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1. Introduction

In his seminal 1971 paper [23], Serrin proved that if there exists a solution to the following Poisson
equation

4u = −1 (1.1)

in a bounded domain Ω ⊂ Rn with C2 boundary ∂Ω such that

u = 0 and uν = c on ∂Ω,

then Ω must be a ball and u radially symmetric. Serrin’s original proof was based on the method of
moving planes. Right after, Weinberger [26] dealt with the above problem with a simple proof, making
use of the subharmonic function corresponding to the given partial differential equation (1.1) and the
maximum principle. After the work of Serrin [23] and Weinberger [26], there has been a huge amount
of work on the overdetermined problem. First, Serrin’s overdetermined problem has been generalized
in various ways in the Euclidean space. We refer the reader to [2, 6–8, 14, 18] and references therein.
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Moreover, it has also been extended to space forms and beyond (see [3,11,17,20] for Sn, [4,13] for
Hn, and [16, 22] for warped product manifolds). Qiu and Xia [20] proved that if there exists a solution
to

4u + nu = −1 (1.2)

in a bounded domain Ω ⊂ Sn such that

u = 0 and uν = c on ∂Ω,

then Ω is a geodesic ball and u is radially symmetric. Ciraolo and Vezzoni [4] extended this result to
the hyperbolic space Hn.

On the other hand, there are not many known results concerning a Serrin-type overdetermined
problem on an annular domain Ω. In [19], Philippin proved that if u is a solution of

4u = 0

in an annular domain Ω = Ω0 \Ω1 ⊂ R
n such thatu = 0 on ∂Ω0 and u = 1 on ∂Ω1,

|uν| = c on ∂Ω,

then Ω is a radially symmetric annular domain and u is radially symmetric, under the assumption that
each Ωi is star-shaped, i = 0, 1. Reichel [21] and Sirakov [24] generalized this to the equation (1.1)
and further. See [1, 9, 10, 12, 25, 27] for an overdetermined problem on an annular domain Ω ⊂ Rn.
In an n-dimensional sphere Sn, Fall, Minlend, and Weth [5] showed that there exists a non-radially
symmetric annular domain Ω for which (1.1) with u = 0 and uν = c on ∂Ω is solvable. Recently, Lee
and Seo [15] obtained Serrin-type symmetry results for Eq (1.2) in annular domains with a spherical
boundary component in Sn, and the analogous results in Hn.

In this paper, we consider the Serrin-type overdetermined problem for

4u + nKu = −δ (1.3)

in an annular domain, such that one of its boundary components Γ is spherical, in space forms of
sectional curvature K = 1,−1, where δ = 0, 1. We derive necessary conditions on boundary data for

the existence of a solution to the overdetermined problem ∇2u + Kug = −
δ

n
g. Under these conditions,

we prove Serrin-type symmetry result in an annular domain with a spherical boundary component in
space forms for (1.3) (see Theorems 3.4 and 3.5). Additionally, we extend several results of Lee and
Seo [15], specifically Theorems 2.4, 2.5, and 3.3. Corresponding results are presented in Theorems 3.6
and 3.8.

2. Preliminaries

Let Mn be an n-dimensional complete simply connected space form of sectional curvature K , 0.
We may assume that K = 1,−1 via homotheties. The corresponding space forms to K = 1 and −1 are
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the unit sphere Sn and the hyperbolic space Hn, respectively.

Fix a point p ∈ M. One can consider a space form M as a warped product space M = I × Sn−1 with
the metric g = dr2 + h(r)2gSn−1 , where r is the distance from p and gSn−1 is the round metric on Sn−1.
The warping function h is defined as follows.

h(r) =

sin r on I = [0, π) if K = 1,
sinh r on I = [0,∞) if K = −1.

Here, we use an abuse of notation and identify h(x) with h(r) to emphasize that it is radial. From now
on, we will employ the same notation when no ambiguity arises, i.e., denote ϕ(x) by ϕ(r) for a radial
function ϕ.

Denote the Laplacian and the gradient on M by 4 and ∇. Let Ω ⊂ M be a bounded domain with C2

boundary ∂Ω. For a constant δ = 0, 1, let u be a solution of

4u + nKu = −δ

in Ω. Define two P-functions

P(u) = |∇u|2 + Ku2 +
2δ
n

u,

P̃(u) = 〈∇u,∇h′〉 + Kuh′ +
δ

n
h′,

where 〈·, ·〉 is the inner product on M and h′ denotes the radial derivative d
dr h of h. The following

properties of P-functions are well-known and the proofs can be found in many papers (see [4, 15, 20,
26]). We include a proof for the reader’s convenience.

Lemma 2.1 (P-functions, [4, 15, 20, 26]).

4P ≥ 0 and 4P̃ = 0.

Moreover, 4P = 0 if, and only if, ∇2u + Kug = −
δ

n
g.

Proof. Applying the Bochner formula, we compute

4|∇u|2 = 2
(
|∇2u|2 + 〈∇4u,∇u〉 + Ric(∇u,∇u)

)
= 2

(
|∇2u|2 − nK|∇u|2 + (n − 1)K|∇u|2

)
= 2

(
|∇2u|2 − K|∇u|2

)
,

where ∇2u is the Hessian of u and Ric(·, ·) is the Ricci curvature of M. Then we have

4P = 4

(
|∇u|2 + Ku2 +

2δ
n

u
)

= 2
(
|∇2u|2 − K|∇u|2

)
+ 2

(
Ku4u + K|∇u|2 +

δ

n
4u

)
AIMS Mathematics Volume 11, Issue 11, 37465–37479.
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= 2
(
|∇2u + Kug|2 − 2Ku4u − nK2u2 + Ku4u +

δ

n
4u

)
= 2

(
|∇2u + Kug|2 −

δ

n

)
≥

2
n

((
tr

(
∇2u + Kug

))2
− δ

)
= 0.

The fourth equality holds because δ2 = δ. The inequality follows from |A|2 =
∑n

i, j A2
i j ≥

∑n
i A2

ii ≥
1
n (

∑n
i Aii)2 = 1

n (trA)2 for an n × n matrix A. The equality holds if, and only if, Aii = A j j and Ai j = 0
for 1 ≤ i , j ≤ n. Thus, 4P = 0 if, and only if, ∇2u + Kug = λg for some λ ∈ R. This implies that
nλ = tr

(
∇2u + Kug

)
= 4u + nKu = −δ. We obtain λ = − δn .

Note that

h′(r) =

cos r on I = [0, π) if K = 1,
cosh r on I = [0,∞) if K = −1.

It is well established that
∇2h′ + Kh′g = 0 and 4h′ + nKh′ = 0. (2.1)

Using the Bochner formula, we have

4〈∇u,∇h′〉 = 2〈∇2u,∇2h′〉 + 〈∇4u,∇h′〉 + 〈∇u,∇4h′〉 + 2Ric(∇u,∇h′)
= 2

(
−Kh′4u − nK〈∇u,∇h′〉 + (n − 1)K〈∇u,∇h′〉

)
= 2

(
−Kh′4u − K〈∇u,∇h′〉

)
.

Then,

4P̃ = 4

(
〈∇u,∇h′〉 + Kuh′ +

δ

n
h′

)
= 2

(
−Kh′4u − K〈∇u,∇h′〉

)
+ Kh′4u + Ku4h′ + 2K〈∇u,∇h′〉 +

δ

n
4h′

= −Kh′4u + Ku4h′ +
δ

n
4h′ = 0.

�

Lemma 2.2. Let Ω ⊂ M be a bounded domain with C2 boundary ∂Ω such that one of its boundary
components Γ is spherical. Let Γ = ∂BR(p) for a fixed point p ∈ M, and let r be the distance from p.
Suppose that there exists a solution u ∈ C2(Ω) of∇

2u + Kug = −
δ

n
g,

u = a and ∂
∂r u = c on Γ,

(2.2)

where a and c are constants. Then u is a radial function. More precisely,

u(x) = Ah′(r(x)) −
δK
n
,

where A = − cK
h(R) .
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Proof. Let γv : I → M be a unit speed maximal geodesic such that γv(0) = p and γ′v(0) = v ∈ TpM. For
each v, there exists a maximal subinterval Jv of I such that γv(Jv) ⊂ Ω and R ∈ Jv. Define a function ϕ
on Jv by ϕ(t) = u ◦ γv(t). Then ϕ′(t) = 〈∇u, γ′v(t)〉 and

ϕ′′(t) = ∇2u(γ′v(t), γ
′
v(t)) = −Kϕ −

δ

n
since γv is a geodesic. Solving the above ordinary differential equation yields

ϕ(t) = Ah′(t) + Bh(t) −
δK
n

for some constants A and B. Since γv(R) ∈ Γ, by using the boundary condition on Γ,a = ϕ(R) = Ah′(R) + Bh(R) − δK
n ,

c = ϕ′(R) = −AKh(R) + Bh′(R),

where we used the relation h′′ = −Kh. Since h2 + Kh′2 = K, we have

B =

(
a +

δK
n

)
Kh(R) + ch′(R).

For any tangent vector fields X,Y of a geodesic sphere Γ = ∂BR(p),

II(X,Y) =
h′(R)
h(R)

g(X,Y)n,

where n is the unit normal to Γ = ∂BR(p) pointing into the geodesic ball BR(p). The fact that u is
constant on Γ implies that

∇2u(X,Y) = X(Y(u)) − (∇Γ
XY + II(X,Y))(u)

= −II(X,Y)(u)

=
〈
∇u,

h′(R)
h(R)

g(X,Y)
∂

∂r

〉
,

where ∇Γ and II denote the tangential connection and the second fundamental form of Γ in M,
respectively. Let X be a unit tangent vector field to Γ = ∂BR(p). Since u = a and ur = c there,

−
δ

n
= −

δ

n
g(X, X) = (∇2u + Kug)(X, X) =

h′(R)
h(R)

c + Ka,

which is equivalent, since K2 = 1, to

B =

(
a +

δK
n

)
Kh(R) + ch′(R) = 0.

Therefore,

A = −
cK

h(R)
and ϕ(t) = Ah′(t) −

δK
n
,

which implies that ϕ depends only on the distance from p, and not on the choice of v. It follows that
u(x) = ϕ(r(x)) for all x ∈

⋃
{γv(Jv) | v ∈ TpM} ⊂ Ω. Note that there exists a constant ε > 0, independent

of v, such that for all v ∈ TpM, either (R − ε,R] ⊂ Jv or [R,R + ε) ⊂ Jv since Γ ⊂ ∂Ω is compact. The
function w = u −

(
Ah′ − δK

n

)
satisfies 4w + nKw = 0 and vanishes together with ∇w on an open subset

of the connected domain Ω, so w ≡ 0 by unique continuation. This completes the proof. �
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3. Overdetermined problem on a weakly star-shaped annular domain with a spherical
boundary component

From now on, let p ∈ M be a fixed point, and let r denote the distance from p. For an annular domain
Ω ⊂ M with boundary ∂Ω such that one of its boundary components Γ is spherical, we find necessary
conditions that a solution of (2.2) with constant boundary conditions must satisfy. Let Γ = ∂BR(p).
Then, either Ω ⊂ BR(p) or Ω ⊂ M \ BR(p). We consider the first case in the following theorem.

Theorem 3.1. Let Ω ⊂ BR(p) be an annular domain in M with C2 boundary ∂Ω = Γ1 ∪ Γ2 such that
Γ2 = ∂BR(p). Suppose that there exists a nonconstant solution u ∈ C2(Ω) of

∇2u + Kug = −
δ

n
g

such that u = a1, uν = c1 on Γ1,

u = a2, uν = c2 on Γ2 = ∂BR(p),

where ν is the outward unit normal to ∂Ω and a1, a2, c1, c2 are constants. Then the following hold.

1. P|Γ1 = P|Γ2 .
2. c1 · c2 < 0.
3. Ω = Ω∗, where Ω∗ = {x ∈ M | 0 < r1 < r(x) < r2} such thatr1 = arccot(b1

c1
), r2 = arccot(−b2

c2
) where bi = ai + δ

n if K = 1,
r1 = arccoth(−b1

c1
), r2 = arccoth(b2

c2
) where bi = ai −

δ
n if K = −1,

where arccot is taken to have values in (0, π).

4. u(x) =


sgn(c1)

√
b2

1 + c2
1h′(r(x)) − δ

n = −sgn(c2)
√

b2
2 + c2

2h′(r(x)) − δ
n if K = 1,

−sgn(c1)
√

b2
1 − c2

1h′(r(x)) + δ
n = sgn(c2)

√
b2

2 − c2
2h′(r(x)) + δ

n if K = −1,

where sgn(ci) is the sign of ci, i = 1, 2.

Proof. It is enough to consider the case δ = 0. This is because defining ϕ = u+ K
n yields ∇2ϕ+Kϕg = 0

such that ϕ = bi := ai + K
n , ϕν = ci on Γi, i = 1, 2, when δ = 1. If we prove Theorem 3.1 for ϕ, then

P(ϕ) − P(u) =
(
|∇ϕ|2 + Kϕ2

)
−

(
|∇u|2 + Ku2 +

2
n

u
)

=
K
n2 .

This implies that Theorem 3.1 holds for u.

Now we assume δ = 0. Note that ∂
∂r u = uν on Γ2 = ∂BR(p) since Ω ⊂ BR(p). It follows from

Lemma 2.2 and h′′ = −Kh that u = Ah′ and u′ = Ah′′ = −AKh. Here, we may assume A , 0 because
u is not a constant function. Then

u = Ah′(r(x)) = ai for x ∈ Γi,
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which implies that h′(r) is constant on Γi, as is r. Denote it by ri for i = 1, 2. In this case, r2 = R. It
follows from Γi being a geodesic sphere centered at p that |∇u| = |uν| = |u′| on Γi, which implies that

P|Γi = c2
i + Ka2

i

= (−AKh(ri))2 + K
(
Ah′(ri)

)2

= A2(h(ri)2 + K(h′(ri))2)

because K2 = 1. Since h2 + K(h′)2 = K, we get

P|Γ1 = P|Γ2 = KA2.

Note that ci = uν = u′〈∇r, ν〉 = −AKh〈∇r, ν〉. Observe that 〈∇r, ν〉 has an opposite sign on each Γi

since each Γi is a geodesic sphere centered at p, which implies c1 · c2 < 0.

On the other hand, a1 = Ah′(r1), a2 = Ah′(r2), and 〈∇r, ν〉|Γ1 = −1. Then c1 = uν|Γ1 = −u′|Γ1 =

AKh(r1) and c2 = −AKh(r2).

• For the case of K = 1 (h = sin r, h′ = cos r),
r1 = arccot(a1

c1
), r2 = arccot(−a2

c2
),

A =
c1

sin r1
=

c1

sin(arccot(a1
c1

))
= sgn(c1)

√
a2

1 + c2
1,

=
−c2

sin r2
=

−c2

sin(arccot(−a2
c2

))
= −sgn(c2)

√
a2

2 + c2
2.

• For the case of K = −1 (h = sinh r, h′ = cosh r),
r1 = arccoth(−a1

c1
), r2 = arccoth(a2

c2
),

A =
a1

cosh r1
=

a1

cosh(arccoth(−a1
c1

))
= −sgn(c1)

√
a2

1 − c2
1,

=
a2

cosh r2
=

a2

cosh(arccoth(a2
c2

))
= sgn(c2)

√
a2

2 − c2
2.

This completes the proof. �

Remark 3.2. The overdetermined problem in Theorem 3.1 does not admit a solution for an arbitrary
{a1, a2, c1, c2}. Necessary conditions on boundary data for the existence of a solution to the
overdetermined problem in Theorem 3.1 are listed below:

•
(
a2 + δK

n

)
h(R) + c2Kh′(R) = 0 (see the proof of Lemma 2.2).

• P|Γ1 = P|Γ2 , equivalently Ka2
1 + 2δ

n a1 + c2
1 = Ka2

2 + 2δ
n a2 + c2

2.
• c1 · c2 < 0.

• If K = 1, then c2
sin R = −sgn(c1)

√
b2

1 + c2
1.

• If K = −1, then b1
c1
< 0, b2

c2
> 0, and c2

sinh R = −sgn(c1)
√

b2
1 − c2

1.
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Remark 3.3. Similar to Theorem 3.1, we can prove the case Ω ⊂ M \ BR(p) as follows: Let Ω ⊂

M \BR(p) be an annular domain in M with C2 boundary ∂Ω = Γ1∪Γ2 such that Γ1 = ∂BR(p). Suppose
that there exists a nonconstant solution u ∈ C2(Ω) of

∇2u + Kug = −
δ

n
g

such that u = a1, uν = c1 on Γ1 = ∂BR(p),
u = a2, uν = c2 on Γ2,

where ν is the outward unit normal to ∂Ω and a1, a2, c1, c2 are constants. Then the conclusions of
Theorem 3.1 remain valid. Necessary conditions on boundary data for the existence of a solution to
the overdetermined problem in Remark 3.3 are listed below:

•
(
a1 + δK

n

)
h(R) − c1Kh′(R) = 0 (see the proof of Lemma 2.2).

• P|Γ1 = P|Γ2 , equivalently Ka2
1 + 2δ

n a1 + c2
1 = Ka2

2 + 2δ
n a2 + c2

2.
• c1 · c2 < 0.

• If K = 1, then c1
sin R = −sgn(c2)

√
b2

2 + c2
2.

• If K = −1, then b1
c1
< 0, b2

c2
> 0, and c1

sinh R = −sgn(c2)
√

b2
2 − c2

2.

The notion of a weakly star-shaped annular domain was defined by Lee and Seo [15].

Definition. Let Ω be an annular domain. Ω is weakly star-shaped with respect to p if each component
of the boundary ∂Ω can be written as a graph over a geodesic sphere with center p.

In this case, we simply call Ω a weakly star-shaped annular domain. Let Ω be a weakly star-shaped
annular domain in M with C2 boundary ∂Ω = Γ1 ∪ Γ2 such that one of the boundary components is
∂BR(p). We deal with the following overdetermined problem in Ω. For δ = 0, 1,

4u + nKu = −δ in Ω,

u = a1, uν = c1 on Γ1,

u = a2, uν = c2 on Γ2,

(3.1)

where a1, a2, c1, c2 are constants.

In the Serrin’s overdetermined problem, the conditions u = 0 and uν = c on ∂Ω are assumed, so
the corresponding P-function P(u) has a constant value on ∂Ω. On the other hand, in Theorem 3.1, we
show that any solution u of ∇2u + Kug = − δng (and hence to 4u + nKu = −δ) in an annular domain
with a spherical boundary component must satisfy that P|Γ1 = P|Γ2 and c1 · c2 < 0. In this manner, it is
natural to consider the following.

Theorem 3.4. Let Ω ⊂ BR(p) be a weakly star-shaped annular domain in M with C2 boundary ∂Ω =

Γ1 ∪ Γ2 such that Γ2 = ∂BR(p). Suppose that there exists a solution u ∈ C3(Ω) ∩ C2(Ω) of (3.1) with
boundary data {a1, a2, c1, c2} satisfyingP|Γ1 = P|Γ2 , (equivalently, Ka2

1 + 2δ
n a1 + c2

1 = Ka2
2 + 2δ

n a2 + c2
2)

c1 · c2 < 0.
(3.2)

AIMS Mathematics Volume 11, Issue 11, 37465–37479.
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Then Ω must be a radially symmetric annular domain and u radially symmetric; moreover, the specific
forms of Ω and u are detailed in Theorem 3.1.

Proof. For the case δ = 1, we let ϕ = u + δK
n . Then ϕ satisfies the case δ = 0 with (3.2), so it is enough

to consider the case δ = 0. Assume δ = 0. Note that 4P ≥ 0, which gives P|Γ1 = P|Γ2 = max
Ω

P. We

claim that P is constant. Suppose that P is not constant. Since ν denotes the outward unit normal to
∂Ω, the Hopf maximum principle yields Pν > 0 on ∂Ω. Let e1, . . . , en−1, en = ν be an orthonormal basis
near q ∈ ∂Ω. Then ui = uνi = 0 for i = 1, . . . , n − 1. We have

Pν =

 n∑
i=1

u2
i + Ku2


ν

= 2 (uνν + Ku) uν > 0.

From the assumption c1 · c2 < 0, it follows that

(uνν + Ku) |q1 · (uνν + Ku) |q2 < 0 (3.3)

for qi ∈ Γi, i = 1, 2.

On the other hand, we compute the normal derivative of P̃ making use of (2.1).

P̃ν =

 n∑
i=1

uih′i + Kuh′

ν

=

 n∑
i=1

(
uiνh′i + uih′iν

) + Kuνh′ + Kuh′ν

=

 n∑
i=1

uiνh′i

 − Kuνh′ + Kuνh′ + Kuh′ν

= (uνν + Ku) h′ν. (3.4)

Since h is radial, h′ν = 〈∇h′, ν〉 = h′′〈∇r, ν〉. We compute directly that h′′ = − sin r < 0, and sinh r > 0
in Ω for K = 1, and −1, respectively.

Note that −p < Ω. Because Ω is weakly star-shaped with respect to p,

〈∇r, ν〉|q1 · 〈∇r, ν〉|q2 < 0,

and thus
h′ν|q1 · h

′
ν|q2 < 0, (3.5)

for qi ∈ Γi, i = 1, 2. Joining (3.3) and (3.5), the equality (3.4) implies that either P̃ν > 0 or P̃ν < 0 on the
whole ∂Ω. However, either P̃ ≡ const. in Ω or P̃ν does not have a single sign over the entire boundary
∂Ω by applying the Hopf maximum principle to 4P̃ = 0. Then, P̃ becomes constant in Ω, and hence
uνν + Ku = 0 on ∂Ω, which contradicts (3.3). The claim holds. Since P is constant, ∇2u + Kug = 0
from Lemma 2.1. Then, Theorem 3.1 completes the proof. �
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The proof in the case Ω ⊂ M \ BR(p) and Γ1 = ∂BR(p) is analogous and follows the same argument.

Theorem 3.5. Let Ω ⊂ M \ BR(p) be a weakly star-shaped annular domain in M = Sn \ {−p} or Hn

with C2 boundary ∂Ω = Γ1 ∪ Γ2 such that Γ1 = ∂BR(p). Suppose that there exists a solution u ∈
C3(Ω) ∩C2(Ω) of (3.1) with boundary data {a1, a2, c1, c2} satisfyingP|Γ1 = P|Γ2 , (equivalently, Ka2

1 + 2δ
n a1 + c2

1 = Ka2
2 + 2δ

n a2 + c2
2)

c1 · c2 < 0.

Then Ω must be a radially symmetric annular domain and u radially symmetric; moreover, the specific
forms of Ω and u are detailed in Theorem 3.1.

Lee and Seo dealt with the overdetermined problem (3.1) with constant boundary data on a weakly
star-shaped annular domain in M = Sn,Hn, under the assumption that either one of the boundary
components is spherical (Theorems 2.4, 2.5, and 3.3 in [15]). They considered the case where the
boundary condition u = 0 is present on a non-spherical boundary component. We extend their results
in Theorems 3.6 and 3.8.

Theorem 3.6. Let Ω ⊂ BR(p) be a weakly star-shaped annular domain in Sn with C2 boundary ∂Ω =

Γ1 ∪ Γ2 such that Γ2 = ∂BR(p) and R > π
2 . Suppose that there exists a solution u ∈ C3(Ω) ∩ C2(Ω)

of (3.1) with boundary data {a1, a2, c1, c2} satisfying
c1 · c2 < 0,
b2 · c2 > 0,

b2
1 + c2

1 =

( c2

sin R

)2

where bi := ai + δ
n . Then Ω must be a radially symmetric annular domain and u radially symmetric;

moreover, the specific forms of Ω and u are detailed in Theorem 3.1.

Proof. Let ϕ = u + δ
n . Then 

4ϕ + nϕ = 0 in Ω,

ϕ = b1, ϕν = c1 on Γ1,

ϕ = b2, ϕν = c2 on Γ2.

The assumption R > π
2 implies h′(R) = cos R < 0 on Γ2.

Case 1: c2 > 0.
We claim that P(ϕ) = |∇ϕ|2 + ϕ2 is constant. Suppose that P(ϕ) is not constant. If P(ϕ)|Γ1 ≤ P(ϕ)|Γ2 ,
then P(ϕ)ν|Γ2 > 0 by the Hopf maximum principle. Because b2 · c2 > 0 and c1 · c2 < 0, we have
b2, c2 > 0. Thus,

c2
2 + b2

2 = P(ϕ)|Γ2 ≥ P(ϕ)|Γ1 = c2
1 + b2

1 =

( c2

sin R

)2
=⇒ b2

2 ≥

(cos R
sin R

c2

)2

=⇒ b2 ≥ −
cos R
sin R

c2.
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With respect to the spherical coordinates, the Laplacian of ϕ is given by

4ϕ = ϕ′′ + (n − 1)
h′

h
ϕ′ +

1
h24Sn−1ϕ, (3.6)

where 4Sn−1 is the Laplacian on Sn−1. Since Γ2 is a geodesic sphere centered at p, on Γ2,

4Sn−1ϕ = 0. (3.7)

Meanwhile, ϕν = ϕ′ and ϕνν = ϕ′′ on Γ2. Using (3.6) and (3.7), we compute

P(ϕ)ν|Γ2 = 2(ϕνν + ϕ)ϕν = 2(ϕ′′ + ϕ)ϕν

= −2(n − 1)
(cos R

sin R
ϕ′ + ϕ

)
ϕν

= −2(n − 1)
(cos R

sin R
c2 + b2

)
c2 ≤ 0,

which is a contradiction. Therefore, we have P(ϕ)|Γ2 < P(ϕ)|Γ1 , and thus P(ϕ)ν|Γ1 > 0. Since P(ϕ)|Γ2 <

P(ϕ)|Γ1 ,

c2
2 + b2

2 = P(ϕ)|Γ2 < P(ϕ)|Γ1 = c2
1 + b2

1 =

( c2

sin R

)2
=⇒ b2

2 <
(cos R

sin R
c2

)2

=⇒ b2 < −
cos R
sin R

c2.

which yields

(ϕνν + ϕ)|Γ2 = −(n − 1)
(cos R

sin R
c2 + b2

)
> 0.

It follows from P(ϕ)ν|Γ1 = 2(ϕνν + ϕ)ϕν > 0 and ϕν = c1 < 0 on Γ1 that

(ϕνν + ϕ)|Γ1 < 0.

Therefore, we have
(ϕνν + ϕ) |q1 · (ϕνν + ϕ) |q2 < 0,

for qi ∈ Γi, i = 1, 2. Analogous to the proof of Theorem 3.4, either P̃(ϕ)ν > 0 or P̃(ϕ)ν < 0 on
the whole ∂Ω since Ω is weakly star-shaped with respect to p. By applying the Hopf maximum
principle to 4P̃(ϕ) = 0, we get a contradiction and the claim holds. Therefore, Ω and ϕ are given as in
Theorem 3.1, and so is u.

Case 2: c2 < 0.
Define ϕ̃ = −ϕ. Then, ϕ̃ satisfies Case 1, which completes the proof. �

Remark 3.7. Consider the following problem : Let Ω ⊂ Sn \ BR(p) be a weakly star-shaped annular
domain in Sn \ {−p} with C2 boundary ∂Ω = Γ1 ∪ Γ2 such that Γ1 = ∂BR(p) and R < π

2 . Suppose that
there exists a solution u ∈ C3(Ω) ∩C2(Ω) of (3.1) with boundary data {a1, a2, c1, c2} satisfying

c1 · c2 < 0,
b1 · c1 > 0,

b2
2 + c2

2 =

( c1

sin R

)2
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where bi := ai + δ
n . By taking −p instead of p and thus replacing r with π − r, it becomes identical to

the problem in Theorem 3.6.

Theorem 3.8. Let Ω ⊂ BR(p) be a weakly star-shaped annular domain in Hn with C2 boundary ∂Ω =

Γ1 ∪ Γ2 such that Γ2 = ∂BR(p). Suppose that there exists a solution u ∈ C3(Ω) ∩ C2(Ω) of (3.1) with
boundary data {a1, a2, c1, c2} satisfying

c1 · c2 < 0,
b2 · c2 > 0,

−b2
1 + c2

1 = −

( c2

sinh R

)2
,

where bi := ai −
δ
n . Then Ω must be a radially symmetric annular domain and u radially symmetric;

moreover, the specific forms of Ω and u are detailed in Theorem 3.1.

Proof. Note that h′(r) = cosh r > 0 in Hn. Let ϕ = u − δ
n . Then,

4ϕ − nϕ = 0 in Ω,

ϕ = b1, ϕν = c1 on Γ1,

ϕ = b2, ϕν = c2 on Γ2 = ∂BR(p).

Case 1: c2 < 0.
We claim that P(ϕ) = |∇ϕ|2 − ϕ2 is constant. Suppose that P(ϕ) is not constant. If P(ϕ)|Γ1 ≤ P(ϕ)|Γ2 ,
then P(ϕ)ν|Γ2 > 0 by the Hopf maximum principle. Because b2 · c2 > 0, we have b2, c2 < 0. Thus,

c2
2 − b2

2 = P(ϕ)|Γ2 ≥ P(ϕ)|Γ1 = c2
1 − b2

1 = −

( c2

sinh R

)2
=⇒ b2

2 ≤

(
cosh R
sinh R

c2

)2

=⇒ b2 ≥
cosh R
sinh R

c2.

Analogous to the proof of Theorem 3.6, we have

P(ϕ)ν|Γ2 = 2(ϕνν − ϕ)ϕν = 2(ϕ′′ − ϕ)ϕν

= −2(n − 1)
(
cosh R
sinh R

ϕ′ − ϕ

)
ϕν

= −2(n − 1)
(
cosh R
sinh R

c2 − b2

)
c2 ≤ 0,

which is a contradiction. Therefore, we have P(ϕ)|Γ1 > P(ϕ)|Γ2 , and thus P(ϕ)ν|Γ1 > 0. Since P(ϕ)|Γ1 >

P(ϕ)|Γ2 ,

c2
2 − b2

2 = P(ϕ)|Γ2 < P(ϕ)|Γ1 = c2
1 − b2

1 = −

( c2

sinh R

)2
=⇒ b2

2 >

(
cosh R
sinh R

c2

)2

=⇒ b2 <
cosh R
sinh R

c2.
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which yields

(ϕνν − ϕ)|Γ2 = −(n − 1)
(
cosh R
sinh R

c2 − b2

)
< 0.

It follows from P(ϕ)ν|Γ1 = 2(ϕνν − ϕ)ϕν > 0 and ϕν = c1 > 0 on Γ1 that

(ϕνν − ϕ)|Γ1 > 0.

Therefore, we have
(ϕνν − ϕ) |q1 · (ϕνν − ϕ) |q2 < 0,

for qi ∈ Γi, i = 1, 2. Analogous to the proof of Theorem 3.4, either P̃(ϕ)ν > 0 or P̃(ϕ)ν < 0 on
the whole ∂Ω since Ω is weakly star-shaped with respect to p. By applying the Hopf maximum
principle to 4P̃(ϕ) = 0, we get a contradiction and the claim holds. Therefore, Ω and ϕ are given as in
Theorem 3.1, and so is u.

Case 2: c2 > 0.
Define ϕ̃ = −ϕ. Then ϕ̃ satisfies Case 1, which completes the proof of this case. �

4. Conclusions

We study overdetermined problems on annular domains with a spherical boundary component in
space forms Sn and Hn, and establish several rigidity results using the P-function method. We first
consider overdetermined Hessian equations in space forms Sn, Hn. If the domain has a spherical
boundary component, then the existence of a solution to the overdetermined Hessian problem implies
that the domain is rotationally symmetric and that the solution is a radial function. Moreover, we
derive necessary conditions that the solution must satisfy. For weakly star-shaped annular domains, we
prove Serrin-type rigidity results using P-functions. As a consequence, the domain must be radially
symmetric and the solution takes the form of a Serrin-type radial function. We also deal with non-
homogeneous cases and obtain similar symmetry results. It is significant that known results have been
extended to broader classes of boundary conditions.
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