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rigidity theorem under boundary conditions.

Keywords: overdetermined problem; annular domain; space form
Mathematics Subject Classification: 35N25, 35R01, 53C24

1. Introduction

In his seminal 1971 paper [23], Serrin proved that if there exists a solution to the following Poisson
equation
Au=—1 (1.1)

in a bounded domain Q c R" with C? boundary dQ such that
u=0 and u,=c on 09,

then Q2 must be a ball and u radially symmetric. Serrin’s original proof was based on the method of
moving planes. Right after, Weinberger [26] dealt with the above problem with a simple proof, making
use of the subharmonic function corresponding to the given partial differential equation (1.1) and the
maximum principle. After the work of Serrin [23] and Weinberger [26], there has been a huge amount
of work on the overdetermined problem. First, Serrin’s overdetermined problem has been generalized
in various ways in the Euclidean space. We refer the reader to [2,6-8, 14, 18] and references therein.
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Moreover, it has also been extended to space forms and beyond (see [3,11,17,20] for ", [4,13] for
H", and [16,22] for warped product manifolds). Qiu and Xia [20] proved that if there exists a solution
to

Au+nu=-1 (1.2)

in a bounded domain Q c S” such that
u=0 and u,=c on 09,

then Q is a geodesic ball and u is radially symmetric. Ciraolo and Vezzoni [4] extended this result to
the hyperbolic space H".

On the other hand, there are not many known results concerning a Serrin-type overdetermined
problem on an annular domain Q. In [19], Philippin proved that if u is a solution of

Au=0

in an annular domain Q = Q \ E C R” such that

u=0 on 0Qy and u=1 on 09,
lu,] =c on 0Q,

then Q is a radially symmetric annular domain and u is radially symmetric, under the assumption that
each €; is star-shaped, i = 0, 1. Reichel [21] and Sirakov [24] generalized this to the equation (1.1)
and further. See [1,9, 10, 12,25,27] for an overdetermined problem on an annular domain Q c R”.
In an n-dimensional sphere S", Fall, Minlend, and Weth [5] showed that there exists a non-radially
symmetric annular domain Q for which (1.1) with # = 0 and u, = ¢ on 0Q is solvable. Recently, Lee
and Seo [15] obtained Serrin-type symmetry results for Eq (1.2) in annular domains with a spherical
boundary component in S”, and the analogous results in H".

In this paper, we consider the Serrin-type overdetermined problem for
Au+nKu = -6 (1.3)
in an annular domain, such that one of its boundary components I" is spherical, in space forms of

sectional curvature K = 1, -1, where 6 = 0, 1. We derive necessary conditions on boundary data for

the existence of a solution to the overdetermined problem V2u + Kug = ——g. Under these conditions,
n

we prove Serrin-type symmetry result in an annular domain with a spherical boundary component in
space forms for (1.3) (see Theorems 3.4 and 3.5). Additionally, we extend several results of Lee and
Seo [15], specifically Theorems 2.4, 2.5, and 3.3. Corresponding results are presented in Theorems 3.6
and 3.8.

2. Preliminaries

Let M" be an n-dimensional complete simply connected space form of sectional curvature K # O.
We may assume that K = 1, —1 via homotheties. The corresponding space forms to K = 1 and —1 are

AIMS Mathematics Volume 11, Issue 11, 37465-37479.



37467

the unit sphere S” and the hyperbolic space H", respectively.

Fix a point p € M. One can consider a space form M as a warped product space M = I x S"~! with
the metric g = dr? + h(r)*gs»1, where r is the distance from p and gs.1 is the round metric on S$"!.
The warping function # is defined as follows.

her) sinr on [I=[0,m) if K=1,
r) =
sinhr on [=[0,00) if K=-1.

Here, we use an abuse of notation and identify /(x) with A(r) to emphasize that it is radial. From now
on, we will employ the same notation when no ambiguity arises, i.e., denote ¢(x) by ¢(r) for a radial
function ¢.

Denote the Laplacian and the gradient on M by A and V. Let Q € M be a bounded domain with C?
boundary 9Q. For a constant 6 = 0, 1, let u be a solution of

Au+nKu = -6
in Q. Define two P-functions
20
P(u) = |Vul* + Ku* + —u,
n

— S
P(u) = (Vu, V'Y + Kul! + ~It,
n

where (-, -) is the inner product on M and /" denotes the radial derivative di"rh of h. The following
properties of P-functions are well-known and the proofs can be found in many papers (see [4, 15, 20,
26]). We include a proof for the reader’s convenience.

Lemma 2.1 (P-functions, [4, 15,20,26]).

AP>0 and AP =0.

)
Moreover, AP = 0 if, and only if. V’u + Kug = —=g.

n
Proof. Applying the Bochner formula, we compute

AlVul> =2 (|V2u|2 +(Vau, Vu) + Ric(Vu, Vu))
=2 (|V2u|2 — nK|Vul* + (n — 1)K|Vu|2)
=2 (|V2u|2 _ K|Vu|2),

where V?u is the Hessian of u and Ric(-, -) is the Ricci curvature of M. Then we have
26
AP = A (qul2 + Ku® + —u)
n
o
= 2(IV2ul - KIVuP) +2 (KuAu + K|IVul + —Au)
n
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0
=2 (|V2u + Kugl2 — 2Kuru — nK*u* + KuAu + —Au)
n

) (|V2u + Kugl® - g)
> % ((tr (Vzu + Kug))2 - 5) =0.

The fourth equality holds because 6> = 6. The inequality follows from |A]* = 3 A7 > Y/A; >
%(Z? Ay = %(trA)2 for an n X n matrix A. The equality holds if, and only if, A; = A;; and A;; = 0
for 1 <i # j < n. Thus, AP = 0 if, and only if, V>u + Kug = Ag for some A € R. This implies that
ni = tr(Vzu + Kug) = Au +nKu = —6. We obtain 1 = -2

Note that

e cosr on [I=1[0,n) if K=1,
r) =
coshr on [=[0,00) if K=-1.

It is well established that
VW + KhWg=0 and AW +nKK =0. 2.1)

Using the Bochner formula, we have

AVu, VI'Y = 2V?u, V2R’ + (Vau, VI'Y + (Vu, VAR'Y + 2Ric(Vu, VI)
=2 (=KW au— nK(Vu,Vi'y + (n — DK(Vu, VI'))
= 2 (=KH au— K(Vu, VI')).

Then,
D ’ ’ 0 ’
AP = A((Vu,Vh)+Kuh + —h)
n
0
=2(—Kh Au— K(Vu,Vh')) + Kh'Au+ Kush' + 2K{Vu,Vh'y + —al
n

0
= —Kh'Au+ Kurh' + =AW = 0.
n

O

Lemma 2.2. Let Q C M be a bounded domain with C* boundary 6Q such that one of its boundary
components I is spherical. Let I = OBg(p) for a fixed point p € M, and let r be the distance from p.
Suppose that there exists a solution u € C*(Q) of

0
2 — ——
{V u+ Kug = ng, 2.2)

u=a and %u:c on T,
where a and c are constants. Then u is a radial function. More precisely,
oK
u(x) = Al'(r(x)) - —,
n

cK

where A = ~W®"
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Proof. Lety, : I — M be a unit speed maximal geodesic such that y,(0) = p and y;(0) = v € T, M. For
each v, there exists a maximal subinterval J, of I such that y,(J,) € Q and R € J,. Define a function ¢
on J, by ¢(t) = u o y,(t). Then ¢'(t) = (Vu, y,(t)) and

o)
@ (1) = Vauly,(0.7,(0) = ~Kg - ~

since vy, is a geodesic. Solving the above ordinary differential equation yields

(1) = AW’ (t) + Bh(t) — %

for some constants A and B. Since y,(R) € I', by using the boundary condition on I,
{a = ¢(R) = Al'(R) + Bh(R) — %,
¢ = ¢(R) = —AKh(R) + BI(R),
where we used the relation h” = —Kh. Since h> + Kh'> = K, we have
B= (a ; %() Kh(R) + ch'(R).

For any tangent vector fields X, Y of a geodesic sphere I' = dBg(p),
W (R)
h(R)
where 7 is the unit normal to I' = dBg(p) pointing into the geodesic ball Bg(p). The fact that u is
constant on I" implies that

(X, Y) =

g(X, Y)n,

Viu(X,Y) = X(Y(u) — (Vi Y + II(X, Y))(x)
= —II(X, Y)(u)
I (R) 0
=(Vu, —=g(X,Y)—),
(Vu R & %)
where V' and II denote the tangential connection and the second fundamental form of I' in M,
respectively. Let X be a unit tangent vector field to I' = dBg(p). Since u = a and u, = c there,

o _é P R
- = ng(X,X) = (Vu+ Kug)(X,X) = )

c+ Ka,

which is equivalent, since K*=1,to
oK
B= (a ; —)Kh(R) + e (R) = 0.
n

Therefore,

cK oK
A= ——0 =AW () — —
R and ¢(7) h (1) pat

which implies that ¢ depends only on the distance from p, and not on the choice of v. It follows that
u(x) = @(r(x)) for all x € (J{y,(J,) |v € T,M} C Q. Note that there exists a constant € > 0, independent
of v, such that for all v € T,,M, either (R — €,R] C J, or [R,R + €) C J, since I' C 02 is compact. The
function w = u — (Ah' — %) satisfies Aw + nKw = 0 and vanishes together with Vw on an open subset
of the connected domain Q, so w = 0 by unique continuation. This completes the proof. O
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3. Overdetermined problem on a weakly star-shaped annular domain with a spherical
boundary component

From now on, let p € M be a fixed point, and let r denote the distance from p. For an annular domain
Q c M with boundary 0€ such that one of its boundary components I is spherical, we find necessary
conditions that a solution of (2.2) with constant boundary conditions must satisfy. Let I' = dBg(p).
Then, either Q C Bg(p) or Q € M \ Bg(p). We consider the first case in the following theorem.

Theorem 3.1. Let Q C Br(p) be an annular domain in M with C? boindary 0Q =T UT;, such that
> = 0Bg(p). Suppose that there exists a nonconstant solution u € C*(Q) of

0
Vu + Kug = —Zg

such that
u=a, u,=c on I,
u=a,, u,=c on I=0Bg(p),

where v is the outward unit normal to 0Q and ay, a,, ¢y, ¢, are constants. Then the following hold.

]. Plr1 = P|F2~

2. ¢c1-c <0

3. Q=Q where Q" = {x e M |0 < r; < r(x) < ry} such that
r = arccot(%), ry = arccot(—i’,—;) where b; = q; +§ if K=1,
r = arccoth(—?—:), = arccoth(f—j) where b; =a; — % if K=-1,

where arccot is taken to have values in (0, ).

sgn(cy) /b2 + 2 (r(x)) — S = —sgn(cy) b5 + ' (r(x)) — S if K=1,
4. u(x) =
—sgn(cy) b? - c%h’(r(x)) + g = sgn(cy) b% - c%h’(r(x)) + g if K=-1,

where sgn(c;) is the sign of c;, i = 1,2.

Proof. It is enough to consider the case 6 = 0. This is because defining ¢ = u+ ’;( yields V2p+Kgpg = 0
such that ¢ = b; :=a; + f, ¢, =c;onl},i=1,2, when ¢ = 1. If we prove Theorem 3.1 for ¢, then

2 K
P(p) - P(u) = (Vg + K¢?) - (IVu|2 YK+ _u) _X
n n

This implies that Theorem 3.1 holds for u.

Now we assume 6 = 0. Note that %u = u, on I’ = 0Bg(p) since Q C Bg(p). It follows from
Lemma 2.2 and " = —Kh that u = Ah" and u’ = Ah” = —AKh. Here, we may assume A # 0 because
u 1s not a constant function. Then

u=An(r(x))=a; for xel
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which implies that /’(r) is constant on I';, as is r. Denote it by r; for i = 1,2. In this case, r, = R. It
follows from I'; being a geodesic sphere centered at p that |Vu| = |u,| = |«’| on I';, which implies that

Plr, = ci2 + Kaf
= (—AKh(r)) + K (AR (r;))*
= A%(h(r;)* + K(I'(r))*)
because K* = 1. Since h* + K(h')* = K, we get
Plr, = Plr, = KA%.

Note that ¢; = u, = u'(Vr,v) = —AKh(Vr,v). Observe that (Vr,v) has an opposite sign on each I’;
since each I'; is a geodesic sphere centered at p, which implies ¢; - ¢; < 0.

On the other hand, a; = AAl'(r)), a, = Ah'(ry), and (Vr,v)|r, = —=1. Then ¢; = u,lr, = —u'lr, =
AKh(l”]) and Cr = —AKh(rz).

e Forthecaseof K =1 (h =sinr, i’ = cosr),
ry = arccot(j—:), ry = arccot(—j—;),

C1 C1
A= — = — = sgn(cy) +/a> + ¢2
sinry  sin(arccot($})) gnien) yaj + ¢,

—C —C) 2 5
= — = — = —sgn(c,) A/a3 + 2.
sinr,  sin(arccot(—2)) gn(e2) iy + 6

e For the case of K = —1 (h = sinhr, ' = coshr),
ry = arccoth(—i’—:), ry = arccoth(i—;),

ag a

A = = = 2 _ 2’
coshr;  cosh(arccoth(— Z_ll)) sgn(cy) qfa; — ¢
coshr,  cosh(arccoth(£2)) sgn(cy) yJa; — ¢5.
This completes the proof. .

Remark 3.2. The overdetermined problem in Theorem 3.1 does not admit a solution for an arbitrary
{a,,ay,c1,c2}.  Necessary conditions on boundary data for the existence of a solution to the
overdetermined problem in Theorem 3.1 are listed below:

° (a2 + %) h(R) + c, KW' (R) =0  (see the proof of Lemma 2.2).
e Plr, = PIr,, equivalently Ka* + 2£a; + ¢? = Kd} + 2a, + c3.
® C1-Cr < 0.
o I[fK =1, then

= —sgn(cy) b% + c%.

2
sin R

o IfK=-1,then 2 <0, 2 >0, and 557 = —sgn(cy) b} - c.
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Remark 3.3. Similar to Theorem 3.1, we can prove the case @ C M \ Bgr(p) as follows: Let Q) C
M\ Bg(p) be an annular domain in M with C? bgundary 0Q =T'1 UT; such that T'y = 0Bg(p). Suppose
that there exists a nonconstant solution u € C*(Q) of

0
VZu + Kug = _r_zg

such that

u=a;, u,=c; on I|=0Bg(p),
U=a,, u,=c on Iy,

where v is the outward unit normal to 0 and a,,a,,cy,c, are constants. Then the conclusions of
Theorem 3.1 remain valid. Necessary conditions on boundary data for the existence of a solution to
the overdetermined problem in Remark 3.3 are listed below:

N (al + %) h(R) — ciKW(R) =0 (see the proof of Lemma 2.2).
e Plr, = Plr,, equivalently Ka* + 2£a; + ¢? = Kd} + 2a, + c3.

® C1-Cr < 0.

o IfK =1, then = = —sgn(c,) b% + C%.

sin R

o IfK = —1, then }Z—: <0, ’Z—z > 0, and == = —sgn(cy) \|b5 — ¢3.
The notion of a weakly star-shaped annular domain was defined by Lee and Seo [15].

Definition. Let Q be an annular domain. € is weakly star-shaped with respect to p if each component
of the boundary 0€) can be written as a graph over a geodesic sphere with center p.

In this case, we simply call Q a weakly star-shaped annular domain. Let Q2 be a weakly star-shaped
annular domain in M with C? boundary dQ = I'; U T', such that one of the boundary components is
0Bgr(p). We deal with the following overdetermined problem in Q. For ¢ = 0, 1,

Au+nKu=-6 1in Q,
u=a;, u,=c; only, (3.1

U=a,, u,=c, on I,

where a;, a», 1, ¢, are constants.

In the Serrin’s overdetermined problem, the conditions # = 0 and u#, = ¢ on JQ are assumed, so
the corresponding P-function P(u) has a constant value on 9€2. On the other hand, in Theorem 3.1, we
show that any solution u of V?u + Kug = —% g (and hence to Au + nKu = —0¢) in an annular domain
with a spherical boundary component must satisfy that P|r, = Plr, and ¢, - ¢; < 0. In this manner, it is
natural to consider the following.

Theorem 3.4. Let Q C Bi(p) be a weakly star-shaped annular domain in M with C* boundary 9Q =
'y UT, such that T, = dBg(p). Suppose that there exists a solution u € C*(Q) N C2(Q) of (3.1) with
boundary data {a,, a», c1, c;} satisfying

(3.2)

Plr, = Plr,, (equivalently, Kaf + %al + c% = Ka% + 27‘5612 + c%
C1C) < 0.
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Then Q must be a radially symmetric annular domain and u radially symmetric; moreover, the specific
forms of Q and u are detailed in Theorem 3.1.

Proof. For the case 6 = 1, we let ¢ = u + 2. Then ¢ satisfies the case 6 = 0 with (3.2), so it is enough
to consider the case 6 = 0. Assume 6 = O Note that AP > 0, which gives Plr, = P|r, = max P. We
Q

claim that P is constant. Suppose that P is not constant. Since v denotes the outward unit normal to
0Q), the Hopf maximum principle yields P, > 0 on Q. Letey,...,e,_1, e, = v be an orthonormal basis
near g € 0Q). Thenu; =u,; =0fori=1,...,n— 1. We have

P, = (iuf + Kuz]

i=1
=2(u,, + Ku)u, > 0.

From the assumption ¢, - ¢; < 0, it follows that

(uyy + Ku)lg, - (u,, + Ku) |y, <0 3.3)

fOI'ql' el;,i= 1,2.

On the other hand, we compute the normal derivative of P making use of (2.1).

P, = imwmm)

i=1

= | G + uil )) + Ku,h' + Kuk!,
i=1
- Zuh) — Ku,i' + Ku,i' + Kul,
i=1

= (u,, + Ku) h),. (3.4)

Since h is radial, A, = (VA',v) = h”’(Vr,v). We compute directly that /" = —sinr < 0, and sinhr > 0
in Q for K = 1, and —1, respectively.

Note that —p ¢ Q. Because Q is weakly star-shaped with respect to p,
Vr,vlg, - (Vr,vlg, <0,

and thus

h:/lth ’ h;lqz <0, (3.5)
forg; € I';, i = 1,2. Joining (3.3) and (3.5), the equality (3.4) implies that either P,>0orP, < 0onthe
whole dQ. However, either P = const. in Q or P, does not have a single sign over the entire boundary
0Q by applying the Hopf maximum principle to AP = 0. Then, P becomes constant in Q, and hence

u,, + Ku = 0 on 9Q, which contradicts (3.3). The claim holds. Since P is constant, Vu+ K ug =0
from Lemma 2.1. Then, Theorem 3.1 completes the proof. O
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The proof in the case QQ € M \ Bg(p) and I'} = dBg(p) is analogous and follows the same argument.

Theorem 3.5. Let Q C M \ Br(p) be a weakly star-shaped annular domain in M = S" \ {—p} or H"
with C? boundary 0 = T’y UT, such that T'y = dBr(p). Suppose that there exists a solution u €
C3(Q) N C*HQ) of (3.1) with boundary data {a,, as, ¢, ¢} satisfying

- : 2,2 2 _ g2 2 2
{Plr1 = Plr,, (equivalently, Kay+ Z2a; + ¢y = Ka; + S2ay + ¢3)

c1-cy <0.

Then Q must be a radially symmetric annular domain and u radially symmetric; moreover, the specific
forms of Q and u are detailed in Theorem 3.1.

Lee and Seo dealt with the overdetermined problem (3.1) with constant boundary data on a weakly
star-shaped annular domain in M = S",H", under the assumption that either one of the boundary
components is spherical (Theorems 2.4, 2.5, and 3.3 in [15]). They considered the case where the
boundary condition # = 0 is present on a non-spherical boundary component. We extend their results
in Theorems 3.6 and 3.8.

Theorem 3.6. Let Q C Bg(p) be a weakly star-shaped annular domain in S™ with C* boundary 0Q =
[y U T, such that Ty = 0Bg(p) and R > . Suppose that there exists a solution u € C 3(Q) N C*(Q)
of (3.1) with boundary data {a,, a,, ¢\, c2} satisfying

C]'C2<O,

b2'02>0,

2
>
B = ()
sin R

where b; := a; + %. Then Q must be a radially symmetric annular domain and u radially symmetric;
moreover, the specific forms of Q and u are detailed in Theorem 3.1.

Proof. Leto =u + g. Then
Ap+np =0 in Q,
¢=by, ¢,=c; on Iy,
¢=by, ¢,=c, on I,

The assumption R > 5 implies #'(R) = cosR < 0 on I';.

Case 1: ¢, > 0.

We claim that P(p) = |Vg|* + ¢ is constant. Suppose that P(p) is not constant. If P(¢)lr, < P(Q)Ir,,
then P(¢),lr, > O by the Hopf maximum principle. Because b, - ¢; > 0 and ¢; - ¢; < 0, we have
by, co > 0. Thus,

2

cosR
b2 > ( . )
2 stc2

cosR

c 2
é+%:mwmzmwm:&+ﬁ=&$§)=>
- sz—

- Co.
sin R
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With respect to the spherical coordinates, the Laplacian of ¢ is given by

rAp=¢" +(n— 1)%,(,0’ + %Asnl‘p, (3.6)
where Ag.-1 is the Laplacian on S"~!. Since I, is a geodesic sphere centered at p, on I,
Agn-1p = 0. (3.7
Meanwhile, ¢, = ¢’ and ¢,, = ¢"" on I';. Using (3.6) and (3.7), we compute

P(@)Ir, = 2(¢py + @)y = 2(¢" + @),

COSR
=20 - D(So¢ +¢)es
sin R
R
= 2(n- 1)(Cf’s ey + bz)cz <0,
sin R

which is a contradiction. Therefore, we have P(¢)Ir, < P(¢)Ir,, and thus P(¢),|r, > 0. Since P(¢)Ir, <
P)Ir,,
2

c \? COSR
E 412 = P, < P@)lr, = & + b = (SinR) — B< (Schz)
cosR
— bz < —— CH.
sin R
which yields
cosR
(P + Dl = =1 = D) (Somica 4 b2) > 0
sin R

It follows from P(¢),Ir, = 2(¢yy + @)e, > 0 and ¢, = ¢; <0 on I’ that

(QDW + Qo)lfl < O

Therefore, we have

(‘pvv + ‘;0) |q1 : (SDVV + SO) |q2 < O’
for g; € T';, i = 1,2. Analogous to the proof of Theorem 3.4, either ?(go)v > 0 or ﬁ(go)v < 0 on
the whole 9Q since Q is weakly star-shaped with respect to p. By applying the Hopf maximum
principle to AF(QD) = 0, we get a contradiction and the claim holds. Therefore, 2 and ¢ are given as in
Theorem 3.1, and so is u.

Case 2: ¢, < 0.
Define » = —¢. Then, ¢ satisfies Case 1, which completes the proof. |

Remark 3.7. Consider the following problem : Let QO C S" \ Br(p) be a weakly star-shaped annular
domain in S" \ {~p} with C* boundary 6Q = T'y UT, such that Ty = 0Bg(p) and R < 5. Suppose that

there exists a solution u € C3(Q) N Cz(ﬁ) of (3.1) with boundary data {a,, a, ¢\, c2} satisfying

c1-c <0,
b1 C1 > O,
2
C1
Bri=(=5)
sin R
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where b; := a; + %. By taking —p instead of p and thus replacing r with T — r, it becomes identical to
the problem in Theorem 3.6.

Theorem 3.8. Let Q C Bg(p) be a weakly star-shaped annular domain in H" with C? boundary 9Q =
Iy UT, such that Ty = 0Bgr(p). Suppose that there exists a solution u € C*(Q) N C*(Q) of (3.1) with
boundary data {a,, a,, cy, c,} satisfying

c1 <0,
bz cCy > O,
Cy 2
-b*+c? = —( ) ,
b sinh R
where b; 1= a; — %. Then Q must be a radially symmetric annular domain and u radially symmetric;

moreover, the specific forms of Q and u are detailed in Theorem 3.1.

Proof. Note that h'(r) = coshr >0in H". Letp = u — %. Then,

A —np =0 in Q,

¢=bi, ¢,=c on I},

¢=Dby, ¢,=c; on I'y =0Bg(p).
Case 1: ¢, < 0.

We claim that P(p) = |Vg|* — ¢ is constant. Suppose that P(¢p) is not constant. If P(¢)lr, < P(9)Ir,,
then P(¢),|r, > 0 by the Hopf maximum principle. Because b, - ¢, > 0, we have b,, ¢, < 0. Thus,

cr \2 coshR '\’
C% - b3 = P()lr, > P()Ir, = C% - b% = _(SinleR) = b% = (Sinthz)
— coshR
2= §GinhR

Analogous to the proof of Theorem 3.6, we have

P(QO)Vll"z = 2(‘va - ()0)901/ = 2(‘10” - 90)‘101/

cosh R
=-2n-1 - ¥
(n )(sinhRSD ()0)('0
cosh R
- _ _ — <
2(11 1)(SinhRC2 bz) Cr S O,

which is a contradiction. Therefore, we have P(¢)Ir, > P(¢)Ir,, and thus P(¢),|r, > 0. Since P(¢)Ir, >
P(@)Ir,,

cr \2 coshR '\’
3= b3 = P@r, < P@)lr, = ¢} = b} = — (sinlle) = b> (sinhRCQ)
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which yields
coshR
(‘va - Qo)ll"z - —(I’l - 1) ( sinh R

It follows from P(¢),Ir, = 2(¢,, — ¢)p, > 0 and ¢, = ¢; > 0 on I that

Cy —bz) < 0.

(@w = @lr, > 0.
Therefore, we have
(e =@ g - (@ = @) g, <0,
for g; € T';, i = 1,2. Analogous to the proof of Theorem 3.4, either F(go)v > 0 or F(ga)v < 0 on
the whole 9Q since Q is weakly star-shaped with respect to p. By applying the Hopf maximum

principle to AF(()O) = 0, we get a contradiction and the claim holds. Therefore, € and ¢ are given as in
Theorem 3.1, and so is u.

Case 2: ¢, > 0.
Define » = —¢. Then @ satisfies Case 1, which completes the proof of this case. |

4. Conclusions

We study overdetermined problems on annular domains with a spherical boundary component in
space forms S" and H", and establish several rigidity results using the P-function method. We first
consider overdetermined Hessian equations in space forms S”, H". If the domain has a spherical
boundary component, then the existence of a solution to the overdetermined Hessian problem implies
that the domain is rotationally symmetric and that the solution is a radial function. Moreover, we
derive necessary conditions that the solution must satisfy. For weakly star-shaped annular domains, we
prove Serrin-type rigidity results using P-functions. As a consequence, the domain must be radially
symmetric and the solution takes the form of a Serrin-type radial function. We also deal with non-
homogeneous cases and obtain similar symmetry results. It is significant that known results have been
extended to broader classes of boundary conditions.
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