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Abstract: In this paper, we study large-scale unconstrained nonconvex stochastic optimization
problems, in which only noisy gradient information is accessible through a stochastic first-order oracle.
We develop a stochastic quasi-Newton framework that combines modified secant curvature pairs
with a damping strategy and limited-memory Broyden–Fletcher–Goldfarb–Shanno (BFGS) updates.
To further enhance both convergence behavior and empirical performance, the proposed method
incorporates variance reduction together with a momentum acceleration mechanism, yielding an
efficient stochastic quasi-Newton algorithm suitable for large-scale learning tasks. Under standard
smoothness and sampling assumptions, we establish convergence to an ε-first-order stationary point
and show that the method attains a stochastic first-order oracle complexity of O

(
n2/3ε−2

)
. Numerical

experiments on several large-scale datasets corroborate the effectiveness of our approach, showing that
the proposed algorithm performs well on classification problems relative to representative stochastic
first-order methods and typical stochastic second-order methods.
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1. Introduction

In this paper, we consider a class of unconstrained stochastic nonconvex optimization problems. In
general, the objective can be formulated in an expectation form

min
x∈Rd

f (x) := Eξ∼P
[
F(x; ξ)

]
, (1.1)

where x ∈ Rd denotes the model parameters, ξ is a random sample drawn from an unknown
distribution P, and F(x; ξ) is the corresponding sample loss. Optimization problems with such
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stochastic formulations arise widely in machine learning, including logistic regression, support vector
machines (SVMs), and the training of deep neural networks. Similar stochastic or sample-average
structures also appear in other data-intensive domains such as financial risk modeling [1], healthcare
data analytics and biostatistical inference [2], and transportation planning and scheduling [3].

A fundamental instance is empirical risk minimization (ERM), which is commonly written as

min
x∈Rd

f (x) :=
1
n

n∑
i=1

fi(x), (1.2)

where n denotes the number of samples, and fi(x) is the loss associated with sample i.
Stochastic approximation (SA) provides a classical framework for stochastic optimization, with

roots in the classical work of Robbins and Monro [4]. By replacing the full gradient ∇ f (x) with a
sampled or mini-batch gradient estimator, one obtains stochastic gradient descent (SGD) and its
mini-batch variants [5–7]. Owing to their low per-iteration cost and strong scalability, SGD-type
methods have become a cornerstone of large-scale learning [8, 9]. Extensive studies have analyzed the
convergence properties and complexity of SGD, and have also demonstrated their stability and
effectiveness in practical applications [10–12]. In recent years, a wide range of SGD variants and
strategies have been developed, including acceleration methods (heavy-ball and its variants) [13–15],
adaptive learning-rate methods (the adaptive gradient method (AdaGrad), root mean square
propagation (RMSProp), and adaptive moment estimation (Adam)) [16, 17], variance-reduction
methods (the stochastic variance reduced gradient method (SVRG), the stochastic recursive gradient
algorithm (SARAH), the stochastic path-integrated differential estimator (SPIDER)) [18–20], and
variance-reduced stochastic proximal point methods and distributed/parallel SGD methods for
large-scale training [21–23].

Although SGD-type methods are computationally efficient and scalable, their reliance on noisy
first-order information can lead to unstable search directions, restrictive stepsize choices, and slow
convergence in large-scale nonconvex optimization. In response to these difficulties, stochastic
quasi-Newton methods have been developed to incorporate curvature information at a relatively low
computational cost [24]. These methods construct Hessian or inverse-Hessian approximations from
curvature pairs, thereby improving the search direction and scaling without explicitly forming the
Hessian matrix.

To reduce the computational and storage burden of explicitly forming and storing Hessian or
inverse-Hessian approximations, Byrd et al. proposed a sampled quasi-Newton (SQN) method for
large-scale optimization based on limited-memory Broyden–Fletcher–Goldfarb–Shanno (L-BFGS)
updates [24]. By using a small number of curvature pairs, L-BFGS methods incorporate curvature
information at a relatively low cost. Therefore, L-BFGS-based methods have been widely adopted in
large-scale stochastic quasi-Newton algorithms [25–28]. However, in nonconvex stochastic
optimization, the reliable construction and effective use of curvature information remain challenging.
First, stochastic gradient noise may lead to inaccurate secant information and unreliable curvature
pairs; in the absence of an exact line search, the curvature condition is difficult to guarantee, which
may undermine the positive definiteness and numerical stability of the Hessian or inverse-Hessian
approximation [29]. Second, the high variance of stochastic gradients may induce oscillatory search
directions and restrict usable stepsizes in practice, thereby reducing convergence efficiency.

To address the first issue, stochastic damped quasi-Newton variants have been developed to improve
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positive-definiteness preservation and numerical stability by modifying curvature pairs [30, 31], with
classical damped quasi-Newton ideas providing the foundation for such stabilization strategies. For the
second issue, variance reduction techniques, such as SVRG and its variants, have been incorporated
into SQN frameworks to reduce gradient noise, improve search-direction stability, and enhance the
quality of curvature information [30, 32]. Nevertheless, damping and variance reduction may still be
insufficient to ensure reliable curvature construction in nonconvex stochastic optimization, as residual
gradient noise and nonconvex curvature can make the gradient-difference vector ŷk unreliable.

Motivated by this observation, we introduce a modified secant mechanism that replaces the raw
gradient-difference vector ŷk with a more stable and conservative ỹk, thereby enhancing the quality
of curvature pairs [33]. This design complements variance reduction as follows: Variance reduction
primarily reduces gradient noise, whereas the modified secant mechanism directly strengthens the
reliability and consistency of curvature information.

To further improve practical convergence behavior, we incorporate a momentum acceleration
mechanism inspired by existing momentum-based optimization methods [34]. The purpose of this
mechanism is to exploit accumulated descent information and mitigate possible oscillations caused by
stochastic gradient noise and ill-conditioning. Combined with damped curvature scaling,
variance-reduced gradient estimation, and modified secant curvature-pair construction, the resulting
method is designed to improve convergence behavior and overall efficiency while maintaining
numerical stability.

The main contributions of this study are as follows:

• We propose a stochastic quasi-Newton algorithm for large-scale nonconvex stochastic
optimization. First, we develop a limited-memory curvature correction method based on
modified secant pairs and damping, which improves the stability of curvature approximation and
the reliability of search directions while keeping storage and computational costs low. Second,
we incorporate variance-reduced stochastic gradient estimation and momentum acceleration to
reduce the effect of gradient noise and improve convergence stability and practical efficiency.
• Under standard smoothness and sampling assumptions, we establish convergence to an
ε-stationary point and derive a stochastic first-order oracle complexity of O(n2/3ε−2) for
achieving E∥∇ f (x)∥2 ≤ ε2, which is of the same order as classical SVRG-type nonconvex
stochastic methods and existing SVRG-based stochastic quasi-Newton methods.
• We conduct experiments on multiple benchmark classification datasets. The numerical results

show that the proposed method achieves favorable classification accuracy and competitive
performance in reducing both objective values and gradient norms, while producing smoother
convergence trajectories across different tasks.

The remainder of the paper is organized as follows. Section 2 introduces the preliminaries.
Section 3 presents the proposed stochastic L-BFGS framework with the modified-secant curvature
correction and stochastic damping. Section 4 incorporates an SVRG-type variance-reduced gradient
estimator and a three-sequence momentum scheme, leading to the momentum-accelerated
variance-reduced quasi-Newton algorithm and its implementation details. Section 5 establishes the
expected descent recursion and the complexity analysis, proving convergence to an ε-stationary point
and deriving the corresponding stochastic first-order oracle (SFO) complexity bound.

AIMS Mathematics Volume 11, Issue 11, 37548–37584.



37551

2. Preliminaries

In this section, several preliminaries used throughout the paper are introduced. In general,
computing a global minimizer of a nonconvex problem is NP-hard [35]. Therefore, we focus on
finding an ε-first-order stationary point, instead. For the finite-sum objective in (1.2), the full gradient
is given by

∇ f (x) =
1
n

n∑
i=1

∇ fi(x). (2.1)

In large-scale problems, evaluating the full gradient (2.1) is computationally expensive. Accordingly,
mini-batch stochastic gradient estimators are commonly used. Given a mini-batch index set ξk ⊂

{1, . . . , n} with batch size b := |ξk|, we define

g(x; ξk) =
1
b

∑
i∈ξk

∇ fi(x),

which serves as a stochastic estimator of ∇ f (x).

Definition 2.1. Let x̂ be a random iterate drawn uniformly from {x1, . . . , xK}, where K denotes the total
number of iterations. We call x̂ an ε-first-order stationary point if

E ∥∇ f (x̂)∥2 ≤ ε2,

where ε > 0 is an accuracy parameter.

Definition 2.2. Given an index i ∈ {1, . . . , n} and a point x ∈ Rd, the stochastic first-order oracle
(SFO) [36] outputs the function value and gradient pair(

fi(x), ∇ fi(x)
)
.

Assumption 2.1. The objective function f is bounded below on Rd; that is,

f ∗ := inf
x∈Rd

f (x) > −∞. (2.2)

Assumption 2.2. For each i ∈ {1, . . . , n}, the function fi is twice continuously differentiable on Rd, and
there exists a constant L > 0 such that, for all x, y ∈ Rd,

∥∇ fi(x) − ∇ fi(y)∥ ≤ L∥x − y∥. (2.3)

Assumption 2.3. For any k ≥ 0, the matrix Hk is Fk-measurable, where Fk denotes all historical
information available before the current mini-batch ξk is sampled.

3. Generation of stochastic damped L-BFGS search directions with modified secant curvature
pairs

In this section, we present a stochastic damped L-BFGS search-direction generation procedure
based on modified secant curvature pairs within the SQN framework. In particular, we adopt the
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following damped curvature construction using modified secant information. A corrected curvature
vector ỹk is first obtained through the modified secant mechanism, and then a damped curvature pair is
constructed for the subsequent limited-memory update. Specifically, the search direction is computed
by applying the limited-memory inverse-Hessian approximation to the stochastic gradient estimator,
namely,

dk = Hkgk, (3.1)

where gk denotes a stochastic gradient estimator under the stochastic first-order information model.
While retaining the low storage and cost advantages of limited-memory L-BFGS, the proposed
method combines the modified secant construction and stochastic damping to enhance the reliability
of curvature-pair construction and the numerical stability of the updates in stochastic environments.

In quasi-Newton methods, the search direction is generated by using an approximation of the
Hessian matrix or its inverse. A typical update can be written as

xk+1 = xk − αkHk∇ f (xk) or xk+1 = xk − αkB−1
k ∇ f (xk), (3.2)

where Bk is an approximation of the Hessian matrix ∇2 f (xk) at xk, and Hk is an approximation of
[∇2 f (xk)]−1. One of the most widely used quasi-Newton methods is BFGS [37–40], which updates Bk

via

Bk = Bk−1 +
ŷk−1ŷT

k−1

sT
k−1ŷk−1

−
Bk−1sk−1sT

k−1Bk−1

sT
k−1Bk−1sk−1

, (3.3)

where sk−1 := xk− xk−1, and ŷk−1 := ∇ f (xk)−∇ f (xk−1). By the Sherman–Morrison–Woodbury formula,
the corresponding update for Hk = B−1

k is

Hk =
(
I − ρk−1sk−1ŷT

k−1
)
Hk−1

(
I − ρk−1ŷk−1sT

k−1
)
+ ρk−1sk−1sT

k−1, (3.4)

where ρk−1 := 1
sT

k−1ŷk−1
.

In deterministic optimization, the performance of BFGS-type methods depends critically on the
quality of the curvature information used in the secant approximation. To improve the standard secant
relation, Cheng and Gao [33] proposed a modified secant mechanism that incorporates additional
function-value and gradient information into the curvature vector.

In large-scale stochastic optimization, explicitly forming and storing the Hessian or
inverse-Hessian approximation is usually impractical. Therefore, limited-memory variants are
commonly adopted, where only a small number of recent curvature pairs are stored to reduce memory
requirements and the per-iteration computational cost [24]. In stochastic nonconvex problems,
however, curvature vectors constructed from stochastic gradient differences may be unreliable due to
gradient noise, and the curvature condition may even fail.

Motivated by the modified secant idea, we introduce this construction into the stochastic L-BFGS
method. Unlike deterministic optimization, in stochastic optimization, we do not directly use the raw
stochastic gradient difference as the curvature vector. Instead, the gradient difference is computed on
the same mini-batch, and a function-value correction is further introduced to obtain more reliable
modified curvature information.

Specifically, using the same mini-batch samples {ξk−1,i}
bk−1
i=1 , define

ḡk :=
1

bk−1

bk−1∑
i=1

g
(
xk, ξk−1,i

)
, gc

k−1 :=
1

bk−1

bk−1∑
i=1

g
(
xk−1, ξk−1,i

)
(3.5)
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and

ŷk−1 := ḡk − gc
k−1 =

1
bk−1

bk−1∑
i=1

(
g
(
xk, ξk−1,i

)
− g

(
xk−1, ξk−1,i

) )
. (3.6)

Let f̄k and fk−1 denote the mini-batch averaged objective estimates at xk and xk−1, respectively, evaluated
on the same sample set {ξk−1,i}

bk−1
i=1 . We define

η̆k−1 := 2
(
fk−1 − f̄k

)
+ sT

k−1
(
gc

k−1 + ḡk
)
, ηk−1 := max{0, η̆k−1}.

Given constants τ > 0 and τmax > 0,

τk−1 :=


min

{
τmax, τ

ηk−1

sT
k−1ŷk−1

}
, sT

k−1ŷk−1 > 0,

0, sT
k−1ŷk−1 ≤ 0,

and
ỹk−1 := (1 + τk−1)ŷk−1, (3.7)

where ŷk−1 is the stochastic gradient difference computed by (3.6). The modified secant equation is
then written as

Bksk−1 = ỹk−1.

The modified curvature vector ỹk−1 combines gradient-difference information with mini-batch
function-value variation, thereby enriching the curvature information and reducing the influence of
stochastic noise on the secant approximation.

To safeguard the positive definiteness of the inverse-Hessian approximation, we further apply the
stochastic damping strategy of stochastic damped L-BFGS (SdLBFGS) [30] to the modified curvature
pair (sk−1, ỹk−1). For the initial scaling in the two-loop recursion, set

γk =

min
{
γmax,max

{
ỹT

k−1ỹk−1

sT
k−1ỹk−1

, δ

}}
, sT

k−1ỹk−1 > 0,

δ, sT
k−1ỹk−1 ≤ 0.

, Hk,0 = γ
−1
k I,

where δ > 0 is a constant, γmax := δ+ (1+τmax)κ. Here, κ > 0 is a Lipschitz constant for the component
gradients. By Assumption 2.2, we choose κ = L and define

σk−1 := sT
k−1H−1

k,0sk−1.

The damped curvature vector is defined by

ȳk−1 := φk−1ỹk−1 + (1 − φk−1) H−1
k,0sk−1, (3.8)

where ϖ ∈ (0, 1) is the damping parameter, and

φk−1 =


(1 −ϖ)σk−1

σk−1 − sT
k−1ỹk−1

, sT
k−1ỹk−1 < ϖσk−1,

1, otherwise.
(3.9)
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Here, the damping step is applied to the modified curvature vector rather than directly to the raw
stochastic gradient difference. Hence, the final curvature pair incorporates both modified secant
information and the positive-definiteness safeguard of damping.

The final curvature pair (sk−1, ȳk−1) is then used in the limited-memory L-BFGS update, and the
search direction is computed by the two-loop recursion. Based on the above modified secant curvature
correction and stochastic damping strategy, we present the stochastic modified damped L-BFGS
(SMdLBFGS) method in Algorithm 1.

Algorithm 1. SMdLBFGS
Input: Current iterate xk. Given the stochastic gradient gc

k−1 at xk−1, the mini-batch ξk−1 with
|ξk−1| = bk−1. Memory length M. Stored curvature pairs (s j, ȳ j) and ρ j for j = k − p, . . . , k − 2,
where p = min(M, k). Set u0 = gk. Parameters: δ > 0, τ > 0, τmax > 0, ϖ ∈ (0, 1).
1. Compute sk−1. Compute ŷk−1 by (3.5) and (3.6) .
2. Compute ỹk−1 by (3.7), and compute γk.
3. Compute ȳk−1 by (3.8), and set ρk−1 = (sT

k−1ȳk−1)−1.
4. for i = 0, . . . , p − 1 do
5. Compute µi = ρk−i−1 uT

i sk−i−1.
6. Compute ui+1 = ui − µi ȳk−i−1.
7. end for
8. Compute v0 = γ

−1
k up.

9. for i = 0, . . . , p − 1 do
10. Compute νi = ρk−p+i vT

i ȳk−p+i.
11. Compute vi+1 = vi + (µp−i−1 − νi)sk−p+i.
12. end for
Output: Hkgk = vp.

Remark 3.1. Algorithm 1 computes the product Hkgk via the standard two-loop recursion, and the
search direction is given by dk = Hkgk = vp.

Remark 3.2. The method stores only the most recent M curvature pairs, so that p = min(M, k) in the
recursion.

4. Momentum-accelerated variance-reduced SMdLBFGS method

In this section, we develop a momentum-accelerated variance-reduced SMdLBFGS method for
large-scale nonconvex stochastic optimization. Based on the modified damped L-BFGS direction
constructed in the previous section, the proposed method further incorporates an SVRG-type gradient
estimator and a three-sequence coupled momentum mechanism. Specifically, the variance-reduced
stochastic gradient is evaluated at an extrapolated point, and the search direction is then generated by
the modified damped L-BFGS recursion. This unified design aims to improve the reliability of
curvature information, reduce stochastic gradient variance, and alleviate oscillatory behavior in
large-scale nonconvex stochastic optimization.

To construct the variance-reduced gradient estimator used in the proposed method, we first recall
the SVRG method proposed by Johnson et al. [19]. In particular, SVRG computes a full gradient at a
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snapshot point x̃ and constructs a stochastic gradient estimator of the form

gSVRG
k = ∇ fξk(xk) − ∇ fξk(x̃) + ∇ f (x̃), (4.1)

where ξk denotes the mini-batch at iteration k, and

∇ fξk(u) =
1
b

∑
i∈ξk

∇ fi(u) (4.2)

is the corresponding mini-batch averaged gradient. This construction reduces the variance of SGD.
Under the smooth and strongly convex assumption, this mechanism allows the use of a constant
stepsize and yields faster convergence behavior. SVRG does not require storing gradients of all
samples, and thus, it is more suitable for large-scale learning tasks such as structured prediction and
neural network training. Building on this variance-reduction idea, Moritz et al. [25] embedded the
SVRG-type gradient estimator into the L-BFGS framework, aiming to address the difficulties caused
by stochastic variance and unreliable curvature information in large-scale finite-sum problems. This
leads to an SQN method that is more suitable for large-scale stochastic environments. To further
extend this method to stochastic nonconvex problems, Wang et al. [30] incorporated a damping
technique into the L-BFGS scheme with SVRG-type gradient estimates and developed the
SdLBFGS-VR method, which makes the approach more complete. Moreover, the modified secant
technique introduced in the previous section further improves the numerical stability of this class of
methods.

Variance reduction strategies can substantially decrease the variance of stochastic gradient
estimators, yet for ill-conditioned landscapes, the iterates may still suffer from pronounced
oscillations and slow convergence. In particular, with a large step size, gradient noise may amplify
oscillations and reduce stability; with a small step size, the method often progresses slowly in the later
stage, which degrades the overall efficiency. Based on the above motivation, we further adopt a
three-sequence coupled momentum acceleration technique. This mechanism originates from an
extrapolation-based acceleration framework, and its idea can be traced back to Nesterov’s seminal
work [41]. In recent years, some researchers have incorporated similar three-sequence coupled
momentum mechanisms into stochastic quasi-Newton methods to improve numerical
performance [32]. The proposed technique constructs the search direction at an extrapolated point and
employs a two-sequence update mechanism to accumulate consistent descent trends, thereby reducing
oscillations and improving practical performance. The extrapolated point is defined as

zk = (1 − αk+1)yk + αk+1xk. (4.3)

Accordingly, in the proposed method, the SVRG gradient estimator is evaluated at zk as

gk = ∇ fξk(zk) − ∇ fξk(x̃) + ∇ f (x̃). (4.4)

The two-sequence updates are given by

xk+1 = xk − λkdk, yk+1 = zk − βkdk, (4.5)

where αk+1 ∈ (0, 1] is the momentum parameter, λk > 0 and βk > 0 are step size parameters, and
dk is the search direction obtained from Algorithm 1. Based on the above discussion, we present the
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following algorithm, termed the momentum-accelerated variance-reduced SMdLBFGS method (M-
SMdLBFGS-VR).

Algorithm 2. M-SMdLBFGS-VR
Input: Initial point x0 ∈ R

d; epoch length q ∈ N; number of outer epochs N ∈ N; mini-batch size b;
stepsize parameters {βk} and {λk} with βk > 0, and there exists a constant c > 0 such that for any k,

0 < βk ≤ λk ≤ 1, λk ≤ c(1 + αk+1)βk;

the momentum parameter αk+1 =
2

t + 2
, where t = k − k0.

1. Set y0 = x0.
2. for r = 0, 1, . . . ,N − 1 do
3. k0 = rq, x̃r = xk0 , yk0 = x̃r.
4. Compute ∇ f (x̃r).
5. for k = k0, k0 + 1, . . . , k0 + q − 1 do

6. t = k − k0, αk+1 =
2

t + 2
.

7. Compute the extrapolated point zk by (4.3).
8. Sample ξk ⊂ {1, 2, . . . , n} with |ξk| = b.
9. Compute gk by (4.4).
10. Compute the search direction dk by Algorithm 1.
11. Update xk+1 and yk+1 by (4.5).
12. end for
13. x̃r+1 = xk0+q.
14. end for
Output (in theory): Sample zζ from {zk : k = 0, 1, . . . ,Nq − 1}.
Output (in practice): xNq.

Remark 4.1. In Step 8 of Algorithm 2, we sample the mini-batch ξk with replacement; that is, the
indices are drawn independently and identically distributed (i.i.d.) uniformly from {1, . . . , n} and are
conditionally independent of Fk. This sampling rule is used in the proofs of Lemmas 5.1 and 5.2.

Remark 4.2. In particular, Algorithm 2 reduces to several classical methods under specific
parameter choices, thereby yielding the improvement brought by the momentum mechanism. When
αk+1 = 0, and λk = βk, the extrapolated point zk introduces no additional momentum effect, and the
algorithm degenerates to a nonmomentum variance-reduced quasi-Newton method. Moreover, if
Hk = I, then the search direction satisfies dk = gk, and the resulting update further reduces to a
first-order variance-reduced gradient method. These degenerate cases indicate that Algorithm 2 can
be viewed as augmenting the classical variance reduced gradient update with limited-memory
quasi-Newton scaling and a three-sequence coupled momentum, which improves early-stage progress
while maintaining stability.

Algorithm 2 incorporates a three-sequence coupled momentum mechanism through (4.3)
and (4.5). We update xk and yk with two step sizes of different scales. Specifically, λk corresponds to a
more aggressive move and is used to accelerate the decrease of the main iterate sequence, while βk
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corresponds to a more conservative move and serves to provide a stable reference sequence. Because
λk ∈ [βk, c(1 + αk+1)βk], and the momentum parameter αk+1 = 2/(t + 2) decays within each epoch and
is reset at the beginning of each epoch, this strategy typically enables faster progress in the early stage
and gradually enhancing stability in the later stage, thereby mitigating oscillations amplified by the
interaction between stochastic gradient noise and ill conditioning and improving practical
convergence performance.

5. Convergence and complexity analysis

In this section, we establish the convergence of the proposed algorithm to an ε-first-order stationary
point and provide a corresponding complexity analysis. Our analysis is based on the definitions and
assumptions presented in Section 2.

Lemma 5.1. Suppose that gk is constructed by (4.4) and that the mini-batch ξk follows the sampling
rule in Algorithm 2. Then,

Ek[gk] = ∇ f (zk); (5.1)

equivalently,
Ek[ek] = 0, (5.2)

where Ek[·] = E[· | Fk], and ek := gk − ∇ f (zk).

Proof. It follows from (4.2) and (4.4) that

gk =
1
b

∑
i∈ξk

(
∇ fi(zk) − ∇ fi(x̃r)

)
+ wr, where wr = ∇ f (x̃r).

For any Fk-measurable point x, using the uniform sampling rule, we have

Ek[∇ fi(x)] =
1
n

n∑
j=1

∇ f j(x) = ∇ f (x).

Taking Ek[·] in the expression of gk, we obtain

Ek[gk] = ∇ f (zk) − ∇ f (x̃r) + wr

= ∇ f (zk).

Thus, by the definition of ek, we get (5.2). □

Lemma 5.2. Under Assumption 2.2 and the sampling rule in Algorithm 2, for any iteration k in epoch
r, the estimation error ek satisfies

Ek∥ek∥
2 ≤

L2

b
∥zk − x̃r∥

2. (5.3)

Proof. For each i ∈ {1, . . . , n}, define

δi := ∇ fi(zk) − ∇ fi(x̃r), δ̄ :=
1
n

n∑
j=1

δ j. (5.4)
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By (2.1), (4.2), and (4.4), we have

gk =
1
b

∑
i∈ξk

δi + ∇ f (x̃r), δ̄ = ∇ f (zk) − ∇ f (x̃r). (5.5)

It then follows that
ek = gk − ∇ f (zk) =

1
b

∑
i∈ξk

δi − δ̄.

According to the sampling rule stated in Remark 4.1, we have ξk = {ik,1, . . . , ik,b} and define

uk, j := δik, j − δ̄, j = 1, . . . , b;

then, Ek[uk, j] = 0, and

ek =
1
b

b∑
j=1

uk, j.

By the conditional independence of {uk, j}
b
j=1, we have

Ek∥ek∥
2 =

1
b2

b∑
j=1

Ek∥uk, j∥
2 =

1
b
Ek∥δik,1 − δ̄∥

2 ≤
1
b
Ek∥δik,1∥

2. (5.6)

Under Assumption 2.2, for any i ∈ {1, . . . , n},

∥δi∥
2 = ∥∇ fi(zk) − ∇ fi(x̃r)∥2 ≤ L2∥zk − x̃r∥

2. (5.7)

Combining (5.6) and (5.7), we obtain (5.3). The proof of the lemma is finished. □

Lemmas 5.1 and 5.2 establish the key statistical properties of the variance-reduced estimator gk,
namely unbiasedness and a controlled variance bound. These properties will be used in the subsequent
expected-descent analysis.

Lemma 5.3. By the damping strategy in (3.8) and (3.9), suppose that sk−1 , 0, H−1
k,0 = γkI with γk > 0,

and ϖ ∈ (0, 1). Denote
σk−1 := sT

k−1H−1
k,0sk−1.

Then, the damped curvature pair (sk−1, ȳk−1) satisfies

sT
k−1ȳk−1 ≥ ϖσk−1 > 0. (5.8)

Proof. From (3.8), we have

sT
k−1ȳk−1 = φk−1sT

k−1ỹk−1 + (1 − φk−1)σk−1.

If sT
k−1ỹk−1 ≥ ϖσk−1, then (3.9) gives φk−1 = 1, and hence,

sT
k−1ȳk−1 = sT

k−1ỹk−1 ≥ ϖσk−1.

AIMS Mathematics Volume 11, Issue 11, 37548–37584.



37559

If sT
k−1ỹk−1 < ϖσk−1, then

φk−1 =
(1 −ϖ)σk−1

σk−1 − sT
k−1ỹk−1

.

Inserting this expression into the identity for sT
k−1ȳk−1, we obtain

sT
k−1ȳk−1 = σk−1 − (1 −ϖ)σk−1 = ϖσk−1.

Combining both cases, we always have sT
k−1ȳk−1 ≥ ϖσk−1.

Because H−1
k,0 = γkI, γk > 0, and sk−1 , 0, σk−1 = sT

k−1H−1
k,0sk−1 = γk∥sk−1∥

2 > 0. Using ϖ ∈ (0, 1), we
easily get (5.8). □

Lemma 5.4. Suppose that the conditions of Lemma 5.3 hold. Let ȳk−1 be defined by (3.8) and (3.9) and
used in the inverse BFGS update (3.4). If H0 ≻ 0, then Hk is symmetric positive definite for any k.

Proof. Suppose that Hk−1 is symmetric. It follows from (3.4) that

HT
k =

(
I − ρk−1ȳk−1sT

k−1
)
HT

k−1
(
I − ρk−1sk−1ȳT

k−1
)
+ ρk−1sk−1sT

k−1

=
(
I − ρk−1ȳk−1sT

k−1
)
Hk−1

(
I − ρk−1sk−1ȳT

k−1
)
+ ρk−1sk−1sT

k−1

= Hk.

By Lemma 5.3, ρk−1 > 0. Because γk ≥ δ > 0, and Hk,0 = γ
−1
k I, we have Hk,0 ≻ 0. For any nonzero

vector ψ ∈ Rd, define
v :=

(
I − ρk−1ȳk−1sT

k−1
)
ψ. (5.9)

Using (3.4) and (5.9), we obtain

ψT Hkψ = ψ
T (I − ρk−1sk−1ȳT

k−1
)
Hk−1

(
I − ρk−1ȳk−1sT

k−1
)
ψ + ρk−1ψ

T sk−1sT
k−1ψ

= vT Hk−1v + ρk−1
(
sT

k−1ψ
)2
.

(5.10)

If sT
k−1ψ , 0, then (5.10) gives ψT Hkψ > 0 by ρk−1 > 0 and Hk−1 ≻ 0.

If sT
k−1ψ = 0, then v = ψ , 0, ψT Hkψ > 0 by Hk−1 ≻ 0 because ψ , 0, Hk ≻ 0.

Together with the symmetry shown above, the result follows by induction. □

Lemma 5.5. Suppose that Assumption 2.2 holds.
Then, for any k,

∥ỹk−1∥ ≤ (1 + τmax)κ∥sk−1∥ (5.11)

and
δ ≤ γk ≤ δ + (1 + τmax)κ. (5.12)

Proof. Denote
κ̃ := (1 + τmax)κ. (5.13)

According to Assumption 2.2 and the construction of ŷk−1 in (3.5) and (3.6), we have

∥ŷk−1∥ ≤ κ∥sk−1∥.
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Because ỹk−1 = (1 + τk−1)ŷk−1, and 0 ≤ τk−1 ≤ τmax, it follows that

∥ỹk−1∥ ≤ (1 + τmax)κ∥sk−1∥ = κ̃∥sk−1∥.

Moreover, by the definition of γmax, we have

γmax = δ + (1 + τmax)κ ≥ δ.

If sT
k−1ỹk−1 > 0, it follows from the definition of γk that

δ ≤ γk ≤ γmax.

If sT
k−1ỹk−1 ≤ 0, then γk = δ. Therefore,

δ ≤ γk ≤ γmax = δ + (1 + τmax)κ.

The proof of the lemma is finished. □

Lemma 5.6. Denote {Hk} to be generated by the M-SMdLBFGS-VR update with damping parameter
ϖ ∈ (0, 1) and memory length M. Then, there exists a constant µ > 0 such that, for any k,

λmin(Hk) ≥ µ. (5.14)

Specifically, we set

µ :=
((1 + τmax)κ + δ

)
+

M
(
2(1 + τmax)κ + δ

)2

ϖδ

−1

. (5.15)

Proof. Denote Bk := H−1
k . By Lemma 5.4, Bk ≻ 0, and

λmin(Hk) =
1

λmax(Bk)
.

For any accepted curvature pair (s j, ȳ j), Lemmas 5.3 and 5.5 imply

sT
j ȳ j ≥ ϖsT

j H−1
j+1,0s j = ϖγ j+1∥s j∥

2.

Because γ j+1 ≥ δ, we have
sT

j ȳ j ≥ ϖδ∥s j∥
2. (5.16)

Moreover, from (3.8) and Lemma 5.5,

∥ȳ j∥ ≤ ∥ỹ j∥ + γ j+1∥s j∥ ≤ (2κ̃ + δ)∥s j∥.

Together with (5.16),
∥ȳ j∥

2

sT
j ȳ j
≤

(2κ̃ + δ)2

ϖδ
. (5.17)

For a single BFGS update using the modified damped curvature pair (s, ȳ), we have

B+ = B −
BssT B
sT Bs

+
ȳȳT

sT ȳ
;
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the subtracted term is positive semidefinite. Hence, by (5.17), we obtain

λmax(B+) ≤ λmax(B) +
∥ȳ∥2

sT ȳ
≤ λmax(B) +

(2κ̃ + δ)2

ϖδ
.

Because at most M curvature pairs are used and Bk,0 = H−1
k,0 = γkI, repeated application yields

λmax(Bk) ≤ γk +
M(2κ̃ + δ)2

ϖδ
.

Using γk ≤ δ + κ̃, we obtain

λmax(Bk) ≤ (κ̃ + δ) +
M(2κ̃ + δ)2

ϖδ
.

Thus,

λmin(Hk) ≥
[
(κ̃ + δ) +

M(2κ̃ + δ)2

ϖδ

]−1

.

Substituting κ̃ = (1 + τmax)κ and (5.15), we get (5.14). □

Lemma 5.7. Suppose that Lemmas 5.3–5.5 hold. Then, there exists a constant µ̄ > 0 such that, for any
k ≥ 1,

λmax(Hk) = ∥Hk∥ ≤ µ̄. (5.18)

Specifically, we set

α := 1 +
2(1 + τmax)κ + δ

ϖδ
, (5.19)

and define

µ̄ :=
α2M

δ
+

(
1 + α2 + · · · + α2(M−1)

) 1
ϖδ

. (5.20)

Proof. For an inverse BFGS update

H+ = (I − ρsȳT )H(I − ρȳsT ) + ρssT , ρ = (sT ȳ)−1.

Then,
∥H+∥ ≤ ∥I − ρsȳT ∥2∥H∥ + ρ∥s∥2,

∥I − ρsȳT ∥ ≤ 1 + ρ∥s∥ ∥ȳ∥ = 1 +
√
ρ∥s∥2

√
∥ȳ∥2

sT ȳ
.

According to (5.16) and (5.17),

ρ∥s∥2 ≤
1
ϖδ

,
∥ȳ∥2

sT ȳ
≤

(
2(1 + τmax)κ + δ

)2

ϖδ
.

By the definition of α in (5.19), we have

∥I − ρsȳT ∥ ≤ α, ∥H+∥ ≤ α2∥H∥ +
1
ϖδ

.
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Because at most M curvature pairs are used in the limited-memory recursion, by repeated
application of the above estimate, we obtain

∥Hk∥ ≤ α
2M∥Hk,0∥ +

(
1 + α2 + · · · + α2(M−1)

) 1
ϖδ

.

By Lemma 5.5, Hk,0 = γ
−1
k I, and γk ≥ δ, and thus, ∥Hk,0∥ ≤ 1/δ. Furthermore,

∥Hk∥ ≤
α2M

δ
+

(
1 + α2 + · · · + α2(M−1)

) 1
ϖδ
= µ̄.

□

Lemma 5.8. Suppose that Lemmas 5.6 and 5.7 hold, and dk = Hkgk as in (3.1). There exist constants
0 < µ ≤ µ̄ such that

µI ⪯ Hk ⪯ µ̄I.

Consequently, for any v ∈ Rd,

µ∥v∥2 ≤ vT Hkv ≤ µ̄∥v∥2, ∥Hkv∥ ≤ µ̄∥v∥. (5.21)

In particular,
gT

k dk = gT
k Hkgk ≥ µ∥gk∥

2, ∥dk∥
2 = ∥Hkgk∥

2 ≤ µ̄2∥gk∥
2. (5.22)

Proof. By µI ⪯ Hk ⪯ µ̄I, we have

µ∥v∥2 ≤ vT Hkv ≤ µ̄∥v∥2.

Because Hk is symmetric, and Hk ⪯ µ̄I, we have ∥Hk∥ = λmax(Hk) ≤ µ̄, and therefore,

∥Hkv∥ ≤ ∥Hk∥∥v∥ ≤ µ̄∥v∥.

Taking v = gk and using dk = Hkgk, we obtain (5.22). □

Lemmas 5.3–5.8 provide the uniform spectral bounds and stability of the quasi-Newton sequence
Hk, which allow the curvature-scaled terms in the descent analysis to be controlled uniformly.

Lemma 5.9. Suppose that Assumptions 2.2 and 2.3 hold; then, for any k,

Ek
[
f (xk+1)

]
≤ f (xk) − λk∇ f (zk)T Hk∇ f (zk) +

Lλ2
k

2
Ek

[
∥dk∥

2] − λk Ek
[
Γk

]
, (5.23)

where
Γk :=

(
∇ f (xk) − ∇ f (zk)

)T dk. (5.24)

Moreover, for any η > 0,

−Ek
[
Γk

]
≤

1
2η

∥∥∥∇ f (xk) − ∇ f (zk)
∥∥∥2
+
η

2
Ek

[
∥dk∥

2]. (5.25)
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Proof. By Assumption 2.2 and the update xk+1 = xk − λkdk, we have

f (xk+1) ≤ f (xk) − λk∇ f (xk)T dk +
Lλ2

k

2
∥dk∥

2

= f (xk) − λk∇ f (zk)T dk − λkΓk +
Lλ2

k

2
∥dk∥

2.

Because zk and Hk are Fk-measurable, it follows from Lemma 5.1 that

Ek[∇ f (zk)T Hkgk] = ∇ f (zk)T HkEk[gk] = ∇ f (zk)T Hk∇ f (zk).

According to (5.24),
−Γk =

(
∇ f (zk) − ∇ f (xk)

)T dk.

For any η > 0, we have

−Γk ≤
1
2η
∥∇ f (xk) − ∇ f (zk)∥2 +

η

2
∥dk∥

2.

Taking Ek[·] yields (5.25). □

Lemma 5.10. Denoting ∆k := xk − yk, we have

∆k+1 = (1 − αk+1)∆k − (λk − βk)Hkgk. (5.26)

Moreover, for any θ > 0,

∥∆k+1∥
2 ≤ (1 + θ)(1 − αk+1)2∥∆k∥

2 +
(
1 +

1
θ

)
(λk − βk)2∥Hkgk∥

2. (5.27)

Proof. Using the updates

xk+1 = xk − λkHkgk, yk+1 = zk − βkHkgk,

we obtain
∆k+1 = xk+1 − yk+1 = (xk − zk) − (λk − βk)Hkgk. (5.28)

Because zk = (1 − αk+1)yk + αk+1xk, it follows that

xk − zk = (1 − αk+1)(xk − yk) = (1 − αk+1)∆k. (5.29)

Combining (5.28) and (5.29), we have (5.26).
For any θ > 0, applying Young’s inequality to (5.26), we get

∥∆k+1∥
2 =

∥∥∥(1 − αk+1)∆k − (λk − βk)Hkgk

∥∥∥2

≤ (1 + θ)(1 − αk+1)2∥∆k∥
2 +

(
1 +

1
θ

)
(λk − βk)2∥Hkgk∥

2.

This proves (5.27). □
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Corollary. Suppose that the stepsize parameters λk and βk in Algorithm 2 satisfy

0 ≤ λk − βk ≤ κk+1βk, κk+1 := c(1 + αk+1) − 1 > 0. (5.30)

Then, by Lemmas 5.6, 5.7, and (5.27), it has that

∥∆k+1∥
2 ≤ (1 + θ)(1 − αk+1)∥∆k∥

2 +
(
1 +

1
θ

)
κ2

k+1β
2
kµ̄

2∥gk∥
2. (5.31)

Lemma 5.11. Let h > 0, and define

Φk := E
[
f (xk)

]
+ hE

[
∥∆k∥

2
]
. (5.32)

Denote
η :=

µ

2µ̄2 , λk ≤
µ

8Lµ̄2 . (5.33)

Suppose that for any k, the stepsize parameters satisfy

0 ≤ λk − βk ≤ κk+1βk.

In addition, assume that there exists θ > 0 such that, for any k,(
L2λk

2η
+ h(1 + θ)

)
(1 − αk+1)2 ≤ h, h

(
1 +

1
θ

)
(λk − βk)2µ̄2 ≤

µ

16
λk. (5.34)

Then,
Φk+1 ≤ Φk − agλk E

[
∥∇ f (zk)∥2

]
+ aeλk E

[
∥ek∥

2
]
, (5.35)

where ag = µ/4, and ae = 3µ/4.

Proof. By Assumption 2.2, we obtain

∥∇ f (xk) − ∇ f (zk)∥2 ≤ L2∥xk − zk∥
2.

Combining (5.21) and (5.29), we have

E
[
f (xk+1)

]
≤ E

[
f (xk)

]
− µλkE

[
∥∇ f (zk)∥2

]
+

(Lλ2
k

2
+
ηλk

2

)
E
[
∥dk∥

2
]

+
L2λk

2η
(1 − αk+1)2E

[
∥∆k∥

2
]
.

Moreover, by (5.22) and gk = ∇ f (zk) + ek, we have

E
[
∥dk∥

2
]
≤ 2µ̄2E

[
∥∇ f (zk)∥2

]
+ 2µ̄2E

[
∥ek∥

2
]
.

Hence, we obtain

E
[
f (xk+1)

]
≤ E

[
f (xk)

]
− λk

(
µ − µ̄2η − µ̄2Lλk

)
E
[
∥∇ f (zk)∥2

]
+ µ̄2(ηλk + Lλ2

k)E
[
∥ek∥

2
]
+

L2λk

2η
(1 − αk+1)2E

[
∥∆k∥

2
]
.

(5.36)
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By (5.33), we know that

µ − µ̄2η − µ̄2Lλk ≥
3µ

8
, and µ̄2(ηλk + Lλ2

k) ≤
5µ

8
λk.

Thus, (5.36) implies

E
[
f (xk+1)

]
≤ E

[
f (xk)

]
−

3µ

8
λkE

[
∥∇ f (zk)∥2

]
+

5µ

8
λkE

[
∥ek∥

2
]

+
L2λk

2η
(1 − αk+1)2E

[
∥∆k∥

2
]
.

Using (5.22), (5.27), and ∥gk∥
2 ≤ 2∥∇ f (zk)∥2 + 2∥ek∥

2, we obtain

E
[
∥∆k+1∥

2
]
≤ (1 + θ)(1 − αk+1)2E

[
∥∆k∥

2
]

+ 2
(
1 +

1
θ

)
(λk − βk)2µ̄2E

[
∥∇ f (zk)∥2

]
+ 2

(
1 +

1
θ

)
(λk − βk)2µ̄2E

[
∥ek∥

2
]
.

Multiplying this estimate by h, we have

Φk+1 ≤ Φk −
(3µ

8
λk − 2h

(
1 +

1
θ

)
(λk − βk)2µ̄2

)
E
[
∥∇ f (zk)∥2

]
+

(5µ

8
λk + 2h

(
1 +

1
θ

)
(λk − βk)2µ̄2

)
E
[
∥ek∥

2
]

+

[(
L2λk

2η
+ h(1 + θ)

)
(1 − αk+1)2 − h

]
E
[
∥∆k∥

2
]
.

(5.37)

By (5.34), it has that

2h
(
1 +

1
θ

)
(λk − βk)2µ̄2 ≤

µ

8
λk.

Hence,
3µ

8
λk − 2h

(
1 +

1
θ

)
(λk − βk)2µ̄2 ≥

µ

4
λk,

and
5µ

8
λk + 2h

(
1 +

1
θ

)
(λk − βk)2µ̄2 ≤

3µ

4
λk.

Using (5.37), ag = µ/4, and ae = 3µ/4, we have (5.35). □

Remark 5.1. The parameter conditions in Lemma 5.11 can be satisfied by an appropriate choice of
the step sizes and related parameters in Algorithm 2. For example, let q ≥ 1 and 1 < c ≤ 5/4, and set

λk = λ, βk = λ

(
1 −

1
4q

)
, θ =

1
q
,

where

0 < λ ≤ min
{

1,
µ

8Lµ̄2

}
, h =

L2µ̄2

µ
λq.

AIMS Mathematics Volume 11, Issue 11, 37548–37584.



37566

With this choice, the step-size Conditions in Algorithm 2 and conditions (5.33) and (5.34) are satisfied
simultaneously.

Lemma 5.12. Let {xk}, {yk}, and {zk} be generated by Algorithm 2. For any k ∈ {rq, . . . , rq + q − 1} of
epoch index r, it holds that

∥zk − x̃r∥
2 ≤ 2∥xk − x̃r∥

2 + 2∥∆k∥
2. (5.38)

Proof. Using the identity zk − x̃r = (xk − x̃r) + (zk − xk), we obtain

∥zk − x̃r∥
2 ≤ 2∥xk − x̃r∥

2 + 2∥zk − xk∥
2.

From (5.29), we have
∥zk − xk∥

2 = (1 − αk+1)2∥∆k∥
2 ≤ ∥∆k∥

2.

Then, we have (5.38). □

Lemma 5.13. For any epoch index r, denote k0 = rq and x̃r = xk0 . Then, for any k ∈ {k0, . . . , k0 + q},

xk − x̃r = xk − xk0 =

k−1∑
j=k0

(x j+1 − x j) = −
k−1∑
j=k0

λ jd j. (5.39)

Moreover,
k0+q−1∑

k=k0

∥xk − x̃r∥
2 ≤ q2

k0+q−1∑
j=k0

λ2
j∥d j∥

2. (5.40)

Proof. Summing the update x j+1 = x j − λ jd j over j = k0, . . . , k − 1, we can obtain (5.39).
Denote û j := −λ jd j. Then, xk − x̃r =

∑k−1
j=k0

û j. Using the Cauchy–Schwarz inequality, we have

∥xk − x̃r∥
2 =

∥∥∥∥ k−1∑
j=k0

û j

∥∥∥∥2
≤ (k − k0)

k−1∑
j=k0

∥û j∥
2 ≤ q

k−1∑
j=k0

λ2
j∥d j∥

2.

Summing this inequality over k = k0, . . . , k0 + q − 1, we obtain

k0+q−1∑
k=k0

∥xk − x̃r∥
2 ≤ q

k0+q−1∑
k=k0

k−1∑
j=k0

λ2
j∥d j∥

2

= q
k0+q−2∑

j=k0

(k0 + q − 1 − j)λ2
j∥d j∥

2

≤ q2
k0+q−1∑

j=k0

λ2
j∥d j∥

2.

□

Lemmas 5.9–5.13 combine the smoothness-based descent estimate with the control of the
momentum error ∆k, yielding a one-step recursion for Φk with an explicit descent term. Summing this
recursion over k reduces the convergence analysis to establishing an aggregate bound on∑

k λkE∥∇ f (zk)∥2.
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Lemma 5.14. For any epoch index r, denote k0 := rq, x̃r := xk0 , and λmax := maxk0≤k≤k0+q−1 λk. Suppose
that

4L2µ̄ 2q2λ2
max

b
≤

ag

2ae
. (5.41)

Then,
k0+q−1∑

k=k0

λk E
[
∥ek∥

2
]
≤

ag

2ae

k0+q−1∑
k=k0

λk E
[
∥∇ f (zk)∥2

]
+

4L2

b

k0+q−1∑
k=k0

λk E
[
∥∆k∥

2
]
. (5.42)

Proof. By Lemma 5.2, the SVRG-type estimator satisfies

E
[
∥ek∥

2
]
≤

L2

b
E
[
∥zk − x̃r∥

2
]
.

Multiplying by λk, summing over k = k0, . . . , k0 + q − 1, and using (5.38), we obtain
k0+q−1∑

k=k0

λk E
[
∥ek∥

2
]
≤

2L2

b

k0+q−1∑
k=k0

λk E
[
∥xk − x̃r∥

2
]
+

2L2

b

k0+q−1∑
k=k0

λk E
[
∥∆k∥

2
]
. (5.43)

By (5.40), we have
k0+q−1∑

k=k0

λk E
[
∥xk − x̃r∥

2
]
≤ q2λ2

max

k0+q−1∑
k=k0

λk E
[
∥dk∥

2
]
. (5.44)

Moreover, because dk = Hkgk, ∥Hk∥ ≤ µ̄, and gk = ∇ f (zk) + ek with E[ek] = 0, we have
k0+q−1∑

k=k0

λk E
[
∥dk∥

2
]
≤ µ̄ 2

k0+q−1∑
k=k0

λk E
[
∥∇ f (zk)∥2

]
+ µ̄ 2

k0+q−1∑
k=k0

λk E
[
∥ek∥

2
]
. (5.45)

Denote

S e :=
k0+q−1∑

k=k0

λk E
[
∥ek∥

2
]
,

S g :=
k0+q−1∑

k=k0

λk E
[
∥∇ f (zk)∥2

]
,

S ∆ :=
k0+q−1∑

k=k0

λk E
[
∥∆k∥

2
]
.

c :=
2L2µ̄ 2q2λ2

max

b
,

Combining (5.43)–(5.45) yields

(1 − c)S e ≤ cS g +
2L2

b
S ∆. (5.46)

By (5.41), we have

2c =
4L2µ̄ 2q2λ2

max

b
≤

ag

2ae
,

and hence, c ≤ 1/2, and (1 − c)−1 ≤ 2. Therefore,

S e ≤ 2cS g +
4L2

b
S ∆ ≤

ag

2ae
S g +

4L2

b
S ∆.

By use of the definitions of S e, S g, and S ∆, we can conclude that (5.42). □
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Lemma 5.15. For any epoch index r, denote k0 := rq, xk0 = yk0 = x̃r, ∆k0 = 0, and

λmax := max
k0≤k≤k0+q−1

λk.

Suppose that the step-size parameters satisfy the conditions specified in Algorithm 2. Then,

k0+q−1∑
k=k0

λk E
[
∥∆k∥

2
]
≤ 2q2(2c − 1)2µ̄ 2λmax

k0+q−1∑
k=k0

λk E
[
∥∇ f (zk)∥2

]
+ 2q2(2c − 1)2µ̄ 2λmax

k0+q−1∑
k=k0

λk E
[
∥ek∥

2
]
.

(5.47)

Proof. Using (5.26) and (5.29), we have

∥∆k+1∥ ≤ (1 − αk+1)∥∆k∥ + |λk − βk| ∥dk∥ ≤ ∥∆k∥ + |λk − βk| ∥dk∥. (5.48)

Because ∆k0 = 0, iterating (5.48) within the epoch, we get

∥∆k∥ ≤

k−1∑
j=k0

|λ j − β j| ∥d j∥ ≤

k0+q−1∑
j=k0

|λ j − β j| ∥d j∥.

Summing over k = k0, . . . , k0 + q − 1 yields

k0+q−1∑
k=k0

∥∆k∥
2 ≤ q2

k0+q−1∑
j=k0

(λ j − β j)2∥d j∥
2. (5.49)

From the step-size condition and αk+1 ≤ 1, we have

0 ≤ λk − βk ≤
(
c(1 + αk+1) − 1

)
βk ≤ (2c − 1)βk.

Because βk ≤ λk ≤ λmax ≤ 1, it follows that

(λk − βk)2 ≤ (2c − 1)2β2
k ≤ (2c − 1)2λk. (5.50)

Using (5.49), (5.50), and λk ≤ λmax, we obtain

k0+q−1∑
k=k0

λk E
[
∥∆k∥

2
]
≤ q2(2c − 1)2λmax

k0+q−1∑
k=k0

λk E
[
∥dk∥

2
]
.

Moreover, by dk = Hkgk, ∥Hk∥ ≤ µ̄, and gk = ∇ f (zk) + ek, we have

E
[
∥dk∥

2
]
≤ 2µ̄ 2E

[
∥∇ f (zk)∥2

]
+ 2µ̄ 2E

[
∥ek∥

2
]
.

The proof of the lemma is finished. □

Combining Lemma 5.15 with the preceding recursion and summing over k, together with the
random output rule P(ζ = k) = λk/

∑Nq−1
j=0 λ j, yields the final bound on E∥∇ f (zζ)∥2 and the

corresponding SFO complexity. This completes the transition from the accumulated descent estimate
to the final stationarity result.

AIMS Mathematics Volume 11, Issue 11, 37548–37584.



37569

Theorem 5.1. Let K = Nq. Suppose that Assumptions 2.1–2.3 and the conditions in Lemmas 5.11,
5.14, and 5.15 hold over all epochs. If

BC0 ≤
1

15
,

then
K−1∑
k=0

λk E
[
∥∇ f (zk)∥2

]
≤

16
(
Φ0 − f ∗

)
µ

, (5.51)

where denote

λmax := max
0≤k≤K−1

λk, C0 :=
4L2

b
, B := 2q2(2c − 1)2µ̄ 2λmax.

The condition BC0 ≤ 1/15 holds whenever

1 < c ≤
5
4
, b ≥ max

{
1,

⌈
270q2L2µ̄ 2λmax

⌉}
.

Moreover, if ζ ∈ {0, 1, . . . ,K − 1} is sampled according to

P(ζ = k) =
λk∑K−1

t=0 λt
, k = 0, 1, . . . ,K − 1,

then

E
[
∥∇ f (zζ)∥2

]
≤

16
(
Φ0 − f ∗

)
µ
∑K−1

t=0 λt
. (5.52)

Proof. Summing (5.35) over k = 0, . . . ,K − 1 and using ΦK ≥ f ∗, we obtain that

ag

K−1∑
k=0

λk E
[
∥∇ f (zk)∥2

]
≤ Φ0 − f ∗ + ae

K−1∑
k=0

λk E
[
∥ek∥

2
]
. (5.53)

Applying Lemma 5.14 over all epochs yields

K−1∑
k=0

λk E
[
∥ek∥

2
]
≤

ag

2ae

K−1∑
k=0

λk E
[
∥∇ f (zk)∥2

]
+C0

K−1∑
k=0

λk E
[
∥∆k∥

2
]
. (5.54)

Substituting (5.54) into (5.53), we have

µ

8

K−1∑
k=0

λk E
[
∥∇ f (zk)∥2

]
≤ Φ0 − f ∗ +

3µ

4
C0

K−1∑
k=0

λk E
[
∥∆k∥

2
]
. (5.55)

Similarly, by use of Lemma 5.15, we know that

K−1∑
k=0

λk E
[
∥∆k∥

2
]
≤ B

K−1∑
k=0

λk E
[
∥∇ f (zk)∥2

]
+ B

K−1∑
k=0

λk E
[
∥ek∥

2
]
. (5.56)

Combining (5.56) with (5.54) and using ag/(2ae) = 1/6, we obtain

K−1∑
k=0

λk E
[
∥∆k∥

2
]
≤

7B
6(1 − BC0)

K−1∑
k=0

λk E
[
∥∇ f (zk)∥2

]
. (5.57)
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Substituting (5.57) into (5.55), we have

µ(1 − 8BC0)

8(1 − BC0)

K−1∑
k=0

λk E
[
∥∇ f (zk)∥2

]
≤ Φ0 − f ∗. (5.58)

Under the stated parameter condition, we can get (5.51).
By the sampling rule for ζ, we know that

E
[
∥∇ f (zζ)∥2

]
=

∑K−1
k=0 λk E

[
∥∇ f (zk)∥2

]
∑K−1

t=0 λt
.

Applying (5.51), we complete the proof of (5.52). □

Theorem 5.1 establishes a first-order stationarity bound for the random output of the proposed
method. Based on this result, we next specify the epoch length and mini-batch size to derive the SFO
complexity required to reach an ε-first-order stationary point in the finite-sum setting.

Theorem 5.2. Suppose that the conditions of Theorem 5.1 hold for the finite-sum model (1.2) and that
λk ≡ λ. Choose

q = Θ(n1/3), b = Θ(n2/3).

Let the output index ζ ∈ {0, 1, . . . ,K − 1} be sampled according to

P(ζ = k) =
λk∑K−1

t=0 λt
, k = 0, 1, . . . ,K − 1.

Then, to obtain
E
[
∥∇ f (zζ)∥2

]
≤ ε2,

the stochastic first-order oracle complexity satisfies

SFO = Θ
(
n2/3ε−2

)
, (5.59)

where SFO denotes the total number of component-gradient evaluations.

Proof. It follows from λk ≡ λ and (5.52) that

E
[
∥∇ f (zζ)∥2

]
≤

16(Φ0 − f ∗)
µKλ

.

Thus, the condition E
[
∥∇ f (zζ)∥2

]
≤ ε2 is guaranteed whenever

K ≥
16(Φ0 − f ∗)

µλ ε2 . (5.60)

For the finite-sum model, each epoch computes one full gradient and hence costs n component-
gradient evaluations, and each inner iteration costs 2b. Because N = K/q, we have

SFO = Nn + 2Kb =
K
q

n + 2Kb. (5.61)
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The parameter conditions allow the choice b = Θ(q2). Hence,

SFO = Θ
(

K
q

n + Kq2
)
. (5.62)

Taking q = Θ(n1/3) and b = Θ(n2/3) balances the two terms in (5.62), yielding

SFO = Θ
(
Kn2/3

)
. (5.63)

Using (5.60) and (5.63), we complete the proof. □

6. Numerical experiments

This section reports numerical results for the proposed algorithm on a nonconvex support vector
machine (SVM) problem and a nonconvex regularized logistic regression (LR) problem. All
experiments were implemented in Python 3.14 and run on a personal computer with a 1.2 GHz CPU
and 32 GB of memory.

To evaluate the performance of the proposed algorithm, we test it on five public binary classification
data sets and one synthetic data set. These data sets differ in sample size and feature dimension and
thus provide a reasonable range of test problems. For the synthetic data set, the binary classification
test data are generated by prespecifying the sample size, feature dimension, and related parameters.
Detailed information on the data sets is given in Table 1.

Table 1. Information about the data sets.

Data set No. of samples Feature dimension Type
a6a 11220 122 Public
a7a 16461 123 Public
w8a 49749 300 Public

realsim 72309 20958 Public
covtype 581012 54 Public

Synthetic 200000 200 Synthetic

The numerical performance of the algorithms is evaluated in terms of the objective function value,
gradient norm, and classification accuracy. Because the data sets differ in sample size, feature
dimension, and data characteristics, the parameter settings are selected separately for each data set. In
the subsequent experiments, we compare the proposed algorithm with four other algorithms and
further examine the effects of algorithmic variants and parameter settings on numerical performance.
The specific parameter values used in each group of experiments will be presented together with the
corresponding results. Unless otherwise stated, we choose the damping parameter as ϖ = 0.25, the
modified-secant parameter as τ = 0.2, the truncation parameter as τmax = 1, and the initial scaling
safeguard parameter as δ = 10−3. For each data set, all algorithms use the same step size. In addition,
for those methods involving mini-batch sampling and limited-memory updates, the same mini-batch
size and memory length are adopted on the same data set. All algorithms are run with the same
number of iterations as the stopping criterion on each data set and are compared under the same
evaluation metrics to ensure a fair comparison.
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6.1. Numerical results on the nonconvex support vector machine problem

We first conduct numerical experiments on the following nonconvex SVM problem with a sigmoid
loss, which was studied in [30]:

min
x∈Rn

F(x) =
1
T

T∑
i=1

(
1 − tanh(v̄iūT

i x)
)
+ ϱ∥x∥22, (6.1)

where ϱ > 0 is a regularization parameter, ūi ∈ R
n denotes the feature vector associated with sample i,

and v̄i ∈ {−1,+1} is the corresponding binary label. In all SVM experiments, we choose ϱ = 10−4.

6.1.1. Parameter sensitivity analysis and parameter selection

Before comparing the proposed method with other algorithms, we first investigate the effects of
the mini-batch size b and the memory length M on the numerical performance of M-SMdLBFGS-VR.
The mini-batch size affects the variance level of the stochastic gradient estimator, and the memory
length determines how much historical curvature information is used in the limited-memory quasi-
Newton update. Therefore, both parameters play an important role in the efficiency and stability of the
algorithm.

Specifically, we test the mini-batch size b ∈ {64, 128, 256, 512, 1024, 2048} and the memory length
M ∈ {1, 5, 10, 15, 20, 50}. The performance is evaluated in terms of the objective function value and the
gradient norm, and the results are presented in the form of heat maps. For each data set, the parameter
combination yielding favorable overall performance is selected and used in the subsequent comparison
experiments.

For the four-panel figures in this subsection, panels (a) and (c) present the objective function values,
whereas panels (b) and (d) present the corresponding gradient norms for the two data sets indicated in
each caption.

Figure 1 indicates that the a6a and a7a data sets show similar parameter-sensitivity patterns. For
these two relatively small data sets, moderate choices of b and M lead to stable performance, whereas
overly large mini-batch sizes or memory lengths may introduce unnecessary sampling and curvature-
updating costs without providing additional useful information. This may explain the performance
deterioration observed for large values of b or M.

(a) (b) (c) (d)

Figure 1. Parameter sensitivity of M-SMdLBFGS-VR on the a6a and a7a data sets.
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Figure 2 shows different sensitivity patterns on the w8a and realsim data sets. The performance on
w8a changes only mildly across most parameter combinations, suggesting that this data set is relatively
insensitive to the choices of b and M. In contrast, realsim exhibits more pronounced variations in both
the objective function value and the gradient norm. This may be related to its much higher feature
dimension, which makes the quality of stochastic gradient estimates and curvature information more
dependent on the parameter selection.

(a) (b) (c) (d)

Figure 2. Parameter sensitivity of M-SMdLBFGS-VR on the w8a and realsim data sets.

Figure 3 indicates that the covtype and Synthetic data sets are more sensitive to parameter choices.
This sensitivity is mainly reflected in the mini-batch size b, whereas the effect of the memory length
M is relatively less pronounced. For these two large-scale data sets, moderate choices of b and M
usually lead to more stable numerical performance. In contrast, excessively large mini-batch sizes do
not necessarily further improve the effectiveness of stochastic gradient estimation; under a fixed
iteration budget, they may reduce the flexibility of stochastic updates and lead to larger objective
function values or gradient norms. These observations suggest that parameter selection should
balance variance control, the use of curvature information, and iteration efficiency.

(a) (b) (c) (d)

Figure 3. Parameter sensitivity of M-SMdLBFGS-VR on the covtype and Synthetic data
sets.

Based on the heat-map results and the overall convergence behavior, the selected parameters for
different data sets are summarized in Table 2. These parameters are used in the main comparison
experiments in Section 6.1.2. Here, K denotes the iteration budget used in the comparison experiments.
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Table 2. Selected parameters for different data sets.

Data set Step size Mini-batch size b Memory length M K
a6a 0.01 128 20 1000
a7a 0.01 128 20 1000
w8a 0.01 256 20 1000

realsim 0.05 256 10 1000
covtype 0.0005 512 50 10000

Synthetic 0.01 1024 50 5000

6.1.2. Comparison with other algorithms

In this subsection, we compare the proposed M-SMdLBFGS-VR algorithm with four
representative algorithms on six data sets to evaluate its numerical performance. The competing
algorithms include SVRG [19], Katyusha [42], SQN [24], and SdLBFGS-VR [30]. In all experiments
involving Katyusha, the parameters are set to τ1 = 0.5 and τ2 = 0.25. The parameter settings for
different data sets follow Table 2. For each data set, we report the objective function value and the
gradient norm versus the number of iterations, and the final classification accuracies are summarized
in Table 3. For compactness, in the subsequent experiments, “obj.” and “gra.” in the subfigure
captions denote the objective function value and the gradient norm, respectively.

Table 3. Classification accuracies of the five algorithms on six data sets.

Data set SVRG Katyusha SQN SdLBFGS-VR M-SMdLBFGS-VR
a6a 76.01% 83.40% 76.01% 84.73% 85.21%
a7a 76.17% 83.49% 76.17% 84.83% 85.24%
w8a 97.03% 97.03% 97.03% 97.03% 97.03%
realsim 69.25% 69.25% 69.25% 95.81% 96.27%
covtype 60.59% 63.01% 63.51% 71.13% 71.23%
Synthetic 84.06% 93.04% 84.47% 93.47% 93.51%

Figure 4 shows the comparison results on the a6a and a7a data sets. For both data sets,
M-SMdLBFGS-VR achieves lower objective function values than the competing algorithms within
the prescribed number of iterations. Its gradient norm also decreases rapidly and remains at a
relatively low level, indicating that the proposed method is effective and stable on these relatively
small-scale data sets.

Figure 5 presents the results on the w8a and realsim data sets. For w8a, M-SMdLBFGS-VR
decreases the objective function value slightly faster than the other algorithms, and its gradient norm
remains at a lower level despite mild fluctuations. For realsim, the proposed method shows more
evident advantages: It reaches a lower objective function value and produces a smaller final gradient
norm than most competing algorithms. These results suggest that the proposed method remains
effective on data sets with different feature dimensions and data characteristics.
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Figure 6 reports the results on the covtype and synthetic data sets. On covtype,
M-SMdLBFGS-VR and SdLBFGS-VR both show favorable convergence behavior, with the proposed
method performing slightly better overall. In particular, M-SMdLBFGS-VR achieves a faster
decrease in the objective function value and a lower gradient norm. On the synthetic data set, the
proposed method also outperforms the other competing algorithms in terms of both the objective
function value and the gradient norm. This indicates that the proposed method can retain stable
numerical performance on both real and generated large-scale problems.

(a) a6a: obj. (b) a6a: gra. (c) a7a: obj. (d) a7a: gra.

Figure 4. Comparison of the five algorithms on the a6a and a7a data sets.

(a) w8a: obj. (b) w8a: gra. (c) realsim: obj. (d) realsim: gra.

Figure 5. Comparison of the five algorithms on the w8a and realsim data sets.

(a) covtype: obj. (b) covtype: gra. (c) Synthetic: obj. (d) Synthetic: gra.

Figure 6. Comparison of the five algorithms on the covtype and Synthetic data sets.

To further compare the final classification performance of the algorithms, the classification
accuracies on the six data sets are reported in Table 3.

AIMS Mathematics Volume 11, Issue 11, 37548–37584.



37576

Collectively, the experimental results on the six data sets show that M-SMdLBFGS-VR achieves
competitive or superior overall performance compared with the other algorithms. It generally
converges faster and exhibits more stable behavior in reducing the objective function value and
gradient norm. In terms of classification accuracy, M-SMdLBFGS-VR attains the highest accuracy on
a6a, a7a, realsim, covtype, and synthetic data, and achieves a tied best result on w8a. These results
indicate that the proposed method not only improves optimization efficiency but also yields strong
classification performance for the nonconvex classification model considered in this paper.

6.1.3. Influence of the modified secant strategy and the momentum mechanism

In this subsection, we examine the effects of the modified secant strategy and the momentum
mechanism on the performance of the proposed method. Four variants are compared: SdLBFGS-VR,
SMdLBFGS-VR, M-SdLBFGS-VR, and M-SMdLBFGS-VR. Here, SMdLBFGS-VR incorporates
only the modified secant strategy into SdLBFGS-VR, M-SdLBFGS-VR incorporates only the
momentum mechanism, and M-SMdLBFGS-VR combines both techniques. In the experiments of
Section 6.1.3, for each data set, all variants are run with the same common parameter settings,
including the mini-batch size b, memory length M, step size, and other relevant parameters. The
iteration budget is set to K = 300 or K = 1000. The comparison is conducted in terms of the objective
function value and the gradient norm versus the number of iterations.

Figures 7–9 show that both the modified secant strategy and the momentum mechanism affect the
convergence behavior of the algorithm, although their effects vary across different data sets.

(a) a6a: obj. (b) a6a: gra. (c) a7a: obj. (d) a7a: gra.

Figure 7. Performance of the four variants on the a6a and a7a data sets.

(a) w8a: obj. (b) w8a: gra. (c) realsim: obj. (d) realsim: gra.

Figure 8. Performance of the four variants on the w8a and realsim data sets.
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(a) covtype: obj. (b) covtype: gra. (c) Synthetic: obj. (d) Synthetic: gra.

Figure 9. Performance of the four variants on the covtype and Synthetic data sets.

Compared with the SdLBFGS-VR method, SMdLBFGS-VR improves the objective value or
gradient norm in some cases, indicating that the modified secant strategy can enhance the quality of
curvature information, but its effect is not uniform across all data sets. The momentum-based variant
M-SdLBFGS-VR generally shows faster decrease in the early stage, suggesting that the momentum
mechanism is effective in accelerating the iterative process. Overall, M-SMdLBFGS-VR achieves the
best or near-best performance in most cases, which indicates that the modified secant strategy and the
momentum mechanism are complementary and that their combination can improve the stability and
efficiency of the stochastic quasi-Newton method.

6.2. Numerical results on the nonconvex regularized logistic regression problem

We next conduct numerical experiments on the following nonconvex regularized LR problem,
which was studied in [43]:

min
x∈Rn

F(x) =
1
T

T∑
i=1

log
(
1 + exp

(
−v̄iūT

i x
))
+ ϱ

n∑
j=1

αx2
j

1 + αx2
j

, (6.2)

where ϱ > 0 is the regularization parameter, α > 0 controls the shape of the nonconvex regularizer,
ūi ∈ R

n denotes the feature vector associated with sample i, and v̄i ∈ {−1,+1} is the corresponding
binary label. We choose ϱ = 10−3 and α = 1.

6.2.1. Parameter sensitivity analysis and parameter selection

For the nonconvex regularized LR problem, we follow the same parameter-sensitivity analysis
procedure as that described in Section 6.1.1. Specifically, we test b ∈ {64, 128, 256, 512, 1024, 2048}
and M ∈ {1, 5, 10, 15, 20, 50}. The objective function values and gradient norms are reported in the
form of heat maps. Based on the overall performance, an appropriate combination of b and M is
selected for each data set and used in the subsequent comparison experiments.

Overall, Figures 10–12 exhibit sensitivity patterns broadly similar to those observed in
Section 6.1.1. For most data sets, the numerical performance is more sensitive to the mini-batch size b
than to the memory length M, although the extent of the variation differs across data sets. These
results further indicate that a common parameter setting is not appropriate for all data sets, and they
justify selecting b and M separately for the subsequent comparison experiments.

Based on the above parameter sensitivity results, we use the same parameter settings as those listed
in Table 2 in the subsequent experiments.

AIMS Mathematics Volume 11, Issue 11, 37548–37584.



37578

(a) (b) (c) (d)

Figure 10. Parameter sensitivity of M-SMdLBFGS-VR on the a6a and a7a data sets.

(a) (b) (c) (d)

Figure 11. Parameter sensitivity of M-SMdLBFGS-VR on the w8a and realsim data sets.

(a) (b) (c) (d)

Figure 12. Parameter sensitivity of M-SMdLBFGS-VR on the covtype and Synthetic data
sets.

6.2.2. Comparison with other algorithms

Following the experimental protocol used for the nonconvex SVM problem, we compare
M-SMdLBFGS-VR with SVRG, Katyusha, SQN, and SdLBFGS-VR on the nonconvex regularized
LR problem. The competing algorithms, parameter settings, stopping criteria, and evaluation metrics
are the same as those used in Section 6.1.2. For each data set, we report the objective function value
and the gradient norm versus the number of iterations, together with the final classification accuracy.

Figure 13 presents the comparison results on the a6a and a7a data sets. On both data sets, M-
SMdLBFGS-VR reduces the objective function value more rapidly and reaches a lower level than the
competing algorithms. Its gradient norm also decreases to the lowest overall level, demonstrating its
favorable convergence performance on these two data sets.
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(a) a6a: obj. (b) a6a: gra. (c) a7a: obj. (d) a7a: gra.

Figure 13. Comparison of the five algorithms on the a6a and a7a data sets.

Figure 14 presents the results on the w8a and realsim data sets. On w8a, M-SMdLBFGS-VR
rapidly reaches the lowest objective function value and gradient norm. On realsim, it also maintains a
slight advantage over SdLBFGS-VR despite mild fluctuations, whereas the other algorithms converge
considerably more slowly.

(a) w8a: obj. (b) w8a: gra. (c) realsim: obj. (d) realsim: gra.

Figure 14. Comparison of the five algorithms on the w8a and realsim data sets.

The results in Figure 15 further confirm the effectiveness of M-SMdLBFGS-VR on the covtype and
synthetic data sets. On covtype, it maintains lower objective function values and gradient norms than
SdLBFGS-VR despite occasional fluctuations. On the synthetic data set, it reaches the stable region
earlier and yields the smallest final gradient norm among all the methods.

(a) covtype: obj. (b) covtype: gra. (c) Synthetic: obj. (d) Synthetic: gra.

Figure 15. Comparison of the five algorithms on the covtype and Synthetic data sets.

To further evaluate the final classification performance on the nonconvex regularized LR problem,
the classification accuracies of the five algorithms on the six data sets are reported in Table 4.
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Table 4. Classification accuracies of the five algorithms on six data sets for the nonconvex
regularized LR problem.

Data set SVRG Katyusha SQN SdLBFGS-VR M-SMdLBFGS-VR
a6a 76.01% 83.70% 76.02% 84.55% 84.70%
a7a 76.17% 84.31% 76.17% 85.00% 85.07%
w8a 97.03% 97.03% 97.03% 98.13% 98.44%
realsim 69.25% 69.25% 69.25% 69.25% 69.25%
covtype 61.04% 70.41% 70.69% 75.57% 75.62%
Synthetic 82.81% 92.58% 85.86% 93.59% 93.60%

In terms of classification accuracy, M-SMdLBFGS-VR achieves the best results on five of the six
data sets, demonstrating its consistently strong classification performance. On realsim, all the
compared algorithms attain the same accuracy of 69.25%.

6.2.3. Influence of the modified secant strategy and the momentum mechanism

We compare four variants, SdLBFGS-VR, SMdLBFGS-VR, M-SdLBFGS-VR, and
M-SMdLBFGS-VR, using the same experimental settings as those described in Section 6.1. The
results show that both the modified secant strategy and the momentum mechanism improve the
convergence behavior of SdLBFGS-VR. SMdLBFGS-VR generally provides better curvature
information, whereas M-SdLBFGS-VR accelerates the decrease of the objective function value and
gradient norm. By combining these two techniques, M-SMdLBFGS-VR achieves the best or near-best
performance on most data sets, demonstrating the complementary effects of the two strategies.

(a) a6a: obj. (b) a6a: gra. (c) a7a: obj. (d) a7a: gra.

Figure 16. Comparison of the algorithms on the a6a and a7a data sets.

(a) w8a: obj. (b) w8a: gra. (c) realsim: obj. (d) realsim: gra.

Figure 17. Comparison of the algorithms on the w8a and realsim data sets.
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(a) covtype: obj. (b) covtype: gra. (c) Synthetic: obj. (d) Synthetic: gra.

Figure 18. Comparison of the algorithms on the covtype and Synthetic data sets.

7. Conclusions

This paper considers large-scale stochastic nonconvex optimization problems and proposes the
M-SMdLBFGS-VR method by incorporating a modified secant strategy and a momentum mechanism
into the SdLBFGS-VR framework. The proposed method attains an SFO complexity of O(n2/3ε−2).
Numerical results show that the proposed method achieves favorable performance in terms of the
objective function value, gradient norm, and classification accuracy, and the modified secant strategy
and momentum mechanism both make positive contributions to the improvement of the algorithm.
Building on these results, we will examine the applicability of the proposed method to more complex
machine learning settings, including multiclass classification and larger-scale datasets. We will also
investigate its use in online learning and deep learning, with a focus on computational cost, stability,
and convergence.
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