≤T

(︂
E

[︂
|X(t)−1|p

]︂)︂ 1
p
< ∞.

For this equation,

f1(y) = Kθ − Ky, f (x) =
K
2

(︃
θ

x
− x

)︃
,

and hence

f ′(x) = −K
2

(︂
θx−2 + 1

)︂
< 0, f ′(x) f (x) = −K2

4

(︂
θ2x−3 − x

)︂
, f ′′(x) = Kθx−3.

Hence, Assumption 3.1 is fulfilled, and Assumption 3.2 holds under the condition that

Kθ exp
(︃Ks

2

)︃
≥ 7

∫︂ s

0

σ2

2
exp

(︃Kς
2

)︃
ϱ(ς, s)dς, 0 ≤ s ≤ T. (5.11)

Together with Remarks 3.3 and 3.4, this shows that Assumptions 3.1–3.4 are satisfied for the
transformed fractional CIR equation under (5.11). Consequently, Theorem 4.1 applies.

The numerical scheme (3.5) for SDE (5.9) is given by

Xk+1 = Xk +
K
2

(︄
θ

Xk+1
− Xk+1

)︄
∆ +
σ

2
∆BH

k , k = 0, 1, ...,N − 1, (5.12)

with X0 = X(0). Note that the unique solution to (5.12) is given by

Xk+1 =
1

2 + K∆

⎛⎜⎜⎜⎜⎜⎝Xk +
σ

2
∆BH

k +

√︃(︃
Xk +

σ

2
∆BH

k

)︃2
+ 2Kθ∆(1 +

K∆
2

)

⎞⎟⎟⎟⎟⎟⎠ , (5.13)

which trivially implies Xk ≥ 0, k > 0. We can also demonstrate that the second moment of the inverse
numerical solution remains bounded, analogous to the observations made in Proposition 5.1. For
our numerical experiment, we use the CIR parameters reported by Chan et al. [30] as an empirically
motivated benchmark. Using 306 monthly observations of the annualized one-month U.S. Treasury
bill yield from June 1964 to December 1989, they obtained the parameter estimates

θ = 0.0808, σ =
√

0.0073 ≈ 0.0854, K = 0.2339.
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We initialize the process at its mean-reversion level,

Y0 = θ = 0.0808, X0 =
√
θ.

Thus, the experiment should not be interpreted as a calibration of the fractional CIR model.
In the following, we compute the numerical errors using the same reference-solution procedure

described at the beginning of this section.
Figure 3 shows the RMSE of the numerical approximation to the transformed process (5.9) and the

strong error of the numerical approximation to the original process (5.8) for different step sizes. We
consider H = 0.6 and 0.75 with T = 1, and H = 0.9 with T = 0.8. The numerical results confirm the
findings presented in Theorem 4.1 and Corollary 4.1.

Furthermore, Figure 4 graphically illustrates the bounded behavior observed for the second moment
of the inverse solution of Eq (5.9).

We also verify that the parameter choices used above satisfy the condition given in (5.11).
Using (2.3), (5.11) can equivalently be written as

Kθ ≥ 7σ2

2
H(2H − 1)

∫︂ s

0
exp

(︃
−Ku

2

)︃
u2H−2 du.

The right-hand side is increasing in s, so it is sufficient to verify the inequality at s = T . For the
parameter sets used in the numerical experiments, the ratios of the left-hand side to the right-hand side
at s = T are approximately

1.257, 1.025, 1.024

for
(H, T ) = (0.6, 1), (0.75, 1), (0.9, 0.8),

respectively. Hence, the required condition is satisfied in all three cases.
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Stepsize ∆
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,2

RMSE for the approximation to X

H = 0.6
H = 0.75
H = 0.9
Order 1

2−10 2−9 2−8 2−7 2−6

10−6

10−5
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Strong error for the approximation to Y = X2

H = 0.6
H = 0.75
H = 0.9
Order 1

Figure 3. Monte Carlo estimates of the errors of the DIEM approximation for the
transformed process (5.9) and original process (5.8) in Example 5.2.
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Figure 4. Monte Carlo estimates of the inverse second moment E[X(t)−2] = E[Y(t)−1] for
Example 5.2.

Comparison with existing numerical methods. Tables 3 and 4 compare the DIEM method with
the positivity-preserving truncated Euler-Maruyama scheme of Gao et al. [22]. In the notation of this
paper, define π∆(x) = max{L∆α, x}, and let U0 = x0. We choose α = 1

4 , L = x0 =
√
θ, which satisfies

the admissibility conditions 0 < α ≤ 1
4 and 0 < L ≤ x0 in [22]. The method is given by

Uk+1 = Uk +
K
2

(︄
θ

π∆(Uk)
− π∆(Uk)

)︄
∆ +
σ

2
∆BH

k ,

with the positive approximation

XG
k = π∆(Uk), YG

k =
(︁
XG

k
)︁2
.

At each level ℓ, the DIEM and truncated Euler-Maruyama approximations are driven by the same
aggregated fractional Brownian motion increments and are compared with the same fine-grid reference
solution with N∗ = 219 time steps.

Table 3. Comparison of the RMSE for the transformed process X in Example 5.2. The errors
are based on M = 1000 Monte Carlo paths and the common reference discretization N∗ = 219.
The intervals are approximate 95% confidence intervals obtained from B = 20 batches of 50
paths. The observed rate in each row is computed from that row and the preceding coarser
discretization.

H ∆ ˆ︂ErrX,2(∆) DIEM DIEM CI lower DIEM CI upper ˆ︁pX,2 DIEM ˆ︂ErrX,2(∆) Gao Gao CI lower Gao CI upper ˆ︁pX,2 Gao

0.6 1.563 · 10−2 8.726 · 10−5 8.367 · 10−5 9.071 · 10−5 – 8.723 · 10−5 8.439 · 10−5 8.998 · 10−5 –
0.6 7.813 · 10−3 4.395 · 10−5 4.212 · 10−5 4.570 · 10−5 0.99 4.370 · 10−5 4.237 · 10−5 4.499 · 10−5 0.997
0.6 3.906 · 10−3 2.204 · 10−5 2.117 · 10−5 2.287 · 10−5 0.996 2.173 · 10−5 2.100 · 10−5 2.244 · 10−5 1.008
0.6 1.953 · 10−3 1.100 · 10−5 1.061 · 10−5 1.137 · 10−5 1.003 1.088 · 10−5 1.049 · 10−5 1.126 · 10−5 0.998
0.6 9.766 · 10−4 5.443 · 10−6 5.239 · 10−6 5.638 · 10−6 1.015 5.456 · 10−6 5.265 · 10−6 5.641 · 10−6 0.996

0.75 1.563 · 10−2 7.344 · 10−5 7.087 · 10−5 7.592 · 10−5 – 7.418 · 10−5 7.164 · 10−5 7.663 · 10−5 –
0.75 7.813 · 10−3 3.695 · 10−5 3.567 · 10−5 3.818 · 10−5 0.991 3.696 · 10−5 3.566 · 10−5 3.821 · 10−5 1.005
0.75 3.906 · 10−3 1.847 · 10−5 1.784 · 10−5 1.909 · 10−5 1 1.850 · 10−5 1.785 · 10−5 1.912 · 10−5 0.999
0.75 1.953 · 10−3 9.224 · 10−6 8.907 · 10−6 9.530 · 10−6 1.002 9.256 · 10−6 8.939 · 10−6 9.562 · 10−6 0.999
0.75 9.766 · 10−4 4.615 · 10−6 4.457 · 10−6 4.768 · 10−6 0.999 4.620 · 10−6 4.460 · 10−6 4.774 · 10−6 1.003
0.9 1.250 · 10−2 4.551 · 10−5 4.329 · 10−5 4.762 · 10−5 – 4.566 · 10−5 4.341 · 10−5 4.780 · 10−5 –
0.9 6.250 · 10−3 2.278 · 10−5 2.167 · 10−5 2.383 · 10−5 0.999 2.282 · 10−5 2.169 · 10−5 2.389 · 10−5 1.001
0.9 3.125 · 10−3 1.139 · 10−5 1.084 · 10−5 1.191 · 10−5 1 1.141 · 10−5 1.085 · 10−5 1.195 · 10−5 1
0.9 1.563 · 10−3 5.694 · 10−6 5.416 · 10−6 5.958 · 10−6 1 5.706 · 10−6 5.427 · 10−6 5.972 · 10−6 1
0.9 7.813 · 10−4 2.845 · 10−6 2.707 · 10−6 2.977 · 10−6 1.001 2.855 · 10−6 2.715 · 10−6 2.988 · 10−6 0.999
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Table 4. Comparison of the empirical L1 error for the original process Y = X2 in
Example 5.2. The errors are based on M = 1000 Monte Carlo paths and the common
reference discretization N∗ = 219. The intervals are approximate 95% confidence intervals
obtained from B = 20 batches of 50 paths. The observed rate in each row is computed from
that row and the preceding coarser discretization.

H ∆ ˆ︂ErrY,1(∆) DIEM L1 DIEM CI lower DIEM CI upper ˆ︁pY,1 DIEM ˆ︂ErrY,1(∆) Gao L1 Gao CI lower Gao CI upper ˆ︁pY,1 Gao

0.6 1.563 · 10−2 4.355 · 10−5 4.225 · 10−5 4.485 · 10−5 – 4.365 · 10−5 4.258 · 10−5 4.471 · 10−5 –
0.6 7.813 · 10−3 2.190 · 10−5 2.118 · 10−5 2.263 · 10−5 0.992 2.190 · 10−5 2.139 · 10−5 2.241 · 10−5 0.995
0.6 3.906 · 10−3 1.102 · 10−5 1.067 · 10−5 1.138 · 10−5 0.991 1.089 · 10−5 1.060 · 10−5 1.118 · 10−5 1.008
0.6 1.953 · 10−3 5.507 · 10−6 5.350 · 10−6 5.664 · 10−6 1.001 5.436 · 10−6 5.291 · 10−6 5.581 · 10−6 1.003
0.6 9.766 · 10−4 2.732 · 10−6 2.660 · 10−6 2.805 · 10−6 1.011 2.731 · 10−6 2.646 · 10−6 2.817 · 10−6 0.993

0.75 1.563 · 10−2 3.681 · 10−5 3.580 · 10−5 3.782 · 10−5 – 3.713 · 10−5 3.603 · 10−5 3.823 · 10−5 –
0.75 7.813 · 10−3 1.854 · 10−5 1.802 · 10−5 1.905 · 10−5 0.989 1.850 · 10−5 1.794 · 10−5 1.905 · 10−5 1.005
0.75 3.906 · 10−3 9.271 · 10−6 8.999 · 10−6 9.542 · 10−6 1 9.267 · 10−6 9.000 · 10−6 9.533 · 10−6 0.997
0.75 1.953 · 10−3 4.623 · 10−6 4.489 · 10−6 4.757 · 10−6 1.004 4.642 · 10−6 4.509 · 10−6 4.775 · 10−6 0.997
0.75 9.766 · 10−4 2.314 · 10−6 2.247 · 10−6 2.381 · 10−6 0.999 2.317 · 10−6 2.251 · 10−6 2.383 · 10−6 1.003
0.9 1.250 · 10−2 2.135 · 10−5 2.030 · 10−5 2.239 · 10−5 – 2.144 · 10−5 2.038 · 10−5 2.249 · 10−5 –
0.9 6.250 · 10−3 1.070 · 10−5 1.018 · 10−5 1.122 · 10−5 0.997 1.071 · 10−5 1.017 · 10−5 1.124 · 10−5 1.002
0.9 3.125 · 10−3 5.349 · 10−6 5.085 · 10−6 5.612 · 10−6 1 5.355 · 10−6 5.091 · 10−6 5.618 · 10−6 1
0.9 1.563 · 10−3 2.674 · 10−6 2.543 · 10−6 2.805 · 10−6 1 2.678 · 10−6 2.546 · 10−6 2.811 · 10−6 0.999
0.9 7.813 · 10−4 1.336 · 10−6 1.271 · 10−6 1.401 · 10−6 1.001 1.341 · 10−6 1.274 · 10−6 1.407 · 10−6 0.998

For the parameter sets considered here, the two methods yield very similar errors, and the observed
convergence rates are close to one for the transformed process X and the original process Y . This
numerical observation should be distinguished from the available theoretical convergence guarantees.
Gao et al. [22] established strong convergence of order H for their truncated Euler-Maruyama
scheme, whereas the DIEM approximation converges with strong order one under the assumptions
of Corollary 4.1. Thus, although the two methods show very similar errors in this CIR experiment,
their available theoretical convergence results are different.

It is also noteworthy that the truncation in the method of Gao et al. was not activated for any of
the simulated paths and step sizes in this experiment, and none of the corresponding untruncated
Euler updates became negative. Thus, for the present parameter regime, the truncated method
effectively behaves like its underlying explicit Euler discretization, which could explain why its
observed convergence behavior is substantially better than the general order-H bound might suggest.

Financial path functional. To illustrate how the pathwise approximation relates to a financially
relevant quantity, we also consider the functional

D(0, T ) = E
(︃
e−

∫︁ T
0 Ysds

)︃
,

which depends on the integrated short rate.
For the mth numerical path on the grid with step size ∆ℓ, we approximate the time integral by the

trapezoidal rule and define

D(m)
ℓ (T ) := e−∆ℓ

(︃
1
2 Y (m)
ℓ,0 +

∑︁Nℓ−1
k=1 Y (m)

ℓ,k +
1
2 Y (m)
ℓ,Nℓ

)︃

.

The corresponding Monte Carlo estimator of the expected discount factor is

ˆ︁Dℓ(0, T ) :=
1
M

M∑︂

m=1

D(m)
ℓ (T ).
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Analogously, using the fine-grid reference approximation, we obtainD(m)
∗ (T ) and

ˆ︁D∗(0, T ) :=
1
M

M∑︂

m=1

D(m)
∗ (T ).

Since the coarse and reference approximations for each Monte Carlo path are generated from the same
realization of the fractional Brownian motion, we estimate the weak discretization bias using the paired
differences

Z(m)
ℓ := D(m)

ℓ (T ) −D(m)
∗ (T ).

Thus,

ˆ︁bD(∆ℓ) :=
1
M

M∑︂

m=1

Z(m)
ℓ =

ˆ︁Dℓ(0, T ) − ˆ︁D∗(0, T ),

and we use
ˆ︂ErrD(∆ℓ) :=

⃓⃓
⃓⃓ˆ︁bD(∆ℓ)

⃓⃓
⃓⃓

as an estimate of the absolute weak discretization bias relative to the fine-grid reference solution.
Since the weak error is substantially smaller than the pathwise strong errors considered above, we

use M = 100 000 independent Monte Carlo paths for this experiment. The corresponding observed
convergence orders, as well as the 95% confidence intervals for the signed bias E[Z(1)

ℓ ], are then
calculated as described above, using 20 independent batches of 5000 paths each.

Table 5 reports the numerical approximations of the expected discount factor, the estimated
absolute weak errors, the confidence intervals for the signed biases, and the corresponding observed
convergence orders, which are consistent with first-order convergence. Since we do not specify a risk-
neutral pricing measure for the fractional model, D(0, T ) should not be interpreted as an arbitrage-free
zero-coupon bond price but rather as a financially relevant discount factor.

Finally, Figure 5 shows 10 simulated interest-rate paths for each of the three Hurst parameters,
generated with the fine-grid DIEM reference discretization.
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Figure 5. Ten simulated sample paths of the fractional CIR short-rate process for each of
the three Hurst parameters considered in Example 5.2. The paths are generated using the
fine-grid DIEM reference discretization.
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Table 5. Convergence of the numerical approximation ˆ︁Dℓ(0, T ) of the expected discount
factor in Example 5.2. The estimated weak error is ˆ︂ErrD(∆ℓ) = |ˆ︁bD(∆ℓ)|. The reported
approximate 95% confidence interval refers to the signed bias E[Z(1)

ℓ ], estimated byˆ︁bD(∆ℓ) =
ˆ︁Dℓ(0, T ) − ˆ︁D∗(0, T ).

H T ∆ ˆ︁Dℓ(0, T ) ˆ︂ErrD(∆) CI lower CI upper ˆ︁pD

0.6 1 1.563 · 10−2 0.921762 8.995 · 10−7 6.550 · 10−7 1.144 · 10−6 –
0.6 1 7.813 · 10−3 0.921761 5.470 · 10−7 4.214 · 10−7 6.727 · 10−7 0.718
0.6 1 3.906 · 10−3 0.921761 2.507 · 10−7 1.925 · 10−7 3.090 · 10−7 1.125
0.6 1 1.953 · 10−3 0.921761 1.545 · 10−7 1.238 · 10−7 1.852 · 10−7 0.699
0.6 1 9.766 · 10−4 0.921761 6.726 · 10−8 4.937 · 10−8 8.515 · 10−8 1.2

0.75 1 1.563 · 10−2 0.921789 9.821 · 10−7 7.901 · 10−7 1.174 · 10−6 –
0.75 1 7.813 · 10−3 0.921789 4.944 · 10−7 4.017 · 10−7 5.870 · 10−7 0.99
0.75 1 3.906 · 10−3 0.921789 2.467 · 10−7 1.981 · 10−7 2.954 · 10−7 1.003
0.75 1 1.953 · 10−3 0.921789 1.316 · 10−7 1.088 · 10−7 1.544 · 10−7 0.907
0.75 1 9.766 · 10−4 0.921789 6.278 · 10−8 5.308 · 10−8 7.247 · 10−8 1.068
0.9 0.8 1.250 · 10−2 0.937159 2.770 · 10−7 2.149 · 10−7 3.391 · 10−7 –
0.9 0.8 6.250 · 10−3 0.937159 1.546 · 10−7 1.236 · 10−7 1.855 · 10−7 0.841
0.9 0.8 3.125 · 10−3 0.937159 7.935 · 10−8 6.426 · 10−8 9.444 · 10−8 0.962
0.9 0.8 1.563 · 10−3 0.937159 4.062 · 10−8 3.321 · 10−8 4.803 · 10−8 0.966
0.9 0.8 7.813 · 10−4 0.937159 1.979 · 10−8 1.623 · 10−8 2.335 · 10−8 1.037

Example 5.3. A classical 3/2 stochastic-volatility specification, related to the model discussed by
Heston [31], is given in the fractional setting by

dY(t) = c1Y(t)
(︁
c2 − Y(t)

)︁
dt + c3Y(t)3/2dBH(t), t ∈ [0, T ],

Y(0) = y0 > 0,
(5.14)

where the parameters satisfy c1, c2, c3 > 0. Notice that (5.14) is not of the square-root form (3.1).
However, its reciprocal is a fractional CIR process. Indeed, define

R(t) := Y(t)−1 and ˜︁BH(t) := −BH(t).

Since ˜︁BH is again a fractional Brownian motion with Hurst parameter H, the Young chain rule gives

dR(t) = c1
(︁
1 − c2R(t)

)︁
dt + c3

√︁
R(t) d ˜︁BH(t)

= K
(︁
θ − R(t)

)︁
dt + σ

√︁
R(t) d ˜︁BH(t),

(5.15)

where

K = c1c2, θ =
1
c2
, σ = c3. (5.16)

Thus, R is of exactly the same fractional CIR form as the process in (5.8).
Equivalently, with

X(t) :=
√︁

R(t) = Y(t)−1/2,
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the transformed equation becomes

dX(t) =
K
2

(︄
θ

X(t)
− X(t)

)︄
dt +
σ

2
d ˜︁BH(t), t ∈ [0, T ],

X(0) = y−1/2
0 .

(5.17)

Consequently, the DIEM approximation Xk is given by the same positive drift-implicit recursion as
in (5.12), with the parameters in (5.16) and with increments of ˜︁BH.

An approximation to the original 3/2 process is then obtained by the inverse-square transformation

Yk := X−2
k .

Unlike the transformation Y = X2 considered in Corollary 4.1, the map x ↦→ x−2 is singular at the
origin. Therefore, convergence of Xk alone is not sufficient to obtain the same result for Yk; suitable
inverse-moment bounds for both the exact and numerical transformed solutions are required.

Corollary 5.1. (Strong convergence for the fractional Heston-3/2 model) Consider the setting of
Example 5.3, and let Xk be the positive DIEM approximation to (5.17). Suppose that

Kθ exp
(︃Ks

2

)︃
≥ 19

∫︂ s

0

σ2

2
exp

(︃Kς
2

)︃
ϱ(ς, s) dς, 0 ≤ s ≤ T. (5.18)

Define
Yk := X−2

k .

Then there exists a constant CT > 0, independent of the step size ∆, such that, for all sufficiently
small ∆,

max
0≤k≤N

E [|Y(tk) − Yk|] ≤ CT∆. (5.19)

Hence, the approximation of the original fractional Heston-3/2 process converges strongly with order
one in L1(Ω), uniformly at the grid points.

Proof. By (5.16) and (5.17), the transformed process X = Y−1/2 satisfies, up to replacing BH by the
fractional Brownian motion ˜︁BH, exactly the transformed fractional CIR equation (5.9) considered in
Example 5.2. Likewise, its DIEM approximation Xk is given by the same recursion as (5.12), with
increments of ˜︁BH.

Since the integrand in (5.11) is nonnegative, condition (5.18) implies (5.11). Hence, by the
verification in Example 5.2, all assumptions of Theorem 4.1 are satisfied, and therefore

(︃
E

[︃
max
0≤k≤N

|X(tk) − Xk|2
]︃)︃1/2

≤ C∆. (5.20)

It remains to control the inverse-square transformation. Condition (5.18) is the inverse-moment
condition in Theorem 4.1 of Hong et al. [24] with p = 6. Propositions 3.1 and 4.1 of Hong et al. [24]
therefore imply, respectively,

sup
0≤t≤T
E

[︂
X(t)−6

]︂
< ∞ and sup

∆

max
0≤k≤N

E
[︂
X−6

k

]︂
< ∞, (5.21)
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where the supremum over ∆ is understood over sufficiently small step sizes.
For arbitrary a, b > 0,

|a−2 − b−2| = |a − b|a + b
a2b2 = |a − b|

(︂
a−1b−2 + a−2b−1

)︂
.

Young’s inequality gives

a−1b−2 ≤ 1
3

a−3 +
2
3

b−3 and a−2b−1 ≤ 2
3

a−3 +
1
3

b−3.

Consequently,
|a−2 − b−2| ≤ |a − b|

(︂
a−3 + b−3

)︂
. (5.22)

Applying (5.22) with a = X(tk) and b = Xk, and using the Cauchy-Schwarz and the triangle
inequality, we obtain

E [|Y(tk) − Yk|] = E
[︂
|X(tk)−2 − X−2

k |
]︂
≤

(︂
E|X(tk) − Xk|2

)︂1/2 ×
[︃(︂
EX(tk)−6

)︂1/2
+

(︂
EX−6

k

)︂1/2
]︃
.

By (5.20), the first factor is bounded by C∆, uniformly in k. By (5.21), the second factor is bounded
uniformly in k and ∆. Therefore,

max
0≤k≤N

E [|Y(tk) − Yk|] ≤ CT∆,

which proves (5.19).

Remark 5.1. Using (5.16) and ϱ(ς, s) = H(2H − 1)(s − ς)2H−2, condition (5.18) is equivalent to

c1 ≥
19c2

3

2
H(2H − 1)

∫︂ s

0
exp

(︃
−c1c2

2
u
)︃

u2H−2 du, 0 ≤ s ≤ T.

Since the right-hand side is increasing in s, it is sufficient to verify this condition at s = T.

6. Conclusions

In this manuscript, we have studied the numerical approximation of the general class (3.1) of
SDEs driven by fractional Brownian motion with Hurst parameter H > 1

2 and a square-root term
in the diffusion coefficient. Applying the Lamperti transform to convert the non-Lipschitz diffusion
into additive fractional noise, we obtained SDE (3.2) with a generally stiff drift. We approximated
the solution of this transformed equation by the drift-implicit Euler-Maruyama scheme. Under
Assumptions 3.1–3.4, we proved that this scheme converges with mean-square order one. Moreover,
we proved that when transformed back, the approximations converge under the additional moment
condition of Corollary 4.1 with strong order 1 to the original square-root process.

In three examples motivated by mathematical finance, we showed how the general convergence
results can be applied. The numerical experiments confirmed the predicted first-order behavior for the
transformed and the original processes.
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