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Abstract: In this paper, we give explicit expressions for g-harmonic sums on 1 —--- — 1,A,1 —
-+ — 1 indices. The case A = 1 has been extensively studied, and a variety of identities, explicit
evaluations, and structural properties are known. Likewise, numerous explicit evaluations are available
for g-multiple zeta values and g-harmonic sums with uniform indices A — --- — A. Although several
methods are available for treating non-uniform indices, explicit evaluations for the pattern 1 — - -- —
1,A,1 —---— 1 remain comparatively scarce. The case A = 2 was settled only recently. In this paper,
with the theory of the elementary symmetric functions, we extend this framework to the general case
A > 3 for the sum over all positions of A, though we do not generally evaluate each summand at a
prescribed position of A. We obtain explicit formulas in terms of binomial coefficients and degenerate
Bernoulli numbers. Some expressions about 2 —--- —2,A,2 —--- — 2 are also shown.
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1. Introduction

For positive integers sy, s, . .., S, we consider the g-multiple harmonic sums of the form
3@ s s i)=Y 1 (1.0
l’lq’a 15925 cce59m) «— (1—qil)sl(l—q[2)52~~-(l—qim)sm . .

1<ii<ip<-++<ip<n—1

*See also [16,17]
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In previous papers ([7,14,15]), when s = s; = 55 = -+ = 5, Wwe wrote 3,(q; m; ) = 3,(q;; 5, S, ..., 5).
—_————
When n — oo, the infinite version was studied by Schlesinger [23]:
1
3(g55 51,8 nsw) = Y lgl>D. (12

e, =g (=g =g
(For 0 < |g| < 1 the terms do not tend to 0. Replacing g by ¢~!, (1.2) becomes (—1)**"* times the
sum of []; g% /(1 — ¢')% with 0 < |g| < 1.) There are several different forms; see, e.g., [4,22,26,28].
For finite versions, see, e.g., [1,2,24,25].

Multiplying (1.1) by (1 — g)*'***» and letting ¢ — 1 and then n — oo, one obtains, under the usual
admissibility condition, the multiple zeta value

1
L(S1, 82,005 8m) = Z Siosr o ? (1.3)

1<i<ip<-++<iy ll l2 ool

which has been studied extensively, as well as its generalizations or modifications (see, e.g., [27]).

Although sy, 55, ..., s, may be arbitrary positive integers, considerable attention has been devoted
to the case s = 51 = 55 = - -+ = 5, that is, all the indices are the same. The same phenomenon occurs
for (1.1) and its various generalizations. In particular, several explicit formulas are now known when
all indices coincide ([14, 15, 17-19]). Some of the simplest and most fundamental results ([15]) are
given as

1 (n-1
~—— m+1 m
and by applying symmetric functions ([20]), as a determinant
% 1 0
n—1 n— :
() -
3n(&ns s 8) = : 0 |- (1.5)

Here, £, = e V-1in 1p particular, by taking s = 2,3,...,91in (1.5), we have

Bug = - LT

B3y = -,

3 d) = 7 D(n’ + n;— 109n +251)

Bultyiss) = LoD 6n 19)

3(Ls6) = _(n — 1)(2n° + 2n* — 3551 — 355n% + 111531 — 19087) ,

12-7!
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(n—1)(n—-"7)2n* + 161> — 33n> — 376n + 751)

Sn(gn;;7):_ 246 ,

(n—1D@n” +3n° =917 — 917n* + 396971 + 39697n* — 744383n + 1070017)
Sn(gna’g) = 10! s
362 9) = 27(n — D(n - 3)n - 9@ + 13n* + 101> — 350n* — 851n + 2857)

2-10!

In the case of uniform exponents, one can directly utilize the properties of Stirling numbers
([12, 13]), and Stirling number identities, and the expansions of generating functions derived from
symmetric functions. However, in the case of non-uniform exponents, these approaches are not
applicable; consequently, there are relatively few explicit results. Even the apparently simplest non-

uniform case 1----—1,2,1—---—1 proved to be delicate: the relevant real-part identity was conjectured
in [2] and proved in [3].
Recently, in [3], the case 1 — --- — 1,2,1 — --- — 1 was settled by evaluating the reversal pair,

equivalently, the real part of each ordered sum. More precisely, for nonnegative integers a and b, the
following was proved. For integers n and m with n,m > 2,

Sn(gn;;1,---,1»2’1,---,1)+3n(€n;;17---’1,2,17---’1):
~— ~— ~—— ~——

a b b

_ml(n—2m- 3)(11 - 1)

(m+2)! m

m m

In other words, by taking the real part,

m!in—-2m-3)(n—-1
Re| 3,z 1, ..., 1L,2,1,..., )| =—- .
el dnniile ool T) 2(m + 2)! (m)
In the present paper, we develop the approach of [3] further, treat the general pattern 1 —--- —1,A,1 —

--- — 1, and obtain explicit formulas for A > 3, though we do not generally evaluate each summand at
a prescribed position of A.

2. Preliminaries

We first recall the following elementary facts from [3].
Complex conjugation reverses the order of the indices. Consequently, the corresponding sums have

the same real part and opposite imaginary parts for the index strings s; — s, — --- — s, and those
Sm—— 82— 81.
Lemma 1.

Bn(gn;;sl,SZ’---’sm) = Sn(é/n;;sma Sm—la---’sl)-

For convenience, define

Uy = -4 cot’X (<r<n-1. @.1)
n
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For a positive integer A, put the sum

(A,)) . .. _ A
PU0) = 3uGii Lo LAL )= 3wy b,

j-1 m—j 1<ij<<iy<n—1

We also consider the average of P,(,f’j)(n) over the position of the exceptional index:

1 < ;
W) = = N pi
O (m) = — j; m (1)

By using the elementary symmetric function, we write

e = e (up, ... Uy 1) = Z Uj -« U, .

1<iy<<ix<n—1

For a positive integer A, we also write

A A
= ek(ul,...,u _1),

A .
€k "

so that ¢; = e,((l). Then, for A > 2 we have

n—1
(A-1) _ A-1
€1 em—Zuj Z Uj - U,

j=1 1<y <o <i<n—1
m+1

_ (A-1,)) A-1

= 2 P )| || |
j=1 1S]=m \ jeS heS
m+1 m

_ (A-1,)) A,j

= Y PUmy+ > P ).
J=1 J=1

(2.2)

Here, each term u;.“l [Tses un with j ¢ S gives the monomial on H = S U {j} in which j carries the

exponent A — 1; summing over the m + 1 choices of j € H yields Y/ P ")(n). Each term with jes

j=1 © m+1

gives the monomial on § in which j carries the exponent A, which yields 3", P (n). In particular, for

A =2 all m+ 1 terms coming from a given H are equal to [ [,cy us, so that ),
3. Main results

We now obtain the following explicit polynomial evaluations.

Theorem 1. Forn,m > 1, we have

— —
J-1 m—j

D 3G 121, D)
j=1

__mn-2m-3) (n—l
O 2m+ D(m+2) ’

m+1 P(l’j)

Jj=1 % m+1

(l’l) = (m+ 1)em+l-

AIMS Mathematics Volume 11, Issue 11, 37532-37547.
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DINCHCATS N N N )
j=1

%,1—/ :
J= m—j
1 (n—l(_(n—l)(n—S)+(m+1)(n—2m—5)(n—m—1))
T m+ 1\ m 12 2(m + 2)(m + 3) ’

§ In(&nss 1., L4, 1, 1)
4 ~—— ~——
j=1 j-1 m—j

__(n—l)(n—3)(n—1 (n—l)(n—S)(n—l _(m+2)(n—2m—7)(n—1
- 8m+1) m " 12m+2) \m+1 2m+3)(m+4) \m+2)°

DI HCAT NN N U )
=) —— ~——

j=1 m—j

_(n—D@ +n*—109n + 251)(n - 1) N (n—1(n- 3)(n - 1)

6!(m+1) m 8m+2) \m+1
_(n—l)(n—S) n-—1 m+3)y(n-2m-9)(n-1
2m+3) \m+2) T 2m+Hm+5) \m+3)

Remark. For A = 2, the real part of P,(f’j)(n) is the same for any j with 1 < j < m ([3]). For
A > 3, reversal still gives Re Pﬁ,f’j)(n) = Re Pf,’?’m_j“)(n), but the real part depends on j in general. For
example, forn = 5, m = 3 and A = 3, we have Re P{V(5) = Re PUV(5) = —(3 + V5)/20, whereas
Pg3’2)(5) = (V5-1)/10. In particular, the real part at a fixed position need not be rational.

Proof. From [3], we know that for any j with 1 < j < m, the real part of P37 (n) is given as

_m!(n—2m—3) n-1
2(m + 2)!

m

and the imaginary parts of P (n) and —P>"/*"(n) are the same. Hence,

et (1) = 2m + 3)! m+ 1

"’Z“P(z,ﬁ (m+ D(m+ Di(n—2m - 5)(n - 1)
=1

By (1.4) and (1.5) with s = 2, we see that
1 (n— 1)
em =
m+1\ m

(n—1(n-75)
12 '
Alternatively, since Pfqij]) (n) = ey forevery j, (2.2) with A = 2 and (1.4) give directly

and
6(12) = Sn(gn; ;2) = —

m

DU PE(n) = erey — (m+ Depy =
j=1

b

2m+ D(m+2)\ m

mn —2m—3) (n—l)
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the result of [3] is needed only for the stronger statement that each real part is independent of j. Hence,
by (2.2), we have

m+1
Z P(3 J)(n) = e e Z Pfirjl)(n)

(n—1D@m-5) 1 (n—1)+(m+1)(m+1)!(n—2m—5)(n—1)
12 m+1\ m 2(m + 3)! m+1
_(n- 1)(n—5)(n— 1)+ (m+1)(n—2m—5)(n— 1)
12(m+1) m 2m+2)(m+3) \m+1)

3.1

We next consider A = 4. By (1.5) with s = 3, we see that

4”:&mMa:_@;%g;Q'

Hence, by (2.2) and (3.1), we have

m m+1
Z P (n) = ee,, — Z PS +jl) (n)
J=1 J=1
n—1Dn-3) 1 (n-1
- 8 'm+1( m )
+(n—l)(n—S)(n—l)_(m+2)(n—2m—7)(n—1)
12m+2) \m+1 2m+3)(m+4) \m+2
_(n—l)(n—3)(n—1)+(n—l)(n—S)(n—1)_(m+2)(n—2m—7)(n—1)
m+2)

8(m+1) m 12m+2) \m+1 2(m+3)(m+4) 2)

Finally, let A = 5. By (1.5) with s = 4, we see that

(n—1)(n* +n* - 1091 + 251)
6! '

&\ = 3u(li14) =

Hence, by (2.2) and (3.2), we have

m+1

}:#WMQ—ee <ﬁﬁm)

_(n—l)(n +n? —109n+251) 1 (n-1
B 6! 'm+1(m )
+(n—l)(n—3)(n—1)_(n—l)(n—S)(n—1)+(m+3)(n—2m—9)(n—1)
8m+2) \m+1 12m+3) \m+2 2m+4H(m+5) \m+3
_(n—1)(n3+n2—109n+251)(n—1)+(n—l)(n—3)(n—1)
6!(m+1) m 8m+2) \m+1
_(n—l)(n—S)(n—1)+(m+3)(n—2m—9)(n—1)
12(m+3) \m+2 2m+4)(m+5) \m+3)

(3.3)

O
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Iterating (2.2) and using the depth-one evaluations above gives explicit polynomial expressions for
these symmetrized sums for A = 6,7,.... The following subsection provides a uniform expression in
terms of degenerate Bernoulli numbers. A uniform formula with explicit polynomial coefficients in
n is less transparent, since for general s the depth-one values 3,(&,;; s) themselves are available only
through degenerate Bernoulli numbers, as in (3.6) below.

3.1. Degenerate Bernoulli numbers

Using degenerate Bernoulli numbers, we obtain a uniform expression for these symmetrized sums
" Pl ().
The degenerate Bernoulli polynomials 5,(x|1) are defined by Carlitz [6] as

[ee)

1+ An)¥
(1r(+ L)lg Zﬁk(xM) , (3.4)

When x = 0 in (3.4), the degenerate Bernoulli numbers S,(1) = £,(0[1) are defined by Carlitz [5] as

a7 MW Zm > . (3.5)

When 4 — 0, this generating function becomes /(¢ — 1), which is that of the classical Bernoulli
numbers B, = lim,_,8,(1). One of the expressions of degenerate Bernoulli numbers is given by
Howard [10, Theorem 3.1] as

L]

_ m ﬁ ) m—1 _\n—2j
Bu(d) = Cpud +;2j321[2j_1]( D" (> 2)

with
A

1
Bo) =1 and fi()=-5+7.

Here, [Z] denotes the (unsigned) Stirling numbers of the first kind, defined by

Xx=Dx=2) - (x—n+1)= i(—l)"‘k[’;]x".
k=0

C,, are Cauchy numbers (b,, = C,,/m! are called Bernoulli numbers of the second kind), defined by the

generating function
t I
L C,—
log(1 + 1) HZ:(; n!

[8,11,21]. One of the expressions of Cauchy numbers is

C. Z[ ]( D™ sy,

AIMS Mathematics Volume 11, Issue 11, 37532-37547.
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In [15, Theorem 4], the determinant expression of 3,({,; ; §) in (1.5) is also given in terms of degenerate

Bernoulli numbers as ‘
360 =-3 0" o (3.6)
n\5n»s » - J _ 1 J ]‘ . *

j=1
For simplicity, for any positive integer A, put

m
A A,j
F =D P,
=1

We know that

(2)__m(n—2m—3) n-1 1 (n-1
P = mrDmao\ m ) M e= gl )

From (3.6), we see that

A .
A-1 n’
(A) -1
e’ =— . (n=)— .
: ; (J - 1)E’ J!
As discussed above, we get

?23) — 6(12) e, — 7(2)

m+1°
4 3 3
o = -7
3 2 2
= Ve, — et + FLr),

5 4 3 2 2
FO = e(l e — e(l D et + e(1 ) €min — 7“"(”)3 .

Applying (2.2) repeatedly, we have

A-3
A k (A-k-1 A2
FO = 3 e e + (I FL,
k=0

= A&! A—k-2 I’lj 1 n—1
_ vk N
_;( D 1);( j—1 )5’(" )j!m+k+1(m+k)
(m+A—2)(n—2m—2A+1)( n-1 )

A
+EDED 2im+A - 1)(m + A) m+A-2

_A—3A—k—1 (—1)k+lnj,3j(n_l) n—1\A—k—2
_kzo £ m+k+1)j! \m+k j—1
+(_1)A+1(m+A—2)(n—2m—2A+1) n-1
2m+A-Dm+4)  \m+A-2]

We thus obtain the following explicit expression in terms of the degenerate Bernoulli numbers. The
binomial coeflicients outside their natural range are regarded as zero.

Theorem 2. For an integer A with A > 2 and positive integers n and m, we have

E Sn@niz .. LA LT
4 —— ——
J=1 j-1 m—j

AIMS Mathematics Volume 11, Issue 11, 37532-37547.
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m+k+Di! \m+k i—1

A+1(m+A 2Yn-2m-2A+1)[ n-1
2m+A - 1)(m + A) m+A-2)

:A‘“ & (=1 ’ﬁ(n‘l)(n—l)(A k — 2)

3.2. Another expression of 3,((,;; 8) in terms of degenerate Bernoulli polynomials

The degenerate Bernoulli polynomials provide a natural framework for a more compact formulation.
The following result may also be useful in future extensions to more general index patterns. Theorem 3
expresses the depth-one sum through degenerate Bernoulli polynomials in (3.4) without the finite sum
in (3.6).

Theorem 3. For positive integers n and s, we have
(=1)’n*+! n—1 ‘1 '1
n6ns5S) = s — |~ Ps 0= .
3n(Lnss 8) s+ 1) Bs+1 n n Bs+1 "

To prove Theorem 3, we need the following identity. Here, define 3,({,;;0) = n— 1. Both sides are
regarded as power series in x convergent for |x| < 2 sin(rr/n).

Lemma 2. For an integer n with n > 2, we have

N o= -0
Z; Bl = =

Proof. We have

s=0

> Bl = Z(; 2= g)s
1

I
S u
|

(SN

| —
)|
ER?
=

I
~. S
gl
[

[
x| |
ERS
-

i=1

Now, by putting y = 1 — x, we shall prove that

n—1 i _
! ~o . (3.7)

i=0

Since y" — 1 = ]_[;’z_ol(y — '), taking the logarithmic derivative with respect to y, we get

(3.8)

AIMS Mathematics Volume 11, Issue 11, 37532-37547.
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Next, put f(f) =" —1andt; = (i =0,1,...,n—1). Since f/(t;) = m‘;"l = n/t;, the partial fraction
decomposition gives

1 _$ RS
-1 Lf)t—t) nikdt—t’

i=0 ! i=0
Hence,
n—1 i
g” . (3.9
y—l —y=4,
By subtracting (3.9) from (3.8) side by side, we obtain (3.7). O
Proof of Theorem 3. By setting
-11 1
(x, A, 1) = (n .=, —nx) and (0, -, —nx)
n on n
in degenerate Bernoulli polynomials in (3.4), we have
—nx(l —x)"! - n—1 (- n)s
(A—-xy-1 Zﬁg( ) s!
and
(- n)s
(I-xy-1 x)ﬂ -1 Zﬁ ' ( ) ’
respectively. Subtracting both sides of these two identities gives
—nx((1-x)"1-1) _ — (—=1)°n’ S n—1|1 N 1 o
(1-xr-1 = s! n |n n
Hence,
n((1 - x)=! - 1) ( 1)*n'*t! n—1 ' ‘1
= s — B+ [O]— || x*.
d-x—1 VTR G et (0] ])%
Together with Lemma 2, by comparing the coeflicients on both sides, we get the desired result. O
4. Some expressions about2 —--- -2, A,2 —--- -2

For convenience, define

(A, )) — 200002 Ay P
Rm (n) = u;, Ui, (Uit Ui, -

1<ij<-<ip<n—-1

Then consider the sum

R = > R (n).

J=1

AIMS Mathematics Volume 11, Issue 11, 37532-37547.
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In this setting, we have

A-1) 2) _ (A1 A-1 2 2
e Ve = (u +"'+un—l)[ Z ”i]"'”im]

1<ij<<ip<n—1

= RUD 4 RUAD (4.1)

m+1

From [15, Theorem 5], we find that

@ _ 1 n-—1 o n-—1
En _n(m+1)(( m )+( b (2m+1))'

Also, for any j with 1 < j < m, Rf,%’j)(n) = e,(,f). Hence, when A = 3, together with the fact that
é? = —(n - 1)(n — 5)/12, by applying (4.1) we have

RY = e(lz)eff) — (m+ 1)e?

m+1

o 11)(2n = n(m1+ D ((n;; 1) " (_1)m(2’:n_+11))
B nZ;J; 12) ((:11 11) ¥ (_1)m+1(27n_+13))

- )l
e

Applying (4.1) as A = 5Sand A =7, we have

RO = oD@ _ R

m m+1
_ (n—D@ +n* - 1091 + 251) n—1)+ 1 m(n—l))
B 6!n(m + 1) m =D 2m + 1

n-Dm-5((n-1 met M= 1
T 2am + 2) ((m+1)+( D (2m+3))
m+2 ((n-1 wf m—1
T am+ 3) ((m n 2) +=D (2m n 5))
Ry = elel) — R,

(n— 1)(2n’ + 2n* — 3551 — 355n% + 11153n — 19087)
12-7'n(m+ 1)

n-1 of m—1
(" el
_(n—1)(n3+n2—109n+251)((n—1 1 m+1(n—1
6ln(m + 2) )T s

n-Dm-5((n-1 of m—1
T 12n(m + 3) ((m+2)+(_1) (2m+5))

AIMS Mathematics Volume 11, Issue 11, 37532-37547.
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_ m+3 ((n_1)+(—1)m“(n_1)).
nim+4) \\m+3 2m+7

The same recurrence gives explicit polynomial expressions for 3., R (n) for every even A.

For example, when m = 2, we have

_ _ 4 _ 3 2 _
3,(Las2,8) + 3L 4, 2) = _(n 1(n—-2)(5n 277112 . 74'69n + 5787n — 13936)
3n(8n:32,6) + 34(£45:6,2)

_(n=Dn- 2)(7n® — 39n° — 946n* + 7950n° + 33743n* — 4111110 + 773596)

10!
4.1. Odd case
For odd values of A, we instead use an explicit expression of RY which appears in [9, Remark (14)
of Theorem 6].
Lemma 3.

weliea o )
n m 2m

By applying (4.1), together with Lemma 3 (4.2), we have

Rﬁj) — 6(11)6(2) —RM

m m+1

:n—l 1 ((n—1)+(_l)m(n—l))
2 nm+1) m 2m+ 1

b))
n\\m+1 2m+ 2

__n—2m—1( n )+(2m+1)(—1)’"( n )

m+ 1 n? 2m+2
Applying (4.1) as A =4 and A = 6, we have

Rﬁf) _ e<13) e _R®

m m+1

__(n—l)(n—3) n—1 o n—1
T T 8+ 1) (( m )+( D (2m+1))

+n—2m—3( n )_(2m+3)(—1)m“( n )

2n? m+2 n? 2m+4
RD = 962 RO

_(n—l)(n—S)(n2+6n—19)((n—1)+ 1 m(n—l ))
B 288n(m + 1) m =D 2m+ 1

n-1)n-3)((n-1 TRl
T 8nm 1 2) ((m+1)+( D (2m+3))

_n—2m—5( n )+(2m+5)(—1)’"( n )

2n? m+3 n? 2m+ 6

4.2)

AIMS Mathematics Volume 11, Issue 11, 37532-37547.
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4.2. Expressions in terms of degenerate Bernoulli numbers

As in Theorem 2, a general expression for R can be obtained in terms of the degenerate Bernoulli
numbers defined in (3.5). The binomial coefficients outside their natural range are regarded as zero

Theorem 4. For even A with A > 2 and positive integers n and m, we have

Z%({n” 7""2’A72""’2)
~—— ~——
J=1 j-1 m—j
= i (=D 1 niB(n ) (A - 2k = 3\ ((n -1 ey
44 opm+k+ DY\ -1 m+k 2m + 2k + 1

A m+é_1 n-—1 A n-—1
-1 5-1 2 _1m+7—1 )
AN n(m+ %) ((m+g—1)+( e (2m+A—1))

For odd A with A > 1, we have

ZS”((I’[;;27-"92’A92""’2)
~— S~——

Jj-1 m—j

_ 22 (=DM nBi(n™") (A= 2k =3 1)+(_1)m+k n-1

S 44 pm+k+ i i—1 m+k 2m + 2k + 1
aal ff n—=1 m A3 n-1

+D Z((mw‘T) =D (2m+A—1))'

Proof. When A = 2A’ is even with A” > 2, we have

7%(214’)
(2A -2) (2) (2A’-2)
Rm+1
k (2A —2k-2) (2) A'-1(2)
—Z( 1 i+ (CDYTIREL
2A"-2k-2

2A" — 2k 3 J
—Z( DH-1) Z ( )ﬁj(n‘l)%

S ((””)+<—1>"“k( )
nim+k+1)\\m+k 2m+ 2k + 1

’ +A,_1 I’l—l ’ I’l—l
-1 a-mra =2 _1ym+A-1
Dy Ay ((m+A’—1)+( " 21

A'=22A"-2k-2

_Z Z (=D*'niB;(n™") (247 = 2k - 3\ ((n -1 (1) n—1
&L nm+k+ D! j-1 m+k 2m+ 2k + 1
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The case where A = 2 can be checked separately using RY = mely.

When A = 2A’ + 1 is odd with A’ > 1, we have

R(ZA’H)
. A-D (2) (2A’-1)
el - R
k (2A —2k-1) (2) (1)
—Z( Die DR,

2A"-2k-1

2A" - 2k 2 j
—Z( DH-1) Z ( )ﬁj(n")%
el )
nm+k+1)\\m+k 2m+ 2k + 1
_wlffn-1 Cqymeaa =1
+=D (( +A) =1 (2m+2A’))
_A"”Ai (1)k+‘nfﬁ(n-‘)(2A' 2k—2)((n—1)+ » m+k( n—1 ))
B . n(m+k+ 1);! i—1 mak) TV ot 2k 1
o lf(n-1 _qymeai n— 1
+=D n((m+A’)+( D (2m+2A’))'

This is also valid for A” = 0 because the first term is nullified and the second term is the right-hand
side of the identity (4.2) in Lemma 3. O

5. Comments and future work

The recurrence strategy developed in this paper applies to the sum over the exceptional position. It
seems possible to derive explicit formulas for the sum over j of

3 343 3
Z W et Uy UGG U (5.1)

1<ij<-<ip<n—-1

Once explicit formulas for the basic cases A = 1,2,3 in (5.1) are established, the same strategy may
lead to a systematic treatment of this broader class of sums.
A fixed-position evaluation 3,({,;;1,...,1,A,1,...,1) for each j is a separate question.
~— ~—

-1 m=j
6. Conclusions

In this paper we have established explicit expressions for g-harmonic sumson 1—---—1,A,1—---—1
indices when A > 3, though we do not generally evaluate each summand at a prescribed position of A.
The cases when A = 1,2 have already been treated in the previous articles. The explicit formulas are
obtained in terms of binomial coefficients and degenerate Bernoulli numbers. Some expressions about
2—-..=2,A,2—---—2 are also shown.
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