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Abstract: Let G be a simple, undirected, and connected graph. The additively weighted Mostar index
of G is defined as w*Mo(G) = }.._.yepc)(dc() + dg(v)n,(e) — n,(e)|, where di(u) denotes the degree
of vertex u in G, n,(e) represents the number of vertices in G which are closer to u than to v, and
dc(v), n,(e) are defined analogously. In this paper, we determine the maximum value of the additively
weighted Mostar index over all n-vertex cacti with exactly p pendant vertices and identify the unique
extremal cactus attaining the maximum. Moreover, for the family of n-vertex cacti with precisely b cut
edges, we establish both the largest and the second largest values of the additively weighted Mostar
index and fully characterize the corresponding extremal graphs for each value.
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1. Introduction

All graphs considered in this paper are finite, simple, and undirected. Let G = (V(G), E(G)) be a
connected graph of order n. For a vertex u € V(G), its degree, denoted by dg(u), is the number of
vertices adjacent to # in G. If d(u) = 1, then u is called a pendant vertex, and the unique edge incident
to u is called a pendant edge. A cycle C in G is an end-block of G if exactly one vertex in V(C) has
degree greater than 2 in G. An edge e € E(G) is a cut edge (or bridge) if G — e is disconnected.
The distance between two vertices u and v in G, denoted by ds(u, v), is the length of a shortest path
connecting them in G. The diameter of G is defined as d(G) = max{dg(u,v) | u,v € V(G),u # v}. Fora
subset D C E(G), let G — D denote the spanning subgraph of G with edge set E(G) \ D. Let G denote
the complement of G, i.e., the simple graph on vertex set V(G) such that for all distinct x,y € V(G),
xy € E(G°) if and only if xy ¢ E(G). If D C E(G°), let G + D denote the graph on vertex set V(G) with
edge set E(G) U D. Let C,, P,, and S, denote the cycle, path, and star of order n, respectively.


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.20261450

37481

For an edge e = uv € E(G), we define the following three disjoint subsets of V(G):
Ny(e) ={w € V(G) | dg(w,u) < dg(w,v)},

Ny(e) = {w e V(G) | dg(w,v) < dg(w,u)},
No(e) = {w € V(G) | dg(w, u) = dg(w,V)}.

Let n,(e), n,(e), and ny(e) denote the cardinalities of N,(e), N,(e), and Ny(e), respectively. Then n =
n,(e) + n,(e) + ny(e). For all other terminology not explicitly defined here, we refer the reader to [1].

In chemical graph theory, a molecule is represented as a molecular graph, where atoms and
chemical bonds correspond to vertices and edges, respectively. Topological descriptors, also known
as topological indices, are numerical invariants derived exclusively from the topology of such
graphs. These indices can serve as essential numerical measures that capture structural features
of molecules [2, 3] and are mainly grouped into distance-based, degree-based, and spectrum-based
families. Owing to their computational efficiency and structural sensitivity, topological indices have
been proven very important in QSPR/QSAR (quantitative structure-property/quantitative structure-
activity relationship) modeling. When integrated into machine learning and statistical models, they
enable accurate and robust prediction of key physicochemical properties including melting points,
boiling points, solubility, heat capacity, and molecular stability. In addition, topological indices support
predictive modeling of drug-likeness and molecular interactions, thereby enhancing the efficiency and
rationality of early-stage drug discovery and molecular design.

The Wiener index, introduced by H. Wiener in 1947 in his study of alkane boiling points [4],
is among the earliest and most extensively studied topological indices in mathematical chemistry.
Formally, the Wiener index of a connected graph G is defined as

W(G) = Z do(u, v).

{uy}CV(G)

Wiener showed that among alkane isomers with the same number of carbon atoms, molecules with
more branches exhibit lower boiling points and smaller values of the Wiener index. He also derived
a more efficient formula for trees: W(G) = > ,_,.cg Mu(e) - n,(e). To extend this concept to general
connected graphs-including those containing cycles, Gutman introduced the Szeged index in 1994 [5].
Its definition is given by
$5:G) = ), mle) me).
e=uvekE
For acyclic molecules, the Szeged index coincides with the Wiener index. Several studies have
employed the Szeged index to develop predictive and effective models for some key physicochemical
properties of compounds [6,7].
In 2018, Dosli¢ et al. [8] proposed the Mostar index, which is a Szeged-like topological index
defined as
Mo@G)= ) Infe)=nye)l
e=uweE(G)
They pointed out that the Mostar index quantitatively refines the distance-non-balancedness of G and
can serve as a measure of graph peripherality. Furthermore, they established its extremal values
over the family of trees and unicyclic graphs, and fully characterized the corresponding extremal
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graphs. Since then, the Mostar index has received substantial attention in both mathematics and
chemistry. For example, Tepeh [9] determined the extremal bicyclic graphs for Mostar index; Hayat
and Zhou [10] identified all cacti of order n containing exactly k cycles that maximize the Mostar
index, and subsequently characterized all cacti of order n attaining the maximum value. The potential
biological and chemical applications of the Mostar index were presented in [11]. In addition, the
correlations between the Mostar index and some key physicochemical properties of octane isomers
and benzenoid hydrocarbons were revealed in [12]. Further extremal results and chemical applications
of the Mostar index can be found in [13-17].

By taking into account the vertex degrees, Arockiaraj et al. [11] introduced several degree-weighted
variants of the Mostar index. The additively weighted Mostar index, denoted by w* Mo(G), is one such
invariant defined as

w'Mo(G) = Z (de(u) + dg(v)) In,(e) — ny(e)l.
e=uveE(G)

Since its introduction, the additively weighted Mostar index has been extensively investigated. Closed-
form expressions for this index have been derived via the cut method for several chemically significant
graphs [11, 18]. Ali and Dosli¢ [19] determined the extremal values of w*Mo(G) over the family
of trees of order n and characterized the corresponding extremal trees. Asmat et al. [20] established
a sharp upper bound for w*Mo(G) among n-vertex trees with diameter d > 6, and identified the
extremal trees achieving this bound. He and Liu [21] characterized the extremal bicyclic graphs for
w*Mo(G). Explicit formulae for w*Mo(G) were computed for conical graphs and generalized gear
graphs [22]. Furthermore, the relationships between the additively weighted Mostar index and some
chemical properties were examined for octane isomers and benzenoid hydrocarbons [23].

A cactus is a connected graph G in which every block is either a cycle or an edge. Recently, Liu
and Zhen [24] identified the n-vertex cacti with exactly k cycles that attain the maximum and second
maximum values of the additively weighted Mostar index w*Mo(G), respectively. Building upon this
work, it is both natural and scientifically meaningful to explore the extremal behavior of w*Mo(G)
with respect to other graph parameters of cacti, particularly the number of pendant vertices and the
number of cut edges. In this paper, we establish the sharp upper bounds for w*Mo(G) among n-
vertex cacti with a prescribed number of pendant vertices/cut edges. Moreover, we determine not only
the maximum but also the second largest value of w*Mo(G) under a fixed number of cut edges. In
Section 2, we introduce a series of graph transformations, each of which strictly increases w*Mo(G)
whenever applicable. Applying these transformations, in Section 3, we determine the maximum value
of w"Mo(G) over all n-vertex cacti with exactly p pendant vertices. We also identify the unique
extremal cactus attaining the maximum. In Section 4, we establish both the largest and the second
largest possible values of w* Mo(G) for n-vertex cacti with a prescribed number of cut edges. For each
extremal value, we completely characterize the corresponding extremal cacti.

2. Preliminaries

In this section, we introduce some graph transformations that strictly increase the additively
weighted Mostar index of a graph. For brevity, we define the contribution of each edge ¢ = uv € E(G)
to the Mostar index and the additively weighted Mostar index of a graph G as ¢¢(e) = |n,(e)—n,(e)| and

Dg(e) = (dg(u) + dg(v)) In,(e) — n,(e)|, respectively. Then w*Mo(G) = 3, Dgle) = Y (dg(u) +
uveE(G) uveE(G)
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dc(V)dc(e).

Lemma 2.1. [21] Let G be a connected graph, and let e = uv € E(G) be a cut edge that is not
pendant. Denote by G* the graph obtained from G by contracting the edge e = uv to the vertex u and
then attaching a new pendant edge to u (see Figure 1). Then w* Mo(G) < w*Mo(G™).

v
(6K
G G*
Figure 1. Graphs G and G* in Lemma 2.1.

Lemma 2.2. [24] If G is a cactus of order n with maximum additively weighted Mostar index, then
all cycles in G are end-blocks.

Based on the proof of Lemma 2.2, the following structural observation holds for cacti.

Remark 2.1. Let G be a cactus with a cycle C = viv,---v,vy, and for each k = 1,2,...,m, let Gy
denote the connected component of G — E(C) containing vy. Define G" as the graph obtained from G
by moving all Gy (k = 2,...,m) to v;; specifically, for each k = 2,...,m and each vertex w € Ng,(vy),
delete the edge viw and add the edge viw. Then w*Mo(G) < w*Mo(G"), with equality if and only if C
is an end-block of G.

Lemma 2.3. Let G be either a cycle Cy or a graph containing an end-block C; = uju; - - - uxuy, where
k > 5 and u, is the unique vertex of Cy with dg(uy) = max{dg(u;) | i = 1,...,k}. Define G* =
(G — uzuy) + {uus, uyus}. Then wrMo(G) < w*Mo(G*).

Proof. For brevity, denote dg(u,) by d,,,. Obviously, G—{uy, u3,- -+ ,ux} = G*—{ua, u3, - - -, u}. Denote
it by H. Then ®g(e) = Dg-(e) for each edge e € E(H) not incident to u;, while ®g-(e) > Dg(e) for
each edge e € E(H) incident to u;. Therefore,

wrMo(G*) — w* Mo(G) > Z Dg-(e) — Z D(e).
ecE(G*)\E(H) ecE(G)\E(H)

Case 1. k is odd.
Then ¢G(uk+1u%) = 0 and ¢g(e) = n — k for all other edges e € E(C;). Consequently,

2

®G(u%u%) = 0, Og(uiuy) = Og(uruy) = (d,, + 2)(n — k), and Og(e) = 4(n — k) for each edge

e € E(CoMuwurs, uyup, ). Thus, 3 Dgle) = 3, Dgle) = 2(d,, +2)(n—k)+4(k—3)(n—k).
2 ecE(G)\E(H) e€E(Cy)

In G*, we have ¢G*(l/l2bt3) = ¢G*(u$u#) = O, ¢G*(M11/t2) = ¢G*(I/t11/l3) =n- 3, and ¢G*(€) =n—-k+2
for all edges e € E(G*) \ (E(H) U {u uy, uyus, upus, u%u%}). Since dg«(uy) = d,, + 2, it follows that
Qg+ (uzu3) = P (Uisutigs) = 0, g (uiy) = P (uru3) = (dy, + 4)(n = 3), O (u1uy) = P (ur14y) =
(dy, +4)(n—k+2),and Og-(e) = 4(n — k + 2) for all remaining edges e € E(G*) \ E(H). Therefore,
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2 DOg-(e) =2(d,, +4H)(n—k+2)+4(k-5)(n—k+2)+2(d, +4)(n-3). Then
ecE(G*)\E(H)

Og()= D, Pgle)
ecE(G*)\E(H) ecE(G)\E(H)

= [2(dy, + H(n—k+2) + 4k = 5)(n — k +2) + 2(d,, + H)(n - 3)]
= [2(dy, +2)(n = k) + 4(k = 3)(n = k)]
=2(n - 1d,, +4n+12(k—4) > 0.

Case 2. k is even.

A parallel computation gives

Og(e)— Y. Dgle)

e€E(G™)\E(H) c€E(G)\E(H)

=[2d,, +4)n—-k+2)+4k—-4(n—k+2)+2d, +4)(n-3)]
—[2(dy, +2)(n — k) + 4(k — 2)(n — k)]

=2n—-1d, +4n+12(k-4)+8 > 0.

Hence, w*Mo(G*) — w"Mo(G) > 0. O

Lemma 2.4. Let G be a graph containing two end-blocks C = uu urusu and C, = uviv,vsu that share
the common vertex u. Define G' = (G — {uyuy, viva}) + {uuy, uvy, uyvy}. Then w*Mo(G) < w*Mo(G").

Proof. Obviously, G — {uy, us, uz, vy, v2, v} = G’ — {uy, up, us, vy, v2, v3}. Denote it by H. Then ®g(e) =
@ (e) for each edge e € E(H) not incident to u, while @ (e) > Dg(e) for each edge e € E(H) incident
to u. Consequently,

wMo(G") — w"Mo(G)
> 6D¢ (uuz) — [4Dg(uuy) + 4D (1 us)]
= [6(dg(u) + 4)(n = 3)] = [4dc(u) + 2)(n —4) + 16(n — 4)]
=2(n - 1dg(u) +24 > 0.

Lemma 2.5. Let G be a graph containing two adjacent cut edges e; = uju, and e; = upus. For
i =1,2,3, let G; denote the connected component of G — {ey, e,} that contains u;. Let G’ be the graph
obtained from G by first moving G, and G5 to u;, and then adding a new edge e3 = uus (see Figure 2).
If min{ds(u,), dg(u3)} = 2, then w*Mo(G) < w*Mo(G’).
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oy

Figure 2. Graphs G and G’ in Lemma 2.5.

Proof. Fori=1,2,3,let|V(G;)| = n; + 1, and denote dg, (1) = a, dg,(u2) = b, and dg,(u3) = ¢, where
a,c > 1. Obviously, for each i € {1,2,3}, ®s(e) = Ps (e) holds for every edge e € E(G;) that is not
incident to u;. Furthermore, ®g(e) < @ (e) holds for every edge e € E(G;) incident to ;. Therefore,

wMo(G") — w"Mo(G)
> Qg (uiur) + O (uu3) — Pg(u1uz) — C(uou3)
=2(a+b+c+4d(n-3)—(a+b+3)|ny+n3+1—ny|—=(b+c+3)n; +n, +1 —ns|
>2a@+b+c+4d)n-3)—-(a+b+3)Yn-3)—(b+c+3)n-3)>0.

O

Each of the above graph transformations strictly increases the additively weighted Mostar index
whenever applicable. Critically, every transformation preserves both the number of vertices and the
prescribed number of pendant vertices or cut edges. By iteratively applying these transformations,
any extremal cactus can be progressively reduced to a restricted configuration consisting mainly of
short end-blocks and pendant edges clustered around particular vertices. Such reduction is not merely
technical but is foundational to the extremal characterizations established in Sections 3 and 4.

3. Maximum additively weighted Mostar index of cacti with a fixed number of pendant vertices

Let C! denote the set of all cacti of order n with exactly p pendant vertices. In this section, we

determine the maximum value of the additively weighted Mostar index over C. Let GL (I, L, ..., [;) €
Ch be a cactus with exactly k end-blocks of lengths [y, l,,...,[; sharing one common vertex that is
adjacent to each of the p pendant vertices, where k > 1,3 <[, <[, <--- <[ and Z li=n+k-p-1.

Denote by DS ,(a,b) the tree obtained from two stars S,,; and S, by addlng the edge uv, where
a>b,a+b=n-2andu,v are the centers of S,,; and S,,, respectively.

Theorem 3.1. Let G € C! be a graph attaining the maximum additively weighted Mostar index, where
n>7and0<p<n-2.
(1)Ifp=n—-2, then w"Mo(G) = n* —5n* + 10n — 12 and G = DS ,(n — 3, 1);
(2)If0 < p <n-3andn-pisodd, then wMo(G) = n*-3n*—n+3p+3and G = G.(3,3,...,3)
NG

n—p—1
2

(see Figure 3);
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(3)If0 < p <n-4andn— pis even, then wMo(G) = n* —5n> + 12n + 2p — 32 and G =
Gh(3,3,...,3,4) (see Figure 3).
N’

n—-p—4
2

n—p—1 n—p—4
2 2

Figure 3. Extremal graphs among C’, when p < n — 3.

Proof. If p =n -2, then G = DS ,(a, b) for some integers a and b, wherea >b > 1anda+b =n—-2.
Suppose a # n — 3. Observe that w"Mo(G) = a(a + 2)(n — 2) + b(b + 2)(n — 2) + n(a — b) and
wrMo(DS,(a+1,b—1) = (a+ Da+3)n-2)+®B -1+ 1D(#n—-2) +nla—->b+2). Hence,
w Mo(DS ,(a+ 1,b—1)) —w"Mo(G) = 2(a— b + 1)(n — 2) + 2n > 0, a contradiction to the definition
of G. Therefore, a = n—3,1i.e., G = DS ,(n— 3, 1), and consequently, w* Mo(G) = n* — 5n> + 10n — 12.

Now consider the case 0 < p < n — 3. Suppose to the contrary that G is acyclic, i.e., G is a tree.
Since p < n — 3, the diameter d(G) satisfies d(G) > 4. Let P = vyv; - - - v4) be a path of length d(G) in
G, and fori = 1,2, 3, let G; denote the connected component of G —{v;v,, v,v3} containing v;. Construct
G’ from G by first moving G, and Gj; to v, and then adding a new edge v;vs. Then G’ € C%, and by
Lemma 2.5, w*Mo(G) < w*Mo(G’), a contradiction. Hence, the following claim holds.

Claim 1. G contains at least one cycle.

By Remark 2.1 and Lemma 2.3, every cycle in G is an end-block and has length either 3 or 4.
Consequently, at most one cut edge is non-pendant in G by Lemma 2.5. Furthermore, by Lemma 2.4,
no two end-blocks of length 4 share a common vertex.

It is straightforward to verify that w*Mo(G%(3,3,...,3)) = n* = 3n* —n+3p + 3 if n — pis odd,

— e
n-p-1

2

and wMo(G%(3,3,...,3,4) = n* = 5n*> + 12n + 2p — 32 if n — p is even. To complete the proof, it
~— ——

n—p-4

suffices to show that every cut edge in G is pendant. Suppose not. Then, by Lemma 2.5, exactly one
cut edge in G is non-pendant. Denote it by e = uv. Let py, t;, and g; (respectively, p,, t,, and g,)
be the numbers of pendant edges, triangles, and quadrangles attached at u (respectively, at v). Then
2ty +3q1 + p1) + 2t + 32 + p2) = n—2 and p; + p, = p. Moreover, by Lemma 2.4, g; € {0, 1} for
i = 1,2. The resulting structure of G is depicted in Figure 4.
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p1+ P2
G///

Figure 4. G, G”, and G"” in the proof of Theorem 3.1.

Suppose g; = 1. Let C = uujuruzu denote the quadrangle attached at u and G” be the graph
obtained from G — u;u, by first moving all pendant edges, triangles, and quadrangles from v to u, and
then adding the edges vu; and uu, (see Figure 4). Then G” € C!, and dg-(u) = dg(u)+dg(v). Therefore,

w Mo(G"") — w"Mo(G)
> 4D (uuy) + 20 (viy) — [2Og(uuy) + 206 (uuy) + Og(uv)]
= 4dgr(u) +2)(n - 3) — 2(dg(u) + 6)(n — 4) — (dg(u) + de(V))|p1 + 2t) + 3 — pr — 21, — 3¢
= 4(dg(u) + dg(v) + 2)(n — 3) = 2(dg(u) + 6)(n — 4) = (dg(u) + dg(V))Ip1 + 21 + 3 — p2 — 21, — 3q»|
> 4(dg(u) + dg(v) + 2)(n — 3) = 2(dg(u) + 6)(n — 4) — (dg(u) + dg(v))(n — 3)
> 3(dg(u) + 4)(n — 3) — 2(dg(u) + 6)(n —4) > 0,

a contradiction to the definition of G. Hence, g; = 0. By symmetry, g, = 0. Consequently, G has no
quadrangles.

Suppose t; > 0. Then dg(u) > 3. Let C3 = uujuju denote a triangle attached at u. Construct
G"’ from G — uu/ by first moving all pendant edges and triangles from v to u, and then adding the
edge vu| (see Figure 4). Then G € ClL and dg(u) = dg(u) + dg(v) — 2. A direct computation
yields w*Mo(G) = pi(dg(w) + 1)(n — 2) + 2t;(dc(u) + 2)(n — 3) + p2(dc(v) + 1)(n — 2) + 2t:(dg(v) +
2)(n=3) + (dg(u) + dg(M)ldg(u) — dg(v)| and w*Mo(G™") = (p1 + p2)(de(u) + dg(v) — 1)(n = 2) + 2(t; +
t, — 1)(dg(u) +dg(v))(n—3) + 2(dg(u) + dg(v))(n —4) + 8(n —4). Since dg(u) + dg(v) = n, it follows that

w Mo(G"") — w*Mo(G)
= pi(n = 2)(da(v) = 2) + paln = 2)(da (@) = 2) + 21,1 = 3)(dg ()~ 2)
+ 2t,(n — 3)(dg(u) — 2) + 6n — 32 — nldg(u) — dg(v)|.

If dg(v) = 2,then p, =1 and , = 0. Asn > 7, we have dg(u) > 5. Therefore,

w Mo(G"") — w*Mo(G)
= (n—2)(dg(u) —2) + 6n — 32 — nldg(u) — dg(v)|
=n-2)dg(u)—2)+6n-32—-—nn-4)
=4n-24 >0,

a contradiction.
If d;(v) > 2, then

w Mo(G"") — w*Mo(G)
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>pin—=2)+p(n—-2)+2t(n—-3)+2tr,(n—-3)+6n—-32—-n(n—4)
>pin=3)+p(n—-3)+2t1(n—-3)+2t,(n-3)+6n-32-n(n—4)
= (p1+p2+2t +26)(n—3)—n* + 10n - 32
=(n-2)n-3)-n"+10n-32=5n-26 >0,

a contradiction. Therefore, #; = 0. By symmetry, #, = 0. This contradicts Claim 1. Hence, every cut
edge in G is pendant. Then G = GL(l,,1,,...,Iy),wherek > 1,3 <[, <, <--- <, f“ l; = n+k—p-1,
andl € 3,4} fori =1,...,k. By Lemma 2.4, [; =3fori=1,...,k—11ifk >i:21 It follows that
I = Z l;-3(k—1)=n+k—-p—-1-3(k—1) =n—p—-2(k—1). Thus, [; = n—p (mod 2). Consequently, if
n— p isodd, thenly =3 and G = G/ (3,3,...,3);ifn—piseven, then [, =4and G = G/ (3,3,...,3,4).

n—p-1 n—-p—4
2 2

The theorem follows. O

4. The additively weighted Mostar index of cacti with a fixed number of cut edges

Let C(n, b) denote the set of all cacti of order n containing exactly b cut edges, where 0 < b < n-—3.
In this section, we determine the extremal graphs that achieve the maximum and second-maximum
values of the additively weighted Mostar index among C(n, b).

Theorem 4.1. Let G be a graph with maximum additively weighted Mostar index among C(n, b), where
0<b<n-3. ThenG = G’3,3,...,3) withw"Mo(G) = n* —=3n*> —n+3b + 3 if n — b is odd, and

n=b-1
2

G = G%3,3,...,3,4) withw*Mo(G) = n* = 5n* + 12n + 2b — 32 if n — b is even.
~—_——

n=b—4
2

Proof. Since b < n —3, G is not a tree. By Lemma 2.1 and Remark 2.1, each cut edge is pendant, and
every cycle is an end-block in G. Therefore, G = G.(l}, 1, ...,I,), where k > 1,3 <[y, < L, < --- <[,

k
and ), ;=n+k—-b—-1. By Lemma 2.3, [; € {3,4} fori = 1,..., k. Moreover, Lemma 2.4 implies that
i=1

l;=3fori=1,...,k-1ifk > 2. Itfollowsthatlk—_Zl =3(k=1) = n+k=b—1-3(k—1) = n—b-2(k-1).

Thus, Iy = n — b (mod 2). Consequently, /; = 3 1f n—>bisodd,and [, = 4ifn—>bis even Since
wrMo(G%(3,3,...,3)) = n®* =3n* —n+3b+3 (n—bis odd), and w* Mo(G>(3,3,...,3,4)) = n* = 5n* +
———— ———

n-b—1 n—b—4
2 2

12n + 2b — 32 (n — b is even), the theorem follows. m]

We now determine the graphs that achieve the second largest value of the additively weighted
Mostar index among C(n, b), where 0 < b <n—-3andn > 5. Let C*(n,b) = C(n,b) \ {Gf;(3, 3,...,3,3)}
~—————

n=b-1
2

if n —bis odd, and C*(n,b) = C(n, b) \ {Gﬁ(?a, 3,...,3,4)} otherwise.
[ —————
n-b—4

We define four subsets of C*(n, b) as follows:
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e F1(n,b): the family of cacti in C*(n, b) containing a cycle of length at least 5;

e F>(n,b): the family of cacti in C*(n, b) containing two end-blocks of length 4 that share a common
vertex,

e F3(n,b): the family of cacti in C*(n, b) containing at least one cycle that is not an end-block;

e F,4(n,b): the family of cacti in C*(n, b) containing a cut edge that is not pendant.

4

It follows that C*(n,b) = |J Fi(n,b). Since the additively weighted Mostar index is maximized over
i=1

C*(n, b), it suffices to compute the maximum value of this index over each family 7;(n,b) (i = 1,2,3,4)

separately and compare the resulting maxima. The corresponding maximal values are established in

Lemmas 4.1-4.4, respectively.

Lemma 4.1. Let G be a cactus in F(n, b), wheren — b > 5.

(1) If n — b is odd, then w*Mo(G) < n® — Tn* + 19n + b — 45, with equality if and only if G =
G(3,3,...,3,5).

R

b5

(2)Ifn—b = 6, then wMo(G) < n® — 9n? + 36n — 108, with equality if and only if G = G(6).

(3)Ifn— b is even and n — b > 8, then w*Mo(G) < n* — 9n® + 36n — 84, with equality if and only if
G =G:3,3,...,3,4,5).

R

n—b—-8
2

Proof. Among the graphs in #(n, b), let H be a graph with the maximum additively weighted Mostar
index. By Lemmas 2.1, 2.3 and Remark 2.1, every cut edge is pendant, every cycle is an end-block,
and H contains exactly one end-block of length at least 5. Moreover, by Lemma 2.4, no two end-blocks
of length 4 share a common vertex. Consequently, H = Gﬁ(ll, by, ..., 1) for some integer k > 1, where

k
=3fori=1,...,k=20fk>3), -, €{3,4 (ifk>2),>5,and ([, -1)=n-b-1.
i=1

Ifn—b =25 thenk = 1and H = G*>(5). Since w*Mo(G">(5)) = n® — Tn* + 20n — 50 =
n® —7n*+19n+ (n—5)—45, statement (1) holds forn—b = 5. If n—b = 6, thenk = 1 and H = G"%(6).
Since w*Mo(G"%(6)) = n* — 9n? + 36n — 108, statement (2) holds.

Now assume n—b > 7. If k = 1, then H = G%(n — b). However, by Lemma 2.3, there exists a graph
Gﬁ(3, n — b — 2) such that wMo(H) < w+Mo(Gz(3, n — b — 2)), contradicting the maximality of H.
Therefore, kK > 2. Observe that l[,_1 +l, =n—-b—-1+k—-3(k—-2) =n—-b -2k + 5. It follows that
Lo+, =n—b+1 (mod 2).

Case 1. n — b is odd.

Then [,_;+I; is even. If [,_; = 3, then [, = 5 by Lemma 2.3. Thus, k = 2= and H = G%(3,...,3,5).

NG

2

n=b-5
2

Similarly, if [,_; = 4, then [, = 6. Thus, k = “2= and H = G!(3,...,3,4,6). A direct computation
N———

n=b-9

yields that w*Mo(G%(3, ...,3,5)) —w"Mo(G>(3, .. .,3,4,6)) = (n® = Tn*> + 19n+ b — 45) — (n® — 1 1n* +
—— ——

n=b=5 n-b-9
2

2
55n—b—149) = 4n>* - 36n+2b+104 > 0if n — b > 9. Hence, H = GZ(S, ...,3,5), and statement (1)
——

n-b-5
2

holds forallodd n — b > 7.
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Case 2. n — b is even.

Then l;,_; +1I;isodd. If [,_; = 4,then [, = Sand k = "_3_4, soH = Gﬁ(3, ..., 3,4,5). If [,_; = 3, then

n=b-8

2
Iy =6and k = "‘}2"4, so H = G"(3,...,3,6). Since w"Mo(G>(3, . ..,3,4,5)-w"Mo(G%(3,...,3,6)) =
—— —— ——

n=b—6 n—b-8 n=b-6
2 2 2
(n* = 9n® +36n — 84) — (n® = 9n* + 36n — 108) =24 > 0if n— b > 8, we get H = G°(3,...,3,4,5),
N—

n=b-8

2
and statement (3) holds. |

Lemma 4.2. Let G be a cactus in F>(n,b), wheren — b >7 andn — b # 8.

(1) If n — b is odd, then w*Mo(G) < n® — Tn* + 27n + b — 69, with equality if and only if G
G’(3,...,3,4,4).

—

n-b-17
2

IR

(2) If n — b is even, then w*Mo(G) < n® — 9n® + 44n — 108, with equality if and only if G
G’(3,...,3,4,4,4).
————

n-b-10
2

IR

Proof. Among all graphs in %,(n, b), let H be a graph with the maximum additively weighted Mostar
index. By Lemmas 2.1 and 2.3, together with Remark 2.1, H = GZ(3, o 3,4,...,4) forsomer > 0
— —
t q
and g > 2, where 2t + 3¢ + b + 1 = n. Equivalently, n — b = 2t + 3¢ + 1. Sincet > 0 and g > 2, it
follows thatn —b > 7 and n — b # 8.

If n — b is odd, then ¢ must be even. Suppose ¢ > 4. Then, by Lemma 2.4, w*Mo(H) <

w*Mo(GZ(3,...,3,4,...,4)), a contradiction. Hence, ¢ = 2, which yields r = %, H
~—— —

t+3 q-2
G%(3,...,3,4,4), and consequently, w*Mo(H) = n®* — Tn> + 27n + b — 69. Similarly, if n — b is
N——
n=b-17
2
even, theng = 3,1 =210 H = G’(3,...,3,4,4,4), and w* Mo(H) = n* —=9n? +44n—108. Therefore,
N———

n=b—-10

2

statements (1) and (2) hold. O

Lemma 4.3. Let G be a cactus in Fz(n,b), where n — b > 3. Let H|, Hy, G, G,, and G4 denote the
graphs depicted in Figure 5. Then the upper bounds for w* Mo(G) and the corresponding extremal
graphs are summarized in Table 1.
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Figure 5. Graphs H,, H,, G, G, G3, Gy, and Gs.

Table 1. The bounds of w*Mo(G) in Lemma 4.3.

Case Parameter Conditions Bound for w*Mo(G) Equality holds iff
n—bisodd,n>5 <n*-5n*+8n+2b-10 G=H,

bzl n—biseven)n—-b>6,n>10,0ri)n—-4=b>2 <n*-Tn*+25n+b-64 G =G,
n—biseven,n—b>6,n<9 < -T2 +23n+b-45 G=G,
n>9,nisodd <3 =Tn*+27n-69 None

b=0 n>9, niseven <nd —9n? +44n - 108 None
n=3_§ <178 G=G;
n="17 =120 G=H,

Proof. The case for n = 7 and b = 0 is trivial. In the following, we always assume n > 8 whenever
b = 0. For integers n and b satisfying n — b > 3, let H denote a graph that achieves the maximum
additively weighted Mostar index among all graphs in ¥3(n, b). By Lemmas 2.1 and 2.3 together with
Remark 2.1, the following structural properties hold for H: (i) H contains exactly one cycle that is not
an end-block; (i) all other cycles, if they exist, are of length 3 or 4; (iii) every cut edge in H is pendant,
provided b > 1. Denote by [ the length of the unique non-end-block cycle.

Suppose [ > 5. Thenn — b > [. Especially,n > 9if b = 0.

First, suppose n — b is odd. By Lemma 4.1, w*Mo(H) < n* — Tn®* + 19n + b — 45. Since (n® — 7Tn* +
2Tn+b-69)—(n*-Tn*>+19n+b—-45) = 8n—24 > 0 forn > 9, and (n* —5n*>+8n+2b—10)— (n* - Tn*+
19n+b—45) = 2n> = 11n+ b+ 35 > 0 for n, b > 0, it follows that w* Mo(H) < n* —Tn* +27n+b — 69
ifb=0,and wMo(H) <n® —5n*> +8n+2b—-10 = wMo(H,) if b > 1.

Next, suppose n — b is even. Then Lemma 4.1 yields w*Mo(H) < n® — 9n® + 36n — 84. Notice
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that (n®> — 9n® + 44n — 108) — (1 — 9n®> + 36n — 84) = 81— 24 > O forn > 9, and for n,b > 0,

(P =Tn*+25n+b—-64)—(n* —9n?> +36n—-84) = 2n> = 11n+ b +20 > 0 and (n® — Tn* +23n+b—45) -
(n* —9n* +36n—84) = 2n* — 13n+b+39 > 0. It follows that w*Mo(H) < n® —9n?> +44n—108 if b = 0,
and w*Mo(H) < min{w*Mo(G4), w* Mo(G,)} = min{n® — Tn> + 25n + b — 64,n> — Tn* + 23n + b — 45)
if b > 1. Therefore, the result holds whenever [ > 5.

In what follows, we assume / € {3,4}. Let C; = uju, - - - uju; denote this cycle. Fori = 1,...,1, let
t;, qi» and b; denote, respectively, the number of triangles, quadrangles, and pendant edges attached at
u;in H. By Lemma 2.4, g; € {0, 1}. Define n; = b; + 2t; + 3¢q; fori = 1, ..., L. For brevity, denote dy(u;)
by d,,. Thend, = b; + 2t; + 2q; + 2.

Casel.n—bisodd, [ =4.

4 4 4
Since >, (2t; +3q;)) = n—4—- > b; = n—4 — b, it follows that 3 3. g; = n — b (mod 2). Hence,
i=1 i=1 i=1

4
>, qi € {1,3}. Combined with [ = 4, this implies that H contains at least two quadrangles. Furthermore,
i=1

n—>b > 7. In particular, n > 9 when b = 0. By Remark 2.1 and Lemma 2.4, we obtain w*Mo(H) <
wrMo(G2(3,...,3,4,4)) = n*~Tn*+27n+b-69. Since (n*—5n>+8n+2b—10)—(n*~Tn>+27n+b—69) =

n=b=17

2
2n*—19n+b+59 > 0 forn, b > 0, we have wtMo(H) < n* = Tn* +27n+b—-69 < n®* —5n%> +8n+2b—10
if b>1and n — b > 7. Therefore, the result holds in this case.
Case2.n—bisodd, [ = 3.
Without loss of generality, assume n; > n3 > n,. If by # 0 (respectively, 3 # 0 or g3 # 0), let G’
(respectively, G” or G"”) denote the graph obtained from H by moving one cut edge (one triangle or
one quadrangle) from us to u,, as illustrated in Figure 6. Then

wMo(H) = by(d,, + 1)(n —2) + 2t,(d,, + 2)(n — 3) + [2¢q1(d,, + 2) + 8q,]1(n — 4)
+ by(dy, + 1)(n = 2) + 2t:(d,, +2)(n = 3) + [2g2(d,,, +2) + 8qx](n — 4)
+ b3(dy, + 1)(n = 2) + 2t3(d, +2)(n — 3) + [2g3(d,;, +2) + 8q3](n — 4)
+(dy, +dy,)lny —no| + (dy, +dyy)lng — ns| + (dy, +dyy)lny — ns|,

w Mo(G") = (by + 1)(d,, +2)(n —2) + 2t;(d,,, + 3)(n —3) + [2¢q1(d,, + 3) + 8q1]1(n — 4)

+ by(d,, + 1)(n = 2) + 2t:(d,, + 2)(n — 3) + [2q2(d,, +2) + 8¢q2]1(n — 4)

+ (b3 — Dd,,(n = 2) + 2t5(d,, + 1)(n — 3) + [2g3(d,; + 1) + 8g3]1(n — 4)

+dy, +dy, + Diny +1 =no| +(dy, +dy; — Dlna —n3 + 1|+ (d,,, +dyp)lny +1 —n3 + 1],
w Mo(G") = bi(d,, +3)(n—2) +2(t; + 1)(d,, + H(n - 3) + [2q1(d,, +4) + 8¢11(n — 4)

+ by(d,, + 1)(n = 2) + 2t5(d,, +2)(n — 3) + [2q2(d,, +2) + 8qa](n — 4)

+ b3(dy, — D(n = 2) + 2(t3 — Ddyy(n = 3) + (2q3du; + 8g3)(n — 4)

+dy, +dy, +2In; +2 —no| +(dy, +dyy = 2)Ina —n3 + 2|+ (d,, +dy,)Iny +2 —n3 + 2,
w Mo(G"") = by(d,, + 3)(n—2) + 2t;(d,, + H)(n — 3) + [2(q; + 1)(d,, +4) +8(q1 + D](n—4)

+by(d,, + 1)(n —2)+2t,(d,, + 2)(n — 3) + [2q2(d,, + 2) + 8q2](n — 4)

+ b3(dy, — D(n = 2) + 263d,,(n — 3) + [2(q3 — Ddy; +8(g3 — DI(n —4)

+(dy, +dy, +2)ny +3 —ny| +(dy, +dyy = 2)lny — n3 + 3|+ (d,, +dy,)Iny +3 —n3 + 3.
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Since n; > n3 > ny and ¢; € {0, 1}, it follows that d,, —d,, =ny —n3+qz —q1 > =1, |n; +i—ny| -
|, —n3 + i >0, and |ny — n3 + 1| — [np — n3| > —i fori = 1, 2, 3. Therefore,

w Mo(G") — w"Mo(H)
=bi(n—-2)+(d,, +2)(n—-2)+2ty(n —3) +2q;(n —4) — b3(n — 2) —d,,(n — 2) = 213(n — 3) — 2q3(n
-4 +d, +d, +n+1-ny—|np—n3+ 1| +(dy, +d,,)(ny — n3 + 1| = [np — n3|) + 2(d,, +d.;)
== [ +2t1 +3q1) — (b3 + 2t + 3q3)| + [2b) + 211 — q1(n — )] = [2b3 + 215 — g3(n — 4)]
+(dy, —dy)n—2)+2(n—-2)+3d,, +dy, +2d,, +m +1—ny| —|np —nz + 1]
+ (du, + diy)(In2 — n3 + 1] = |na — n3)
>n—=4)n —-m)+ (@ —q))n—4)+2(b, —b3)+2(ty —t3) —(n—=2)+2(n—-2) +3d,, +d,, +2d,,
— (dy, +dy;)
= -m)n—-4)+(q—q)n—4)+ 20 —b3) + 2ty — 13) + (n — 2) + 3d,, + dy,
>0-(n—-4)+(n—-2)+(5b; + 8t + 6g; — bz + 2q5 + 8)
= (5b; + 8t + 6q1) — (b3 —2g3) + 10 > 2ny —n3 + 10 > 0,

wrMo(G”") — w*Mo(H)

=2bi(n—2)+2(d,, +4)(n—-3)+41,(n-3) +4q1(n —4) = 2b3(n — 2) — 2d,,,(n — 3) — 413(n - 3)
—4q3(n —4) + 2(dy, +dy,) + 2|1 + 2 —no| — Iy — n3 + 2|) + (dy, + dy)(In2 — n3 + 2| = |np — n3)
+4(d,, +d.,)

=2(n—4)[(by +2t; +3q1) — (b3 + 2t3 + 3q3)| + 2[2b1 + 2t; — q1(n — 4)] — 2[2b;5 + 215 — q3(n — 4)]
+2(d,, —dy,)n—=3)+8n~-3)+6d, +2d, +4d,, +2(n; +2 —ny| — |n, —n3 +2|)
+ (dy, + dyy)(Iny — n3 + 2 = |ny — n3)

>2mn—4)n; —n3) +2(qgs —q1)(n—4) +4(b, — b3) +4(t; —3) = 2(n - 3) + 8(n - 3) + 6d,, + 2d,,,
+4d,, —2(d,, + d,,)

>2n —n3)(n—4)-2(n—-4)+6(n—3)+4(b, — bs3) +4(t, — t3) + 6d,, +2d,,

>2Xx0+4n— 10+ (10b; + 16t + 12¢g, — 2b5 + 4¢3 + 16)

=4n+ 6+ (10by + 161, + 12q,) — (2b3; —4q3) > 4n+ 6 + 4ny — 2n3 > 0,

w Mo(G""") — w"Mo(H)

=2bi(n-2)+2d, +4)n—-4)+4t,(n-3)+4q:(n —4) +8(n —-4) - 2bs(n-2) - 2d,,(n — 4)
—4t3(n - 3) —4g3(n—4) - 8(m—4) +3(d,, +dy,) +2(In; +3 —ny| = |np —n3 + 3|) + (d,,+
dyy)Iny — n3 + 3| = |ny — n3|) + 6(dy, +d,;)

=2(n—-4)[(by +2t; + 3q1) — (b3 + 2t5 + 3q3)] + 2[2b1 + 2t; — q1(n — 4)] — 2[2b5 + 2t5 — g3(n — 4)]
+2(d,, —d,,)n—4)+8mn—-4)+9d, +3d, +6d,, +2(n +3—ny|—|ny —n3 +3|)
+ (dy, + dyy)(Iny — n3 + 3| = [ny — na)

>2mn—-4)(n; —n3)+2(gs —q1)(n—4)+40b, —b3)+4(t, —t3) —-2(n—-4)+8(n—4) +9d,, +3d,,
T 6dy, —3(dy, + dy,)

> 20y — m3)(n— 4) — 2(n — &) + 6(n — &) + by — by) + (11 — 13) + 9y, + 3,
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>2X0+4(n—4)+ (13by +22t; + 18q, + 18 — b3 + 2t + 6g5 + 6)
=4(n+2)+ (13b; + 22t + 18q,) — (b3 — 2t — 6q3) = 4(n + 2) + 6n; —n3 > 0.

By the above transformations and the maximality of H, we deduce that n, = 0and b3 + 3 + g3 = 1
in H.

Figure 6. Figures H,G’,G”, and G"”’ in the proof of Case 2.

Subcase 2.1. g5 = 1.

Since n — b is odd, it follows that g; = 1, and thus n — b > 9. By Remark 2.1, w*Mo(H) <
wrMo(G(3,...,3,4,4)) = n* = Tn®> + 27n + b — 69 when n — b > 9. This indicates w*Mo(H) <

-2

n3=Tn*+27n—69if b = 0 and n > 9. Furthermore, since (n>—5n%+8n+2b—10)—(n’-7n*+27n+b—69) =
2n*=19n+b+59 > 0forn, b > 0, we have w* Mo(H) < n*=Tn*+27n+b—-69 < n* —5n*>+8n+2b—10 =
w"Mo(H,)ifb>1andn—-»b > 9.

Subcase 2.2. g5 = 0.

As n — b is odd, we have g; = 0. Then

H,, ifn—-b=3,n>35,
H={H, or H,, ifn-5>b2>1,
H,, ifb=0andn >9,
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where H; and H, are shown in Figure 5. By direct calculation, we obtain
wrMo(H)) =n®-5n*> +8n+2b—-10forn—3>b>1andn > 5,

nw =T +23n+b-41, ifn-5>b>0,n>17,

“Mo(Hs) =
w Motrt) {7@ ifn=6b=1.

Ifn-5>b>1,then

2n> = 15n+b+31>0, ifn>7,

wrMo(H,) — wtMo(H,) =
(H1) (H2) {Q ifn=6b=1.

This implies that w*Mo(H,) > w*Mo(H,), with equality if and only if n = 6, b = 1 (in which case
H, = H,). Hence, H = H,.

If b=0and n > 9, then w"Mo(H) = w*Mo(H,) = n® — Tn* + 23n — 41. Since (n® — 7n* + 27n —
69) — (n* —Tn> +23n —41) = 4n—28 > 0 for n > 9, it follows that w* Mo(H) < n® — 7n®> + 27n — 69 if
b=0andn > 9.

In summary, under the assumptions that n — b is odd and / = 3, the maximality of H implies
i)ifn—-3>b>1andn > 5, then g3 = 0 and hence H = Hy; (ii) if b = 0 and n > 9, then
wrMo(H) < n® —7n*> + 27n + b — 69.

Combining the analysis of Case 1 and Case 2, we conclude that if n — b is odd, then the maximality
of H implies [ = 3, and hence H = H, forn—3 > b > 1 and n > 5. Besides, if b = 0 and n > 9, then
wtMo(H) < n® — Tn* + 27n + b — 69. Consequently, the result holds if n — b is odd.

Case 3. n—biseven, [ = 3.

Without loss of generality, suppose n; > n3 > n,. Since 23](2ti + 3q;)) = n—3 — b, it follows that

i=1
3(g1 + g2+ g3+ 1) =n—>b (mod 2). Since n — b is even, we deduce g, + g + g3 € {1, 3}.

Subcase 3.1. g, + ¢> + g3 = 3.
3

Thenn—b =3+ 3 (2t;+3q;) > 12. By Remark 2.1, w"Mo(H) < wMo(G%(3,...,3,4,4,4) = n’> —
i=1 ~——

n=b-10
2

9n®+44n—108. Furthermore, since (n*—7n>+23n+b—45)—(n*-9n>+44n—108) = 2n*-21n+b+63 > 0
for n,b > 0, we have w*Mo(H) < n® — Tn> + 23n + b — 45 = w*Mo(G,) if b > 1.

Subcase 3.2. g, + ¢> + g5 = 1.

Applying the transformations illustrated in Figure 6, we obtain n, = 0 and b3 + 3 + g3 = 1 in H.
Consequently,

Gl,G20TG3, ibel,n—bZ&

H =~ G; or G3, ifb>1,n—-b=6,
|G, or G, ifb=0,n> 10,
G25G3, ifb:O,n=8,

where G, G,, and G; are shown in Figure 5. Direct computation gives
wMo(Gy) =n®> = Tn*> +23n+b—-45forn—-b > 6, b > 1,
wrMo(G,) =n®* —9n> +40n — 78 forn—b >8, b > 0,

nw—-9n%+36n-86, ifn-b>6,n>9,

wrMo(G») =
(G3) {M—lhﬂ+5M—8a ifn—b>6n<09.
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Ifb>1andn—-b > 8, then w"Mo(G;) — wMo(G,) = 2n—11)(n —3) + b > 0 and w"Mo(G,) —
w*Mo(G3) = 4n + 8 > 0. By the maximality of H, H = G,.
Ifb>1andn—b = 6, then

2n* = 13n+b+41>0, ifn>09,
w Mo(G,) —w Mo(G3) = {27, ifn=8,b=2,
0, ifn=7b=1.

This indicates that w*Mo(G,) > w*Mo(Gs3), with equality if and only if n = 7,b = 1 (in which case
G5 = G)). Therefore, H = G;.

If b =0, n > 10, then wMo(G,) — w*Mo(G3) = 4n + 8 > 0 and hence H = G,. Since (n® — 9n® +
44n — 108) — wrMo(G,) = 4n — 30 > 0, we have w* Mo(H) = w*Mo(G,) < n® — 9n* + 44n — 108.

In summary, under the assumptions that n — b is even and / = 3, the maximality of H implies (i)
ifb>1landn—-b > 6,then g, + ¢, + g3 = 1 and hence H = Gy; (ii) if » = 0 and n > 10, then
wrMo(H) < n® —9n® + 44n — 108; (iii) if » = 0 and n = 8, then H = G, with w*Mo(H) = 178.

Cased.n—biseven, [ =4.

4 4
From the equality »(2¢; + 3g;) = n —4 — b, it follows that 3 }} ¢, = n — b (mod 2). Since n — b is
i=1 i=1

4
even, we obtain ), ¢; € {0,2,4}.
i=1
Subcase 4.1. g, + g, + g3 + g4, = 2 or 4.

4
Thenn—-b =4+ (2t;+3q;) > 4+3-2 =10, and hence H contains exactly 3 or 5 quadrangles. By
i=1
Remark 2.1 and Lemma 2.4, w*Mo(H) < w*Mo(G2(3, .. .,3,4,4,4)) = n*-9n’>+44n—108. Notice that
——

n—b—10
2
if b > 1, then (n*=7n>+25n+b—64)— (> —9n*>+44n—108) = 2n’>—19n+b+44 = 2n—11)(n—-4)+b > 0.
Thus, wtMo(H) < n® —9n* +44n — 108 < n®> = Tn®> + 25n+ b — 64 = wrMo(G4) if b > 1.

Subcase 4.2. g, + g + g3 + g4 = 0.

Then g; = O for all i € {1,2,3,4}. Consequently, n; = b; + 2t; and d,, = n; + 2 fori = 1,2,3,4.
Without loss of generality, assume n; > n3;. By symmetry, we can further assume that n, > n4 and
ny = nsp.

Define A = |ny+ny +2—(n3 +ng)|—|ny +ny— (n3 + ny)| +ny +n4 +2— (ny + n3)| — |ng +ng — (np + n3)|
and B = |I’l1 +I’l2+4—(l’l3+l’l4)|—|l’l1 +I’l2—(l’l3 +n4)|+|n1 +n4+4—(n2+n3)|—|n1 +I’l4—(l’l2+fl3)|.

We now prove the following claim.

Claim1. A, 8>0
Proof of Claim 1. We verify A > 0 case by case under the assumptions n; > n3, n, > n4, and n; > n,.

() ni+ny > n3+ng, 0 +n4 > ny + ns.

Then A = (I’ll +n2+2—n3—n4)—(n1 +n,—nj3 —1’14)+(I’ll +n4+2—n2—n3)—(n1 +n4—n2—n3) =4,

() +m>ny+ng,ny+n3>n +ng>ny+n3—2.

Then A= +m+2—n3—ny)—(ny+n,—ny—ng)+m +ng+2—n,—n3)— (Mo +nz3—n; —ny) =
242 +ny) =2y +n3)+2>22+2%x(=2)+2=0.

(i) ny +ny>n3+ng,ny+ng <np+n3—2.

Then A = (n1+ny+2—n3—nyg)—(ny+ny—n3—ny)+(ma+n3—n;—ng—2)—(ny+ns—ny—ny) = 2—2 = 0.
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In all cases, A > 0. By replacing the constant 2 with 4 throughout the above argument, we deduce
B > 0. This completes the proof of Claim 1.

Let G" (resp. G”) denote the graph obtained from H by moving one cut edge (resp. one triangle)
from vertex us to vertex u;, provided that b # 0 (resp. t; # 0); see Figure 7. Then

ty t3 tq ts ty t3 — 1
—— ——
Uy us Uy us Uy us
[ ] N ) @ . ® @ oo ®
— - — . .
b4 b3 b4 b3 -1 b4 b
by b by +1 b by b
— — — —~
[ ) eee @ [ [ @ e
Ui Uz Ui U2 Ui )
t1 I to tq o to t1+1 an to

Figure 7. Graphs H, G’, and G” in the proof of Case 4.

wrMo(H) = bi(dy, + )(n—-2)+2t,(d,, +2)(n—3) + by(d,, + 1)(n - 2) +2t:(d,, + 2)(n - 3)
+ b3(dy, + 1)(n = 2) + 2t3(d,, +2)(n — 3) + ba(d,, + 1)(n —2) + 2t4(d,,, + 2)(n — 3)
+ (dy, +dy,) Iny +ny — (ny + n3)| + (dy, +dy,) 10y +no — (n3 + ny)|

+(dy, +dy,)Iny +ng — (ny + n3)| + (dy, +dy,) 0y +ny — (3 +ny)|,

wrMo(G') = (b, + D(d,, +2)(n-2)+2t1(d,, +3)(n—3)+ by(d,, + 1)(n—-2) + 2t:(d,,, +2)(n - 3)
+ (b3 — Dd,,(n = 2) + 2t5(d, + 1)(n = 3) + by(d,,, + 1)(n = 2) + 2t4(d,,, + 2)(n = 3)
+dy, +dy, + DIny +ns+2 -y +n3)|+(dy, +dy, — 1) |0y + 02 +2 = (03 + ny)|

+dy+dy, —DIng +ns+2 - My +n3)|+(dy, +dy, + 1) |01 + 102+ 2 = (n3 + ny)l,

w Mo(G") = bi(d,, +3)(n—2) +2(t; + 1)(d,, + H)(n = 3) + ba(d,,, + 1)(n —2) + 2t,(d,,, + 2)(n — 3)
+ bs(d,, — 1)(n =2) + 2(t; — 1)d,;(n = 3) + bs(d,,, + 1)(n — 2) + 2t4(d,,, + 2)(n = 3)
+dy, +dy, +2)In +ns+4-—ny—m3|+(dy, +dy, —2) |01 + 12 +4 — 13 — ny

+dy+dy, —2)In+na+4—ny—mn3|+(dy, +dy,, +2)Iny +ny +4 —n3 —nyl.

By Claim 1,

w Mo(G") — w"Mo(H)
=bin-2)+(d, +2)(n—-2)+2t;(n—-3) - bs(n—-2)—d,,(n - 2) = 2t3(n - 3) + (d,, + dy, +d,;+
dling +ny+2 = (3 +ny)| = [ny +no — (3 + ny)| + |y +ng + 2 = (no + n3)| = [ng + ny — (n2 + n3)|]
=m-=3)[b+2t)) = (b3 +2t:3)]+ by = b3 +(d,, —d,,)(n—=2)+2(n—-2)+(d,, +d,, +d,, +d,)A
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=n-3)n —n3)+n —-n3)(n-2)+2n-2)+by - b3y +(d, +d, +d, +d,)A
>m=-3)m —-nm)+m —n3)(n—-2)+2n—-2)+b; — bs
>2(n—-2)+b;—b3 >0,

w Mo(G") — w"Mo(H)
=2bi(n—2)+2(dy,, +4)(n—-3)+4t,(n - 3) = 2b3(n - 2) = 2d,,(n — 3) — 4t3(n — 3) + (d,, +d,, + d,,
+d)ln +ny+4—n3 —ny| —Iny+ny — (n3 + gl + Iy +ng +4 —ny — 3| — ny + ny — (na + n3)]
=2(n—=3)[(by +2t;) = (b3 + 2t3)] + 2(b; — b3) + 2(d,,, — d,;)(n — 3) + 8(n - 3)
+d, +d, +d,+d,)8B8
>2(n—-3)n —n3) +2(n; —n3)(n—3)+8(n—3) + 2(b; — b3)
>8mn—-3)+2(b; —b3)>0.

Suppose n, = 0. Then ny = 0. By the transformations shown in Figure 7, exactly one pendant edge
or exactly one triangle is incident to u3. Consequently,

G}, ifn=b+42>6,
H = 1G] or G, ifn—-b>6,b>1,
G., ifb=0,n>38,

where G} and G7 are shown in Figure 8. Direct computation yields

Uy us Uy us
b—1 b
— ——
@ oo o .

Uy U2 U1 U2
-

n—b—4 n—b—6
2 ! 2 /

Figure 8. Figures G} and G%.

w*Mo(G)) =n®> = Tn* +23n+b—T72forn—4>b>1andn > 6,

n—9n%+40n-136, ifn-6>b>0,n>8,

w Mo(G5) = .
=132 +56n-8, ifn-6>b>0,n<S38.
Ifb>1andn—b > 6, then

20— 1Tn+b+64>0, ifn-6>b>1,n>8,

w*Mo(G)) — wrMo(G%) =
(G2) (G5) {0, ifn=7.b=1.
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This implies w*Mo(G5) < w"Mo(G}), with equality if and only if n =
G, = GY).

By the maximality of H, if n—4 > b > 1and n > 6, then H = G, and w*Mo(H) = n® = Tn* + 23n +
b-T72 <w*Mo(Gy) = n* —=Tn*+25n+b—-64.1f b = 0, n > 10, then w*Mo(H) = n’ —=9n> +40n—136 <
n* —9n* +44n — 108. If b = 0, n = 8, then H = G and w* Mo(H) = 120.

Now assume n, > 0. Applying the transformations in Figure 7 again yields n; = ny = 0, and the
structure of H is depicted in Figure 9.

7, b = 1 (in which case

Uy us Uy us Uy us
by bo by +1 by —1 by by
— — — — — —
@ oo oo @ oo cec @ @ e cee @
U1 U2 U1 U2 Uy Uz
ves ves eee eoe
t1 I to t1 o to t1+1 o to —1

Figure 9. Figures H,G"”, and G"”.

Let G (resp. G”"") denote the graph obtained from H by moving a cut edge (resp. a triangle) from
u, to uy, provided that b, > 0 (resp. t, > 0); see Figure 9. Then

w Mo(H) = bi(d,, + 1)(n —2) + 2t;(d,, + 2)(n — 3) + by(d,, + 1)(n — 2) + 2t,(d,,, + 2)(n — 3)
+ (dm + duz) Inl - n2| + (dL¢2 + du3) |(n1 +ny + l) - 1| + (du3 + du4) |l’l1 - I’l2|
+ (dm + du4) |(n1 +ny + 1) - 1| )

w*Mo(G"") = (by + 1)(d, +2)(n = 2) + 211,(d,, +3)(n = 3) + (b — D)d,,(n — 2)
+20(dy, + D(n = 3) + (dyy, + dy) [(n1 +2) = ol + (dy, = 1 + dy) [(n1 +na + 1) = 1
+(dus + i) (1 +2) = mof + (dy, + 1 +dy)|(m + 1z + 1) = 1],

w Mo(G"") = bi(d,, +3)(n —2) + 2(t; + 1)(d,, + 4)(n—3) + by(d,, — D)(n —2) + 2(¢,
= Ddy,(n = 3) + (dy, +dy) (ny +3) = (np — DI+ (dy, =2 +dyy) [(ny + no + 1) — 1
+dy +d,)|(n +3)— = DI+ dy, +2+d,)|(n +ny+ 1) = 1.

Therefore,

wrMo(G"") — w"Mo(H)
=bin-2)+(d, +2)(n—-2)+2t;(n—3) —by(n—-2) —d,,(n —2) = 2t,(n — 3) + (d,, + d,,
+dy, +dy) [ +2—no| = |ny —nol]
=m-=3)[(b) +2t)) = (b +2t)] + by = by + d,, —d, + 2)(n=2) +2(d,, +d,, +d,, +d,,)
>n=-3)mn —ny)+m—nm+2)n-2)+b,— b,
>2n—-2)+b;—by, >0,
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w Mo(G"") —w*Mo(H)
=2bi(n—-2)+2(d,, +4)(n-3)+4t,(n - 3)—2by(n—-2) - 2d,,(n—3) - 4t,(n—-3) + (d,, +d,,
+dyy +dy) [In +3 = (na = DI =y —nal]
=2(n—-3)[(by +2t;) = (b + 2t2)] + 2(by — by) +2(d,,, — dy, + 4)(n = 3) + 4(d,, +d,, +d,, +d,,)
>2(n—3)(n; —ny)+2(ny —ny +4)(n—3)+ 2(by — by)
>8(n—3)+2(by —by) >0.

By iteratively applying the graph transformations illustrated in Figure 9, we deduce that exactly one
cut edge or exactly one triangle is incident to u,, i.e.,

G, ifn=b+42>6,
H = {G, or Gs, ifn-6>b2>1,
Gs, iftb=0,n>8,

where G4 and G5 are depicted in Figure 5. Direct computation yields
wMo(Gy) =n®* —Tn> +25n+b—64forn—4>b>1andn > 6,

Mo(Gs) n—On? +44n—120, ifn—6>b.n>8,
w [0 =
YN 112 + 521 =56, ifn—6>b.n<S8.

Ifn—6>b>1,then

2n —19n+b+56 >0, ifn>8,

+ + _
W MolGa) =w Mo(Gs) = {0, ifn="70b=1
This implies w*Mo(Gs) < w*Mo(G,4), with equality if and only if n = 7, b = 1 (in which case
G4 = Gs).

By the maximality of H,ifn—4 > b > 1 and n > 6, then H = G4 and w*Mo(H) = n® — Tn* + 25n +
b-64.If b =0,n > 10, then w*Mo(H) = n® —9n®> + 44n — 120 < n’ —9n®> + 44n - 108. If b = 0,
n =38, then H = Gs and w"Mo(H) = 168.

In summary, under the assumptions that n — b is even and [ = 4, the maximality of H implies (1) if
n—4>b>1andn > 6,thenq, +¢q, + g3 + q4 =0, n, > 0, and thus H = Gy; (ii) if » = 0 and n > 10,
then w*Mo(H) < n® —9n? + 44n — 108; (iii) if b = 0 and n = 8, then w* Mo(H) = max{120, 168} = 168
and thus H = Gs.

Observe that w*Mo(G4) — w"Mo(G1) = 2n — 19. Combining the analysis of Case 3 and Case 4,
we conclude that if n — b is even, then the maximality of H implies H = G;ifn—-6 > b > 1 and
n <9, and H = G4 in the following two cases: i) n—6 >b > 1landn > 10,or ii) n—4 = b > 2.
Besides, if » = 0 and n > 10, then w*Mo(H) < n® — 9n®> + 44n — 108; if b = 0 and n = 8, then
w*Mo(H) = max{178,168} = 178 and thus H = G,. Consequently, if » = 0andn = 8, orn — b is
even, the result holds. This completes the proof. O

Lemma 4.4. Let G be a cactus in F4(n,b), where n —3 > b > 1. Let H], H,, G}, and G), denote the
graphs illustrated in Figure 10.
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(1)Ifb =1 and n > 6 is even, then w*Mo(G) < n® —Tn* + 23n + b — 43, with equality if and only if
G =H,].

(2)Ifb = 1 and n > 7 is odd, then w*Mo(G) < n® — 9n®> + 40n — 82, with equality if and only if
G =G,

(3)If2<b<n-3andn-bis odd, then wMo(G) < n® — 5n*> + 8n + 2b — 10, with equality if and
only if G = H|.

(4)If2 <b <n—-4andn—bis even, then wMo(G) < n® —Tn> + 23n + b — 46, with equality if and
only if G = G.

b—1

Gy

Figure 10. Figures H{, H}, H}, G|, G}, and G,.

Proof. Among the graphs in F4(n, b), let H be one with the maximum additively weighted Mostar
index. By Lemma 2.1, H contains exactly one such non-pendant cut edge, denoted by e = uv.
Furthermore, by Remark 2.1 and Lemma 2.3, every cycle in H is an end-block and is of length 3
or 4.

Let 7}, ¢}, and b} (respectively, 75, q,, and b)) denote the number of triangles, quadrangles, and
pendant edges incident to u (respectively, to v) in H. According to Lemma 2.4, g € {0, 1} fori = 1, 2.
The resulting structure of H is depicted in Figure 11. Define n] = b + 2t/ + 3¢ for i = 1, 2. For brevity,
denote dy(u) and dy(v) by d, and d,, respectively. Then d, = b} +2t; +2q| + 1, d, = b, + 21, + 2q, + 1.
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t th t th

b g +1

HI//

Figure 11. Graphs H, H’, H”, and H"” in the proof of Lemma 4.4.

Without loss of generality, assume n} > n). Let H" (H”, H"”) be the graph obtained from H by
moving one pendant edge (one triangle, one quadrangle) from v to u, provided b, > 0 (¢ > 0, ¢, > 0);
see Figure 11. By direct calculation, we get

w Mo(H) = bi(d, + 1)(n —2) + 2t1(d, + 2)(n — 3) + 24’ (d, + 2)(n — 4) + 8¢ (n — 4) + b(d,+
)(n —=2)+26(d, +2)(n - 3) + 2¢5(d, + 2)(n — 4) + 8¢5(n — 4) + (d,, + d,)(n] — n}),

w Mo(H") = by + 1)(d, +2)(n—2)+2t(d, +3)(n—3) +2q,(d, + 3)(n —4) + 8q|(n — 4)
+ (b, — Dd,(n - 2) + 2t5(d, + 1)(n — 3) + 2¢5(d, + 1)(n — 4) + 8q,(n — 4)
+(d, +d,)(n) —n, +2),

w Mo(H") = bi(d, + 3)(n —2) + 2(t] + 1)(d, + 4)(n — 3) + 24 (d, + H)(n — 4) + 8q|(n — 4)
+ b5(d, — 1)(n —2) + 2(¢, — D)d,(n — 3) + 2q5d,(n — 4) + 8¢5(n — 4)
+(d, +d,)(n] —n) +4),
w Mo(H"") = b'(d, + 3)(n — 2) + 2t;(d, + 4)(n — 3) + 2(q7 + D(d, + H(n—4) + 8(q; + H)(n — 4)
+ bi(d, — 1)(n - 2) + 2tid,(n — 3) + 2(q5 — )d,(n — 4) + 8(q5, — 1)(n — 4)
+(d, + d,)(n] — nj, + 6).
Since n} > n} and d, —d, = n| — n’, + ¢, — q, it follows that d, — d, > ¢}, — ¢} > —1. Therefore,
w Mo(H") — w"Mo(H)
=bi(n-2)+(d, +2)(n—-2)+2t;(n—-3)+2q;(n —4) - by(n - 2) —d,(n - 2) - 2t)(n — 3)
-2¢5(n—4) +2(d, + d,)
= (d,+2—d)n—2)+ b (n—4) + 26 (n — 4) + 24, (n — 4) + 2 + 2f, — by(n — 4) — 2£5(n — 4)

AIMS Mathematics Volume 11, Issue 11, 37480-37511.



37503

—2g5(n —4) =20, - 2t, + 2(d, + d,)
=d,+2-d)n-2)+n-4)d,—d,)+2d,+d,+ b, +1,-b, - 1)
>(-1+2)n-2)+(n—-4)(-1)+2(d, + D+t +d, - b, - 1))
=2+4+2d,+b,+t,+d, - b, 1)) >0,

wrMo(H") —w*Mo(H)

=20\(n—-2)+2(d, +4)(n—-3)+4t,(n - 3) + 4q1(n — 4) — 2b5(n — 2) — 2d,(n — 3) — 4t,(n - 3)
—4q,(n—4)+4(d, + d,)

=2(d, + 4 —d)(n = 3) + 26 (n — 4) + 41 (n - 3) + 4q(n — 4) + 4b), + 41, — 2b(n — 4) — 4ty (n — 4)
— 4gh(n —4) — 4b, — Aty + 4(d, + d,)

=2(d,+4-d)n-3)+2n-4)d,—d,)+4d,+d,+ b +1 - D) —1))

>2—1+4)(n—-3)+20n—4)(=1) +4(d, + b, + 1, +d, — b, — 1})

=4n-10+4d, + b+t +d, - b, - 1)) >0,

wrMo(H"") — w"Mo(H)
=2bi(n—=2)+4t1(n—-3)+4q\(n—4) + 2(d, + 4)(n—4) + 8(n — 4) — by(n — 2) — 4ty(n — 3)

—4q5(n—4) - 2d,(n—4) - 8(n—4)+6(d, +d,)
=2d,+4-d,)n—4)+2b\(n—4)+4t1(n —4) +4q\(n — 4) + 4b| + 41, - 2b,(n — 4)

—4t5(n —4) — 4q,(n — 4) — 4b}, — 4t + 6(d, + d,)
=2d,+4-d)n-4)+2n-4)d,—d,)+4d,+d,+ b+t - b, —1t;)) +2(d, + d,)
>2(-1+4Hn-4)+2n-4(-1)+4d,+ b, +1,+d, - b, —t;) +2(d, + d,)
=4n—-4)+4(d,+ b, +1t,+d, - b, - 1)) +2(d, +d,) > 0.

By applying the graph transformations shown in Figure 11, we deduce that b}, + £ + g5, = 1 in H.

Case 1. n — b is odd.
Since g; € {0, 1}, it follows that

H{, H) or H}, ifn-b>7,b2>2,

1 o [ H o H, ifn-b>70b=1,
| H or H;, ifn—b=30r5b>2,
H, ifn=6,b=1,

where H{, H),, and H} are depicted in Figure 10. Direct computation yields
w*Mo(H}) =n®* -=5n* +8n+2b—10forn—1>b>2andn > 4,

nw—Tn*+23n+b-43, ifn-3>b>1,n>6,

w'Mo(Hj) =
() {34, ifn=50b=2,

wrMo(H}) =n® = 11n* +59n—b—135forn-7>b > 1.
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Ifn—>b>7,b> 2, then wMo(H}) — w"Mo(H}) = 2n*> = 15n+ b + 33 > 0 and w"Mo(H}) —
w*Mo(H}) = 4n* —36n +2b + 92 > 0.

Ifn—>b>7,b=1,then w*Mo(H,) — w*Mo(H}) = 4n* — 36n + 2b + 92 > 0.

Ifn—->be{3,5},b > 2, then

2n® —15n+b +33, ifn>6,

w Mo(H{) — w"Mo(H}) =
() () {0, ifn="50b=2.

This implies w*Mo(H]) > w*Mo(H}), with equality if and only if n = 5, b = 2 (in which case
H} = H).

Therefore, under the assumption n — b is odd, the maximality of H implies H = H{| if b > 2 and
n—b>3,and H= H)if b =1andn > 6. Hence, statements (1) and (3) hold.

Case 2. n — b is even.

Since g; € {0, 1}, it follows that

G',G, or G}, ifn-b>6,b>2,
H =G| or G}, ifn—-4=5b2>2,
G, or G}, ifb=1,n>7,
where G/, G}, and G/ are depicted in Figure 10. Direct computation yields

w*Mo(G’l):n3—7n2+23n+b—46forn—42b22,
w"Mo(G?) =n*-9n® +40n-82forn—-6>b>1,

n’ —9n? + 40n — 94, ifn—4>b>1,n>8,

w Mo(G%) = '
= 11n*+58n-110, ifn—4>b>1,n<8.

If n—>b > 6,b > 2, then wMo(G)) — w"Mo(G)) = 2n—9)(n—4)+b > 0 and w*Mo(G)) —
wtMo(G}) = 12 > 0.
Ifn—4=>b>2,then

2n* = 1Tn+b+48 >0, ifn>8,
w Mo(G}) — w*Mo(G}) =10, ifn=6,b=2,
18, ifn="7,b=3.
This implies that w*Mo(G}) > w"Mo(G}), with equality if and only if n = 6,b = 2 (in which case
G| = G)).
Ifb=1,n>7,then
12, ifn=>8,

w Mo(G)) —wMo(G) =
(@) (@) {0, ifn="7.

This implies that w*Mo(G)) > w"Mo(G}), with equality if and only if n
G, =G)).

Consequently, under the assumption n — b is even, the maximality of H implies H = G| if b > 2
andn—-b>4,and H = G, if b = 1 and n > 7. Thus, statements (2) and (4) hold. This completes the
proof. O

7,b = 1 (in which case
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By Lemmas 4.1-4.4, we easily obtain the following theorem.

Theorem 4.2. Let G € C*(n, b) be a graph with the maximum additively weighted Mostar index, where
O<b<n-3andn>35. Let H,H,,G\,G,,G4, H|, and G| denote the graphs depicted in Figures 5
and 10. Then the structure of G and the corresponding value of w* Mo(G) are summarized in Table 2.

Table 2. Structure and w* Mo(G) of G in Theorem 4.2.

Case Conditions Structure of G w*Mo(G)
n — b is odd H, or H] n*—5n*+8n+2b-10
n—>biseven,n> 10 Gy n—Tn?+25n+b— 64
b>2 (n,b)=(9,3)o0r(8,2) G, n*—Tn*>+23n+b-45
(n,b) =(9,5) G4 or G 328
(n,b) = (6,2),(7,3) or (8,4) G n*—7Tn*+23n+b-46
niseven,n>6 H, nw-5n*+8n—-38
b=1 n=7o0r9 G, n® —7n* +23n — 44
nisodd,n > 11 Gy n—Tn* +25n - 63
n=>5 Cs 0
n==~6 Ce 0
poo "= 7 62(4, 4) or H, 120
n=3_8 G, 178
n>9,nisodd G°3,...,3,4,4) nP—Tn*>+27n-69
NGRS A
(n=7)/2
n > 10, n is even G°3,...,3,4,4,4) n® —9n* +44n — 108
(n-10)/2

Proof. Fori=1,2,3,4, let ¥;(n, b) be the families of cacti defined in Lemmas 4.1-4.4.

Casel. b >2andn — b is odd.
By Lemmas 4.1-4.4, the following hold:

o If G € F1(n,b), then G = G4(3,...,3,5) withn—b > 5and w*Mo(G) = n* = Tn* + 19n+b—45 £
~——

(n—b-5)/2
M.
o If G € F(n,b), thenG = G%(3,...,3,4,4) withn—b > 7 and w*Mo(G) = n*~Tn*+27n+b—69 £
————
(n—b-T7/2
M,.

o If G € F3(n,b), then G = H, and w*Mo(G) = n® —5n> + 8n + 2b — 10 £ M;.
o If G € F4(n, b), then G = H| and w"Mo(G) = M;.

Ifn—b=3,then G = H, orH{.Ifn—b:S,thenGEG2(3,...,3,5),H1,0rH{.Ifn—b27,then
———

(n—b-5)/2
G=G'3,....3.5).G"3,....3,4,4), H,, or H.
~—— ~—
(n—b-5)/2 (n—b-T7)/2
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Since M3 — M, = 2n* = 19n+ b +59 > 0 and M3 — M, = 2n*> — 11n+ b+ 35 > 0 for any nonnegative
integers n and b, it follows that w*Mo(G) = M3 = n® — 5n* + 8n + 2b — 10, and consequently G = H,
or Hj.

Case 2. b > 2 and n — b is even.
By Lemmas 4.1-4.4, the following hold:

e If G € F1(n,b), then

G2(6), ifn—>b=6,
G =1G(3,3,...,3,4,5), ifn—b>8,
— e
(n—-b-8)/2

and w*Mo(G) = M,, where

{n3 —9n? +36n—108, ifn—b =6,
Ml =

n*—9n* +36n-84, ifn—b>8.

o If G € F5(n,b), then G = G%(3,...,3,4,4,4) withn — b > 10 and w*Mo(G) = n* — 9n* + 44n —
S——

(n-b-10)/2
108 = M,.
e If G € F3(n, b), then

_ Gy, ifn—-b>6andn>10, orn—b =4,
|Gy, ifn-b>6andn<9,

and w*Mo(G) = M5, where

M = nw—=Tn*+25n+b-64, ifn—b>6andn>10, orn—>b =4,
YT\ — T2+ 23n+b—45, ifn—b>6andn <.

o If G € F4(n,b), then G = G| withn — b > 4 and w"Mo(G) = n—Tn*+23n+b—46 = M,.

Now assume n > 10. If n — b > 10, then G = Gil’(3,3, ...,3,4,5), Gz(3, .3,4,4,4), Gy, or G| If
NG A NG
(n—b-8)/2 (n—b-10)/2
n—>b=2_8,then G = GZ(4, 5), G4, or G|. If n — b = 6, then G = Gf;(6), G4, or G|. If n — b = 4, then
G = G4 or G
Since n > 10, we have M5 = n® — 7n* + 25n + b — 64. Moreover, M5 — M; > 2n* —11n+b+20 > 0,
M;— M, =2n*>—19n + b + 44 > 0, and M3 — M, = 2n — 18 > 0. Consequently, w*Mo(G) = M3 =
n—Tn?>+25n+b—-64and G = Gy.
Next, consider the case n < 9. Sincen — 3 > b > 2 and n — b is even, we have

(n,b) €{(9,3),(8,2),(9,5),(6,2),(7,3),(8,4)}.
If (n,b) € {(9,3),(8,2)}, then G = GZ(6), Gy, or G|, with M, = nd—9n* +36n - 108, My = n® —Tn> +
23n+b—45,and My = n® —=Tn*> +23n+b—46. Since M5 — M, = 2n*>—13n+b+63 > 0 and M5 > M,,
it follows that w™Mo(G) = M3 =n® = Tn*> + 23n+ b —45and G = G,.
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If (n,b) € {(9,5),(6,2),(7,3),(8,4)}, then G = G4 or G}, with M3 = n3 —Tn® + 25n + b — 64 and
M, = n® —7Tn® + 23n + b — 46. Direct computation yields M3 = M, = 328 when (n,b) = (9,5), and
Mz—M,; = 2n—18 < 0 when (n, b) € {(6,2),(7,3), (8,4)}. Therefore, if (n,b) = (9, 5), then w* Mo(G) =
328 and G = G4 or G'; if (n,b) € {(6,2),(7,3),(8,4)}, then w"Mo(G) = M, =n® —Tn* + 23n + b — 46
and G = G/.

Case3.b=1.
Subcase 3.1. n is even.
By Lemmas 4.1-4.4, the following hold:

o If G € F1(n,b), then G = G,ll(3, ...,3,5) withn > 6and wMo(G) =n® — Tn> + 19n — 44 2 M.
~———
(n—6)/2
o If G € F>(n,b), then G = G.(3,...,3,4,4) withn > 8 and w*Mo(G) = n* = Tn*> + 27Tn— 68 = M,.
——
(n—8)/2
o If G € F3(n, b), then G = H, withn > 6 and w*Mo(G) = n® — 5n> + 8n — 8 2 M.
o If G € Fu(n,b), then G = H, with n > 6 and w*Mo(G) = n® — Tn* + 23n — 42 = M,.

Based on the above, if n = 6, then G = Gé(S), Hy, or H); if n > 8, then G =
G)(3,...,3,5),G\3,...,3,4,4),Hy, or H,. Since for any integer n, M3 — M; = 2n* — 11n + 36 > 0,

~— S~——

(n—6)/2 (n—8)/2

My — M, =2n> — 191+ 60 > 0, and M5 — M, = 2n> — 151 + 34 > 0, it follows that w* Mo(G) = M5 =
n*—5n*>+8n—-8and G = H,.

Subcase 3.2. n is odd.

By Lemmas 4.1-4.4, the following hold:

e If G € F1(n, b), then

G1(6), whenn =7,
G=1G!3,...,3,4,5), whenn>9,
N——
(n=9)/2

and w*Mo(G) = M, where

M- n® —9n* +36n - 108, whenn =7,
YT —9n2+36n—84,  whenn > 9.

o If G € F>(n,b), then G = G.(3,...,3,4,4,4) withn > 11 and w*Mo(G) = n* —9n®> +44n— 108 £
——

(n-11)/2
M.
o If G € F3(n, b), then

~

G4, whenn>11,
G, whenn €{7,9},

and w*Mo(G) = M5, where

Mo = nd —7Tn*+25n—-63, whenn>11,
T\ =702 +23n— 44, whenn € {7,9).
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o If G € F4(n,b), then G = G, withn > 7 and w"Mo(G) = n® —9n® +40n — 82 £ M,.

Based on the above, if n = 7, then G = GJ(6), Gy, or G; if n = 9, then G = G}(4,5), Gy, or G,

For n € {7,9}, we have M5 — M; > 2n* — 13n + 40 > 0 and M5 — M, = 2n*> — 17n + 38 > 0. Hence,
wMo(G) = My =n* —Tn*> +23n—44 and G = G,.

If n > 11, then G = G,11(3, ...,3,4,5), G,11(3, ...,3,4,4,4), G4, or G;,. Since for all integers n > 11,

~—— ~—
(n-9)/2 (n-11)/2

M3—M1 = 21’12— 11n+21 >0, M3—M2 = 2}’12—191’1-0-45 >0, andM3—M4 = 2n2—15n+19 >0,it
follows that w*Mo(G) = My = n® — Tn*> + 25n — 63 and G = G,.

Cased. b = 0.

In this case, F4(n,0) = 0. Hence, G € F1(n,0) U F>(n,0) U F3(n, 0).
Subcase 4.1. n is odd.

By Lemmas 4.1-4.4, the following hold:

e If G € F1(n,0), then G = G°(3,...,3,5) withn > 5 and w*Mo(G) = n® — Tn* + 19n — 45 £ M.
~——
(n=5)/2
o If G € #5(n,0), then G = G°(3,...,3,4,4) withn > 7 and w*Mo(G) = n* = Tn* + 27Tn— 69 = M,.
S—

(n=7)/2
o If G € ¥3(n,0), then G = H, only when n = 7, in which case w*Mo(G) = M,; whereas forn > 9,

w*Mo(G) < M,.

If n =35, then G = GX(5) = Cs and w*Mo(G) = 0.
If n =7, then G = G53,5),G5(4,4), or H,. Direct computation yields M, = 88 and M, = 120.
Therefore, w* Mo(G) = 120, and G = G5(4,4) or H,.
If n > 9, then M, — M, = 8n — 24 > 0. Therefore, w*Mo(G) = M, = n® — Tn®> + 27n — 69 and
G=GG3,...,3,4,4)
NS

(n=7)/2
Subcase 4.2. n is even.
By Lemmas 4.1-4.4, the following hold:

e If G € F1(n,0), then

GY(6), when n = 6,

G =1G°3,...,3,4,5), whenn>8,
——
(n—8)/2
and w*Mo(G) = M,, where
0, when n = 6,
M] =
n —9n®> +36n — 84, whenn > 8.

o If G € #,(n,0), then G = G°(3,...,3,4,4,4) withn > 10 and w*Mo(G) = n* —9n* +44n— 108 =
~———

(n—10)/2
M.
o If G € #3(n,0), then G = G, only when n = 8, in which case w*Mo(G) = n*-9n*+40n-78 = 178;
whereas for n > 10, w*Mo(G) < M,.
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If n = 6, then G = G(6) = C¢ and w*Mo(G) = 0.
If n = 8, then G = G3(4,5) or G, with M, = n® —9n* + 36n — 84 = 140. Since w*Mo(G,) = 178 >
140, it follows that w*Mo(G) = 178 and G = G,.
If n > 10, then G = Gg(3, ...,3,4,5 or G2(3, ...,3,4,4,4). Since M, — M, = 8n —24 > 0, we get
NGRS NG

(n-8)/2 (n-10)/2
wrMo(G) = My =n® —9n* + 44n— 108 and G = G°(3,...,3,4,4,4).
N—
(n-10)/2
This completes the proof. O

5. Conclusions

A novel distance-based topological index called the Mostar index was introduced recently to
measure the peripherality in graphs. As a natural generalization, the additively weighted Mostar index
has attracted substantial theoretical attention. In this paper, we address the extremal problems for the
additively weighted Mostar index over the class of cacti with given graph parameters. Specifically,
we determine the maximum value of the additively weighted Mostar index over all cacti of order n
containing exactly p pendant vertices. Additionally, we establish both the largest and the second largest
values of the additively weighted Mostar index among all n-vertex cacti with precisely b cut edges.
For each extremal value, the corresponding extremal cacti are fully characterized. The extremal cacti
characterized in this paper correspond to molecular frameworks where cyclic fragments are as small as
possible and pendant substituents are densely localized around a small number of central vertices. Such
configurations maximize the distance imbalance captured by the additively weighted Mostar index,
thereby establishing a theoretical foundation for understanding structure-property relationships and
enabling rational molecular design. It would be interesting to investigate the corresponding extremal
problems for other restrictions on cacti, as well as related distance-based indices (e.g., the edge Mostar
index and its variants). We will consider it for future study.
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