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1. Introduction

Integral inequalities constitute an important branch of mathematical analysis that studies
relationships involving integrals and inequality signs. They provide estimates, bounds, and
comparisons for functions when exact evaluations are difficult or impossible to obtain. The theory
of integral inequalities has developed into a powerful mathematical tool with applications in pure
mathematics, applied mathematics, physics, engineering, economics, statistics, and many other
scientific disciplines. The central idea behind integral inequalities is to determine how the integral
of a function behaves under certain conditions and to establish upper and lower bounds that help
in understanding the qualitative and quantitative properties of mathematical models. The origin of
integral inequalities can be traced to the broader development of calculus and mathematical analysis.
As mathematicians began investigating the behavior of functions and their integrals, it became
evident that exact formulas were not always available. In such situations, inequalities provided an
effective alternative by offering useful approximations and estimates. Rather than finding the precise
value of an integral, one could determine a range within which the value must lie. This approach
proved particularly valuable in solving differential equations, studying convergence, and analyzing
mathematical structures where exact solutions are difficult to obtain. Among the most productive
results in the theory of integral inequalities are Holder’s inequality and Minkowski’s inequality. The
first of these inequalities establishes an upper bound for the integral of the product of two functions.
This important property is the basis for the study of many questions in the theory of functions. Holder’s
inequality is one of the most frequently used tools in real analysis, functional analysis, and the study of
partial differential equations. Minkowski’s inequality is the extension of the triangle inequality for real
numbers to integrals. It is also used in the context of the Lebesgue integral and the theory of normed
linear spaces, as a fundamental inequality. Using these examples of integral inequalities, it is possible
to formulate and prove a wide range of other properties of integrals.

In addition to their analytical usefulness, integral inequalities have many applications in numerical
analysis. For example, in the context of numerical integration, such inequalities are used to bound the
error of approximation of an integral by some numerical method. If an integral cannot be taken exactly,
it is often necessary to use approximate values. This can be done, for example, by using the trapezoidal
rule or Simpson’s rule. In such cases, integral inequalities help to estimate how large the error can be,
and thus the accuracy of the solution. Therefore, integral inequalities are widely used in numerical
analysis, which in turn is the basis of scientific computing. In modern mathematical research, the
study of integral inequalities continues to expand through the introduction of new concepts such
as generalized convexity, fractional calculus, and dynamic equations on time scales. Researchers
develop novel inequalities to address emerging problems in science and technology. Fractional integral
inequalities, for example, have attracted considerable attention due to their applications in modeling
memory-dependent processes and anomalous diffusion phenomena. These developments demonstrate
the adaptability and continuing relevance of integral inequalities in contemporary mathematics.

Integral inequalities have a key role to play in the formulation of different mathematical theories as
they provide needed estimates for confirming existence, uniqueness, and stability results (see [1-3]).

Interval analysis refers to a mathematical theory that handles uncertainties that arise when
quantitative descriptions of the characteristics of an object lack precision to some extent. In other
words, instead of using a precise value, such data is represented by an interval that contains all
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possible values that can represent a particular quantity. In general, it can be said that interval
analysis allows a mathematician to work with intervals rather than points. This is especially important
in the computational mathematics industry, which covers many branches of science, from physics
to optimization or approximate numerical methods. Therefore, using interval analysis provides
researchers with calculation results that are guaranteed to contain true solutions and provide accurate
information about the accuracy of calculations and the nature of any inaccuracies. Interval analysis
also plays an important role in solving equations and optimization problems. When searching for
the roots of a function, interval techniques can identify regions that definitely contain a solution and
eliminate regions that cannot contain one. Similarly, in optimization, interval methods can be used to
determine reliable bounds for the minimum or maximum value of a function. These features make
interval analysis a valuable tool in situations where reliability and verification are more important than
obtaining a single approximate estimate (see [4—6]).

2. Calculus with interval analysis

This section introduces the basic notation and fundamental concepts of interval analysis that will
be used throughout this work. Let 7, denote the collection of all closed intervals on the set of real
numbers R. An arbitrary interval in 7 is represented by

J=lp.pl={veR:p<v<p}, (2.1)

where p,p € R satisfy p < p.
The length (or width) of the interval  is defined by

LI =p-p.

The values p and p are referred to as the left and right endpoints of the interval, respectively.
An interval is called degenerate whenever its endpoints coincide, that is, p = p. In this case, the
interval reduces to the single real number

J = [p’p] =p-

Furthermore, an interval is said to be positive if p > 0, while it is called negative whenever p < 0.
Let 7} and 7, denote the families of all positive and negative closed intervals in R, respectively.
For two intervals

g = [B,ﬁ] and A =[v,v],

their Pompeiu—Hausdorff distance is defined as
Po(T,N) = Po(lp. 1. 1. 71) = max {Jp = | .15 - 71}. 22)

The set (7., Pg) 1s a complete metric space. To our knowledge (see [7]), the absolute value of @

is | @ |, which is the maximum value of the end points:

|(+) 1 = maxllg, ). (2.3)
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The primary interval arithmetic operations for two closed intervals are given as follows:

@ is defined in scalar multiplication as

[yo,yol, v>0;
y()=rle.al={ 0. y=0
[vo,vol, v <0,

where y € R. The interval @ in an opposite form is

- =) =190l
where y = —1. In general, — @ is not additive inverse for @, 1.€., @ - @ # 0.

Definition 1. For some kind of intervals @, A € 1., we denote the G-difference of @, A as the Q €
I, thus we have

(i) A=A+ (-Q).
It appears beyond controversy that
(-] lemve-i (D)=L,
lo-vo-vlif L((*))=LW®),
where L(@) = 0 —¢and I(A) = v — v. A large number of algebraic properties are produced by the
operation definitions, allowing 7. to be a quasi—linear space (see [7]).

Theorem 1. Let
B [ha, byl — I,

be an interval-valued mapping defined by
h(x) = [B00), R

Assume that
B, b € IRy, -

Then, for every y € [713, il4], the following relation holds:
s ha
[ woae. [ Fwar

h3 h3

ha
@ [y =
h3
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Reference [8] introduced the following notion of an interval-valued As-convex function.

Definition 2. Let
vovelhs,hyl,  h:(0,1) >R,

where h is nonnegative and not identically zero. An interval-valued mapping
h [y, hy] = Ipe(R)
is called an h s-convex interval-valued function if, for every A € (0, 1),
h(D)A(V) + k(1 — Dh(v) € Ay + (1 = Dv). (2.4)
The collection of all interval-valued functions satisfying (2.4) is denoted by
S X(h, [h3, hal, Ta+(R)).

Definition 2.4 extends the classical concept of convexity to interval-valued mappings. In particular,
if the auxiliary function is chosen as
h(A) = 4,

then (2.4) reduces to the usual definition of an interval-valued convex function (see [8]).
Furthermore, selecting
h(d) = A°, s € (0,1],

yields the class of interval-valued s—convex functions discussed in [7]. Hence, the above definition
provides a unified framework that includes several well-known convexity concepts as special cases.

Zhao et al. used the h-convexity of interval-valued functions in [10] and obtained the following H-
H inclusion.

v oy 1
Theorem 2. If S X(h, [h3, hy], I) and h(i) # 0, then we have

! h(h3+il4)2 1 (IR)fuhcy)dX; [h(fz3)+h(iz4)]flh(x)d)(. (2.5)
h4 h3 h3 0

DR
Remark 1. The inclusion (2.5) becomes the following if h(}) = 9 :
A A 1 ha /) il +h il
h(h3+h4)2 4R | n@dx> M
2 hy — h3 hs 2

Sadowska developed in the [8].
The inclusion (2.5) generates the following if A(#) = 9" :

7//1 iz 1 hy h il3 +h il4
2S-1h( 3 ¥ 4); N e h{ls) + 1 )
2 ]’l4—h3 T3 s+ 1

which was discovered by Osuna-Gémez et al. in [8].
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Definition 3. A mapping % : [h3,hs] — I. is said to be convex interval-valued if for
all x,v € [fZ3,iz4],v € (0,1), we (see [8]).

vi(x) + (1 = v)i(v) € h(vx + (1 = v)v). (2.6)

Theorem 3. A mapping I : [hs,hs] — I. is said to be convex interval-valued if and only if I is a
convex function on [7;13, /V14] and h is a concave function on [ﬁ3, h4].

Theorem 4. (Interval—valued inclusion (IVI) in Jensen [7]- [10]) Let 0 < {} < { < ... < {, and h
be a convex function on the interval-valued mapping on an interval containing py, then the following

inclusion holds:
h (Z pj fj) 2 (Z pjh (fj)] : 2.7)
=1 =1

where »" p;=1,p;€[0,1].
j=1
The inequality (2.7) is extended to convex interval-valued functions by the authors in [8] as follows.

Theorem 5. (IVI in Jensen Mercer [8]) Let h be a convex function on the interval-valued mapping
on [fvl3, hy) such that L(iu) > L(ito) for all i:lo € [lv13, R4, then the following inclusion

h[il3+il4—zpj§j]2 h(ilg)+h(il4)—zpj§j, (28)
Jj=1 j=1

is true.
In [9], the idea of the Jensen—Mercer inequality was used by Kian and Moslehian, and the following

Hermite—Hadamard—Mercer inequalities were demonstrated:

. v v . 1 v
h(h3 + - ’%) < 1i(hs) + (hs) — —f 1) do
Vy—X

%

< Tihs) + () — h(” ;’ V)
and . )
h(ﬁ3+7¢4—””)s %fh(ﬁ3+7z4—ﬁ)d19
V- %
<h(713+714—%)+h(i13+lvz4—v)
= 2
. o RGO+
< iths) + ichy) - TR,

where 7 is a convex function on [izg,fvu]. For some recent studies linked to the Jensen—Mercer
inequality, one can consult [11,12].

Fractional integrals have been used to expand and improve Mercer—Hadamard—type inequalities,
especially when discussing A—convex functions, which are a generalization of standard convex
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functions. The class of interval—valued ZA—convex functions is a generalization of convex functions.
These functions satisfy the inequality

T(Ax+ (1 = Dy) 2 ADI(x) + EWDI(y), VYx,yel, 1€]0,1],

where A(A) and &E(A) are weight functions that typically satisfy A1) + E(A) = 1 and reduce to 4
and 1 — A in the standard convex case. This generalization allows handling more flexible functional
behaviors than strict convexity, which is useful in modeling, optimization, and inequality theory.
Fractional integral approaches have been used to generalize the conventional Hadamard inequality,
which gives upper bounds for the determinant of positive definite matrices, resulting in new inequalities
that take fractional powers of integrals into account (see [8]). Sharper bounds for convex functions,
particularly those that meet A—convexity, a more generic type of convexity defined in particular
functional spaces, are established by these expansions by utilizing the characteristics of fractional
integrals. These inequalities can be used more broadly thanks to the use of fractional integrals,
such as in higher-dimensional spaces or in situations where conventional convexity assumptions
are violated. These inequalities can handle more intricate convex structures by utilizing fractional
calculus, providing more accurate estimates that are helpful in functional analysis, mathematical
physics, and optimization. In addition to enhancing the theoretical landscape of integral inequalities,
the combination of Mercer theory and fractional integrals for A-convex functions offers useful tools
for handling non-linear and higher-order convex functions in a variety of scientific and engineering
applications (see [15, 16]).
n
LetO <v; <v; <...<v,and let w = (wy, Wy, ..., w,) be non-negative weights such that Z w, = 1.

z=1
The most popular inequality due to Jensen (see [14]) states that T is a convex function on the

interval [0y, 6,], then
z(z w, vz} > [Z w, z(vz)] (2.9)
z=1 z=1

for all nu; € [01,6,] and each w, € [0,1], (z=T.n).

A convex function is one whose graph bends upward, forming a bowl-shaped curve. Equivalently,
the line segment joining any pair of points on the graph remains on or above the graph throughout
its length.

Definition 4. [22] The T : I — ‘R is named as a convex function if
T(Qhs + (1 - Q) hy) 2 QT (hs) + (1 - Q) T (). (2.10)
for all 713,;14 e€land Q € [0, 1].
For the reversed inequality, T is called concave.
The Hermite—Hadamard inequality asserts that if T : 7 € ‘R — ‘R is a convex function in /, then

by + h 1 ha T(hs) + T(h
E( 3+ 4)2 _ _ f Q) dQ D (h3) + T(hs)
2 h4—h3 h 2

3

for all ks, hy € I with i3 < hy. The reversed inequality is true if T is known to be concave.
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Theorem 6. (IVI in Jensen Mercer [13]) Let h be a convex function on the interval-valued mapping
on [il3, 714] such that L(}vz4) > L(ilo) forall ivzo € [ivz3, lvz4], then the following inclusion holds:

Z[h3+h4—2wz vZ)DfI (73) + T (ha) - szl(vz) 2.11)

z=1
forall v, € |hs,hy| and all v, €10,1], (z=1,2,...n).
For more related data connected with Mercer inequality, (see [14]).

Definition 5. [19] Consider & : [hs, hy] € R — [hs, 4]. A mapping T : [h3, hy] = R is known to be
interval—valued A—convex on [h3, ﬁ4] if for every x,y € [lv13, 714] and Q € [0, 1], then

TQEXN+N-QEG)2QIEN) + (1-Q) T(E(Y)). (2.12)

Otherwise, —X is called interval—-valued £—concave on [il3, il4].

It is clear that if £(0) = 6, then we get the classical form of convexity .

A—convexity is useful in a variety of fields such as optimization theory, economics, and
applied mathematics, especially in places where classical assumptions of convexity are overly
stringent (see [16-21]).

Overall, the Riemann-Liouville fractional integral operator (RLFIO) is an important tool in
fractional calculus, with various applications in different fields. Its properties and limitations make
it a valuable tool for mathematical analysis and modeling.

Definition 6. [24] Let T € Li[hs, hs]. The RLFIO J3.T and J;_T of order € > 0 with hy > 0 are
3 4

defined by
1 x y
4 - - e e B
hT =55 fh - T(Q) dQ, x>k
and )
1 ha y
Jf T (x) = Q-0""TQ) dQ, x < ha,

T ()
where J,gﬁh (x) = Jg,z ) =3 (x).

In [14], there is a Hermite-Hadamard—Mercer—type inclusion for a convex interval—valued function
via Riemann-Liouville fractional integrals.

Theorem 7. Let T : [hy, hy] — 1 T be an interval-valued convex function such that T(9) = [Z(F), f(ﬁ)]
and L(iz4) > L(fzo) for all ho € [hs, hy). Then, we have the following inclusions:

v v +
z(h3+h4—%2")

re+1 P v

> 2(v —xn)t [ (ha+ha)- 1(h3 + h4 —v)+ J(h +h )+Z(h3 +ha = %)] (2.13)
T(hs + hy =) + Ths + hy ~ . L I+ T

5 (hz + hy — %) + T(hs + hy — ) S Ths) + 2k 0, () + (U)'

2 2
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Throughout the paper, Q1 corresponds to the hypothesis: J is an interval with /3, iy € J so that /1, >
713 >0and £ : J = [713, 714] — R is a continuous increasing function. Let T : [ = [E (lvz;) ,}E(}Vz4)] C
‘R — ‘R be a differentiable function on the interior I° of 1.

While A; corresponds to the hypothesis: Suppose that if T : [AE (713) , B (714)] — I is an
interval—valued A—convex function such that T(Q) = [T(Q), T(Q)] and L(im) > L(ﬁo), \7’710 € [7L3, 714],
forall x,y € [hi3, ha|, £>0, Qe [0,1].

3. Main results

We first show the compulsory and basic results.

Theorem 8. (Jensen—type inequality with IVI) Let M C R and T : M — R be an
interval—valued FB—convex mapping. Suppose there exists a mapping £ : R — R so that M is
an interval—valued A—convex set. Then the Jensen-type inequality

z(in;E(xZ)) S Y
z=1 z=1

holds for all x, € M and w, € [0, 1], (z = H) with sz =1
z=1

Proof. The above inequality is easy when we set n = 2. Now, let us assume that for n = k > 3, the
k

inequality is also true. Then for any x, x, ..., x, € M and y, > 0, z = 1, k with Zyz = 1, one has

z=1

k k
z(Zn%E(x»] 2 > T E®).
z=1 z=1

k+1
If X1, X2, ooy Xy X1y € M and w, > O forz = 1,k + 1 with sz = 1, then one sets up

z=1

W,

’)/Z = 1 ”
— Wi+

k
for all z = 1, k. With this, one finds Zyz = 1. Thus,

z=1
k+1
i[ZwZ/E(xZ)] = T(w1 E(x) + -+ + W B(xp) + W1 E(Xk11))
z=1

w1 E(x) + -+ wE(x)
=fz((1—a»k+1) ‘ (‘1 ” T+ w1 B(xe)
- Wk+1

2 (1 — W DI E(x) + -+ - + YiE(xp) + Wit T(EX41))
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2 (1 — w1 T(Ex))) + -+ - + W T(E)) ] + Wit TE(Xp41))

= (1 — wis1)
w w
X [ — T(E(x) + -+ ———TB) | + 0t TE(xi))
1 — wisg I — Wi
k+1
= > W TAX)).
z=1
So, the mathematical induction yields the proof. m|

4. Jensen—Mercer inequality for A-convex functions with IVI

Lemma 1. Let M c R be an interval, {E(x;)};_, € M be a finite positive increasing sequence,
and T : M — R be an interval—-valued A£—convex function on M, then

T (L) + £(x,) — Ax) 2 T(EMX)) + T(EX)) - T(EMX)), 4.1)

foralll <k <n.

Proof. Let B(y;) = ZE(x)) + £(x,) — A(xy). Then E(x)) + £(x,) = ZE(xx) + £(y) so that the
pairs (Z£(xy), £(x,)) and (&E(x;), A(y;)(possess the central point. Recall that there exists A such that

E(x) = AEx) + (1 — DE(x,),
Ay = (1 - DE(x) + AE(x,),
where 0 < 1 < 1 and 1 < k < n. Using the Z-convexity of T, one has
(L) = T = DEX) + AE(x,))
> (1 = DIEx)) + AT(E(x,))
= T(E(x)) + TE(x,) — (AT(E)) + (1 - DI(E(xy,)))
2 T(E(x1) + TEx,)) — T(AE(x1) + (1 = DVE(x,))
= T(E(x1) + TEx,)) — TLE(x))-
Therefore, the inequality (4.1) follows from &(yy) = AB(x) + E(x,) — E(xy). O

Theorem 9. ( Jensen—Mercer inequality for interval—valued F—convexity) Let M C R be an interval
and T : M — R be an interval—valued &E-convex function. Then

T E(x) + Ex,) - Zwk ZE(x) | 2 T(Ex)) + T(E(x) - Zwkz (AB(x0)) (4.2)
k=1 k=1

for a positive finite sequence {Z£(x;)};_, € M and wy € [0, 1], (k = H) with Zwk = 1.
k=1
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Proof. 1t follows from Theorem 6 and Lemma 1 together with the interval—valued ZA—convexity of
on the interval M that

z[fE(xl) + Bx) - > o E(xk)] =T [Zwkuﬁ(xl) + B(x,) — E(x)
k=1

k=1

S5 Zwkz(ﬁa(xl) + AE(x,) — E(x))

k=1

> Zwk[z(ﬂa(xl)) + Q(&E(x,)) — TEx)]

k=1
= T(E(N) + TE) = Y o TE),
k=1

which completes the proof. m|
5. Mercer—Hadamard inequalities for fractional integrals with IVI
By using Mercer inequalities, Hermite—Hadamard inequalities in fractional integrals form are given

as follows:

Theorem 10. Let T : I = [133, ivz4] — R be an interval-valued FE—convex positive function with 0 <

hy < hyand & : J = [iz3, 714] — R be a continuous increasing function under the condition as defined
inAj, then

(8 1) 25 (1) - 5 E) 23 7)) + ()

re+1)
T2EG) - EW) {Jﬁm)rz(@ O + Sy TE (x>>}
23 (i) + (8 -3 (E5 ) s

Proof. The Mercer inequality yields that

iI(ZE (713) +E(7z4) _Ew) ;IZE(VI)) 5 TL(}E (il%)) N ’I(}E (}Vl4)) _T(Ew)) ;‘ T(E 1)

(5.2)

for all /& (uy), & (v1) € |8 (hs). & (ha))].
Now, by change of variables u; = QE (x) + (1 — QA (y) and vi = (1 — QE (x) + QE(y),
V Ex),E®Q) e [@ (iz3),zE(iz4)], and Q € [0, 1] in (5.2), we get
T (}E (7s) + 2 (ha) - EO+EQ) ; £ (y))
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5 1(ZE(E3))+‘I(AE(E4))_ T(QE )+ -QE(y) -; T((1-QE(x)+ Q}E(y))‘

(5.3)

Product with the term Q' and then anti-derivative the obtained inequality with respect to (wrt) Q
over [0, 1] to get

R[5+ (i) - EETE) 2 (8(0) + 0

1
_%{f QT QEX+(1-QE®G) +I(1 —Q)ZE(X)'FQIZE()’)))CIQ}
0

28 (1) + (1) - EOSED) S 3 (1) + 20 0)

T+
2(E () - EW)

{merz(fﬁ(w) + Jf}E(y)]iZ(fE(x))}, (5.4)

and so the first part of (5.1) is proved. Now, we will go with (5.1)"s second part. We first note that if
convexity on T holds, then for Q € [0, 1], it yields that

2 2
TOQREMX+(1-QEY)+ T -QAE X +QAE(Y))
3 .

Z(IZE()C)+IZE(y)) B Z(Q}E(x)+(1 -QOEQY+1 —Q)}E(x)+Q}E(y))

(5.5)

Product with the term Q‘~! and then anti-derivative the obtained inequality wrt Q over [0, 1] to obtain

1 Ax)+ E()
73 F)

1
5 %{f QN T QEW+(1-Q)EW) +T((1-Q) X+ QfE(yD)}dQ
0

A (x) + £ (y) Fie+1) ¢ ¢
I( 2 ) Z ¥ — £ @) {JVE(X”*Z(E S T (x))}‘ ©.6)

Multiplying by (1), one gets

A+ AEQY)
2

T+ {t,

Y& ()~ &Gy Vmer TEOD Jy -1(£(x))} 2 - z(

o] ) . (57

Summing the T(AE (}Vz3)) + I(E (lvz4)) on both sides of (5.7), we get the second inequality of (5.1). O

Remark 2. If we choose { = 1,x = ivz3, and y = hy with Q) = R(Q) in Theorem 10, we get [24,
Theorem 3].

Remark 3. Ifwe choose € = 1 and () = 6 with i(Q) = W(Q) in Theorem 10, we get [9, Theorem 2.1].
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Lemma 2. Under considerations with Q1 and A,, if T € L[}E (iz3) ,}E(}Vu)] for PE(%),ZE (}Vz4) €
1, then

() + B) - B() + WE() + Bl - EGY) T+ 1)
2 2E() - B()
) + () - £ + E () + () - ()

o020 () 2(i)-2()

1
= w f | - (1 -] T (& (hs) + & (k) - (QE ) + (1 - Q E))) dQ.  (5.8)
0
Proof. 1t will be noticed that

_ 1
A (y) . £ (x) f(; [Qf -(1- Q)é’] T (}E (iz3) + }E(}Vm) —(QE () + (1 - Q);E(y))) aQ,

(5.9)
where
f QY (& (hs) + £ (hs) - (QE (x) + (1 - Q) £ () dQ
0
QT(E (hs) + £ (hs) - (QE (x) + (1 - Q) E ()
- E @) - £ (x) 0
) fl T (& (hs) + & (hs) - (QE (x) + (1 - Q) £ () PR
0 E(y) - £ (x)
T (& (hs) + & (ha) - £ ()
- E©) - Ex)
¢ . . .
- mfo QT (& (hs) + & (hs) - (QE () + (1 - Q) E())) dQ
_ 1(1”5(%3) + AE(;M) — A(x))
ZE(y) - £(x)
_ r(¢+1) p . ;L
(E0) — ) (ale))-s( TP R =D
(5.10)
Similarly,

1
fo (1 - Q) ¥ (&(hs) + & (hs) - (QE () + (1 - Q) £ ())) dQ

_ &) + Eh) - E))) 4
A(y) — £(x) £(y) - A(x)
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37598

x f (1= Q) T(E(hs) + ) — (QE) + (1 - Q)E())) dO

_ T(E ) + Elh) - E())
A(y) - A(x)
N r¢+1) p
(E() — B(x)H " (@0)+x(h)-2()

Combining (5.10) and (5.11) with (5.9), we get (5.8).
Corollary 1. By choosing € = 1 with W(Q) = A(Q) in Lemma 2,

(B () + Bhy) - BW) + T(Ehs) + Bh) - E0))

2
1 B (h3)+ ()~ (x)

A(y) — A(x) E(h3)+E(hy)-E(®y)

1
:uf (1—29)1'(iz3+iz4—(£2x+(1—Q)y))dQ-
2 Jo

T(Q)dQ

U(E(hs) + AE(ha) ~ £(x)).

(5.11)

(5.12)

Remark 4. By taking () = 0, x = hs, and y = ha with Q) = A(Q) in Corollary 1, [23, Lemma 2.1]

is obtained.

Theorem 11. Let us consider with QI and A, and T" € L I:IZE (fg) , B (714)] for A (713) ,E (714) el If

the interval—valued £ —convexity of |T'| on [ilj,, hy] holds, then

F(E(ﬁs) + A(hy) - B(x) + T(E () + Bhy) - £(y))  T(C+1)

2 2&(y) - E)

8 { L) o(i)-n(y))y VEU) + Elhe) = Q)

o)) TECe) + () - /E(x))}\

v (& (h3))‘ +

£+ 1 o

2IE()’)—E(X)(I 1)[ !

T (}E (%4))' _TEXI+ T EO) '

(5.13)

Proof. From Lemma 2 and the Mercer inequality with interval—valued Z—convexity of |T’|, one has

‘z(fE(%) + B(hs) — A(x)) + T(E(h) + Blhe) = E) T+ 1)
2 2AED) - £()

[ / b)) —
A nta) ey TCBCRD (R~ )
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" J(/E(il3)+}E(il4)—}E(y))+ (& (hs) + B(ha) ~ E(x))}‘

_ 1
> EO-BD Mot -] [ (8 (k) + £ (1) - @@ + (1 -0 B )] a0

QE&;;%QLﬁ«L4N—QQ
X { [ (& ()| + [ (2 ()] - (@IF CE )l + (1 - 1T E ) }dQ

+ f(@"—(l—g)")

2

X { [ (& ()| + [ (& ()] - @IF CE ) + (1 - T E ) }dQ]

_EW)-EW®

> [V] + Vz] , (514)

where

o= ([ (G| [ ) [ (-0 -2)a

0
- { 1T (& (%)) f (Q(1 -9 -Q"")dQ+ T (EQ) f (- -0 (1-9) dQ}
0 0
’ M ’ M 1 1
- ('z (% (hs))| + |2 (E(h“))‘)((u D@+ 1)2f)

%wwmw

, 1 1
HR (E(y))l((mz)_(ml)zfﬂ)} G-15)

C+1)(E+2) (£+ 1)2f+1)

and
o= (7 ()] [ (=) [ (@ - -a)a

2

~{w @ f (@~ (1 - Q))dQ + 1T (EO)) f (-@0 -1-9")w

_ (|z' (}E (ig))‘ + |I' (fE (h))‘)(wi TG +11)2€)
1 1
(+2)  (€+1)20

1 1
—$wmm( %W@@M )} (5.16)

C+1D(€+2) B (€ + 1)2t+1
By combining (5.15) and (5.16) with (5.14), (5.13) follows. O

Remark 5. If we choose B®) = 6, x = hy, and y = hy with Q) = Q) in Theorem 11, [22,
Theorem 3] follows.
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Corollary 2. If we choose € = 1 in Theorem 11, then

‘z (A(hs) + E(hy) = B()) + T(ERs) + Bhy) - £()

2
1 E(h3 )+ A (hg)— (%)
- f T(Q) dQ|
A(y) — E(x) E(h3)+Ehs)-E(y)
L EQ)-EW

1
o STV CE @)+ Y CE @) - 5 (T E )+ T EOD]

Theorem 12. Let us consider with QI and A, and T € L [}E (iz3) ,E (iu)] for B (713) ,E (iu) el If
an interval—valued B—convexity of |T'|? on (B3, hu] (with q = 1) holds, then

'z(z@(ﬁs) + A(hy) - B(x)) + T(AE () + Bhy) - £(y))  T(C+1)
2 2(&(y) - E)

At sy TR + ) - EO)
g j h)—
) nyy T + )~ B

5 Eh) =) iy [(|I’(}E(713))|q ¥ z’(@(h))l")(%(l - %))

2
Proof. Assume first that ¢ = 1. Due to Lemma 2 and the Mercer inequality with an interval—
valued £—convexity of [T'|?, one has

T(EW)| + |5Z'(}E(y))|q)(€+%(l - %))}] (5.17)

‘1(143(713) + E(hy) - B) + TE() + ) - £) T+ 1)
] 2(&E(y) - E(x))
X { J(/E(h3)+/ﬁ(h4)_£(x))— T(E(h3) + E(hy) — E(y))

T nti SO+ () - )
waol Q- (1 - Q|
;wﬁl Q- (1 - 9|
x{ (8 ()| + [ (2 ()| - QI (& ()] + (1 - Q)T E W) }dQ
S EOZEW [ oy )

x { v (& (h))| +

AIMS Mathematics

V(& (hs) + & () - (QE) + (1 - Q) B (y)))‘ dQ

(8 ()] - @I B )]+ (1 - D EG)) Jao
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+f(Qf—(1 - Q))
“
By using calculus tools, we obtain
E) =B ( (3 Vo (% 2 1
9‘—1—5——£{“1(Eﬂh9ﬂ++z(EWhON){z:T(l‘QJ}

%W@WHW@wmi%llm.

(8 (hs))| + ¥ (& (R))| - (QIF GE o)l + (1 - Q)T (E ) }dQ].

c+1\ 2

Second, suppose that g > 1 and using Lemma 2 with the power mean inequality, we get

1
fo @ - (1= Q)| [T (& () + & (hs) - Q& () + (1 - Q) £ ()| a2

1
D (f |(1—Q)f—Qf|dQ)
0

1 q
x(fo (1 - Q) - Q| |7 (& (Is) + & () - Q&) + (1 —Q)}E(y)))'qu) .

1=-1
q

By using an interval—valued —convexity of |T'|?, with the Mercer inequality, we obtain

‘z(}E(i%) + Bhs) - £(x) + T(Ehs) + Blha) - £() T+ 1)
2 2(E(y) - £(x))

S a0) ey SO+ (R - )

’ JE/E(E3)+;E(714)—/E(y))+ (&) + £(ha) ~ IZE(X))}‘

1 -7
£ [ v
0

1

1 q
X (fo (1 - @) - Q| |[¥ (& (Is) + & () - (QE @) + (1 - Q)}E(y)))‘qu)
1 1—5
2 w[f ((1—Q)"—Q")d9+f(gf—(1—Q)")dQJ

| 2
x[f (1 - Q) - 9]
0

x { v (& ()| + v (& (R)) - @IT E @I + (1 - E)I) }dQ]"

_EO-& (x)zl_;
2
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[ ) [ () )25 - 3))

+
1 K
‘OzwﬁxmwﬁwiWﬁﬂwwﬂ{ZIT(l_ia}]'
O

Remark 6. If we choose x = hs and y = hy with Q) = W(Q) in Theorem 12, then it reduces to [24,
Theorem 5] follows.
Theorem 13. Let us consider with Q1 and A,, and T’ € L[}E (713) ,}E(fvu)] for }E(lvz3) ,}E(lvm) el
If |T'|" is an interval—valued AB—convexity on [713, 714], q > 1, then
‘1(143(713) + B(hs) - B(Y)) + T(E(hs) + B(hs) - B()  T(+1)
2 2E(y) - B(0)'

<{v (i) (i) () TEUR) + Blhe) = ()

¢ y y
" J(E(h3)+5(;24)_ 50))" Y(A(h3) + A(hs) - }E(x))}|

Qmw—mm(z(hiwp
2 tp+1 20p

T@@W%mmmwywmmﬂ. (5.18)

, o\

x[( v (& ()| +

Proof. From Lemma 2, and the Mercer inequality with an interval—valued A£—convexity of |T'|?, and
the famous Holder’s integral inequality, we have

‘z(@(zl3) + B(hs) - B(x) + TEhs) + Blha) - £)  T(L+1)
2 2(E(y) - E(x))

A o ety SO+ 00) = )

¥ J(AE(E3)+AE(B4)—AE(y))+ T(&E(h3) + A(hs) = ‘ZE(X))}‘

_ 1
2 BOZBD Mot o] [ (8 (hs) + & (1) - @ +(1 -2 B )] a0

! »
> w(f |Q¢’_(1 _Q)f|”dg)
0

[

2 EOZEO Mooy ans [ for-a-ar) i)

1

V(& (hs) + £ (hs) - (QE (x) + (1 - Q) & (y)))'q dQ)q
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v (& ()| - @ E)F + (1 - Q) EI) }dﬂ)q .

<[ ()

Here, we use the fact that (U — 8B)” 2 U” — B? forany U > B > 0 and p > 1. By using the calculus
tools, we obtain

1

_ @(y)—@(x)( 2 (1_L))p
2 tp+1 20p

<[ (= (B + [ () - L+ B O d

O

Remark 7. If we choose x = hs and y = ha with Q) = R(Q) in Theorem 13, then we get [24,
Theorem 6].

Corollary 3. By choosing £ = 1 in Theorem 13, then

’z (&(hs) + B(hs) — BW) + T(ERhs) + Ehs) - £())
2

1 E(h3)+E(ha)~E(x)
- f T(Q) dﬂ‘
E(y) = B(X) JEin)+£G-E)

LSRN
2 p+1 20

1 i
X [(IT (E O+ 1T (EO))) - 2 (1T (E @)+ T (E (y))lq)] :

Theorem 14. Let us consider with Q1 and Ay, and T € L [AE (fz3) ,E(iu)] for }E(izg) ,/E(im) el
If|T'|? is an interval—valued A—convexity on [h3, hal, q =1, then

'z(fE(ﬁa) + B(hy) - B() + WEh:) + Blha) - £()  T(L+1)
2 2(E(y) - E(x)

“{ (i) (i) () TUEU) + B he) = ()

i ](5(713)+£(124)—£(y))+ HAE(hs) + £(ha) - }E(x))}|

o B0 o )]+ o ) ) )
~{iv @ (2&#2 _f ?g; i Ifé’ii%fff_ ln(m)

- T EO) (“{’2; - f:;q_fic)l ;42)) |

(e )+ ) ) (o)
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(bg + 1) (202 = 1) = (£q + 3) = (£q + 3) e—ln@ﬂ’q)

_ ’ q
{ 1T (& (x))| ( 4(lg+ 1) (lq +2)

, A ) g
+ I EOI ((252612 +6lg+4) 2[‘1) }] ’ (5.19)

Proof. From Lemma 2, the Mercer inequality with an interval—valued £—convexity of [T’|%, and the
famous Holder integral inequality, one writes

‘3(5(713) + AE(hy) — B(x) + T(E(hs) + Bhy) - £(y))  T(C+1)
2 2(&(y) - A(x))'

“ L))y TVEU) + Ehe) = EG)

+ JEAE(/’!3)+A3(/14)—/E())) fI(}E(h3) + ‘ZE(h4) - [E(x))}‘

Mf o - (1 - Q) 'I (s) + & (hs) - (QE(X)JF(I—Q)E(Y)))“ZQ
QM(I mgg)
2 0

(f @ - (1 - )" |¥ (& (Is) + & () - (Q}E(x)+(1—Q)/E(y)))|qu)q

_EM-EW
a 2

+ f (@ -a-o) ‘z’ (& (h) + & (hs) — (QE @) + (1 - Q) E (y)))'q dQ];

2 RS [ M- -a)

X { v (& ()| + v (& (k) - @IT E @I+ - QI EIY) }dQ

+ f (@ -1 -)%)

2

[foz (1 -2 - ‘z (A (hs) + & (hs) — (QE @) + (1 - Q) E (y)))'q dQ

1

X { v (& ()| + v (& (1)) - @IT E @) + (1 - E)I) }dg]".

Here, we use the fact that (1l — B)? 2 0? — B? for any U >8>0 and 6 > 1.

_ wmz (& ()| + | (;E(im))“’) fo : (1 - % - ) d
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D=

~{r® @ f (@0 - - a4 )d0
0

FREr [ (a-or - - )l
0
{7 (E @)+ [ (@) f 1 (@ -1 - 2))de

~{r® @ f (@ -2 - )0

+ T EG) f (@ -2)-a —Q)&”l)dQ}];

2

5 E(y);fE(x)[(

’ M ’ M 2&1 -1
= (=) + 2 (=) ) s 5)
, 2002 _ g — 1 — (bq + 3) 2!9e™ e
_{|Z (IZE(X))lq( 4(€q+1)(€q+2)2€q )

(tg +1)2ft — (£ +2) }
(2€%2q? + 6Lq + 4) 24

(o gy PN p |
; ('z (& (ha)| + [z (8 (h4))'q)(m)
(bg + 1) (202 = 1) = (Lq + 3) = (£q + 3) "4
4(Lg + 1) (Lg +2) ]

+ [T (EOI (

- { ¥ (E () [

, g+l _ gq -2 é
+ |Z (‘ZE (Y))|q ((252612 + 6fq + 4) 2&1) }] .

Hence proved. O
6. Matrix application

We use M, to represent the collection of all n X n complex matrices, while H,, denotes the algebra
of complex matrices of the same order. Let £ : M, — M, be a matrix-valued function. We
define T : I — H to be matrix ZA-convex if for all x,y € I and A € [0, 1], the following holds in
the Loewner order:

T(Ax+ (1 = Dy) g AZT(x) + (1 = HITWY).

Furthermore, let H denote the set of all strictly positive (positive definite) matrices in H,. In other
words, a matrix D belongs to H; whenever

DeH < (Dx,x)>0, Vx#0, 6.1)

for all nonzero x € M,,.
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In [25], Sababheh proved that the function
wO) = S0+ YT, S.U e, YeB,

is convex for all 6 € [0, 1].
Example 4.1. By using the conditions in Theorem 10, we have

- ;E@M(m_w) /E(h3)+/5(h3)—w)

S /E(h3)+£(h3)_w Y[_]

+§1_(

Y [ s+ s~ FOTED H

) ||§/E(h3)YU1—zE(h3) " §1_/E(h3)YU£(”3)
rad+1)
2(E ) - B)

x| Ty [SEOYTIE0 4 § RO GO 4 g [ SEOY IR g1y g

) ||S"E(h3)YUI—}E(h3) + Lg‘vl—fE(h3)YUA§(h3)||

|+

SA/E(}M)YUI—}EUM) + S"l—fE(h4)YU/E(h4)||

A E(x)+E(y) — 1 EW+EQ) A1 E@O+EQY) — EX)+AE®Y)
S™2 yU"—"=z +S8S""=z YU :

+ ||S'/E(h4)Yl_]1—fE(h4) + Sl—x‘E(’M)Yle(hzt)” _

7. Conclusions

In this paper, we have established new Mercer—Hadamard—type inclusions for interval—valued
functions by employing a fractional integral framework under the concept of an interval-valued
A-convexity. The proposed results significantly extend the classical Hermite—-Hadamard and
Mercer inequalities from real-valued settings to interval-valued analysis, thereby providing more
comprehensive bounds in the presence of interval uncertainty. The incorporation of fractional integral
operators allows the derived inclusions to capture nonlocal characteristics that cannot be described by
classical integral inequalities. Future work could extend these inclusions to other fractional integral
types (e.g., Caputo—Fabrizio, Atangana—Baleanu, or Hadamard operators) to examine how different
nonlocal kernels affect the tightness of the bounds.
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