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Abstract: Let U, denote the set of n-vertex unicyclic graphs with at least one pendant vertex and
odd diameter d > 3. In this paper, we first prove the irreducibility of the eccentricity matrix &(G) of
the unicyclic graph G € U, , when | V(P4.1) N V(C,) |[< 2, and we determine the maximum &-spectral
radius €;(G) of all unicyclic graphs with d = 3. Furthermore, we identify the extremal graphs of the
following two types unicyclic graphs G € U, 4 with fixed odd d > 5, having the maximum eccentricity
spectral radius: | V(Ps) N V(C,) |[< 1 or| V(Pgs)NV(C,) |= 2 with even r > 4, where Py, is one of
diametral paths of G, C, is the unique cycle of G, V(P,.) and V(C,) represent, respectively, the vertex
sets of P,.; and C,.
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1. Introduction

All graphs considered in this paper are simple and connected. Let G be a graph with vertex set V(G)
and edge set E(G). Two vertices u and v are adjacent (or neighbors) if they are joined by an edge e; we
write u ~ v, and then, u + v denotes that they are nonadjacent. An induced subgraph of G obtained by
deleting a set of edges E’ C E(G) is denoted by G — E’. If there is only a single edge e in E’, we write
G —e. If e ¢ E(G), we denote by G + e a graph obtained from G by inserting the edge e.

We now define some distance-related concepts for a graph G. The distance dg(u, v) between two
vertices u and v is the minimum length of the paths joining them. Let D(G) = (d,,) be the distance
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matrix of G, where d,, = ds(u,v). The eccentricity eg(u) of a vertex u € V(G) is defined as eg(u) =
max{ds(u,v) | v € V(G)}. The diameter of graph G, denoted by diam(G) (or simply d) , is defined as
the maximum eccentricity of all the vertices of G.

Randi¢, Orel, and Balaban [1,2] defined the so-called Dyjax matrix and pointed out that this matrix
appears very sensitive to the branching pattern of molecular graphs studied in theoretical chemistry. It
was renamed as the eccentricity matrix of G by Wang, Lu, Belardo, and Randi¢ [3], denoted by &(G).
The elements of the eccentricity matrix &(G) are defined as follows:

(G = {dG(u,v) if dg(u, v) = min{e(u), e(v)}; 0

0 otherwise.

The collection of eigenvalues of £(G) together with multiplicities is called the e-spectrum of graph
G, denoted by Spec.(G). Two graphs are said to be eccentricity cospectral if they have the same
e-spectrum. Because £(G) 1s symmetric, all e-eigenvalues of G are real. Let & > g, > --- > g; be all
the distinct e-eigenvalues. Therefore, the e-spectrum of G can be written as

SpeCE(G):{SI E ... 85}’

my mp; ... Mg

where m; 1s the algebraic multiplicity of the eigenvalue &; (1 < i < 5). We denote by p = &(G)
the largest eigenvalue of &(G), which is called the e-spectral radius of G. It is well-known that the
adjacency matrix A(G) and distance matrix D(G) of a connected graph G are irreducible. However, it
is unfortunate that this property does not necessarily hold for the eccentricity matrix &(G). In [3], the
authors raised a thought-provoking question: For which connected graphs is the eccentricity matrix
either reducible or irreducible?

In the subsequent study, sufficient conditions were established for the reducibility of the eccentricity
matrix of connected graphs [4]. The eccentricity spectrum of certain graphs including threshold
graphs [5], paths, complete graphs [6, 7], complete multipartite graphs [8], cycles [9], has been
depicted. In order to comprehensively understand the characteristics of this matrix, a significant body
of research has been conducted on the spectral properties and graph energy of a large number of
graphs [10, 11], which has been applied in the field of chemistry [3, 12]. More recently, eccentricity-
based operators have been widely applied to the analysis of chemical networks. For instance, Asif, Atif,
Akhtar, Hanif, and Siddiqui [13] studied the cubic zirconia network through eccentricity operators.
This further demonstrates the relevance of eccentricity-based invariants in chemistry and motivates our
study of the eccentricity spectral radius.

The problem of maximizing and minimizing the spectral radius for a given graph class is an
active area of research in spectral graph theory. It has been extensively studied in the context of
the eccentricity matrix (see [14—16] ). Moreover, extremal problems for other graph-associated spectra
have also attracted considerable attention, Lin, Chen, and Liu [17] determined the maximum ABC
spectral radius of connected graphs with a given maximum degree, which reflects sustained interest in
extremal spectral problems for graphs. In particular, Lei, Wang, and Li [18] explored the problem of
the second least e-eigenvalue. In their pioneering work, Wei, Li, and Zhang [19] determined n-vertex
trees having the second minimum &-spectral radius.

In view of the more novel properties of eccentricity matrix, further investigation is warranted. In
particular, Wang, Lu, Brunetti, Lu, and Huang [20] proposed an investigation into the issue of the
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e-spectral radius of graphs under graft transformations. In parallel, spectral techniques have become
powerful tools in the analysis of complex networks. Liu, Tang, Cai, and Cao [21] performed spectrum
and coherence analysis of networks under noise disturbance, further illustrating the broad applicability
of graph spectra in network science. Inspired by the seminal works of [16, 20], it is natural and
interesting to study the relationship between eccentricity spectrum and diameter, order, and matching
number.

The e-eigenvalues of the unicyclic graph C,, which has no pendant vertex, were determined by
Wang [3]. However, the eccentricity spectrum of unicyclic graphs with pendant vertices has not been
considered. Let U, 4 denote the set of n-vertex unicyclic graphs with odd diameter d and at least one
pendant vertex. A natural question arises: Does the eccentricity matrix of unicyclic graphs in U, 4
belong to the class of matrices which are irreducible? Our answer is affirmative when | V(Pg.1) N
V(C,) |< 2. Based on this, we determine the extremal graphs of two types of unicyclic graphs G € U, 4
with fixed odd d > 5 having the maximum &-spectral radius:

@ | V(Pgr) N V(C) £ 15 (i) | V(Pgy1) NV(C,) |= 2 with even r > 4.

Here, P, is one of the diametral paths of G, C, is the unique cycle of G, and V(P,,;) and V(C,)
represent the vertex sets of Py and C,, respectively. To facilitate subsequent study, U, , represents
the set of all unicyclic graphs that satisfy either of the above two conditions.

Our main results are given and proven in Section 2. Concretely, we first determine the maximum
e-spectral radius &(G) of the unicyclic graph G with d = 3, which is elaborated in Lemmas 2.4-2.7
and Theorem 2.2. In Section 2.2, the extremal graphs having the maximum e-spectral radius among
all unicyclic graphs in U, , with fixed odd d > 5 are characterized, and the main result is presented in
Theorem 2.4. Finally, some concluding remarks are presented in Section 3.

2. Main results

In this section, our aim is to characterize the extremal unicyclic graphs for the e-spectral radius.
First, we implement edge-shift transformations on unicyclic graphs and repeatedly utilize several
fundamental properties of non-negative irreducible matrices throughout the proof procedure.

It is well-known that the eccentricity matrix of an even-cycle Cy is reducible, whereas the
eccentricity matrix of an odd-cycle Cy4 is irreducible. Consequently, we first verify the irreducibility
of the eccentricity matrix for some unicyclic graphs in the set U,,. This essential prerequisite
guarantees the validity of subsequent spectral comparisons and plays a crucial role in proving Lemmas
2.8-2.15.

Lemma 2.1. ( [22]) Let M and N be the non-negative irreducible matrices with same order. If (N);; <
(M);j for each i, j, then p(N) < p(M) with equality if and only if M = N, where p(N) and p(M) denote
the spectral radius of N and M, respectively.

The following lemma presents a classical conclusion from the Perron—Frobenius theory of non-
negative matrices.

Lemma 2.2. ( [23], Theorem 8.4.4) Suppose A = (a;;) € R™" is irreducible such that a;; > 0 for
i,j€{1,2,...,n}. Then,
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(1) p is the largest eigenvalue of A, and p > 0;
(2) there exists a unique positive unit vector X = (xi,..., x,)7 € R", called the Perron eigenvector, such
that AX = px.

A matrix M is said to be irreducible if it is not permutationally similar to an upper triangular block
A B)

matrix. In other words, M is reducible if there exists a permutation matrix P such that PTMP = ( 0 C

where A and C are square blocks.

To determine whether an n X n non-negative symmetric matrix M is irreducible, it is useful to
consider its corresponding matrix graph G, which is defined as follows. Let V(GM) = {1,2,...,n};
then, ij € E(GM) if and only if M;; # 0. It is well-known that M is irreducible if and only if G is
connected ( see [23] ). Using this statement, we prove the following result.

Theorem 2.1. Let G be a unicyclic graph in U, 4 defined above such that |V(C,) N V(Pgi1)| < 2. Then,
&(G) is irreducible. Here, C, represents the unique cycle and P4, denotes one of diametral paths of G.

Proof. Let A’ be the matrix obtained from the eccentricity matrix £(G) of G by replacing every nonzero
entry by 1, and regard A’ as the adjacency matrix of a graph 7', thatis, A" = A(T'). Then, A’ is irreducible
if and only if 7" is connected graph. Consequently, if 7" is connected, then £(G) is also irreducible.

Let C, = vovy---v,_1vy be the unique cycle of G, and let Py = uuju,---uy_v denote one of
diametral paths of G. Clearly, eg(u#) = eg(v) = d, and hence, u and v are adjacent in 7. Suppose that
P41 passes through [ + 1 (I > 1) vertices of C,, without loss of generality, and assume that it passes
precisely through vy, vy,..., v, so that

uuy - U 1Vo(= UVi(= Upe1) -+ - VI(= U Uper 11 - Ug-1V

is a shortest u—v path in G. For 0 < i < r — 1, let T; be the component of G — E(C,) containing v;. G;
denotes the component of G — E(C,) — E(Py,) containing u; for 1 < j <d - 1.

Case 1. |[V(C)NV(Py)| < 1.

In this case, the diametral path P,;,; meets C, in at most one vertex, and the girth of C, is at most d.
For1 <i<d-1,let Q; be the component of G — E(P,) containing u;.

For any vertex x € |J, ;< a1 V(Q,), one has dg(u;, u) < dg(u;,v), and therefore,

do(x,u) = de(x, u;) + de(u;, u) < de(x,u;) + de(u;, v) = dg(x,v) = eg(x) < d.

Hence, (&(G)),, = eg(x) #0,s0 x ~vinT.
Analogously, for any vertex y € U% <i<d—1 V(Qi), one has dg(u;, v) < dg(u;, u), and

dg(y,v) = dg(y, u;) + dg(u;, v) < dg(y, u;) + dg(u;, u) = dg(y,u) = eg(y) < d.

Thus, (e(G))y, = eg(y) # 0,and y ~ uin T. It follows that every vertex of V(T') \ {u, v} is adjacent in T
to either u or v. Hence, T is connected, and therefore, £(G) is irreducible.

Case 2. |[V(C,) N V(Pys1)| = 2.

In this case, P, meets C, in exactly two vertices, which are vy(= u;) and v{(= uy.1) by the above
assumption, and the girth of C, is at most d + 2.
Subcase 2.1. Suppose dg(u, vo) < & that is, k < 42
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For any vertex x € Jo<j<,—1, jz1 V(T), one has
dg(x,u) < dG(x, Mdz;l) + dG(I/ld%l, u) < a’G(x, l/td%l) + dG(I/td%l, v) =dg(x,v) = eg(x) < d.

Hence, (£(G)),, = eg(x) # 0, and x ~ v in the graph 7.
Now, consider the vertices in V(T), noting that V(T,) = (Uk lj<do1 V(Gj)) Uiv}). Forany y €
Uks1<j<zt V(G)), one has

d(y,u) < do(y, ua1 ) + dg(usi, u) < do(y, usr) + do(uss,v) = do(y,v) = ec(y) < d,

$0 (e(G))yy = eg(y) #0,andy ~vinT.
For any z € U%Sjsd_l V(G}), one has

dg(z,v) < d(;(z, u%l) + dG(u%, v) < dG(z, u%) + dG(u%, u) =dg(z,u) = eg(z) < d,

s0(e(G))yu=ec(x) #0,andz~uinT.

Thus, T is connected under this condition, and £(G) is irreducible.
Subcase 2.2. Suppose dg(u, vo) = dg(v,vi) = &1, ie, k= &L

If r is odd, then for every vertex x € V(T% ), one has dg(x,u) = dg(x,v) = eg(x) < d, so x is
adjacent in T to both u and v. For every y € U, ¢, j» sl V(T;), one has either

de(y,v) <dg(y,u) = eg(y) <d or dg(y,u) <dg(y,v) =eg(y) <d,

so y is adjacent in T to either u or v. Moreover, every vertex w € (J, ;.. a1 V(G;) satisfies dg(w, u) <
dc(w,v) < d, and every vertex t € Ud%n <ica—1 V(G)) satisfies dg(t,v) < dg(t,u) < d. Consequently,
w ~vand ¢ ~ u. Hence, T is connected when C, is an odd cycle.

If r is even, then for every y € |, <, V(T), one has either

de(y,v) <dg(y,u) = eg(y) <d or dg(y,u) <dg(y,v) =eg(y) <d,

so y is adjacent in T to either u or v. For w € Ulsig% V(G;), one has dg(w, u) < dg(w,v) < d, and for
te U%Sisd_l V(G;), one has dg(t,v) < dg(t,u) < d; hence w ~ v, and t ~ u. Thus, T is also connected
when C, is an even cycle.
Therefore, T is also connected when dg(u, vy) = dg(v,vy) = % and &(G) is irreducible.
Combining Subcases 2.1 and 2.2, we conclude that £(G) is irreducible when |V(C,) N V(Py1)| = 2.

This completes the proof. O

Next, we introduce a special class of unicyclic graphs for subsequent discussion.
Let U(n,r;ny,n,,...,n,) denote the unicyclic graph constructed from an r-cycle C, = uju, - - - u,uy,
where n; pendant vertices are attached to the cycle vertex u; for each 1 < i < r. The order is n =

S+ 1).

Remark 2.1. It is worth noting that the situation will be more complicated if the diameter d is even.
For instance, the eccentricity matrix of U(8,4; 1,1, 1, 1) is reducible, whereas those of U(7,4;1,1,1,0)
and U(6,4;1,0,1,0) are irreducible; see Figure 1.
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V1 Vo Vi V2 V1
u, us u, uy u, uz
U,y us U,y us 17N us

V4 V3 V3 V3
u(s,4;1,1,1,1) u(7,4;1,1,1,0) uU(6,4;1,0,1,0)

Figure 1. The three unicyclic graphs with diameter d = 4.

2.1. Unicyclic graphs withd = 3

Let UZ:s denote the unicyclic graph constructed from the path P, = upu, ... u, by attaching a — 2
pendant vertices {x3, x4, ..., Xx,} to the vertex u; and b pendant vertices {y;,y»,...,y,} to the vertex
uy-1, and containing the unique 3-cycle C3 = wu;x;xu;. This construction satisfies the conditions
a+b=n—-d-1andb >0, a > 2, as illustrated in Figure 2.

uo U u> Uy Ui Ua
X1 X2 X3 Xa Xa ,b yi »V2 Vb
Ura

Figure 2. The unicyclic graph UZ:S.

If the unicyclic graph G € U, 3 contains the unique cycle C,, then the girth of C, is at most 5. We
divide unicyclic graphs with d = 3 into four types for definition.

Let Ug:é”c (wherea+b +c =n-3,a,b > 1, and ¢ > 0) denote the unicyclic graph obtained
from the 3-cycle C; = v;v,v3v; by attaching a, b, and ¢ pendant vertices to the vertices vy, v,, and vs,
respectively.

Let CZ:Q’ (wherea+b =n—-4,a > 1, and b > 0) be the unicyclic graph obtained from the 4-cycle
C4 = upuiuyus by attaching a, b pendant vertices to the vertices u;, u,, respectively. If a > 2, and
b > 1, then sl(CZ:é’) < 81(UZ:§)- Clearly, CZ:? = Ufl"’é7 — X1 X2 + upuz, based on s(CZ:g) < s(U,‘l’jé’) and
&(Cy5) # e(Uy3) by the elements ((C;1), = 0<3=(e(U;3), . and (e(C;), = (e(UD), for
all vertices u,v € V(C¥)\{uo, u3}, and &,(C%) < &,(UL3) holds true by Lemma 2.1.

Let QZ:? (where a+b =n—-5,b > 1, and a > 0) denote the unicyclic graph obtained from the

5-cycle Cs = ujuruzuqusu; by attaching a and b pendant vertices to the vertices u; and us, respectively
(see Figure 3).
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Uy usz
u U
.......... ® [ YTTTTIITTH
X1 Xa1 Xa Y1 W2 Vb
a,b,c a,b a,b a,b
n’,S’ Un,3 Cn:3 Qn,3

. . . a,b,c a,b a,b a,b
Figure 3. The unicyclic graphs U, 5, U, 5, C, 5, and Q5.

We first calculate the e-spectral radius of unicyclic graphs UZ’?’C, UZ’? , CZ’? and QZ’g’ for diameter

d = 3. Subsequently, we perform an edge transformation on unicyclic graphs with odd diameter d > 5
to characterize the extremal graph with the maximum &-spectral radius in Section 2.2.

Lemma 2.3. ( [16], Lemma 1.6) Let G be an n-vertex connected graph with diameter d. Then, £,(G) >
d, and £,(G) < —d.

Lemma 2.4. Let UZ”S’C € U,3(n > 7) be a unicyclic graph with the unique cycle C3 = v,v,v3v;. Then,

the eccentricity spectral radius of UZ’?’C is maximized if and only if the pairwise differences among a,
b, and c are at most 1.

Proof. Let T; denote the component of U;’:g”“ — E(C5) that contains v;, V; = V(T)\{v;} (i = 1,2,3) and
Vil = a, |V,| = band |V53] = ¢, wherea+b+c =n—3,a,b > 1,and ¢ > 0. Let x be a Perron

eigenvector corresponding to p = sl(UZ’é”C), whose coordinate with respect to vertex v € V(UZ’é”C) is
x,. For all u;,u; € V; (1 <i < 3), we obtain x,, = Xt and

px,, = 2bx,, +2cx,,, px,, =2ax, +2cx,,, PXy, = 2x,, +2x,, + 3bx,, + 3cx,,;
pxy, = 2ax,, +2bx,,, px, =2x, +2x, +3ax, +3cx,, px, =2x, +2x, +3ax, +3bx,,.

000 0 2 2
0 00 2a 0 2
. . .10 0 0 2a 20 O
Then, p is the largest eigenvalue of the matrix 022 0 3b 3cl
2 0 2 3a 0 3c
22 0 3a 3 0

Let

A 0 0 0 -2b -2¢
0O 4 0 -2a 0 =-2¢
0O 0 A -2a -2b O
0O -2 -2 A -=-3b -3¢
-2 0 -2 -3a A =3¢
-2 -2 0 =3a -3b A

= 2°—[8(a+ b +c) + 9(ab + ac + bc)|A* — [24(ab + ac + be) + 54abc| A’
+48(ab + ac + bc)A®> + 288abc A — 256abc.

fu,b,c(/l) =
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Therefore, p is the largest root of f,;.(1) = 0.
Letp’ = gl(UZEI’b’C_l) be the largest root of the equation f,,;,.-1(4) = 0, and suppose a > ¢ > 1.
By Lemma 2.3, we get p’ > diam(Ufg]’b"'_l) = 3. Then,

Jape0) = fapc0) = faripe-1(0")
=(c—a—1)[9p" + (24 + 54b)p’” — 480" — 288bp’ +256b|

< 0.

2
=(c—-a-1) [3(3,0' — 4’ +4)p”* + 18D (p'2 - g) (3p' +8)

It follows that f,, .(0") < 0, so we have p’ < p = 81(UZ:§’C) by fur(p) = 0 and lim f,,, .(0) = +co as
o — +o0. Similarly, we have sl(UZ:§’+1’C_1) < sl(UZ:é”C) when b > ¢ > 1, and sl(Uf;;l’b_l’c) < sl(UZ:é”c)
when a > b > 1. Obviously, the eccentricity spectral radius of UZ:é”c achieves the maximum value
when the differences between a, b, and c are all less than or equal to 1. O

The set of neighbors of a vertex v in graph G is denoted Ng(v), and let degs(v) = |Ng(v)| denote the
degree of v.

Lemma 2.5. Let UZ:é’ € U,3 (n =2 7) be a unicyclic graph as shown in Figure 3, where a + b = n — 4.
Then, the eccentricity spectral radius of U;’:’; reaches its maximum value if and only if | b —a |< 1.

Proof. Let x be a Perron eigenvector corresponding to p = 81(UZ:§ ), whose coordinate with respect to
vertex v € V(U,‘;:g’) is x,. Let W = N(u;)\{un} and U = N(up)\{u;} with |[W| =a+ 1 and |U| = b + 1.
For each w € W and u € U, according to the structure of graph UZ:é’ , we obtain

pxy, =2(b+ x,; pPxy, = 2(a+ 1)x,; X, = 2x,, +3(b + 1)x,; px, =2x, +3(a+ 1)x,.

00 0 2b+1)
0 0 2(a+1) 0

0 2 0 3+ 1|
2 0 3(a+1) 0

Then, p is the largest eigenvalue of the matrix

Let
A 0 0 -2(b+1)
10 a4 2a+1) 0 VR 2
8ap(A) = 0 -2 1 R A= ab + 13a + 13b + 17)A” + 16(a + 1)(b + 1).

-2 0 =3@+1 A

Note that a + b = n—4, and hence, 81(UZj§ ) is the largest root of the equation A* — (9ab + 13n —35)A% +
16(ab+n—-3) = 0.
Letp’ = sl(Uzgl’b_l) be the largest root of g,,15-1(1) = 0 witha > b > 1. By Lemma 2.3, we have

o > diam(UZSl’b_l) = 3. Then,

8ap(©') = 8ap(©') = gar1p-1(0) = (907 = 16)(b —a~ 1) < 0.

Thus, g,,(0") < 0, and we obtain p’ < p = 81(UZ:§) by g.s(0) = 0 and lim g, ,(p) — +o0 as p — +oo.
Obviously, the eccentricity spectral radius of Uf;,’;’ attains its maximum value when | b —a |< 1. O
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Lemma 2.6. Let CZ:é’ € U,3 (n > 7) be a unicyclic graph as shown in Figure 3, where a + b = n — 4.
Then, the eccentricity spectral radius of Cf;g reaches its maximum value if and only if | b —a |[< 1.

Proof. Let x be a Perron eigenvector corresponding to p = 81(CZ:§), whose coordinate with respect to
vertex v € V(CZ:?) is x,. Let X = N(uj)\{uo, u>} and Y = N(up)\{u1, us} with |X| = a and |Y| = b. For
each x € X and y € Y, according to the structure of graph CZ:?, we obtain

PXyy = 2%y, + 3bxy, PXy, = 2x,, + 2bxy, PXy, = 2xy, + 2axy;
PXy, = 2x,, + 3ax,, PXy = 2X,, + 3x,, + 3bx,, pXy = 2x,, + 3x,, + 3ax,.

0 2 0 3b
0 2b

2a 0
3a 0f
0 3b

3a 0

Thus, p is the largest eigenvalue of the matrix M =

W O O N OO
S LW O OO

N O OO
SN O OO

Let the function
tap(A) = det (A — M) = 2° — (9ab + 13a + 13b + 8)A* + (97ab + 52a + 52b + 16)A* — 144ab.

Hence, 81(CZ:}3’) is the largest root of 7,,(1) = 0.

Letn = & (CZ;l’b_l) be the largest root of #,,15-1(1) = O witha > b > 1. We have n > 3 by

tar1p-1(3) =225 - 585(a + b) < O and t, p-1 (1) = +00 as 4 — +oo. Thus, we obtain
tap (1) = tap() = tar15-1() = (b —a — D" = 997" — 16) < 0.

It follows that 7, ,(17) < 0, so we get sl(CZEI’b_l) =n<p=¢g (CZ?) by t,,(p) = 0 and limz, ,(p) — +oco0

as p — +oo. Therefore, the e-spectral radius of CZ’é’ attains the maximum when | b — a |< 1. O

Lemma 2.7. Let QZ’;’ € U,3 (n > 8) be a unicyclic graph as shown in Figure 3. Then, the eccentricity
spectral radius of QZ’Z reaches its maximum value if and only if | b —a |< 1.
Proof. Let V| = NQa,g(ul)\{uz,us}, V, = NQa,g(u5)\{u1,u4}, [Vi] = a and |V,| = b. Let x be a Perron
eigenvector corresponding to p := sl(QZ’g’), whose coordinate with respect to the vertex v € V(QZ’Q7 is
x,. For each x € V|, y € V,, we obtain
PXyy = 22X,y + 2x,, + 2bx,, PXyy = 2x,5 + 3bx,, PXyy = 2X,, + 2x,5 + 3ax, + 3bx,,
PXy, = 2x,, + 3ax,, PXys = 2y, + 2X,, + 2ax,,  pxXy = 3x,, + 3%y, + 2x,, + 3bx,,
pxy = 2x,, + 3%y, + 3x,, + 3ax,.

00220 0 2b
000O02 0 3b
2 00 0 2 3a 3b
Then, p is the largest eigenvalueof [2 0 0 0 O 3a O |
02200 2a O
00332 0 3b
23300 3a 0
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Furthermore, we have

4 0 -2 -2 0 0 -=2b
O 24 0 0 -2 0 =3
-2 0 a2 0 -2 -3a -3b
-2 0 0 A4 0 -3a O
0 -2 -2 0 4 -2a O
O 0 -3 -3 -2 a =3b
-2 -3 -3 0 0 -3a 4

= /l[/l(’ — (9ab + 22a + 22b + 16)A* — (54ab + 24a + 24b)
+ (259ab + 140a + 140D + 48)2% + 96abd — 432ab].

Because a + b = n — 5, we denote

hap(A) = 3° = (9ab + 22a + 22b + 16)A* — (54ab + 24a + 24b)A°
+(259ab + 140a + 140b + 48)A* + 96abA — 432ab
= 2% — (9ab + 22n — 94)A* — (54ab + 24n — 120)4°
+(259ab + 140n — 652)4% + 96abA — 432ab.

Therefore, p is the largest root of h,,(1) = 0. Let p’ = 81(Q231’b+1) denote the largest root of

ho-1p+1(A) = 0, and b > a > 1. We have p’ > 3 by hy_1,1(3) = —1170(a + b) — 135 < O
and h,_1p41(1) = 400 as 1 — +oo. If o’ > 3, then f(p') = 9p™ + 54p” — 2590 — 96p" + 432
is a monotone increasing function because of f'(p’) = 36p” + 162p” — 518p" — 96 > 0 and
(") = 108p"* + 324p’ — 518 > 0, f(p') > f'(3) = 0. Then,

hap(0') = hap(0') = ha-1541(0") = (@ = b= 1)(9p™ + 549" = 2590" — 96p’ +432) < 0.

Thus, &,,(0") < 0, so we obtain p’ < p = sl(QZ:é’) by h.5(0) = 0 and lim A, ,(p) — +c0 as p — +oo.
Obviously, the eccentricity spectral radius of QZ:Z achieves the maximum value when |b —a [< 1. O

n n-3 n=3

Theorem 2.2. Let the unicyclic graph U e Un,3 andn > 8.
3
23 nd nd

(@) If n = O(mod 3), then £;(U) < Ay with equality if and only if U = Ung; ’3
root of

, and Ay is the largest

32 256
2°-Cn-1Dn-3)1*=2n+ Dn =322 +16(n - 3)°2> + ?(n -3)Pa1- 7(n -3) =0.

n

-1
(ii) If n = 1(mod 3), then &;(U) < Ay with equality if and only if U = Uni,) ’
root of

%’n?l, and Ay is the largest

20— (3n* = 10n) A* = 2(n = 4) (n* —n - 4)

3%n—DM—4Yﬂ 256(n— )(n—472
3 27 -

+16(n—Hn-2)2% + 0.
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n=2 n=5

=2 n=2 n=5
(iii) If n = 2(mod 3), then & (U) < 4 with equality if and only if U = U *3 "33, and Ay is the largest
root of
A° = (3n = 10n) A* — (2n° — 10n” +24) * + 16 (n* — 61 + 8) 2°
N 32(n—-5m - 2)2/1 B 256(n — 5)(n — 2)?
3 27

Proof. Because U € U, 3, we obtain that U may be isomorphic to U”b < Ut

=0.

3o ng, C“é’ as in Figure 3.
Further, 81(C“3) <&(U; 3) when n > 8, and a, b > 2. We therefore only study the relationship of the
eccentricity spectral radius among the first three.

Case 1. n — 3 = 6k, where k > 1 is an integer.

By Lemmas 2.4-2.7, we only compare sl(UZk’Zk’Zk) 1(U%k 134 and 31(Q3k B3k,

Letp = 81(U3k 13%) be the largest root of g3 13c(1) = 0and p’ = 81(Q3k 131
of h3p-13k-1(4) = 0. Then, we have that

f2k,2k,2k(p) = f2k,2k,2k(p) - p2 : gBk—1,3k(p)
= —(27k* = 3k — 4)p* - [(432k3 +288k%)p — (432k* — 48k)],o2 — 8(256 — 288p)k* < 0,

) be the largest root

and

Sk k(') = forar2k(0") = h3r-136-1(0")
= —(27k* = 30k + 19)p™* — (432k> — 198k* + 180k — 6)p” — (1755k> — T14k + 27)p"
+ (2304k% — 864k> + 576k — 96)p’ — (2048k> — 3888k> + 2592k — 432) < 0.

Thus, foroo(e) < 0, and fororok(p’) < 0, so we obtain 81(U2§—1,3k) = p < sl(Ujg%z") and
81(Qz{(3_1’3k_1) = p’ < Sl(UikéZk’Zk) by f2k,2k,2k (81(U§22k’2k)) = (0 and lim f2k,2k,2k(/l) — 400 as A — +oo.
Case 2. n—3 =6k + 1, where k > 1 is an integer.

By Lemmas 2.4-2.7, we compare &; (U2"+1 22 g (U3k ), and € (Q3k LRy Letp = sl(Uflg}k) be
the largest root of g3 5(1) = 0 and p’ = & (Q3k 1-3) be the largest root of hak-15k(2) = 0. Then,

Frr126260) = Prr1.2626(0) = p* - 3134 (0)
= —(27k* + 6k — 9)p* — (256 — 288p)(8k> + 4k?)
— [(432/ + 50417 + 96k)p — (432K + 96k — 16)|p? < 0,
and
Sokr12626(0") = forr1 226(0") = h3i—1.36(0")

= —(27k* = 21k + 14)p™* — (432k> + 18Kk* + 114k + 24)p” — (1755k> — 129k — 92)p’
+ (2304k% + 288k + 288k)p’ — (2048k> — 2864k + 1296k) < 0.

33K\ _ 2t 1,262k
Hence, fori1c00(0) < 0, and fory10e6(0) < 0, so we get 81(U,,,3 ) =p < Sl(Un’?, ) and
313K\ _ 2t 1,262k UH12K2KY) _ :
81(Qn,3 ) =p < Sl(Un,g )by Joke1.2,2k (81(Un’3 )) = 0 and lim fory10600(1) — +o0 as

A — +oo.
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Case 3. n — 3 = 6k + 2, where k > 1 is an integer.
By Lemmas 2.4-2.7, we compare 31(U§§+1’2k+1’2k), sl(Ui’;’Sk“), 81(fo3’3k). Let p = gl(sz‘3’3k+l) be

the largest root of g3;31+1(4) =0, and p’ = 81(fo3’3k) be the largest root of &3 3.(1) = 0. Then,

st 2k41260) = Porst 26126(0) — P+ g3x3101(0)
= —(27k* + 15k — 5)p* - [(432k3 + 720k + 300k + 24)p — (432k> + 240k + 16)],02

— (256 — 288p)(8Kk> + 8k* + 2k) < 0,
and

Joke1.2k41.26(0") = fore1 2641,26(0") = M 3(0”)
= —(27k* = 12k + 9)p"* — (432k> + 234k* + 156k + 24)p” — (1755k* + 456k)p"

+ (2304 + 1440k* + 576)p" — (2048Kk> — 1840k> + 512k) < 0.

)

. 2h+1,2k+1,2k\) _

Therefore, fui124126(0) < 0, and fory1204120(0") < 0. Combining fors12k41,2% (Sl(Um )) =
. 3

and lim fa412541.26(d) — +00 as A — +oo, one has sl(Uz’;’%”) =p< sl(Uzlg“’Zk“’Zk) and sl(an3’3k

’ 2k+1,2k+1,2k
p < 81(Un3 )

Cased. n—3 = 6k + 3, where k > 1 is an integer.

Letp = &/(U 22“’“”) be the largest root of g3413141(4) = 0 and p’ = 81(Qf:‘3’3k+1) be the largest root

of h331+1(4) = 0. Then, we obtain that

f2k+l,2k+l,2k+1(p) = f2k+1,2k+1,2k+1(p) _p2 : g3k+l,3k+l(p)
= —(27k* + 24k — 1)p* — [(432k3 + 936k* + 612k + 126)p — (432k* + 384k + 80)],02

— (256 — 288p)(8k> + 12k* + 6k + 1) < 0,

and

f2k+1,2k+1,2k+1(p/) = f2k+1,2k+1,2k+1(p,) - h3k,3k+1(p,)
= —(27k* = 3k + 13)p"* — (432k> + 450k* + 306k + 102)p"” — (1755k* + 1041k + 44)p™

+ (2304 + 2592k + 1440k + 288)p" — (2048k> — 816k* + 240k + 256) < 0.

2h+1.2k+12k+1\) _
Then, forsiok+1.241(0) < 0, and forr1 pke10001(0") < 0. BY fors1 k12641 (Sl(Un’3 )) = 0 and
. 3k+1,3k+1 2k+1,2k+1,2k+1 3k,3k+1
Sokr1.2ks10641(A) = 400 as 1 — +oo, we obtain al(Un3+ * ) < 81(Un3+ LAk ) and sl(Qn3 * ) <

2k+1,2k+1,2k+1
81(Un3+ +1,2k+ )

Case 5. n—3 = 6k + 4, where k > 1 is an integer.

Let p = &( ) be the largest root of gsx13142(4) = 0 and p’ = sl(sz‘;mk”) be the largest

root of A1 3¢+1(4) = 0. Then, we have

3k+1,3k+2
Un 3

f2k+2,2k+1,2k+1(p) = f2k+2,2k+1,2k+1(p) - p2 ' g3k+1,3k+2(p)
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= —(27k* + 33k + 3)p* - [(432k3 + 1152k% + 924k + 228)p — (432k* + 528k + 144)],02
— (256 — 288p)(8k> + 16k* + 10k + 2) < 0,

and

f2k+2,2k+1,2k+1(p/) = f2k+2,2k+1,2k+1(p/) - h3k+1,3k+1(p/)

= —(27k* + 6k + 8)p™* — (432k> + 666k> + 456k + 126)p" — (1755k> + 1626k + 347)p"
+ (2304k> + 3744k + 2304k + 480)p’ — (2048k> + 208k> — 30k + 80) < 0.

3kt 1,3k+2 Ut 2.2k+1.2k+1
Therefore, fo26+1,2641(0) < 0, and forio06412041(0") < 0, s0 we get 81(U,1,3 ) < 81(Un,3 )

3k+1,3k+1 2k+2,2k+1,2k+1 2k+2,2k+1,2k+1 _
and 81( 3 ) < 81(Un,3 )by Jak+2.2k41 2641 (Sl(Un’g, )) =0.

Case 6. n — 3 = 6k + 5, where k > 0 is an integer.

Letp = 81(U22+2’3k+2) be the largest root of g3;123142(4) = 0 and p’ = sl(fo; 1’3k+2) be the largest

root of h3k+1,3k+2(/1) =0. Then,

f2k+2,2k+2,2k+1(p) = f2k+2,2k+2,2k+1(p) - p2 ' g3k+2,3k+2(p)
= —(27k* + 42k + T)p* — [(432k3 + 1368k* + 1344k + 408)p — (432k> + 672k + 240)],02

— (256 — 288p)(8k> + 20k> + 16k + 4) < 0,

and

f2k+2,2k+2,2k+1(p,) = f2k+2,2k+2,2k+1(p,) - ]’l3k+1,3k+2(l?,)

= —(27k* + 15k + 12)p"* — (432k> + 882k> + 714k + 228)p" — (1755k* + 2211k + 602)p"
+ (2304k° + 4896k* + 3744k + 960)p” — (2048k* + 1232k* + 208k + 160) < 0.

2 2 2k+2,2k+2,2k+1 1 2 2k+2,2k+2,2k+1
Thus, 81(U2k3+ 3k+ ) < 81(Unk3+ 2k+2.2k+ ), and 81( 131k3+ 3k+ ) < 81(Unl;+ 2k+2,2k+ )

Based on the above six cases, we obtain

n4 n=4 | rn-4 n=l | =203 n=5 | rn=5s n=l|n=2|n=3
: 21)<81(ULzJ,r21)<81(UL33J,L3J,L3J) and Sl(QrLléJJ21)<81(UL§J,L3J,L3J).

n,3 n

M
—_
S
U’N‘:\
IS
g
=

This completes the proof. O

Remark 2.2. For the unicyclic graphs G € U, 3 with order n = 5,6,7, we calculate their eccentricity
spectral radius. Surprisingly, we found that max &,(G) = 5.3752 when n = 5, but not the graph U 51310
When n equals 6 or 1, the e-spectral radius of U ;;] and U;;] are indeed the largest; see Figure 4.

In the following section, the focus will be on the characterization of extremal unicyclic graphs with
order n and odd-diameter d > 5 having maximum g-spectral radius. Let G be a unicyclic graph of order
n with the unique cycle C, = vyv; - - - v,v;, where one of the diametral paths of G is Py = upu; . . . uy.
The ensuing discourse is to be divided into two distinct categories: (i) |V(C,) N V(Pg)| < 1; (i)
[V(C,) N V(Pyy1)| =2, and C, is an even cycle.
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n=>5 .—A—. I:I
52749 53752 4.9243
6.8528 8.0000 6.4694 7.1231
n=6
6.5488 6.1060 7.0963
8.1050 8.7446 9.8548 7.4049 8.5252
n=17 i
7.8191 7.6724 9.0196 8.5334 8.5252

Figure 4. The e-spectral radius of unicyclic graphs whend =3 andn = 5,6, or 7.

2.2. Two types of unicyclic graphs with odd-diameter d > 5.

Let A = (a;j), B = (b;;) € R™" be two matrices such that a;; > b;; for all i, j € {1,2,...,n}, and that
there exists at least one pair (i, jo) such that a; ;, > b; ;,- Then, we denote A > B with equality if and
only if a;; = b;; for all i, j € {1, 2, ..., n}. Further on, we need the following lemmas.

Lemma2.8. Let U, € U, 4 (0odd d > 5) be a unicyclic graph with its unique cycle C, = viv,---v,v; (r >
3), and there is a diametral path Py, = uou; ...uq such that |V(C,) N V(Pg1)| < 1. Further, let G;
be the connected component of Uy — E(P4.1) containing u;j (0 < j < d). Assume there exists a vertex
wy € V(G)) (2 <i< %) such that dg,(u;, w)) = eg,(u;) > 2, and degy,(w) = 1. Denote the unique
neighbor of wy by w. Let

U; =U; —wiw+ wiuy.

Then, £,(U,) < &(U7) , with equality if and only if dg,(u;, w1) = eg,(u;) = i.

Uy u u u; Ug2 Ua Ug Uy uy Uz Uu; Ug 2 Ug Ug

Figure 5. The unicyclic graphs of Lemma 2.8.

Proof. From graphs U, to U{, see Figure 5, we consider only two situations for eccentricity eg,(«;) of
the vertex u; in G;.
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Case 1. If e, (uy) = i, we have e(U}) = e(U1) by ev,(w)) = eg;(w1) = d. (e(U}), = (U1, for all

vertices y € V(U;)\{w;} and (s(U;))w = (s(U,)),, for u,v € V(U )\{w1}.
Case 2. If e, (1;) < i, for any two vertices x,y € V(U,), the element at the xth row and yth column of
the matrix e(U}) — e(U)) is

i—eg(u), ifx=w;,andy € Ny, (us_1)\{ug-2};
(S(Ui))xy - (S(Ul))xy = eUl(y) B if x = wi, andy € thzli%l V(Gj) >
0, otherwise.

Therefore, e(U;) < &(U7) with equality if and only if dg,(u;, w;) = eg,(u;) = i. By Lemma 2.1 and
Theorem 2.1, we have £,(U,) < &(U)). O

After the transformation by Lemma 2.8, all the pendant vertices of the graph U, can be moved to be
adjacent to u; or u,_;, whereas the e-spectral radius of the new unicyclic graph U, increases or remains
unchanged. Subsequently, the contraction transformation is applied to the unique cycle C, (r > 3) of
the graph U, € U, ,.

Lemma2.9. Let U, € U, 4, (odd d > 5) be a unicyclic graph with its unique cycle C, = viv,---v,vy (r >
4), and there is a diametral path Py = ugu; .. .ug such that |V(C,) N V(Pg1)| < 1. Further, let G;
be the connected component of Uy — E(P4.1) containing uj (0 < j < d). Assume there exists a vertex

vi € VIGHNV(C,) (2 <i< %) such that 2 < eg,(u;) = dg,(u;, vi) < i, and degy,(vy) = 2. Let
Ué = Uy = ViVt — ViVis1 + Vi1 Vil + Vit

Then, £,(U,) < &(U}), with equality if and only if dg,(u;, vi) = eg,(u;) = i.

Ug2

Figure 6. The unicyclic graphs of Lemma 2.9.

Proof. From graphs U, to U’, see Figure 6, we obviously obtain e(U)) = &(U,) if dg,(u;, vi) = e, (u;) =
i. Otherwise, dg,(u;,vi) = eg,(u;) < i, for any two vertices x,y € V(U,), and then, the element at the
xth row and yth column of the matrix &(U) — &(U>) is

i—ec(vi), ifx=v,andy € Ny,(ug-1)\{ug-2};
(e(U),, = (eUn)y = {er, ), ifx=v,andy € Ui u V(G));
0, otherwise.
Therefore, e(U,) < &(U}) with equality if and only if dg,(u;, vi) = eg,(u;) = i. We have £,(U,) < &(U))
by Lemma 2.1 and Theorem 2.1. O
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After multiple iterations of contraction as described in Lemma 2.9, the graph U, transforms into
the unicyclic graph Us € U, 4, where graph U; contains only a unique cycle of length 3. On the other
hand, the eccentricity spectral radius of the unicyclic graphs still increases or remains unchanged.

Lemma 2.10. Let U;s € U,, (odd d > 5) be a unicyclic graph with its unique cycle C3 = viv,v3vy,
and there is a diametral path Py = uou, ... uq such that |V(C,) N V(Py.1)| < 1. Further, let G be the
connected component of Us — E(Py,.1) containing uj (0 < j < d). Assume v3 € V(G;) (2 <i< d%) such
that dg,(u;, v3) = eg,(u;) > 2, degy,(v2) = degy,(v3) = 2, and degy,(v,) = 3. Let

Ué = U3 — ViV — V1V3 + VU + V3Ug.

Then, &,(U3) < £/(U}), with equality if and only if dg,(u;, v3) = e, (u;) = i.

U U

Figure 7. The unicyclic graphs of Lemma 2.10.

Proof. From graphs Us to Uj, see Figure 7, it is easy to obtain e(U%) = &(Us) if dg,(u;, v3) = eg,(u;) = i.
Otherwise, dg,(u;, v3) = eg,(u;) < i, for any two vertices x,y € V(Us). The element at the xth row and
yth column of the matrix &(U}) — &(U3) is

i—eg(v3), ifx€{w,vi},andy € Ny, (us—1)\{ug-2} ;
(e(UY),, — (&(Us)),, = {ev, () , if x € {v,v3},and y € UL, V(G));

_d+1
=7

0, otherwise.

Therefore, (8(U§))xy —(&(U3)),y = 0, so we have &(Us) < &(U}) with equality if and only if dg,(u;, v3) =
eg,(u;) = i. We have /(U3) < &(U}) by Lemma 2.1 and Theorem 2.1. O

Finally, the ith branch G; (2 <i< d%l) of U] is a pendant path with length not exceeding i, which
ensures that U still belongs to U, 4. Applying repeatedly the transformation of Lemma 2.8 to graph
U}, again, a new unicyclic graph having the same structure with UZ:S can be obtained.

After frequent use of Lemmas 2.8-2.10, we obtain the extremal unicyclic graph U;’ﬁ (see Figure
2), which may have the maximum &-spectral radius under the condition |V(C,) N V(P4 )| < 1. Now,
we study unicyclic graphs with |V(C,) N V(P441)| = 2 and where C, is an even cycle. The following
lemmas are interesting and useful for the remainder of the paper.

Lemma 2.11. Let U € U, (odd d > 5) be a unicyclic graph with its unique cycle C, = viv,---v,vy,
and there is a diametral path Py = uou, ... uq such that |V(C,) N\ V(Py.1)| = 2. Further, let G; be the
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connected component of U — E(Py,1) — E(C,) containing u; (0 < j < d). Assume there exists a vertex
wi € V(G)) (2 <i< %) such that dg,(u;, w1) = eg,(u;)) > 2, and degy(w;) = 1. Denote the unique
neighbor of wi by w. Let

U = U—wwi +wiu.

Then, £,(U) < &(U’) , with equality if and only if dg,(u;, wi) = eg,(w;) = i.

Proof. For two graphs U, U’, we consider only the eccentricity eg,(u;) = dg,(u;, wi) of u; in G;.

Case 1. If e,(u;) = i, we obtain (U’) = &(U) by ey(w1) = eyr(wy) = d, (e(U")),,,, = (&(U)),,, for all
vertices y € V(U)\{w,} and (e(U")),, = (e(U)),, for u,v € V(U)\{w,}.

Case 2. If e, (u;) < i, for arbitrary x,y € V(U), the element at the xth row and yth column of the matrix
eU)—eU)is

i—eg(u), ifx=w;,andye{veVU)|dy,uy) =ey(v)=d};
(e(U"),, — (eU))yy, = qeu(y) , ifx=w;,andy e {ve V(U) |dy(v,up) = ey(v) <d};
0, otherwise.

Thus, e(U) < &(U’) with equality if and only if dg,(u;, w;) = eg,(4;) = i. Combining Lemma 2.1 with
Theorem 2.1, we obtain £((U) < g;(U’). O

After the above edge-movement, all the pendant vertices in the connected branch tree G; of the
unicyclic graph U can be moved to be adjacent to u; or u,_;, and the e-spectral radius of the new
unicyclic graph U’ increases or remains unchanged. After multiple edge-movement changes, the
resulting graph is similar to U, in Figure 8.

W u Uiy Uip Uy Ugy Uy W Ui Ui Uiy Ugy Ug

Gj

Figure 8. The unicyclic graphs of Lemma 2.12.

Lemma 2.12. Let Uy € U,y (odd d > 5) be a unicyclic graph with its unique even-cycle

C, = U \Uis2Vier—1Vier— - - - VizaUiy1, and there is a diametral path Py = uou;...uy such that
V(C) N V(Pyi1) = {Uis1,tisn), and 2 < i+ 2 < d%l. Further, let G; be the connected component
of Uy — E(Pyy1) — E(C,) containing v; (j=i+2,i+3, ..., i+r—1). Assume there exists a vertex

wy € V(G)(i+2<j<i+r—1)suchthat ds,(v;,w1) = ec,(v;) > 1, and degy,(w;) = 1. Denote the
unique neighbor of wy by w. Let
U, = Uy — wwi + wiy.

Then, £/(Uy) < £(U}) , with equality if and only if dy,(w;, us) = d.
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Proof. Discuss two cases for the distance between vertices wy and u,.
Case 1. If dy,(w1, ug) = d, combining

(U, = (UY),,, = euv,(u) for u €{v e V(Us) | dy,(v,up) = ey,()};
(EU)y,u = (&UY),,, =0 for uefve V(U |dy,v,us) = ey,(M};
(&Ua)y = (e(UY),, for u,ve V(U)\{wi},

we obtain &(U,) = &(U)), and then, £,(Uy) = &(U)).
Case 2. If dy, (w1, us) < d, from graphs U, to U, for any two vertices x,y € V(U,), the element at the
xth row and yth column of the matrix &(U}) — &(Uy) is

d—ey,wy), ifx=w;,and ye€{ve V(U |dy,(v,uy) =d};
(e(Uy),, — &Ua))yy = qeu, (), if x=w;,andy € {v e V(U,) | dy,(v,up) = ey,(v) < d} ;
0, otherwise.

Therefore, e(U,) < e(U})) when dy,(wi, ug) < d.
Combining the above two cases, we obtain &(Uy) < &(U)) with equality if and only if dy, (w1, ug) =
d. Hence, £/(U,) < &(U}) by Lemma 2.1 and Theorem 2.1. O

Lemma 2.13. Let U € U,y (odd d > 5) be a unicyclic graph with its unique even-cycle

C, = Ui Udn Viss Vi, ... Vst i, and there is a diametral path P,y = uou, ...uy such that
V(C,) N V(Py) = {ua, u%}. Further, let G; be the connected component of U — E(Py.1) — E(C))

2

containing v; (j = ”%1, #, e % + r). Assume there exists a vertex w; € V(G)) (”%1 <j< %)

such that dg,(vj, w1) = eg,(v;) = 1, and degy(w1) = 1. Denote the unique neighbor of wy by w. Let

[N

U =U-ww; +wu,.
Then, £, (U) < g(U").

Proof. Discuss two cases for the distance between vertices wy and u,.
Case 1. If dy(wy, uy) = d, from graphs U to U’, for any two vertices x,y € V(U), one has

0, ifx=w;,and y € {ve V() |dy(v,up) =d=dy(w,v)};
, d, ifx=w;,and ye{ve V(U) | dy(v,uy) =d > dy(w1,v)} ;
(e(U),, - (&), = oy v o
ey(y), ifx=wy,andye{veV()|dylv,u) =ey(v) <d};
0, otherwise.

Case 2. If dy(wy,uy) < d, from graph U to U’, for any two vertices x,y € V(U), the element at the xth
row and yth column (e(U")),, — (e(U)),, of the matrix e(U’) — &(U) is

d—ey(wy), ifx=w;,andye{veVU)|dy(v,up) =d,and dy(w;,v) = ey(w)};

d, ifx=wy,andye{veVU)|dylv,uy) =d,and dy(wy,v) < ey(wy)};
ey (y), ifx=wy,andye{veV(U)|dylv,uy) =ey(v) <d;
0, otherwise.

Combining the above two cases, we get e(U) < &(U’) and (U) # &(U’), and then, &(U) < &(U")
by Lemma 2.1 and Theorem 2.1. O
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All the pendant vertices of unicyclic graphs U € U, 4 such that |V(C,) N V(P41)| = 2 are adjacent
to the quasi-pendant vertices u; and u,_; of P,y by edge-moving in Lemmas 2.11-2.13. This causes
the eccentricity spectral radius of U to increase or remain unchanged. Here, C, and Py, = upu; ... uy
are the unique even cycle and one of diametral paths of U, respectively.

Subsequently, we considered implementing two types of contraction changes, which would cause
e-spectral radius of unicyclic graphs Us, U in Figures 9 and 10 to increase.

W uy W Uin Ui Wy Ugy Ug W W Un Uy Uy Uy
r—

'
U's
Visr.
Vi Vir3 Virg el
Figure 9. The two graphs of Lemma 2.14.
Ugo Ug1 Ug U u Ugy Ugr Uy

Figure 10. The two graphs of Lemma 2.15.

Lemma 2.14. Let Us € U,, (odd d > 5) be a unicyclic graph with its unique even-cycle
C, = Ui\ Uis2Visr—1Visr—a - .. VisaUiy1, and there is a diametral path Pg., = uou,...u, such that
V(ICHNV(Pyi1) = {Uip1, Uiy}, where2 <i+2 < %. Obviously, 4 < r < 2(i + 2), and ey (v;) < d for
Jj=i+2,i+3,...,i+r—1. Let

i+r=2 i+r—1

U;=Us - U ViVirl — Uir1Vig2 — UitdVigr—1 T U V.
Jj=i+3 J=i+2
Then, &,(Us) < £1(U7).
Proof. When transforming from Us to Uz, let W = {vi15,viy3,...,vis,—1}. To ensure that the diameter

of Us is d, the girth of C, should not exceed 2(i + 2), that is, r < 2i + 4.
Case 1. If r = 2i + 4, then ey, (v2i42) = d, and ey, (w) < d for all vertices w € W\{v,;4,}. For any two
vertices x,y € V(Us), the element at the xth row and yth column of the matrix &(U%) — &(Us) is

d—ey,(x), if x € W\{vyo},andy € Ny (ug_1)\{ug-2} ;
(8(U§))xy - (S(US))xy = eUs(y) > ifx e W\{v2i+2} ’ andy € {I/td%l, R ud—l} >
0, otherwise.
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Therefore, £(Us) < &(Uy), and &(Us) # e(US) when r = 2i + 4.
Case 2. If r < 2i + 4, then ey, (w) < d for all vertices w € W. For any two vertices x,y € V(Us), the
element at the xth row and yth column of the matrix &(Us) — &(Us) is

d—ey(x), ifxe W, andy € Ny, (ug_1)\{ug-2};

(8(U;))xy —(&(Us)),y = yeus(y) » ifxeW,andye {u%, e Ug-1)
0, otherwise.
Therefore, £(Us) < &(U5), and e(Us) # &(U5) when r < 2i + 4.
Combining the two cases above, Lemma 2.1 and Theorem 2.1, we obtain &,(Us) < &(U5). |

Lemma 2.15. Let Ugs € U,  (odd d > 5) be a unicyclic graph with its unique even-cycle C, =
UatUdsi Ve ... Vil (4 <r <d+ 1), and there is a diametral path P, = uouy . ..uy_uy such that
V(C) NV (Pair) = {uas, uan ). Let

r=2
r=3 >

3 r=2
4
Ug=Us - U ViViel = Ville = Vel + U viug + U Vjllg.
=2 J=1 =5

Then, &,(Us) < £1(Uy).
Proof. To ensure that the diameter of Uy remains constant d, thus the girth of C, satisfies r < d + 1.
From graphs U, to U7, assume following the vertex set:
Wi ={vi,va,... ,v%} and W, = {v%, ey Vi3, Vo
Uy ={uj,uy,...,u

Case 1. If r = d + 1, then eUO(v%z) eUG(v%) = d, and ey, (w) < d for all vertices w €
(W U W) \{v 1, Vs }. For any two vertices x,y € V(Us), the element at the xth row and yth column of
the matrix &(U;) — &(Us) is

d%'} and U, = {M%, ey U, Ug_t}.

d—ey,(x), if xe W;,andy € Ny (us-)\{ug-2};

ey, (y) , if xe Wl\{v%} ,and y € Uy;
(UL — (U = d, if xe W, ,andye Wy;

d—ey,(x), if xeW,,andy € Ny, (u)\{uz};

ey, (y) , if xe Wz\{v%},andye Ui;

0, otherwise.

Case 2. If r < d — 1, then ey, (w) < d for all vertices w € W; U W,. For any two vertices x,y € V(Us),
the element at the xth row and yth column of the matrix &(Us) — &(Us) is

d —eyy(x), if xe Wy, andy € Ny (ug-1)\{ta-a);
eus(y) s if xeW;,andy € Uy;
(UL — Uy = 1 ifxeWr,andyeWs:
d—ey(x), if xe W, ,andy e Ny, (u)\{uz};
ey, (y) , if xeW,,andye Uy;
0, otherwise.
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Therefore, one has &(Us) < &(Ug), and &(Us) # &(Ug). We have &1(Us) < £1(Ug) by Lemma 2.1
and Theorem 2.1. O

Under condition | V(Pg4y1) N V(C,) | = 2 with even r > 4, we gradually apply Lemmas 2.11 to
2.15, and eventually obtain a unicyclic graph that is isomorphic to Uf;ﬁ, which causes the e-spectral
radius of unicyclic graphs to increase constantly.

Remark 2.3. For |V(C,) N V(Pyy1)| = 2 and odd d > 5, we characterize the extremal graphs with
maximum eccentricity spectral radius among n-vertex unicyclic graphs containing an even cycle C,.
However, for unicyclic graphs containing an odd cycle C,, it seems that this cannot be determined in
a way similar to the proof of Theorem 2.4. For example, consider the graphs H,, H,, H3, (see Figure
11). The vertices vy, Vv, in graph Hy; vy, Vv, Vv3,w in graph H,; and v, v,, V3, v4, Vs in graph H; cannot
undergo edge-shifting similar to that in Lemmas 2.12-2.15.

V2 w
\&]
V1 V2 123 V4
V1 V3 V1 Vs
Uy uy 153 us Uy Us Uy u u us Uy Us Uy u u us Uy Us
H H

1 2 H;

Figure 11. The three graphs contain an odd cycle.

Remark 2.4. For |V(C,) N V(Py1)| = 3 and odd d > 5, the graph-transformation in Lemmas 2.11 and
2.12 is no longer applicable to graph pairs Qy, Q' , and Q,, O, , depicted in Figure 12. Obviously,
8(Q1)V4y = dp,(vs,y) = 5 = eQ’l(V4) = dQ’l(V4,u5) > dQ’l(V4’Y), and then, S(Ql)V4y >0 = 8(Q'1)V4y-
At the same time, €(Q2)yw,u, = do,(Wa,us) =7 = min{eQé(wz),lez(uzt)} > 6 = dQ/Z(wz,u4), and then,
g(Q)wpuy > 0 = &(Q%)wyu,- 1t is necessary to explore new methods, which is an interesting research
problem.

V1 V2 V3 V4 Vs Ve V7
Vo ® hd I ° ° * d d
us  u, wus Ius u; Us Q,

Figure 12. The unicyclic graphs of Remark 2.4.

For the following two classes of unicyclic graphs G € U,,; with givenodd d > 5,

(D1 VPe) NV(C) = 15 2) | V(Pas) N V(C)) |= 2 with even r > 4,
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where P, is one of diametral paths of G, and C, is the unique cycle of G, and V(P,,;) and V(C, )
represent respectively the vertex sets of Py, and C,, we obtain finally that the unicyclic graph Un d
(see Figure 2) may achieve the maximum e-spectral radius by Lemmas 2.8-2.15. Surprisingly, we
find that unicyclic graph U“’db and 1-clique tree T(n,d, a,b) (or simply a tree) are &-cospectral with
e(Und) =¢&(Ty(n,d,a,b)), where a+b =n—d—1,a > 2, and b > 0. However, they are not isomorphic.

To make it easier for readers to comprehend, we give the definition of ¢-clique trees. The graph
resulting from substituting each edge of tree G with a clique K, (z > 1) is called the t-clique tree
corresponding to G. Denote by ®,(n’,d) the set of t-clique trees with order n’ = (n — 1)t + 1 and
diameter d, where n > 2, and ¢ > 1 as in [14]. Deleting an edge e = x;x, from the unicyclic graph UZ:S
in Figure 2 yields the 1-clique tree T4(n,d, a, b).

Because &( U:::S) =&(T(n,d,a, b)), the following conclusion can be obtained easily.

Theorem 2.3. The unicyclic graph UZ:; and clique tree T1(n,d, a, b) are g-cospectral, where a + b =
n-d-1a>2 andb > 0.

Let p,q € Z (or let p, g be two positive integers). We say that p and g are coprime (or relatively
prime) if their greatest common divisor equals 1, that is, gcd(p,q) = 1. Equivalently, p and g are
coprime if and only if there is no integer greater than 1 that divides both p and ¢. This relation is
denoted by (p,q) = 1.

Theorem 2.4. Let unicyclic graph U € U, , with order n >

() = (1) + (42) + -+ (@ 1) _M Then,

d + 5 and fixed odd d > 5. Denote

e1(U) < max {SI(UL’;" gk 1])’81(1]2,:1[1_1’0)} ’

LndIJrndl-l rndl-antIIJ

with equality if and only if U = U" d-10 U, 4 orU,, , based on

et (e T@) n-d-10
&1 (Un,d =& Un,d * d * & (Un,d )

Hence, the extremal unicyclic graph with fixed odd d > 5 and n >
eccentricity spectral radius in U, , is not unique when &,(U) > r(d)

d + 5 having the maximum

Proof. Let U be the unicyclic graph in U, , having the maximum eccentricity spectral radius. It is easy
to get U = U;‘ﬁ by Lemmas 2.8 to 2.15, as one of diametral paths of UZ:s denotes P, = uglty . . . Uy,
and the unique cycle of UZ:{I; denotes C3 = u;x;xou; in Figure 2.

Denote X = {ug, x1, X2, ..., x,} and Y = {uy, y1,y2,...,yp} in Figure 2. Let x be a Perron eigenvector
corresponding to p = g (Ui’fj) , whose coordinate with respect to verte v is x,. Because

d+1 d+3
pxx:Txud%l+ > xuM +d2xy
yey
for each x € X, we can obtain x, = x, for {x, x’} € X. Similarly, x, = x,» for {y,y’} € Y. Therefore, for
allxe X,yeY, we get
d+1 d+3
PXy, = Tx"% + Tx”@ +o+(d - Dx,,  +db+ 1)x,;

2
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px,=d(a+ Dx,+(d - Dx, +(d-2)x,, +---+ s T T X
2 5 2 S

px, = (b+1)(d—i)x, if i€ {1,2,...,—

QU

\O) |
[E—
——

1
px,, = (a+ )jx, if je{d; ,d;3,...,d—1}.

Hence, we obtain

d+1 d+3
pzxx = ; PXy,,, + %pxud+3 +---+(d - Dpx,, , +db+ 1)px,
2 2
d+1V (d+3\
—(a+1) (%) +(%) Foot(d = 1| x + d(b + Dpx,
= (a + DI(d)x, + d(b + 1)px,,
and
) d+1
P Xy = d((l+ 1)pxx + (d_ l)pxul + (d_z)pxuz +---+ ) pxu%;
d+1\
= d(a+ Dpx,+ (b + 1) (d—1)2+(d—2)2+---+(%) %,

=d(a+ Dpx, + (b + DI'(d)x,.
We immediately obtain the linear equations for x, and x,, that is,

|? = (a+ DI@)| x, —d(b + Dpx, =0,

|0 = (b + DI@)| x, - d(a + Dpx, = 0.
Because x, > 0, and x, > 0, p is the largest root of

0? — (a + DI'(d) —-db + 1)p
=0;
—d(a+ 1)p p* — (b + DI(d)

that is, p* — [(a +b+2)I'(d)+ (a+ 1)(b+ l)dz]p2 +(a+1)(b+1I*(d)=0,wherea+b=n—d-1.

Let the function

Fup(D) = A% - [(a +bh+2)I(d) + (a+ )b+ 1)d2]/12 +(a+ (b + DI*A).

Claim 1. Foroddd > 5andn > d +5, &(U, /%) # [(d)/d.

(2.1
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Based on
Fod- 10(%?):(%) 4 ~|n- d+1)r(d)+(n—d)d2]( (dd)) + (n — T(d)
(][t
:(93:%‘0_( —d+1)d
_(Fizd) 3'(d—1)2(zd—5)_(n_d+l)d ’

we obtain f,_4_ 10( ) 0if g (U” - 10) = r(d) ; that is % = (n—d + 1)d. Note that gcd(d, d —

1) = 1; then, d | (7d - 5). When 22 =7 -2 <6 by odd d > 5, 2D > HIdr]) > 114 ye get

M’;—‘f“) > 36 and 7d 2=6% M when d = 5, a contradiction. Thus, sl(UZ’;d_l’o) #* %d) for odd
d>5andn >d+ 5
Claim 2. p < max {81 (UZ;;"_LO) , € (Q)} where Q = U,
Claim 2.1. If p < ™2 then U = U

We assume that a > b > 1. Combining dp — I'(d) < O (here, SI(UZ,’S) =p)witha-b+1 >0, we
can get

rndl-andIJ Lvd—IJrndl-l

orU

Jar1p-10) = far1p-1(0) = fup(p) = (a = b + 1)(dp — I'(d))(dp + T'(d)) < 0.
Thus, &; (U,‘;’i’) <& (U;’;]’b_]), a contradiction. Then, the &-spectral radius of UZfz whena=n—-d-1
and b = 0, that is, U = U/~
Claim2.2. p # ™. Assume that p = & (U%4) = "2, then f,,(0) = 0. If a > b > 1, and thus,

Jar1-10) = far1,6-100) = fap(p) = (@ = b+ D(dp + I'(d))(dp — T(d)) = 0

Therefore, p is a root of f,,15-1(4) = 0. Further, &, (U‘”l’b_l) =p= ld) Continuously making similar

L (d) , which contradicts Claim 1. Therefore p* r(d)

[-ndl]l_ndljorULnlerndl-l

Assume that a > b + 1 and that a > 3. Combining p = & (U” b) > F(d) withb —a+1 < 0, we can
get

changes, we get &; (U"_d_l’o) =p=

Claim 2.3. Ifp > F(d) , then U is isomorphic to U,

far1661(0) = fa141(0) = fap(p) = (b — a + 1)(dp — T'(d))(dp + I'(d)) < 0.
Therefore, €, (U) = & (U“’b) = p < & (U“_]’b”), a contradiction. Then, b < a < b + 1,
rrlf%ﬁ-l,l_nﬂziflj |—n d— l-| Ln —d— IJ _ LnfzziflJ’l—nfgfl-l
gU) £ g Un . On the other hand, we have ¢, (U =g (U but

n,d n,d
U,Edzl o ¥ ULH Ratihe . Clearly, we obtain that U is isomorphic to Urn i or UrLlndd e 1]
lfn 2 d+5, we gete (U’r”n‘;d S LHJ) =& (Ufi,ndd_lm * 1]) & (U,Z,dd 1’0) by Claims 2.1-2.3.
Hence, the extremal unicyclic graph with fixed odd d > 5 having the maximum eccentricity spectral
radius in U] , is not unique when p > r(d)

Combining the above claims, we complete the proof of Theorem 2.4. O
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3. Concluding remarks

It is acknowledged that the problem of characterizing graphs whose eccentricity matrices are
irreducible remains unresolved. The question of whether the eccentricity matrix of connected graphs
containing cycles is reducible or not remains an open problem for researchers to consider. We note that
the eccentricity matrices of trees and cycle C,,,; are irreducible, whereas £(C,) is reducible. To this
end, we prove that the eccentricity matrix of unicyclic graphs (containing at least one pendant vertex)
with odd diameter that and | V(P,,1) N V(C,) |< 2 is irreducible. Furthermore, an affirmative response
can be given to Problem 3 in [20] with regard to unicyclic graphs in U ,. We also characterize extremal
unicyclic graphs in U, , with a maximum eccentricity spectral radius.

What happens, then, to the e-spectral radius of connected graphs (which include cycles) and trees
given other parameters, such as the number of matchings, the number of pendant vertices, or perfect
matching? As we know, the extremal graphs for e-spectral radius are nonunique and irregular. For the
general case, they proposed the question ( [20], Problem 7): Under what conditions is the diameter of
a graph determined by e-spectrum? This is a profound problem in spectral graph theory.

In the context of odd diameter, for these extremal graphs of trees and unicyclic graphs in U, , with
maximum eg-spectral radius, we find that the extremal graph (see Figure 2) of the latter has only one
additional edge x;x, compared to that of the former by Theorem 2.10 (in [24]). Then, can the addition
of edges to the trees ( the base graph) be achieved in such a manner that the bound of the eccentricity
spectral radius of the multicycle graphs obtained remains unchanged? It remains a matter of interest
for future study.
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