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1. Introduction

1.1. Motivation

In this paper, we analyze a two-species cross-diffusion system with volume-filling. The system is
called the two-species chemotaxis equations, and is used to describe the movement of two different
cell types in crowded and uncrowded tissues. Refer to [1] for a detailed explanation of this model.

In [2], the two-species chemotaxis system was investigated as a cross-diffusion system with volume-
filling, but it did not show that a weak solution of this system exists. This work is a continuation of
these references, showing that the system has a weak solution.

The global existence analysis of this chemotaxis system in [2] indicated that the method to derive
efficient gradient estimates is the key factor for the existence proof. The upgraded entropy estimate
implies the existence of a weak solution, which is the main contributions of this work.

Let us denote D = {u = (uy,up) : u,u, > 0,u; + up < 1}, where D refers to the closure set of
D. Foru = (u,up) : Q x(0,00) — D, the two-species chemotaxis system refers to parabolic partial
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differential equations in the form of
Ou = div(A@)Vu) in Q7r = QA x (0, T), T > 0, (1.1)

where Q c R?, d > 1 is a bounded domain with Lipschitz boundary, and u,, u, refer to cell densities.
The diffusion matrix A(u) = (A;;(u)) is given by

ai(l1 —uy) +uy () — Duy
(a2 — Duy ar(l —uy) +u

A(u) = , apn,a >0, a,a # 1. (1.2)

Equations subject to initial and no-flux boundary conditions are as follows:

(A1 ()Vu; + Ap(w)Vuy) - v =0, (An@)Vuy + Ap(u)Vuy) - v =0 on 9Q, t > 0,

) (1.3)
u(0) = u?, u,(0) = ug in Q,
where v is an exterior unit normal vector to 9Q, and u® = (u, u9) is the initial datum.
If the weak solution u = (uy,...,u,) of a cross-diffusion system satisfies that u € V, V = {u =

Wy, s ) = u; > 0,270 u; < 1}, then we say that the system has the volume-filling effect. A chemotaxis
system is a typical cross-diffusion system with volume-filling.

Cross-diffusion systems were divided into two groups in [2]. Degenerate systems [3, 4] and
Maxwell-Stefan equations [5, 6] are typical cross-diffusion systems with volume-filling. The
Shigesada-Kawasaki-Teramoto type population system [7, 8] and semiconductor model with electron-
hole scattering [9, 10] are cross-diffusion systems without volume-filling.

After these preparations, we present the definition of weak solutions to (1.1)—(1.3) and Theorem 1.1.

Definition 1.1. For every T > 0, u® = (%, ul) € D, if u = (uy,u,) satisfies u € D, and for every test
flxﬂ’lction ¢ = (¢l’ ¢2)’ ¢19 ¢2 € LZ(O’ T» Hl(Q))’

T
f Oy, ¢pydt + | (a1 Vuy + (a1 — D)(uVuy — usVuy)) - Véidxdt = 0,
0 or (1.4)

T

f Oz, pp)dt + | (a2Vuy — (a2 — 1)y Vuy — usVuy)) - Vodxdt = 0,
0 Or

with the property that u; € L*(0,T; H' (Q)), ,u; € L*(0,T; H'(Q)'), i = 1,2, then we call u is a weak

solution of (1.1)—(1.3).

Theorem 1.1. Let u° = (u(l), ug) be such that u° € D, u(l)(x), ug(x) € la,b] for x € Q, where 0 <a < b <
1. There exists a weak solution u € D of (1.1)—(1.3).

How to show the weak solution of a cross-diffusion system is unique is very difficult due to the
existence of the cross-diffusion phenomenon. So far, few uniqueness results have been derived.

Among these existing uniqueness results, we usually require that the diffusion coeflicients, the
parameters of a cross-diffusion system, satisfy certain assumptions. In this work, we will show
Theorem 1.2.

Theorem 1.2. Let u® = (u%, ul) be such that u® € D. The weak solution u € D of (1.1)~(1.3) is unique,
ifa; =a; = a.

Once a; # a,, we conjecture that the weak solution still exists uniquely, though it remains very
difficult to prove this conjecture.
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1.2. Major difficulties and novelties

The entropy method has been demonstrated as a powerful tool in global existence analysis of cross-
diffusion systems. How to apply the entropy method to show the existence of weak solutions of cross-
diffusion systems was discussed in [3—7]. Let us present these assumptions:

(H1) There exists a convex function & € C*(V, (0, )) such that its derivative #’ : V — R" is
invertible on R”.

(H2) For every z = (z1,....2,)" € R* and u = (uy,...,u,) € V, there exists a constant ¢ > 0
independent of z and u, such that

T WAz = ¢ Z z,~2.
i=1

Here, H(u) = (H,;(u)) = h”(u) is the Hessian matrix of 4(u), and A(u) is the diffusion matrix of the
cross-diffusion system. For every 1 < i, j < n, H;j(u) = 0*h/du;0u;.

(H3) There exists a constant ¢’ > 0 such that foru € Vand i, j =1, ...,n, |A;j(u)| < .

If h(u) and A(u) satisfy Assumptions (H1)—(H3), then the entropy method can be applied to show
that a weak solution of the cross-diffusion system exists. Assumptions (H1)—(H3) are intimately related
to the concept of “entropy structure” in [11]. The entropy structure is an essential structural character
of cross-diffusion systems.

In the global existence analysis of Maxwell-Stefan equations in [5], the entropy was chosen as

N+1

hp') = kZ x(nx;— D +k 0 = (01, pN). (1.5)
i=1

In (1.5), x; and p; are related by x; = p;/(kM;), p; > O with k = ¥ V1" (0;/M;) and ¥ X' p; = SN x; =
1.M;>0,i=1,...,N + 1 are constants.
For degenerate systems in [4], the entropy was

n+1

h(u) = Z(u,- logu; —u; + 1) + f logg(s)ds + x(u), ae€(0,1], Z u;=1, u; >0, (1.6)
i=1 a i=1

and ¢(s), y(u) were functions defined in (7) and (8) of [4].
For the Shigesada-Kawasaki-Teramoto type population system in [7], the entropy was

hw) = ) m(logu; = 1), 7> 0. (1.7)
i=1
For the two-species chemotaxis system, let us denote u3 = 1 — u; — u,, and consider the entropy
h(u) = u1(logu; — 1) + up(loguy — 1) + us(logus — 1). (1.8)

We remark that i(u) in (1.8) is a major functional in showing the existence of weak solutions of
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volume-filling cross-diffusion systems. For u € D, we have

., (= O 1(1 1 a(l=—w)+u, (- Dy
h(”)A(”)‘{(o i) u_3(1 1)}( (@ — Dy (1 = uy) + uy
_(‘;—:+(1—a1)-:—? a; —1 )

- (9] - L
a — 1 P + (1 —ay) o

(1.9)

1 far+t(@m-aduw a+ (e —@)u
uz \ a1 + (@2 —a)uy @+ (@) —a)u

For the general @y # «, case, we cannot verify Assumption (H2) for A(u) and A(u) in (1.9).
The major novelty of this work is the matrix analysis in Section 2. For each o, @, case, we verify
Assumptions (H1)-(H3). Then, we apply the entropy method to show that a weak solution of
chemotaxis system exists.

In order to show that the weak solution of a cross-diffusion system is unique, we apply the distance
functional to measure the “distance” between two weak solutions of the system. Once the “distance”
between any two weak solutions of the system is zero, we deduce that the weak solution is unique.

The distance functional technique was applied in [4, 12-14]. In [12], the uniqueness result was
shown for a weak solution that is not bounded in general. In [13], uniqueness results for several typical
cross-diffusion systems were discussed.

In general, it is very difficult to construct an appropriate distance functional to show that the weak
solution of a cross-diffusion system is unique. In [15,16], weaker uniqueness results for cross-diffusion
systems were shown. We call such a kind of uniqueness weak-strong uniqueness.

In these references, so-called relative entropy functionals were applied to measure distances
between weak and strong solutions. In this manuscript, we still focus on the uniqueness proof for
weak solutions.

We assume that v = (v, v,) is also a weak solution of (1.1)—(1.3). For every test function ¢ =
(#1,92), ¢1, 62 € L*(0, T; H'(Q)), we have

T
f Oy, P )dt + (1 Vv + (@1 — D(viVvy = v, V) - Véidxdt = 0,
- or (1.10)
f (O0va, po)dt + (@ Vvy = (@ — 1)(Vvy = va V) - Vodxdt = 0,
0 Or
with the property that v; € L*(0,T; H'(Q)), 6,v; € L*(0,T; H'(Q)), i = 1,2. The initial datum is
W= (v?,vg) =u’.
Let us take sums of the equations in (1.4) and (1.10). For every test function ¢ € L*(0,T; H'(Q)),
we have

(0i((a2 = Duy + (o) — Dua), @) = (Al (@ — Duy + as(ay — Duz), @),
(0(a2 = Dy + (1 = Do), @) = (Alai(@z — Dvy + as(a; — Dra), @).

In (1.11), we notice that once @; = @» = @, we have

(1.11)

(O(uy + ), ) = AWy + U2), ), (O, (Vi + 1), 0) = KAV + ), ), u’ =V eD. (1.12)
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We can show that u; + u, = vy + v, for almost everywhere(a.e.) (x,7) € Q X (0,7) merely by
the relation (1.12). For the general a; # @, case, we cannot show that (ay — Du; + (@ — Duy =
(ap — vy + (@ — v, forace. (x,1) € Q% (0, T) merely by (1.11).

We conjecture that for every a;,a, > 0,a;,a, # 1, the relation (@, — Duy + (o — Dup = (@ —
vy + (a1 — 1), holds for a.e. (x,7) € Q X (0, T). It remains one of the major challenges in the study
of parabolic partial differential equations. Some further remarks will be provided in the final section.

In [4, 12], the distance functional was chosen as

diun = Y, [ @+ 600 =26 ax, 0<e<1, (1.13)
i=1,2
where
E(s)=(s+e)log(s+e)—-D+1, s=>0.

By the convexity of &,, we have &.(u;) + &:.(v;) —2E:.((u; +v;)/2) = 0in Q; thus, d.(u,v) > 0. Because
u;,v;, i = 1,2 are only non-negative, we have to add the regularizer 0 < £ < 1 in (1.13).

In Theorem 1 of [13], once we choose &t = u; + up, p(s) = @ — (@ — 1)s, g(s) = @ — 1 and
r = 0 (notations are defined in [13]), we notice that this theorem directly yields the uniqueness result
Theorem 1.2. For integrity purposes, we still apply the distance functional in (1.13) to show that the
weak solution of (1.1)—(1.3) is unique in Section 4.

1.3. Main steps

We divide the existence proof into four steps.

Step 1. In Section 2, we define entropies A(u) in (2.1)—(2.4). We verity that for each a, @, case,
h(u), A(u) satisfy Assumptions (H1)—(H3).

The verification of assumption (H2) is reflected in Lemmas 2.1-2.4, which is the major step of this
existence proof.

Step 2. In Section 3, we show that a weak solution of (1.1)—(1.3) exists. We rely on (H1)-(H2) to
derive a sequence of approximated solutions indexed by 7, & > 0.

In this step, we mainly refer to Lemma 5 in [2]. This lemma showed the existence of approximated
solutions by applying the Lax-Milgram lemma and fixed point theorem.

The proof of Lemma 5 in [2] takes several pages, and this classical result has been widely applied
in the global existence analysis of cross-diffusion systems. For these reasons, we briefly state its proof
in the Appendix section.

Step 3. We provide uniform estimates of approximated solutions indexed by 7,& > 0. By (H2)
and (H3), we derive the estimation formulas (3.5)—(3.6).

Step 4. We let (1, &) — 0. We apply the Aubin-Lions lemma from [17,18] to show that the sequence
of approximated solutions converges to a weak solution of (1.1)—(1.3).

We then divide the uniqueness proof into these three steps.

Step 1. In Section 4, we list Lemma 4.1 as an important preparation. Once @ = @, = @, Uy + up =
Vi + W, ae. (x, 1) € Qx(0,T). For convenience, we denote uz = 1 —u; —up, v3 =1 — v — v,.

Step 2. We apply the distance functional in (1.13) to measure the “distance” between u = (uy, u,)
and v = (v, ;). u and v are two weak solutions of (1.1)—(1.3).

Step 3. The distance functional in (1.13) is indexed by 0 < &€ < 1. We let € — 0 to show that u = v,
ae. (x,H) e Qx (0, 7).
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2. Matrix analysis

2.1. The construction of h(u)

Let us consider the case when 0 < ay, @, < 1. We define the entropy h(u) as

1 -1 1 -1
Bu;(log u; ) +,31/l2( 0g Uy ) +us(logus — 1) + B " B +1, B>0. 2.1)
1—&1 1—(1’2 I—Cll 1—(1’2

h(u) =

We verify that h € C*(D, (0, 00)) and that
Oh/0u; = Blogu;/(1 —a;) —logus, i=1,2.
For every (wy,w») € R?, we define
o(y) = ellmamiB(]  yyI=anip | Jl-am/f(q _ yy1-aelf () <y < 1,
g is continuous and nonincreasing in 0 < y < 1, and
g(0) = =By imemlB 5 0 (1) = 0.

We deduce that there exists a unique fixed point O < yy < 1 such that g(yo) = yo.
Then, we define u; = e!!=¥i/B(1 — y,)1=®)/B > (i = 1,2), which satisfies u; + u, = g(yo) = yo < 1.
Consequently, u = (uy,up) € D,uzs =1 —uy —uy =1 -y, and

w; = Blogu;/(1 —a;) —logus = 0h/0u;, i=1,2.

Then, we conclude that &’ : D — R? is invertible on R?, which satisfies Assumption (H1).
Entropies in (2.2)—(2.4) also satisfy Assumption (H1), with similar verification processes. In
Lemmas 2.1-2.4, we verify Assumption (H2). We divide the verification into four cases.

2.2. Casel: 0 < aj,ar < 1
Let us verify Assumption (H2) in Lemma 2.1.

Lemma 2.1. Forevery0 < aj,as < 1, 7 = (z1,22) € R?, u € D, h(u) given by (2.1), we have
R WAz = oz} + 23),

with ¢ > 0 a constant independent of u and z.

_B__ 0 1(1 1
h"(u):((l—gl)ul 5 )+u_3(1 1).

(I—a2)uz

Proof. By (2.1), we have

In the following computation, once a; < a@,, we decompose the matrix as

1 ( ay + (@ —apDuy ar + (o) — ax)uy )

uzs \ @) + (a0 —apuy  ap + (@) — az)u,

- 1 1 1
:011+(012 011)”2(1 1)"‘(@2—@1)(8 1).

Us
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If @y > a», the decomposition is given as

i( a) + (@ —aDuy as + () — ax)u )
us

ay + (@ —aDuy a + (o) — ax)uy
L) +(Q’1 —Q’z)lh 1 1 1 0
R TN

Once a; < @, we have

B - pu—
l’l”(l/[)A(u) — {( (I—apuy 2 ) " l( 11 )} ) ( aq + (1 a’l)uz (C¥1 1)1/!1 )

0 o us 1 1 (a/2 - 1)142 ay + (1 - ag)ul

:L.F“_Z -1 ap+(@m—apur [ 1 1 0 1
_ (1—ay)u u _
—IB( uy 1 o +ﬂ)+ 11 +(a2 al) o1/

(I—a2)u u us

Let us choose the constant S as

= (I -a)(ay —ay)

2a 1
which follows

a—a; (1-a)(a - 011)@2}

, and denote ¢ = min{ R 2 )
— )

2
+ (ap — a’l))zz + (0, —a1)122

[J’aqu +( ,8a/2
(I—apu; M1 —a)us
ﬂal _ ) — )Zz ﬁazzé
(I = apuy 4 Y- e

(a2 — QI)Z% 4 (I —a(a: - 0/1)01ng
- 4 2(1 - 0/2)0/1
For every u € D, z = (z1,2,) € R?, we have
P
@,z
Bay 1 +( Ba;

(I-apuy (A -aus

Uy up o ap+ (@ —a)u 2 2, 2
+B(| =z = [ —) + (21 +22)° 2 (2] + ).
u 125} us
Once a; > a,, we have

., L 42 -1 ar+ (@ —a)u (1 1 1 0
h(u)A(u)=ﬂ( et +m)+ — 1(1 1)+(a/1—a/2)(1 0).

= (a2 - 011)(%1 +22)" + (

> c(z% + z%).

2 Az = + (@2 — )3 + (@2 — )22

(I—a2)uz 173

Let us choose the constant 8 as

_ (I - a)(a; —ay)

_ - a (I -m)a - aa
B 0 , and denote ¢ = 1’1111’1{ R 20 —ana, }
which follows )
Ba, , Bz
— + () - +———+(a) —
(e * @ )i+ g + @ — oz
2
2. Baizy Bas Q) — @\ ,
= - + =)+ -
(01— @) 2) (I —a)u ((1 — @)up 4 )Z2

(1 - @) —w)az; (o - @)z

+ > (22 + 23).
21— ay)y ;7 Cdata)
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For every u € D, z = (z1,22) € R?, we have

2
Ty Bay 2 Basz;
h A =— + — + + -
S AWz =TS+ (@ —a))d + g S+ (- adnn
u [u a + () — ar)u
+ﬁ( —2Z1 _ —1Z2)2 + 2 ( 1 2) 1 . (Z] +Z2)2 > C(Z% + Z%)
u U us

Once a; = @, = a, we choose 8 = 1, and denote ¢ = a/(1 — a). Forevery u € D, z = (z1,2,) € R?,
we have

2 2
az az u u (04
ZH (A (u)z = S— 2 (20— R = @+ ) >l + D).
d-aou;, (A-au, u up u3

Then, we finish the proof of Lemma 2.1. O

2.3. Case2: aj,ar > 1
Let us define the entropy h(u) as
B B

loguy — 1 log u — 1
Bui(log u, )+,8u2(ogu2 )+u3(logu3—1)+ + +1, B>0, (2

h(u): a’]—l a2—1 a1—1 a2—1

when a4, @, > 1. Then, we show Lemma 2.2.

Lemma 2.2. For every a;,a, > 1, 7 = (21, 22) € R?, u € D, h(u) given by (2.2), we have
R WAz = (7} + 23),

with ¢ > 0 a constant independent of u and z.

_B 0 1(1 1
” —| (- —
(a2—Duy
Once a; < @y, we have

ﬁ -_ p—
WWM@:dWGM 0 ]+i(ii”(m+ﬂ ayuy (@ ml)
(a2—Duz

Proof. By (2.2), we have

u3 (a2 — Duy ay + (I —ax)uy

1 u
::8( (a1=Duy ;u_f-i_l | 1 )

us
(a2=Dup + uz +1

+a1+(a/2—a1)u2( } i )+(012—011)(8 })

us
Let us choose the constant 8 as

_ (ay = D(ap —ay)

a—ay (o — 1)(ap — a’l)}
> ,

4 2(a, = 1)

, and denote ¢ = min{

B
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which follows

Bz N ( B

+(a; - S+ (ap —
(@1 = Duy (@2 — Duy (a2 “‘))Zz (@2 = @iz

B - al) 2 Bz

(a1 — Duy 4 " (- D
S (@2 — 0/1)2% N (a1 — D(az — al)Z%
n 4 2(ay — 1)

For every u € D, z = (z,2,) € R?, we have

Bz; +( B

(a1 = Duy Maz — Dus

2 2
Z Z ay + (@ — ayp)u
u 175}

= (@ —a)(G +2)" +

> c(z% + z%).

Z'h () A(u)z =

2
+ (ap — @1))22 + (2 —1)z122

) (21 + ) = (@ + ).

Once a; > a», we have

., = _ll)u +5 41 1
W' (WA@w) =g ‘= "

)+0z2+(011—012)u1(1 1)+(a a)(l O)
1 u 1 — &2 .
1 ol ] s 11 10

Let us choose the constant 5 as

_ (a2 = D)(a; — ar)

— -1 _
F 2 » and denote ¢ = min {m 4 @ (@ 2(a)1(ci11) %)},
which follows :
ﬁ 2 :8Z2
T - + = 4 _
((CY1 - Duy (y (12))21 (- Dy (a1 — )12

Bzt B @ — @) ,
RS T

(a2 — D)y — a2)z} N () — @)z,
=T 2 -1 4

For every u € D, z = (z1,22) € R?, we have

B
(a1 — Du,

= (a; — ap)(zy + %2)2 +

> c(z% + z%).

Bz
(a2 — Duy

as + () — a)u;

"W (wAw)z =( + (@1 - @) + + (@1 - )2z

2 2
Z e
+Bus(L + 2+ (B+ ) (21 + 22)* = (2 + 23).
u U
Once a; = @, = a, we choose B = 1, and denote ¢ = 1/(a — 1). Forevery u € D, z = (z1,2,) € R?,
we have

2 2 2 2

z @ 2z
2t (—+1D)-(m+n)+ u3(u—1 + u—z) > (2] + 25).
1 2

Ty — !
z h (wAu)z = @-Du  @-Dm i

Then, we have shown Lemma 2.2.
O
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24. Case3: 0<ay <1<

If 0 < a; <1 < ay, we define the entropy h(u) as

Buiogu; — 1) N Bus(logu, — 1)
) — 1 1- an

+u3(logu3—1)+a’8 + B +1, B>0. (2.3)

h =
(@) 1 1-a

Lemma 2.3. Forevery0 < as < 1 < ay, 7= (z1,22) € R?, u € D, h(u) given by (2.3), we have
R WA W)z = (7} + 23),

with ¢ > 0 a constant independent of u and z.
Proof. By (2.3), we have
—£_ 0 1(1 1
h"(u) — ( (a1—1uy 5 )+ _( ),
0 (1-az)uz us 11
which follows

h;/(u)A(u) = {( (mgl)ul ,(6') ) 1 ( } i )} ( a) + (1 — )iy (ay — Duy )
(I-a2)uz

+ —_
us (2 — Duy a + (I —ax)uy

L_ 484 1
_:B (a1—Duy uy
= 1 o u

(I—a2)uz uz

a2+(a1 —az)ul 1 1 1 0
+ " (1 1)+(0/1—0/2)(1 O)

Let us choose the constant 8 as

_(-m)(a —a) - a (1 -m)(e —am)e
B = 2, , and denote ¢ = mln{ Y @ - Day },
which follows
B 2 ﬁalz%
— (- + + " +(a; -
(G (@ m o2t P+ o (@ meaz
2
220 2 Bz Ba; a — @y ,
= (a) — + Y+ B+ + -~
(- e e he e (e g 2
(1 - ) — m)aiz; (@) — )z s
> > .
2ar - Das g =carn)
For every u € D, z = (z1,22) € R?, we have
2
' AWz =(—— + (@ —ay + = (o -
xZ " ()A )z =( @~ D (1 — 2 +B))3] T (@1 — @)z122
u u @, + (@) — ay)u
L N L Rl L 1)
Ui U us

Then, we have shown Lemma 2.3.
O
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2.5 Case4: 0<a;<1<a

If 0 < @ <1 < ay, we define the entropy h(u) as

Buiogu; — 1) N Bus(logu, — 1)
1- (07 Q) — 1

+ us(logus — 1) + B + B +1, B>0. 24

h =
(M) 1—(1’1 (1’2—1

Lemma 2.4. Forevery0 < a; < 1 < ay, 7= (z1,22) € R?, u € D, h(u) given by (2.4), we have
R WA W)z = (7} + 23),

with ¢ > 0 a constant independent of u and z.
Proof. By (2.4), we have
—L_ 0 1(1 1
hl/(u) — ( (1—ay)u, s )+ _( ),
0 & wy\ 11
which follows

ﬁ - —
B (A ) = {( (l—c(lf)l)ul ,(6') ) + 1 ( } 1 )} ) ( a; + (1 —a)u, (ay — Duy )
(ar—Nuy

us

(2= Duy  ar+ (1 —a)u
A 2 -1
::8( (I—apu; uj | ; )
1 (a2—Duy + i +1
a1+(a2—a1)u2 1 1 01
+ " (1 1)+(Qz-(¥1)(0 1)

Let us choose the constant 8 as

(I —a)(az —ay) . —a (I -—a)(a —apa
B = 2, , and denote ¢ = mln{ Y - Da, },
which follows
18“12% B 2
(1 -a)u " ((az - Duy tie - +ﬁ))Z2 o - muz
=(@-a)G o)’ + (G - — )AL

| (@ )z (1 —a)(@ - a)ang

+ > (2 + 23).
=7 3 - Day, 2@t

For every u € D, z = (z1,22) € R?, we have

TH A we =2 (o + = o +B)F + (@2 — e
(1 - ozl)ul (a'z - 1)”2 ? : 2 ’ R
u u a) + (@ — a))u
N T R )
Ui U us

Then, we have shown Lemma 2.4.
O
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3. Proof of Theorem 1.1

Let us give the proof of Theorem 1.1.

Proof. Step1.LetT >0, Ne N, 7=T/N,0< e < 1,and m € N with m > d/2. This ensures that the
embedding H" () — L*(Q) is compact.

Lemmas 2.1-2.4 indicate that Assumption (H2) can be satisfied. By Lemma 5 of [2], we can show
that given wk! € L*(Q) for k € N, there exists w* € H™(Q), u(w*(x)) € D for x € Q, such that

1 f(u(wk) —u(wW*h)) - pdx + quS - BWA)Vwkdx + sf ( Z DWW - D% + wh - ¢)dx =0, 3.1
T Ja Q e
for every ¢ € H"(Q). Here, A : B = }, ; a;;b;; for matrices A = (a;;) and B = (b;)).

In (3.1), u(w*) = ()1 (Wh), BW*) = A(u(W)H(uw))™!, and H(u) = b’ (). lal = a1+ -+ =m
is a multi-index, and D* = 9"/ (Ox]" - - ij"’ ) is a partial derivative of order m. If k = 1, we define
w? = I’ (u®). Because u;(x), u»(x) € [a, b] for x € Q, where 0 < a < b < 1, then w° = I’ (u°) € L*(Q).

Let us denote u* = u(w*), and introduce the piecewise-in-time constant functions u® = ¥, w® = w*
for x € Q, t € ((k — 1)7, k7). At time ¢ = 0, we set u™(-,0) = u’. Letting u® = (u\”, u"), we define the
backward shift operator (o-,u™)(x, ) = u*! for x € Q, t € ((k — 1), kr]. u'® satisfies that

1 T T
- f f u® = o) - pdxdt + f f V¢ : Bw™)\Vwdxdt
TJo Ja 0 Ja

T
a, (T) | N (1) . —
+& ; L(ZDW D% +w ¢)dxdt 0,

lal=m

(3.2)

for piecewise constant functions ¢ : (0,7) — H™(Q).

Lemma 5 in [2] only requires that A”(u)A(u) be positive semi-definite. The positive semi-
definiteness of A" (1)A(u) is included in (H2).

Step 2. Relying on (3.1) and the inequality

h(u(w) = hu'™") < B @wh)) - @) = uw*),

we deduce that w* satisfies the discrete entropy inequality

f h(uW))dx + t f Vwt : BwF)Vwkdx
Q

Q

Da/ k12 k2d_fh k_ld.
+srfg(2| WP+ W P)dx < | huw'))dx

|a|l=m Q

(3.3)

By the generalized Poincaré inequality, we deduce that

k)2 k)2 k12
fg (D IDWAP + W P)dx > Colw I,

lal=m

where C, > 0 is the Poincaré constant. By Lemmas 2.1-2.4, we have

Vwk : BWH)VnF = Vit HWHA W)Vt > c((Vik | + [V ).

AIMS Mathematics Volume 11, Issue 11, 37512-37531.



37524

Combining the above computation results, by (3.3), we conclude that

f h(u")dx + ct f IV Pdx + £Ctlw i3y < f h(u*")dx. 3.4)
Q Q Q

Summing these inequalities over k = 1, ..., j in (3.4), we can show that

J J
h(u)dx + ct f Vi Pdx + eCot Y W Pmen < f h(u®)dx,
| > e < .

k=1 Y
so it follows that
12
||M(T)||L2(O,T;H1(Q)) + g/ ||W(T)||L2(0,T;Hm(9)) <C, (3.5)

with C > 0 a generic constant independent of 7, €.
Step 3. Let us give a uniform estimate for the discrete time derivative of u™. A(u'™) satisfies
Assumption (H3); then, by (3.5) and Holder’s inequality,

1 T
—' f f(u(ﬂ - O-TM(T)) - pdxdt| < SHW(T)”LZ(O,T;HW‘(Q)) : ||¢||L2(0,T;Hm(g))
T 0 Q (36)

+ ||A(M(T))||L°°(O,T;L°°(Q)) : ||VM(T)||L2(0,T:L2(Q)) : ||V¢||L2(0,T;L2<Q)) <C.

By (3.5) and (3.6), we apply the Aubin-Lions lemma. There exists a subsequence which we do not
relabel, such that as (1,&) — 0,

u™ — u strongly in L*(0,T; L*(Q)), and a.e. in Q x (0, 7).
u™ — yweakly in L*(0, T; H'(Q)).

3.7
'™ — ou™) — d,u weakly in L*(0, T; H™(Q)). S
ew™ — 0 strongly in L*(0, T; H™(Q)).
Let us denote J = (J4, J,) with
J, = alV(u(lT) —u) + () — 1)((u(1T)Vu(ZT) - u(;)Vu(lT)) — (1 Vuy — u3Vuy)),
J, = QZV(u;T) —up) — (ay — 1)((u(1T)Vu(ZT) - u(zT)Vu(lT)) — (1 Vuy — u,Vuy)).
Because

w?Vu? = uVu; = uPV@? —up) + P - u)Vuy, 10, <2, (3.8)

by (3.7)-(3.8) and the dominated-convergence theorem, we can show that for every ¢ €

L*(0,T; H"(Q)), as (1,&) — 0,
T
f f J - Vdxdt — 0. (3.9)
0 Q

(3.9) implies that for every ¢ € L*(0, T; H"(Q)), as (1,&) — 0,
T
f f (AU)Vu'™® — A(u)Vu) - Vodxdt — 0. (3.10)
0 Q
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By (3.7) and (3.10), we deduce that for every 7 > 0, ¢ € L*(0,T; H"(Q)), we have

T T
f fa,u - pdxdt + f f Vo : A(u)Vudxdt = 0. (3.11)
0o Jo 0o Jo

By (3.6), o,u € L*0,T; H'(Q)), and consequently, the weak formulation (3.11) also holds for
every ¢ € L*(0,T; H'(Q)). Finally, u € H'(0,T; H'(Q)) — C°%[0, T]; H'()’) shows that the initial
condition is satisfied in H'(Q)’. u satisfies (1.1)—(1.3) in a weak sense, and we finish the proof. O

4. Proof of Theorem 1.2
In the following uniqueness proof, we state an important lemma, which is Lemma 10 of [4]. This

lemma also has a detailed explanation in [19], so we omit the proof.

Lemma 4.1. If u is an absolutely continuous measure with respect to the Lebesgue measure, and
f,g : Q — [0, c0) are measurable, bounded, positive functions such that \/?, Vg € H'(Q;du), then

we have
f V T+ gPdu < f v \FRdu + f IV VEPd.
Q Q Q

Let us give the proof of Theorem 1.2.

Proof. Step 1. Let /(1) € H'(Q) be the unique solution to
AL(t) = uz(t) —v3(1) in Q, V{-v =0o0n0dQ, f{dx =0, r>0.
Q

Because u3 — vy € L*(0, T; L>(Q)), we have ¢ € L*(0,T; H'(Q)). As 8,(uz — v3) € L*(0, T; H'(Q)),
we have Ad,Z € L*(0,T; H'(Q)'). We can prove that r — [[VZ()|17, « is continuous on [0, 7] and that
fora.e. t > 0,

1d
35 | 1vePdx = ~(80.2.6) = ~0,s = 2.0
tJa
= af V(uz —v3) - Vidx = —ozf(u3 —v3)%dx < 0.
Q Q
Here, (-, -) denotes the duality pairing of H'(Q)’ and H'(Q). It follows that

f IVZ(0)Pdx < f IVZ(0)dx, t>0.
Q Q

At time t = 0, AZ(0) = u3(0) — v3(0) = 0 in Q, and thus, V(0) = 0. We deduce that [V{(7)| = 0 a.e.
in Q, and u3(7) — v3(¢) = AL(¢) = 0 in Q. In the following proof, we denote g = u; + u, = vy + v,.
Step 2. Let us denote

VM]

L =- f(avul + (@ = D Vuy —uVuy)) - dx
o u +&
\%
- f(aVuz — (@ = D) Vuy —uVuy)) - - dx,
o u + &
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\Y%
— f(a’v‘}l + (a/ - 1)(V1VV2 — VZVV1)) . Vi dx
Q Vi + €&
\Y
- f(alvvz —(a— 1D Vv, — v, V) - V2 dx,
Q Vo + &
and i
I; = f(aV(m +v1) + (@ — Dy Vup — uaVuy + v Vv, — v, Vvy)) - (ul—-wl)dx
; up + vy + 2

V(u, +
+ f(on(u2 +v3) — (@ = D(u; Vi, — Vg + v Vva = v V) - — (2 + ) dx.
Q U +vy + 2¢e
Then, we have
d i TV
—d(u,v) = Z ((@ui, log(u; + €)) + (0yvi, log(v; + €)) — (Di(u; + vy), log(u iy g)))
dt i=1.2 2
=L+L+1.

We then have

uVuy — upaVuy = uyV(uy + up) — (uy + up)Vuy = u1 Vg — qVu,

(1 + ux)Vuy — usV(uy + up) = qVuy —uyVg
and

viVvy — v Vv = viV(vy +vp) — (v + v2)Vvy = v Vg — gV,
= (Vi +v2)Vva = V(v + 1) = ¢Vv, — 1, Vg,
which follows
Vu,|? Vu,|? \Y \Y
h:—jY“”4J”ﬂyma—@+wu—m—nfﬁ“m + 2y dx,
Q

U +e u+e o U +& u+e

Vv, |? Vv, |? \v} \v4
h=— [ (O Wl - )+ dx— @ 1) (“Vl‘””
o Vvite wv+e vi+e v+e

)Vqdx,

and

(|V(M1 +v)P + IV(ua + v2)?

(a(l —q)+q)d
o U +vy+2 M2+V2+28) (a(l =q) + g)dx

+v)V(u; + +v)V(uy +
fa-1) (ul vV + 1) (g +v2)V(u Vz))qux.
U + vy +2¢ Uy + vy + 2&
Let us further denote
\Y \Y \Y \Y
(a_l)ff (V| waViny nVn vV,
I/£1+8 U + & Vi+&E wvm+éE
+v)V(u; + +v2)V(uy +
_((ul v)V(uy +vy) N (2 +v2)V(uz vz)))quxds,
up + vy +2¢e Uy + vy + 2¢

and

. . 2 .2 .2
H, = fo IV(ul+Vz)| V|~ [Vvil )-(a(l _ g+ q)dxds
Q

P ul+v,+2s u,+& v,+e

_4fo(|V\/u,+v,+28| —\VVu; + el = IV + €) - (a(1 = g) + ¢)dxds < 0.

i=1,2

(4.1)

4.2)
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Then, we can show that

!

f([l +5L+ I3)dS =H, + H,. (43)
0

In (4.2), we rely on Lemma 4.1 to deduce that H, < 0. Fori = 1,2, we have
Vui, Vv, Vg € LX0, T; LXNQ)), |—|<1, <1, |4V
e YV ( «) |u,-+6| |v,-+s| |u,-+v,-+28
and then, by the dominated-convergence theorem, we derive that as € — 0,
H; — 0. 4.4)

Step 3. By (4.2)—(4.4), because d,(u,v) > 0, d,(u°,v°) = 0, we conclude that as ¢ — 0, d,(u, v) — 0.
Fori=1,2anda.e. (x,1) € Qx (0,7T),

u; +v;
2

Ee(ui) + &e(vi) = 264( )= 0 ase—0. (4.5)

By Taylor’s formula, there are functions 6., 7, € [0, 1] such that

u; +v; , U+ u; —v; 1 . u; +v; u; — Vo
) = £ g (M I e, M (1= ) - (Y
u; +v; , U +V; u; —v; 1 " u; +v; U — v .o
gs(vi) - é:s( 2 ) - gg( 2 ) 2 + 2§g (TIS 2 + (1 ns)vz) ( 2 ) .

Because £/(s) = 1/(s+¢&) > 1/2for0 < s < 1,0 < & < 1, we derive that

. . C_v)2
u; + vl) S (uz vl)
2

4.6
2 — (4.6)

é‘:s(ui) + é:s(vi) - 25&(
We let £ — 0in (4.6). By (4.5), we derive that for i = 1,2, (u; — v;)*/8 < 0; thus, u = v a.e.
(x,) e QA x(0,T). O

5. Conclusions

We have shown that the two-species chemotaxis model (1.1)—(1.3) has a weak solution. In [20],
bounded weak solutions to a class of cross-diffusion systems were also discussed. In the proof, a class
of entropy functionals were introduced to yield uniform estimates.

For some cross-diffusion systems, how to show their weak solutions exist remains a great challenge.
In the global existence analysis of a chemotaxis model with a cross-diffusion phenomenon, we have
demonstrated how to find the entropy structure of the model in this work.

For some cross-diffusion systems, their corresponding entropy structures are still hidden. Among
these systems, the Shigesada-Kawasaki-Teramoto-type population system is the most typical one.
In [7], weak solutions of the population system were shown to exist when diffusion coefficients satisfy
certain assumptions.

We still denote u = (11, u») and constants dy, d;,d>» > 0, dy # d;, dy # d,, with

o(u) = didr(1 —uy — up) + do(dyuy + druy).

AIMS Mathematics Volume 11, Issue 11, 37512-37531.



37528

Three-component Maxwell-Stefan equations are systems of parabolic partial differential equations
in the form of (1.1), with the diffusion matrix given by

1 dr + (do — da)uy (do — dy)u,

Aw) = 5(u) (do—dr)uy  dy+(do—d)uy |

For every test function ¢ € L2(0, T; H'(Q)), u = (u,, u») satisfies that u € D and that

1
(Ogur, @) + {=—=((dr + (dy — dr)u1)Vuy + (do — d1)u, Vup), V) = 0,

o(u)
1
(a,uz, (,0) + <@((do — dz)quul + (d[ + (d() — dl)uz)Vug), V(,0> =0.
Once we denote
B, = d, By = d,
YT dy—dy z_do—dz’
we can show that 5 5
u u
@Brus + Baur), @) = (A== +=2), ). (5.1)

— 4
d, dy
Let us denote ¢;; as the Kronecker delta symbol. For one of the most typical cross-diffusion systems

with a degeneration phenomenon, the system is in the form of (1.1), with the diffusion matrix given by

Aij(u) = 6;jDiup1 + Dy, Uy =1 — Z u, D;>0, i,j=1,..,n.
i=1

For every test function ¢ € L*(0, T; H'(Q)), the weak solution u = (u,, ..., u,) satisfies that u € Vv
and that ”
<0t(5’),<,0> + (Ut Vit — Vi, Vo) =0, 1 <i<n,

which follows

LY )0 = A ) g). (5.2)
i=1 ! i=1

For semiconductor model with electron-hole scattering, the model is in the form of (1.1), with the
diffusion matrix given by

A(u) = 1 ( pi(l + pouy) Hipouy )
L+ pouy +pup \ papotts po(l + pyup) )

For every test function ¢ € L*(0, T; H'(L)), the weak solution u = (u;, u,) satisfies that

(1 + paup)Vuy + pou Vuy

uj
0(—), ) + Vo) =0,
( t(/ll) ®) < 1+ ouy + ‘P>
Vu; + (1 + \Y
wt(@)’(p)_l_(#luz uy + (1 + pyuy) Mz’V@:O’
%) I+ pouy + pyuy
and we can show that " U
1 2
(0(— + =), @) = (A(u; + uy), ¢). (5.3)
M1 M2
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We notice that (5.1)—(5.3) are similar to each other. So far, uniqueness of weak solutions results for
these cross-diffusion systems have been shown when d; = d, in (5.1), D; = D;, 1 <i,j < nin(5.2),
and y; = u, in (5.3). How to show that these weak solutions are unique for general-coefficients cases
remains a major open topic in the study of parabolic partial differential equations.
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Lemma 5 of [2]

For integrity purposes, we give a brief proof to Lemma 5 of [2]. Let y € L*(Q;R"), and ¢ € [0, 1],

and define

,0) = | V¢ :B(Hy)Vwd Dw - D* - ¢)dx,
alw, @) Lqﬁ (y)wx+8fg(z w ¢+w ¢)x

lal=m
o _
F(¢) = —- f (u(y) — u(w* ")) - ¢dx.
T Ja
Let us consider the equation
a(w, @) = F(¢), for every ¢ € H"(Q;R"). (A.1)
The forms a and F are bounded on H™(Q; R"). The matrix B(y) = Au(y))(h”(u(y)))~! is positive

semi-definite because

2Bz = (" () ™'2)"h" WAu))(h" )™z 2 0 for every z € R".
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For the bilinear form a, by the Poincaré inequality, we have

a(w,w) > & f ( D 10wl + Iwl)dx = 8C)lwlim )
Q

|a|=m

We apply the Lax-Milgram lemma to obtain the existence of a unique solution w € H"(Q;R") —
L>(Q;R") to (A.1). This defines the fixed point operator S : L*(Q;R") x [0, 1] — L*(Q;R"), S(y,9) =
w, where w solves (A.1).

The fixed point operator S is continuous, compact, and bounded. For the continuity and
compactness of the operator S, refer to [2] for a detailed explanation. We are left to prove a uniform
bound for all fixed points of S (:,9) in L=(€2; R").

Let w € L*(€Q;R") be such a fixed point. Then, w solves (A.1) with y replaced by w. Let us choose
the test function as ¢ = w; then,

é f(u(w) —uwW ) - wdx + wa : Bw)Vwdx + gf( Z |D*w]* + lez)a’x =0.
T Ja Q Q

la|=m

The convexity of A implies that h(x) — h(y) < ' (x)(x —y) for all x,y € D. Let us choose x =
u(w),y = u(w*1), and I’ (u(w)) = w, which follows

) f h(u(w))dx + et f ( Z |D“w|2+|w|2)a’x$5 f h(u(W"))dx.
Q Q Q

lal=m

This yields an H” bound for w uniform in 6. The Leray-Schauder fixed-point theorem shows that
there exists a solution w € H"(2; R") to (A.1), with y replaced by w and 6 = 1.

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

%1\@ AIMS Press

AIMS Mathematics Volume 11, Issue 11, 37512-37531.


https://creativecommons.org/licenses/by/4.0

	Introduction
	Motivation
	Major difficulties and novelties
	Main steps

	Matrix analysis
	The construction of h(u)
	Case 1: 0<1,2<1
	Case 2: 1,2>1
	Case 3: 0<2<1<1
	Case 4: 0<1<1<2

	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Conclusions
	Lemma 5 of 2

