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Abstract: For integers n > 2 and 0 < £ < n — 2, we determined the unique maximizers, up to
isomorphism, of the Sombor and elliptic Sombor indices among connected graphs of order n and
cyclomatic number £. The extremal graph H, , was obtained from the star S, by joining one leaf to
¢ other leaves. This proved the conjectures of Réti, Dosli¢, and Ali for the Sombor index and of Ali,
Gutman, Réti, Albalahi, and Hamza for the elliptic Sombor index. We found a discrete formulation of
the universal-vertex reduction and combined it with an exact identity on the residual graph, which has
¢ edges. A local inequality then forced this residual graph to be a star. For the classical Sombor weight,
the inequality followed by compensating a possible chord-slope loss with the gain on a residual edge.
For the elliptic Sombor weight, a convexity certificate sufficed. The method also provided the unique
maximizer for SO(G) = Yer)(do@)? + d(v)?Y for every B > 1/2, in the same range of n, £. For
the family with edge weight W, (x,y) = (x + y)*(x* + y*), @ > 0, B > 0, we characterized the smooth
certificate exactly by o + 28 > 2 and proved sufficient extremal regions beyond it, including 0 < a < 1,
a+26>1.
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Abbreviations: SO: Sombor index; ESO: elliptic Sombor index; BID: bond-incident degree.
1. Introduction
Gutman introduced the Sombor index through a geometric interpretation of degree pairs [1]. The

elliptic Sombor index was subsequently introduced by Gutman, Furtula, and Oz [2]. For a graph G,
these indices are

SOG) = Y, Vdgw? +dg(v?,  ESOG) = . (dg(u) +de(v)) Vo) + do(v)2.

uveE(G) uveE(G)
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The extremal theory of Sombor indices was surveyed in [3]; for the elliptic and Euler—Sombor variants,
see [4], and for the wider BID framework, see [5]. General bounds and relations for the ESO were
also developed in [6,7]. Their study also included explicit network models: Shang [8] computed the
Sombor index of growing simplicial networks. Here the question is extremal: Which connected graphs
maximize the index when both order and size are fixed?

Let G, denote the connected graphs of order n and sizen — 1 + ¢, wheren > 2and 0 < £ <n — 2.
The candidate H, , is obtained from the star S, by joining one leaf to £ other leaves. No assertion is
made for £ > n — 2.

Early extremal questions for unicyclic and bicyclic SOs were studied by Cruz and Rada [9].
Réti, Dosli¢, and Ali [10] established the small-cyclomatic Sombor cases and conjectured the same
maximizer for 5 < ¢ < n — 2. Das, Ghalavand, and Ashrafi [11] proved the six-cyclic case and a
general result under a bound of n — ¢ — 2 on the number of pendent vertices. The tricyclic SO problem
was revisited in [12]; Hamza et al. [13] explained how its maximum already follows from [10]. For the
ESO, Tang, Li, and Deng [14, Theorem 4.1] established the unicyclic maximum, and Li and Zuo [15,
Theorem 2] stated the tricyclic maximum, which agrees with H,3 for n > 5. Ali, Gutman, Réti,
Albalahi, and Hamza [4, Conjecture 2.1.1] proposed the elliptic Sombor statement forn > € + 2 > 8.
Table 1 separates these earlier results from the conclusions proved below.

Table 1. Earlier results and the range treated here. The notation H, , always requires n >

£+ 2.
Source and index Earlier range or hypothesis Conclusion of this paper
Réti et al. [10], SO t=1,...,4, All0<t<n-2
n>3+[(+1)/2];¢=5,
n > 7, also verified there
Dasetal. [11], SO ¢ = 6; general case with at No pendent-vertex restriction
most n — ¢ — 2 pendent
vertices
Tang et al. [14]; Unicyclic maximum; All0<{¢<n-2,including £ > 6
Qi—Lin [16]; bicyclic case for n > 7,
Li—Zuo [15]; survey [4], tricyclic statement for n > 5
ESO here; £ = 3,4, 5 in the survey,
using [17]
Ali-Dimitrov [18]; Ali  Increment and unbalancing Discrete formulation and local criterion on
etal. [17], BID conditions; smooth sufficient  residual edges
hypotheses
Khan et al. [19], SOg Same power convention, Uniform theorem forall0 < £ <n -2

B > 1/2; trees, unicyclic, and
bicyclic classes

We work with the bond-incident-degree index

BIDy(G) = Z P(de(u), dg(v)),

uveE(G)

where WV is symmetric. The universal-vertex reduction goes back to Ali and Dimitrov [18, Lemma 2.1];
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see also [10, Lemma 2.2 and Corollary 2.5], [17, Lemma 12], and [20]. We formulate it on integer
degree pairs. After deleting a universal vertex, an exact identity distributes its contribution over the ¢
remaining edges. The resulting weight F, combines the universal and internal edge contributions; the
local criterion (K1)—(K2) forces the residual graph to be a star.

The comparison with multiplicative indices is also relevant. Dehgardi, Azari, and Shang [21]
studied [ [ ey dc(v)', p # 0, including fixed-maximum-degree classes and low cyclomatic numbers.
Its logarithm is the separable vertex sum p ) logds(v). Our objective is an additive edge sum:
Changing one vertex degree changes the weights on all its incident edges. Thus the common use
of edge transformations does not make the objectives interchangeable. The core identity below
accounts jointly for the changed edge contributions. Khan et al. [19] used the same convention
> uw(dc@)?+ds(v)*)P, B > 1/2, in their study of tree, unicyclic, and bicyclic graphs. Our power theorem
extends the comparison to every 0 < ¢ < n — 2 through one uniform argument. Faheem, Ahmad,
and Farooq [22] studied the SO and ESO for tree and unicyclic graphs (¢ € {0, 1}) with prescribed
maximum degree A. Their Theorem 3.2 maximizes the ESO on trees for max{3, [n/2]} < A < n -2,
while Theorem 3.5 maximizes both indices on unicyclic graphs for max{3,[(n + 1)/2]} < A <
n — 2. They treated A = n — 1 separately as the singleton star or star-plus-one-edge class. Their
Lemmas 2.6-2.7 use degree-concentrating transformations for these two weights. These are related
antecedents of the transfer approach; our general BID reduction is attributed above to the earlier work.
The present problem optimizes over all maximum degrees with order and size fixed, uniformly for
0 < ¢ < n—2;itdoes not solve their problem with an arbitrary prescribed A. Related fixed-maximum-
degree bounds for general BID indices were given in [23,24]; ESO trees under prescribed branching,
maximum-degree, or segment constraints were studied in [25].

Other recent work addresses adjacent optimization problems. Liu et al. [26] treated minimum BID
indices, while Gao [27] and Su-Deng [28] gave sufficient conditions for extremal vertex-degree-based
indices on cyclic graphs. Alex and Imran [29] introduced classes of weights through monotonicity and
increment conditions. Their Theorem 6 gives a universal vertex in every maximizer under their F,
hypotheses; their property P; is a coordinate-increment monotonicity condition, related to (D2) below.
Thus neither the universal-vertex reduction nor the use of integer-degree conditions is claimed here
as a new method. Their explicit applications concern tree, unicyclic, bicyclic, and tricyclic graphs,
together with cacti having an arbitrary number of cycles. The cactus result is a constrained problem:
for ¢ > 2, the triangles of H,, share an edge, so H, is not a cactus. Their paper did not supply the
residual-edge criterion (K1)—(K2) or the compensation estimates used here. The tricyclic SO case was
already covered by [10, 13]. Further constrained settings include the ESO on cacti [30], the SO with
the repetition number and cyclomatic number prescribed [31], and generalized Sombor indices with a
prescribed degree sequence [32]. The latter family has weight (x” +y?)¢, whose specialization b = 2 is
our power weight; it differs from the two-parameter elliptic family below. These additional constraints
are distinct from fixing only order and size.

Our principal conclusions are as follows. Theorems 7.2 and 8.1 prove that H, , uniquely maximizes
the SO and ESO, respectively, for 0 < £ < n—2. Theorem 9.1 gives the same conclusion for all powers
(x* + y?)# with 8 > 1/2. For

Pop(x,y) = (x+ )" +yF, @20, p>0,

Theorem 10.1 identifies the exact region of a specified smooth certificate, while Theorem 11.5 proves
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larger sufficient extremal regions by compensation. The five-vertex comparison in Proposition 10.2
shows that a uniform assertion over the whole parameter plane is false. It does not characterize the full
extremal region.

This two-parameter weight was introduced as the generalized elliptic Sombor family in [33] and
was subsequently studied in [34]. Its specialization § = «/2 was studied in [35]. The transfer lemmas
and the basic convexity and divided-difference facts are used as established tools. The one-variable
comparisons in [22, Lemmas 2.1-2.5] provide further antecedents for such SO and ESO estimates;
they do not use the residual-edge weight F', defined here. The contribution is the combined residual-
edge weight F,, the local criterion (K1)—(K2), and its uniform verification, in particular, through
compensation for weights outside the smooth certificate. The resulting theorems extend beyond the
previously established small-cyclomatic cases. The parameter results concern certificates and extremal
regions for this existing index family.

Sections 3—-6 establish the reduction and its certificates. Sections 7 and 8 give the two principal
applications before the parameter extensions. Appendix A derives the differential identities and
Appendix B gives the polynomial coefficient calculations used in the compensation estimates.

2. Setting and the discrete hypotheses

All graphs are finite and simple. Uniqueness is always understood up to isomorphism. The symbol
k 1s reserved for a transfer amount, never for the cyclomatic number. Let £ > O and n > £ + 2 be
integers, and let G, , denote the class of connected graphs of order n and size n + { — 1. Let H,, be
obtained from the star S, by choosing one leaf v and joining v to ¢ other leaves. Equivalently, H, ; has
a universal vertex whose deletion leaves

Kl’g U(n—-¢-2)K;.

Here K,y = K}, so the same description includes £ = 0.
For a symmetric function
YN, —R,
define
BIDy(G) = ) W(dg(w),dg(v)).
weE(G)
For integers r, s > 1, we write

MY, s) =Y +1,s)—Y(r,s9).

Forintegersa > 2 and 1 <t < a — 1, we define
Y(a,t+1)—Y¥(a,l)

(1) == ” 2.1)
For the same integer a and integers 1 < x,y < a — 1, set
F.(x,y) i=0,x)+0,00) +¥Y(x+1,y+1). (2.2)

These are the domains in the discrete results below; all variables in (D1)—(D4) are integers. Neither
0,(0) nor F, at a zero argument is used. For a smooth weight, the same formulas extend to real a > 1,
O<t<a-l,andO0<x,y<a-1.

AIMS Mathematics Volume 11, Issue 11, 37434-37464.



37438

Definition 2.1 (Discrete core-admissibility). A symmetric weight ¥ : Nil — R is called discretely
core-admissible if the following conditions hold.

(D1) A\¥(r,s) >0forall r,s > 1.
(D2) Forallr,s > 1,
AY(r +1,5) > A\Y(, 5).

D3) Ifr=s>k+1>2,then
Y(r+k,s—k) >¥Yq,s).

(D4) For every a > 4, the finite sequence o,(1),...,0.(a — 1) is discretely convex, i.e.,
o,t+2)—oc,(t+1)=>0,+1)—0,(0),

for every integer ¢ with 1 < ¢t < a — 3. For a < 3, this condition is vacuous.

Conditions (D1)—(D3) are the discrete input for universalization. Condition (D4) is needed only
after a universal vertex has been obtained. None of the four conditions requires a real extension of ‘.

3. Discrete universalization

The following transfer is the one in [18, Lemma 2.1], formulated for integer degrees. Related
sufficient conditions appear in [17, Lemma 12] and [29, Theorem 6]. Our strict conditions (D1), (D3)
and increment condition (D2) suffice for the reduction; no necessity or containment of all earlier cases
is asserted. We first record the discrete convexity comparison used in the transfer; its real counterpart
is standard [36, Section 3.1].

Lemma 3.1 (Equal-length increment inequality). Assume (D2). If x,c,t,y are positive integers with
x>c>t>1, then
Y(x+1ty) —¥Y(x,y) +¥Y(c-ty —Py =>0.
Proof. By telescoping,
=1
W(x+1,y) =P y) = D AW+ ),
=0

whereas
-1

Wie,y) —Wle—1y) = ) MPc—1+ ).
7=0

Since x + j > ¢ — t + j, repeated application of (D2) compares the two summands term by term and
proves the claim. O

Lemma 3.2 (Degree-increasing edge transfer). Let ¥ satisfy (D1)—~(D3), and let G be a connected
simple graph on n > 3 vertices. If G has no universal vertex, then there exists a connected simple
graph G™ on the same vertex set and with the same number of edges such that

BIDw(G*) > BIDw(G),  A(G*) > AG).
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Proof. Choose u of maximum degree and a shortest path u = py, p1, p2, ..., p, to a vertex distinct from
u and not adjacent to u. Then v = p; is adjacent to u, whereas p, € Ng(v) \ Ng(u). Partition the relevant
neighbors as

A = Nou) \ (No(v) U {v}),

C = Ng(u) N Ng(v),

M = Ng(v) \ (Ng(u) U {u}), s=|M|>1.

Delete vz and add uz for each z € M. No loop or multiple edge is created, and the number of edges is
unchanged. The edge uv remains. Every deleted step zv can be replaced by the walk zuv, so the new
graph G* is connected.

Write p = dg(u), g = dg(v), and d, = dg(z) for z ¢ {u,v}. Only the degrees of u, v change, to
p + s,q — s, respectively, and p > g > s + 1. All changed contributions are accounted for by

BIDy(G") ~ BID4(G) = ) [¥(p +5,d:) = ¥(p,d.)]

Z€A
+ D [W(p + 5.d.) - W(p,d2) + W(g - 5,do) — ¥(g, d.)]

s (3.1)
+ D ¥+ 5,d) - ¥(g, d)]

zeEM

+¥(p+s.q-5)-¥p.9.

Edges not represented here have unchanged degrees at both endpoints. Each term in the first sum is
positive by (D1). For each common neighbor, the bracket in the second sum equals

§—

1
[Al‘P(p + j’ dz) - AllII(q -5+ ja dz)] = 0»
j=0

J=

by (D2), since p + j > g — s + j. The third sum is strictly positive: It has s > 1 terms, and p + s > ¢
allows repeated use of (D1). The last term is positive by (D3). Strict increase holds also for p = g and
s = 1. All other degrees are at most p, so A(G*) = p + s > A(G). O

Lemma 3.3 (Finite universalization). Let ¥ satisfy (D1)—(D3) and let G be a connected simple graph
on n > 3 vertices. Then there exists a connected simple graph G with the same vertex set and number
of edges, having a universal vertex, such that

BIDw(G) > BIDy(G).

If G has no universal vertex, the inequality is strict.

Proof. Induct on n — 1 — A(G). If it is zero, take G = G. Otherwise Lemma 3.2 gives a graph of the
same order and size with a larger BID value and larger maximum degree. Thus n — 1 — A decreases
by at least one, so at most n — 1 — A(G) transfers are required. If a transfer is performed, the index
increases strictly, and all subsequent transfers also increase it. m|

Consequently every maximizer in a fixed connected order-and-size class has a universal vertex.
Otherwise the first transfer gives a contradiction. Strict improvement excludes every non-universal
maximizer, regardless of the transfer sequence.

AIMS Mathematics Volume 11, Issue 11, 37434-37464.
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4. The core-edge extremal principle

Deleting a universal vertex leaves a graph with exactly ¢ edges. We express the index as a baseline
plus one effective weight per residual edge.

We use F, on the domains specified in Section 2. The identity below is a weighted incidence double
count specialized to the universal vertex and its residual graph. Baseline-plus-edge-correction identities
for BID indices also occur in [33, Eq (4.15)], [23, Theorem 1], and [28, Lemma 1]; the correction here
depends on a and the residual degrees.

Lemma 4.1 (Core-edge identity). Let G € G, have a universal vertex u, set a = n — 1, and let
C=G—-u. Then |[E(C)| =€ and

BIDy(G) = a¥(a, 1)+ ) Fu(dc(v),dc(w)).

vweE(C)
For n =2, the sum is empty and the identity reads BIDy(K;) = Y(1, 1), no value of F is required.

Proof. For every v € V(C), d;(v) = dc(v) + 1. Hence the universal-vertex edges contribute

D Wade)+ 1) =a¥a D+ Y de(oadc()

veV(C) veV(C)
dc(v)>0

=a¥a D+ Y (@ude®) +Toldcw).

wweE(C)

The restriction d¢(v) > 0 avoids evaluating o, at zero; isolated vertices contribute only the baseline
term W(a, 1). Adding the contributions of the edges of C proves the identity. O

The following incident-edge count gives the degree range needed below; its tree specialization is
used in [35, Theorem 9].

Lemma 4.2 (Edge degree bound). If a simple graph C has exactly € edges and vw € E(C), then
de(v)+dc(w)—1<¢.
Proof. The edges incident with v or w form a subset of E(C) of cardinality d¢(v) + dc(w) — 1. |

Theorem 4.3 (Core-edge criterion). Fix n > € + 2 and € > 2, and suppose that every maximizer of
BIDy over G, has a universal vertex. Set a = n — 1. Assume

(K1) Fu(x,1) < Fy(x+ 1,1) for every integer 1 < x < ¢;
(K2) ifintegers x > y > 2 satisfy x + y < € + 1, then

F,x,y) < Fo(x+y—-1,1).
Then H,; is the unique maximizer of BIDy over G, ;.

AIMS Mathematics Volume 11, Issue 11, 37434-37464.



37441

Proof. Let G be a maximizer and u a universal vertex. Set C = G — u. For an edge vw, write
x =dc(v) 2y = dc(w). By Lemma 4.2, x+y—-1 < €. If y = 1, repeated use of (K1) gives
F,(x,1) < F (¢, 1), with equality only for x = €. If y > 2, then

Fo(x,y) < Fo(x+y—1,1) S Fo((, 1).

Lemma 4.1 therefore gives an upper bound £F,(¢, 1) for the core sum. The graph H, , belongs to G,
and attains the bound a%¥(a, 1) + ¢F,({,1). Equality for a maximizer therefore holds in every edge
comparison and forces every core edge to have the endpoint-degree pair {£, 1}. Choose any core edge.
One endpoint has degree ¢ and is incident with £ distinct edges. These are all the edges of C, since
|E(C)| = £. Their other endpoints have degree one, and every remaining vertex is isolated. Since C has
n — 1 vertices, it follows that

C=K, U —{-2)K,.

Restoring u gives exactly H, ¢, up to isomorphism. For £ > 1, its value can also be read directly from
its edge types:
BIDy(H, ;) =(n—-¢-2)Y(n—-1,)+¥Y(n-1,+1)

+ ¥ —-1,2)+ Y+ 1,2).
For £ = 0, the valueis (n — H¥Y(n -1, 1). O

(4.1)

Proposition 4.4 (The cases ¢ = 0, 1). Assume ¥ satisfies (D1)—(D3). Then H, is the unique maximizer
over G, for every n > 2, and H, | is the unique maximizer over G, for every n > 3.

Proof. For n = 2,¢ = 0, there is only one connected graph. For n > 3, Lemma 3.3 gives a universal
vertex in every maximizer. The remaining core has respectively zero or one edge and is therefore
uniquely determined. O

5. A discrete chord-slope certificate

The core criterion is deliberately stated in terms of (K1)—-(K2), since these inequalities can
sometimes be proved by compensation even when convexity fails. We now give a simple sufficient
certificate in terms of (D1)-(D4). The first lemma is the elementary running-average form of
monotonicity of secant slopes of a convex function [36, Section 3.1]; it yields (K1). The second
yields (K2).

Lemma 5.1 (Monotonicity of discrete chord slopes). Assume (D1) and (D2). Then for every a > 2,
the sequence o,(1),...,0.,(a — 1) is nondecreasing.

Proof. By symmetry, set
q;:=¥a,j+1)-¥a,j) = AY(j,a).
Then0 < g; < gy <---and
oun) = L2

Since q,+1 2 0,(1),
qi+1 — O-a(t) >

0.
t+1 -

o,(t+1)—0o,() =

O
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The next slope comparison is the two-coordinate case of the convex-sum majorization
inequality [37, Proposition 3.C.1]: Linearly interpolate the convex sequence and use (x,y) < (x +
y — 1, 1), where < denotes majorization. The proof below gives the integer telescoping argument and
adds the strict edge-weight comparison.

Lemma 5.2 (Discrete chord unbalancing). Assume (D3) and (D4). Let a > 4 and let x > y > 2 be
integers withx +y—1<a— 1. Then

F.x,y) < Fo(x+y—-1,1).

Proof. Set 6,(t) = o,(t+ 1) — o,(t) for integers 1 <t < a — 2. Condition (D4) makes these increments
nondecreasing. The largest index below is x + y — 2 < a — 2, so every term is in range. Since
x+j>1+jfor0 < j<y-2, comparison term by term gives

y-2
T+ y = 1) = 0u(X) = ) 6+ j)

J=0
y-2

> Zéa(l + j) = 0a(y) — ou(D).
Jj=0

Thus
0a(X) + 0u(y) S o (x+y— 1)+ o,(l).

Applying (D3) withr=x+1,s=y+ 1,k =y —1 gives
Yx+1,y+1) <¥(x+y,2).

The chord-slope comparison is non-strict, but this last comparison is strict by (D3). Adding therefore
proves the strict inequality for F,,. O

Theorem 5.3 (Discrete core-edge extremal theorem). Let 'V : Nil — R be discretely core-admissible.
Then, for every 0 < € < n —?2, the graph H, ¢ is the unique maximizer of BIDy over G, ;.

Proof. The cases ¢ = 0,1 are Proposition 4.4. Let £ > 2. Lemma 3.3 gives a universal vertex in
every maximizer. By Lemma 5.1, o, is nondecreasing, while (D1) makes x — W¥(x + 1,2) strictly
increasing. Hence (K1) holds. Condition (K2) is vacuous when ¢ = 2 because x,y > 2 would imply
x+y>4>¢+1. When ¢ > 3, it follows from Lemma 5.2, since x + y—-1 < ¢ < a—1 and
a = n—1 > 4. Thus universalization and both hypotheses of Theorem 4.3 have been checked in the
full remaining range. o

6. A smooth certificate

The preceding theorem is purely discrete. For the smooth indices considered below, however, it
is convenient to verify its hypotheses through derivatives. This section records an analytic certificate
whose purpose is to imply the discrete conditions of Section 5. The integral representation of a first
divided difference is classical; see [38, pp. 63—64]. The next lemma is its standard application to a
convex derivative, written in the present notation.
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Definition 6.1 (Chord-admissible real extension). A symmetric function ¥ : [1,00)> — R is chord-
admissible if:

(AO) the first partial derivatives exist, one-sidedly on the boundary, and for every a > 1, b — Y(a, b) is
C}on[l,al;

(A1) YW is strictly increasing in each variable;

(A2) ¥, is nondecreasing in x;, fori = 1,2;

(A3) W(x; + k,xo — k) > W(x1,xp) whenever x; > x, > k+1 > 2;

(A4) 93 ¥(a,b) > 0fora>land 1 <b <a.

Lemma 6.2 (Convexity of the real chord slope). Let Y be chord-admissible. For fixed a > 1, extend

Pa,1+1) —Pa,1)
t

O-a(l) =

to0<t<a-1. Then o, is nondecreasing and convex.

Proof. Set g,(t) = Y(a,1 + 1). By (A2), g, is nondecreasing, so the chord slope from zero is
nondecreasing. Moreover

ot = | gonds
and differentiation twice gives
oll(t) = jo‘l s2g”(st)ds > 0
by (A4). ]

Proposition 6.3 (Smooth-to-discrete certificate). If WV is chord-admissible, then its restriction to N; is
discretely core-admissible.

Proof. (A1) gives (D1). Integrating the monotone derivative in (A2) over unit intervals gives (D2).
Condition (A3) gives (D3). Finally, Lemma 6.2 makes the unit increments of 0, nondecreasing, which
is (D4). O

Theorem 6.4 (Chord-slope criterion). Let Y be chord-admissible. Then, for every 0 < € <n -2, H,,
is the unique maximizer of BIDy over G, ;.

Proof. Proposition 6.3 gives (D1)-(D4). For ¢ = 0,1, use Proposition 4.4; its n = 2 case needs
no smooth argument. For £ > 2, (D1)—~(D3) give universalization, Lemma 5.1 and (D1) give (K1),
and (D3)—(D4) give (K2), which is vacuous for £ = 2. These are exactly the steps of Theorem 5.3. O

7. The classical Sombor index
For the classical Sombor weight, the chord slope is concave, so (D4) fails. We instead verify (K2)

by compensating the chord-slope loss with the internal-edge gain.
For the classical Sombor weight

Yso(x,y) = VX2 +y2,
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fix a > 1 and set

gu(t) = Na? + (1 + 17, o, (f) = 8a() ~ 8.(0)

t

Then
(1) = @ 0<g(t) < 2
8l = @+ (L + 02l 8l S
and 1
o,(1) = f g, (st)ds.
0
Consequently
1
1
0<ol(t)= f sgl(st)yds < —. (7.1)
0 2Cl

In particular, x — F,(x, 1) is strictly increasing.

Lemma 7.1 (Sombor compensation inequality). Leta > ¢ + 1 and let x >y > 2 satisfy x + y < { + 1.
Then
F,x,y) < Fo(x+y—-1,1).

Proof. Set s = x +y. The assumptions give 4 < s < £ + 1 < a. Separate the two contributions as

Ay = 04(s = 1) + 04(1) = 04(x) — 0u(y),
Ap=Vs2+4— J(x+ 12+ G+ 12

Their sum is F,(s — 1,1) — F,(x,y). Since s — 1 > x and o7, is strictly increasing,

"y y_l
Ay > 0u(1) = 0u(y) = —f o () dt > ——
| 2a

by (7.1). For the internal edge, the difference of the squared radicands is 2(x — 1)(y — 1) > 0, so
rationalization yields

_ 2x- Dy -1
L Ve ia+ Va+ 12+ G+ 1)?
L G=ho-1D

s2+4

Here s > 4 implies Vs?> +4 < 2s and s < a implies 2s < 2a. Since x — 1 > 1,

(x—l)(y—1)>y—l
s2+4 2a

AE>

Adding the last bound to the bound for A, gives a strictly positive total. All strict inequalities remain
validat x =y = 2. O

Theorem 7.2 (Uniform Sombor extremal theorem). For every
0<fl<n-2,

the graph H, ¢ is the unique maximizer of the Sombor index over G, ;.

AIMS Mathematics Volume 11, Issue 11, 37434-37464.



37445

Proof. The Sombor weight is symmetric and strictly increasing in each variable. Its second partial
derivatives are
82\1"30 _ y2 02‘1’50 x2

a2 ) = 2 ypr 0, By (x,y) = RO 0,

so the first partial derivatives are increasing in their own variables. If x; > x, > k + 1, then
(x1 +k)* + (2 — k)* — (X3 + x3) = 2k(x) — x, + k) > 0,

which gives (D3). Strict coordinate monotonicity gives (D1), and coordinate convexity gives (D2) on
integer degree pairs. Hence Lemma 3.3 shows that every Sombor maximizer has a universal vertex.

If £ = 0or ¢ = 1, Proposition 4.4 completes the proof. Assume ¢ > 2. Condition (K1) follows
from (7.1), and (K2) is Lemma 7.1. Apply Theorem 4.3. |

Corollary 7.3 (Réti—Dosli¢—Ali conjecture). The cyclic Sombor conjecture of Réti, Dosli¢, and Ali [10]
holds: For every
5<f<n-2,

the graph H, ; is the unique graph in G, , with the maximum Sombor index.
Proof. This is the corresponding range of Theorem 7.2. O

Remark 7.4 (Relation with previous work). Réti, Dosli¢, and Ali [10] proved the case where ¢ < 4,
stated Conjecture 2.1 for 5 < £ < n — 2, and observed that their method also verifies £ = 5. Das,
Ghalavand, and Ashrafi [11] proved the six-cyclic case without an additional hypothesis and obtained
a general result when the number of pendent vertices is at most n — £ — 2. Theorem 7.2 removes that
restriction entirely. The theorem gives one uniform proof for every £ > 2, including ¢ > 7, beyond the
published cases described above.

8. The elliptic Sombor conjecture

The elliptic Sombor result follows directly from the smooth certificate, without the two-parameter
calculations of the later sections. Write

Weso(x,y) = (x +y) VA2 + y2.

Theorem 8.1 (Uniform elliptic Sombor extremal theorem). For everyn > 2 and 0 < € < n — 2, the
graph H, ; is the unique maximizer of the ESO over G, ;.

Proof. The weight is symmetric and smooth on the positive quadrant. With v = a®> + b?, differentiation
of Wgso(a, b) = (a + b) v gives

9y¥eso(a,b) = Vv + bla+b) >0,
v
2b  ad*(a+Db)
8, Wgso(a, b) = W + g >0,
3a’(a - b)

8, Wgso(a, b) = >0 (0<b<a).

V3/2 -
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The first two inequalities and symmetry verify (A1)—-(A2), and the last verifies (A4); smoothness
gives (A0). A transfer (x,y) — (x+k,y—k) preserves x+y and strictly increases x> +y?, so (A3) holds.
Thus Wgso is chord-admissible. Theorem 6.4 applies, including £ = 0, 1 as specified in its proof. O

Corollary 8.2 (Elliptic Sombor conjecture). Conjecture 2.1.1 of [4] holds: for every £ > 6 and n >
€ + 2, the graph H,, ; uniquely maximizes the ESO over G, ;.

Proof. This is the corresponding range of Theorem 8.1. O

Remark 8.3 (Previously established elliptic cases). The unicyclic maximum is given in [14,
Theorem 4.1]. For n > 7, the bicyclic case was proved by Qi and Lin [16]; the present theorem also
includes the admissible orders n = 4,5,6. The cases £ = 3,4,5 are recorded in [4, Corollary 2.1.2],
based on [17]. The tricyclic maximum also appears in [15, Theorem 2]; the comparison here is
restricted to n > 5, where H, 3 is defined. Our proof is independent of those small-cyclomatic

arguments. The uniform theorem also covers the tree and unicyclic cases. Its extremal values follow
by substituting Wgso into (4.1) (or the stated star value for £ = 0).

9. Beyond chord-admissibility: General Sombor powers

The same compensation mechanism extends the classical Sombor endpoint to every power 8 >
1/2. This power is the specialization KA,z of the general Sombor family studied in [39]. The proof
treats 1/2 < B < 1 directly. For 8 > 1, it invokes the smooth certificate verified independently in
Theorem 10.1 below; that theorem does not use the present power result.

For g > 0, define the general Sombor index

SOs(G) := Y (de()? + o).

uveE(G)

The classical Sombor index is the endpoint 5 = %

Theorem 9.1 (General Sombor powers). Let 5 > % For every pair of integers
¢ >0, n>0+2,

the graph H, ¢ is the unique maximizer of SOg over G, .

Proof. Set
Ps(x,y) = (2 +y°).

For every g > %, this weight is symmetric and strictly increasing in each variable, and
az\Pﬁ 2 28202 2
a—yz(xay) = 2B(x* + y (¥ + (2B - 1)y*) > 0,

with the symmetric formula in the first variable. At the endpoint 8 = 1/2, the bracket is x> >0, so

strict convexity persists. Consequently its first partial derivatives are increasing in their own variables,
and their integrals over unit intervals verify (D2) throughout 8 > 1/2. The transfer (x, x;) — (x; +

AIMS Mathematics Volume 11, Issue 11, 37434-37464.



37447

k,x, — k) strictly increases x% + x% whenever x; > x, > k + 1. This gives (D3). Hence Lemma 3.3
applies for every S > %

The cases ¢ = 0, 1 now follow from Proposition 4.4. Assume £ > 2 andseta =n— 1. If § > 1, then
W5 is the specialization (a, 8) = (0, ) of Theorem 10.1, since 28 > 2. Thus it remains only to treat

<p<l

| =

For this weight, define

ga(t) - ga(o) )

g =@+ +0%, o= ;

For b = 1 + ¢, differentiation first gives g’(f) = 28b(a® + b*)’~!. Differentiating this product gives
g/(1) = 28(a® + (1 + 2 *(a® + 28 - D(1 + 1?).
Since0<2B8-1<landf—-1<0,
0 < g/ (1) < 2Ba*™.
Using
ol = j: rg’(rt)dr,

we obtain
0 < o' (t) < Ba*>. 9.1)

Thus o, is strictly increasing, and consequently x — F,(x, 1) is strictly increasing. This is (K1).
For (K2),letx >y >2,sets = x+y,and assume s < £+ 1 < a. Since s — 1 > x,

O-a(s - 1) + O-a(l) - O-a(x) - O-G(y)
>0 (1) —ouy) = — fy o, (t)dt
1
> By —Da*? = By - 1)s¥72,

where the last inequality uses 26 —2 <0 and a > s.
For the internal edge term, set

A=s*+4, B=(x+1)>+@u+1)7>%

Then
A-B=2(x-1)y-1)>0.

Since 0 < g < 1,
A
AP — BP :ﬁf P > 2B8(x — 1)(y — DAP,
B
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Furthermore s >4, x— 1> 1,andB8 -1 > —%, SO
4\
2(x — DAP = 2(x - 1)s%72 (1 + —2)
S

~1/2
> 25%872 (1 + %)
s

> i B2 5 B2
\5
Hence
AP — BP > By — 1)s72,

The uniform margin 4/ V5 > 1 remains strict at 8 = 1/2; thus there is no equality exception at that
endpoint. This gain strictly dominates the possible chord-slope loss, and therefore
F.x,y) < Fo(x+y—-1,1).

Thus (K2) holds, and Theorem 4.3 completes the proof. O
10. A two-parameter elliptic Sombor family

We now pass from the Sombor weight to the homogeneous family that contains the elliptic Sombor
index. There are two distinct questions: When does the smooth chord-slope certificate apply, and when
is H, ¢ actually extremal? This section answers the first question exactly; later compensation estimates
enlarge the extremal region beyond that certificate.

We use the generalized elliptic Sombor family introduced in [33, p. 6789]; further bounds for the
same family are given in [34]. For @ > 0 and 8 > 0, write

Yo p(x,y) := (x + )" (% + ¥,

The subfamily 8 = «/2 is the general elliptic Sombor index studied in [35], whose Theorem 9 gives
the star as the unique tree maximizer for every @ > 0. The family includes the elliptic Sombor weight
at

2
The relevant parameter is the degree of homogeneity

1
(Q,ﬁ) = (1’ _) .

m:=a+ 2B.

Theorem 10.1 (Exact chord-admissible region). Let @ > 0 and 8 > 0. Then

Yop
is chord-admissible if and only if
a+2>2.
Consequently, if @ + 23 > 2, then for every
0<f<n-2,

the graph H, ¢ is the unique maximizer of BIDy, , over G, .
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Proof. We first prove sufficiency. Set

2B

m=a+26>2, p=—=2>1, vy=—¢€(,1].
m

|3

Define the homogeneous degree-two weight
D, (x,y) = (x+ )7 + 57,
Since
pP2=-2y)=a,  py=5

we have
Wop = CD;’. (10.1)

Fix a > 0, and write
é(b) := D, (a,b), b>0.

Appendix A derives the next two factorizations from the logarithmic derivative of ¢, with all
denominators displayed. The first is

2¢¢// _ (¢/)2 — 4612’)/(61 + b)2—4y(a2 + b2)2y—2

X (y(a — b)* + 4ab). (10.2)

Hence
204" > (¢'),
and in particular,
¢" >0 (b > 0).

Thus the first derivative is strictly increasing on the whole positive half-line, as required in (A2).
For 0 < b < a, the second factorization is

¢ (b) = 8a>y(1 — y)(a — b)(a + b) 1 (d® + b*) > x (y(a — b)* + a® + b* + 4ab). (10.3)

Since0<y<land0<b<a,
¢ (b) = 0.

We now pass from ¢ to ¢”. Differentiating,

(@7 = p¢’(¢d” + (p — 1)(#)*) > 0.

Furthermore,
(¢")" = pe"> 0" + (p - D¢/ Beg” + (p - 2)(¢'))- (10.4)
By (10.2),
77 1 7\2
¢d” > 5((/)) ,
SO

1
3¢¢” + (p - 2)(¢)* > (p - 5) (¢')* > 0.
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Asp>1,¢">0,and ¢ > 0, Eq (10.4) gives
(¢")" = 0.

This includes p = 1, where the term with p — 1 vanishes, and y = 1, where ¢(b) = a* + b* has a
third derivative of zero. Non-strict positivity is exactly what (A4) requires; strict unbalancing will be
supplied by (A3). Using (10.1) and symmetry between the two variables, this proves (A2) on (0, c0)?
and (A4) on 0 < b < a. The weight is smooth on the positive quadrant, so (A0) also holds.

Condition (A1) is immediate because 8 > 0 and both factors are nondecreasing in each positive
variable, with strict increase supplied by (x> + y?). For (A3), the transfer

(X,}’) = ()C + k’y - k)
preserves x + y, while
(x+k)*+ G-k =& +y) =2k(x—y+k)> 0.

Hence the transfer is strict. Thus ¥, g is chord-admissible whenever m > 2.
For necessity, failure of either (A2) or (A4) suffices to exclude chord-admissibility. Suppose first
that
1<m<?2.

At any diagonal point b = a > 1, Appendix A gives

63

%\Paﬁ(a, b)| =2""3a"3m - 2)(m* — m + 6p). (10.5)

b=a
Since m > 1 and 8 > 0,
m? —m+ 68 > 0,

whereas m — 2 < 0. Thus (A4) fails.
Now suppose 0 < m < 1. Fix a > 1. The explicit second-derivative formula in Appendix A, whose
polynomial has the leading term m(m — 1)b*, gives

lim b* " 07 p(a, b) = m(m — 1) < 0.

Thus a coordinate section has a negative second derivative for sufficiently large b, contradicting (A2).
Condition (A2) is required on the whole quadrant [1, 00)?; the restriction b < a applies only to (A4).
Therefore chord-admissibility is possible exactly for

m=a+28=>2.
The extremal conclusion follows from Theorem 6.4. m]

Proposition 10.2 (A genuine obstruction below the chord region). For every a € (1,2), there exists
&y > 0 such that, whenever
0<B <&,

the graph Hs 5 does not maximize BIDy, , over Gs3. The parameter can be chosen so that 1 < @ +2 <
2.
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Proof. Let
J = K1 \Y (K3 L Kl)

Both J and Hs3 = K, V K 3 belong to Gs ;3. The edge types are as follows and the multiplicities in each
row sum to seven.

Graph Endpoint degrees  Multiplicities
H5,3 (4a 4)’ (47 2) 1’ 6
J 4,3),4,1),3,3) 3,1,3

Both graphs have five vertices and seven edges, and hence they are of cyclomatic number three.
Substitution of these edge types gives

BIDy, ,(Hs3) = 8°32° + 667207,
BIDy, ,(J) = 37°25" +5°17° + 36°18F.

Extend the difference continuously to 5 = 0. The tricyclic sum-connectivity comparison at this
boundary already appears in [18]. At8 =0,

D, := BIDy,,(Hs3) — BIDy, (/)
— 8" —37% 436" — 57,

For f(f) = 1%, this is the third forward difference A3 f(5). The classical integral representation of finite

differences [38, p. 64] gives
1 plopl
D, = f f f f"S+r+s+t)drdsdt.
0o Jo Jo

(1) = ala — D@ -2)"3 <0,

When 1 < a < 2,

so D, < 0. The extension to the present positive-f family uses continuity: The same strict inequality
persists for all sufficiently small positive 8. Shrinking &,, if necessary, so that 5 < (2 — a)/2 also
ensures 1 < a + 26 < 2. |

11. A larger extremal region for the two-parameter family

We now enlarge the sufficient extremal region by compensation. The polynomial derivations are
given below and in the appendices. The secant-slope and convex-spreading steps use the facts cited in
Sections 5—6. Throughout this section, set

m:=a+2B.

For the core comparisons, take a > 4 and write

o) = 1O

fa(t) = ‘I’aﬁ(a, 1+1), o) = .
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For integers x >y > 2 with x + y < a, set
Lao(x,y) 1= 04(x) + 7u(y) —0u(x +y = 1) — (1)
and
G(x,y) = ¥op(x+9,2) = Wop(x+ 1,y +1).

Then
Fo(x+y—-1L1)=Fux,y) = G(x,y) — Lu(x,y). (11.1)

The gain is always strictly positive because the transfer preserves the sum of the two arguments and
strictly increases the sum of their squares.

Lemma 11.1 (Convex sections and pendant monotonicity). Let @ > 0, 8 > 0, and set m = a + 26. If
m > 1, then every section
br— ¥,z(a,b), a >0,

is strictly convex on (0,00). For a > 1 and arguments in the real domains specified in Section 2, the
chord slope o, is nondecreasing and x — F,(x, 1) is strictly increasing.

Proof. Appendix A derives
0, ¥ap(a,b) = (a+b)*>(a* + B> N, 4(a, b),

where
Nug(a,b) = (@ — a + 2B)a* + 4B(a + 1)a’b
+ (4% + 2a(m — 1))a*b* + 48(m — D)ab® + m(m — 1)b*.

All coefficients are nonnegative when m > 1: indeed
?—a+28=(@-1P+@m-1)>0,

and the coefficient of @b is strictly positive. Hence N, s(a, b) > 0 for a, b > 0, proving strict convexity.
For a convex section f(1) = ¥, g(a, 1 + 1), the secant slope (f(¢) — f(0))/t = o,(?) is nondecreasing
for ¢t > 0. Finally
Fo(x,1) = 04(x) + 04(1) + Yo p(x + 1,2).

The first term is nondecreasing, while the last term is strictly increasing because g > 0. Therefore
x — F,(x, 1) is strictly increasing. O

Lemma 11.2 (Compensation for O < a < 1). Assume 0 <a<1,0<B<l,andx>y>2 x+y<a.
Then

L,(x,y) <4Ba"(x - D(y - 1),
whereas

G(x,y) = 2B8(x = Dy = D(x +y +2)"((x +y)* + 4/

Moreover, throughout this parameter range (without assuming m > 1),
La(x,y) <G(x,y).
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Proof. Setu =a+b,v=a>+b* andc = 1- €[0,1]. Appendix A derives V¥, 5 = u* VM, 4
and specifies every term of M, g. For 0 < a < 1, its negative terms are controlled by the identity
M, 5+ 128u*V* = a(a — 1)(a - 2)v* + 6aBuv*(a + ab)
+ 128c(1 — @)b*u’v + BuR, (11.2)
R =12V + 8c(1 + ¢)b’u — 12cbv(a + 2b).
The first three terms on the right are nonnegative. To control R, set r = b/a € [0, 1] and R(r, ¢) = R/a".

Then
R(r,¢) = 12(1 + ) + 8c(1 + o)’ (1 + r) = 12¢r(1 + (1 + 27).

ForO0<c<1,
AR(r,c) =8(1 +20)r* (1 +r) — 12r(1 + (1 + 27)

<12r(F =2r-1)<0
because 7> —2r — 1 < —1 on [0, 1]. Consequently
R(r,c) 2 R(r, 1) = 12(1 = r) + 47 +4r* > 0.
This proves My > —12Bu*v*. Asa—1<0,8—1<0,u > a, and v > a*, we obtain
¥, 5(a,b) > —128u* V! > —12B4"3 (0 < b<a).

Thus W(t) = £,(f) + 28a™ 3> has a nonnegative third derivative on [0,a — 1]. The integral proof in
Lemma 6.2 shows that its chord slope is convex; no monotonicity of W is needed. Its chord slope is
o,(t) +2Ba™3t>. Writing s = x + yand P = (x — 1)(y — 1) > 0, the convex spreading inequality and

(s—1P2+1-x*—y*=2P

give L,(x,y) < 4Ba"3P.
For the gain, let A = s> +4and B = (x + 1)*> + (y + 1)?, so A — B = 2P. The two edge arguments
have the common sum s + 2. Since 0 < 5 < 1,

A
G(x,y) =(s+ 2)“ﬁf PV dz > 2BP(s + 2)7 457!,
B

Finally m = @ + 28 < 3, a > s > 4, and therefore

m

m-3 _ m-3 a2 -1 §
e T G T
It follows that ”
Loy < 48P < B2 < Gy,
sc+4
where strictness is equivalent to 2(s> + 4) < s°. For s > 4, s*(s — 2) > 2s*> > 32 > 8, which proves this
inequality. In particular, the local conclusion does not require m > 1. O

The local compensation holds throughout the stated range, including m < 1. To turn it into a global
extremal result by the present method, we will also require m > 1 for universalization. The next bound
treats 1 < a < 2.

AIMS Mathematics Volume 11, Issue 11, 37434-37464.



37454

Lemma 11.3 (Uniform third-derivative bound for 1 < @ < 2). Assume 1 < a < 2,0 <8 < 1,
and 0 < b < a. Set
Kop:=ala—1)2-a)+ 8B, m=a+20.

At B = 0, the weight is defined by the same formula, ¥, o(a,b) = (a + b)*. Then
3,¥,pa,b) > —K,pa">.
Proof. Setu = a+ b, v = a* + b*. The derivative formula is obtained in Appendix A:
3, pa,b) = u" VM, 4(a, b),
with
M,z = ala — 1)(@ = 2)v* + 6af(a — buv* + 6afu’v?
+ 12088 — Db*u?v + 128(8 — Db’y + 88(B — 1)(B — 2)b°u’.

The required polynomial inequality is
M, 5+ Ko gauv* > 0. (11.3)

Collect the terms in powers of 8. Appendix B shows the coefficient calculation and its regrouping; the
result is
To + BA + B°B + B°C,

where
Ty = a(a — Q2 — a)v?*b(a - b),

A =(a-b)0(a,b) + (a-1)G(a,b),
O(a,b) = 14a° + 22a*b + 8a°b* — 8a°b® — 6ab* + 21°,
G(a,b) = 6abuv* + 6u>V* — 12b%u%v,
B = 12ab*u®y + 12bu’y — 24b°1°, C =8b’u’.
Here T, C > 0. Moreover
a(@® +2ab-b*)>0  (0<b<a),

and the identities
G = 6uv a(a* + 2ab — b*) + 6(a — Dbuy?,

B = 12bu? a(a® + 2ab — b*) + 12(a — Db*u?v

show that G, B > 0. Finally,
O(a,b) > 14a° — 84°b* — 6ab* > 0

because b* < a® and b* < a* give the lower bound (14 — 8 — 6)a® = 0. All terms discarded from Q are
nonnegative. Thus A > 0, including at a = b. This proves (11.3).
Multiplying (11.3) by the positive factor u®#3 gives

Y, pa,b) > —KygauHF.
Sincea—-2<0,8-1<0,u>a,andv > a?,
aua—ZVB—l < aaa—Z(aZ)ﬁ—l — am—3’

which proves the claim. O
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Lemma 11.4 (Compensation for 1 < a <2). Assume 1 <a<2,0<f< % and
Sa(a - 1)2 —a) < (56 + 48a)p.
Then, forall x >y >2and x+y < q,
F.x,y) < Fo(x+y—-1,1).
Proof. Set K = K,z and s = x + y. By Lemma 11.3, the corrected section

K
t—> (1) + gam_3t3

has a nonnegative third derivative on [0, a — 1]. Its chord slope is o, () + (K/6)a™>#>. Using
(s—1*+1-x*-y"=2(x-D(y-1)

in the convex spreading inequality gives

K
L(x,y) < Eam_3(x - D@y -1). (11.4)
The gain estimate used in Lemma 11.2 remains valid, so

G(x,y) > 2B(x — D(y — (s + 2)%(s* + 47" (11.5)

It remains to compare the coefficients in (11.4) and (11.5). Since 1 < @ < 2,0 < 8 < 1/2, we have
m — 3 <0, and hence @™ < s"3. Bernoulli’s inequality and the monotonicity of real powers give

s+ 2 2

2 -1 s
+4P > .
’ (s T2 +4

After cancelling the positive factor P = (x — 1)(y — 1), the required coefficient comparison is

(S+2)(Z > 5@

K
gam—»* < 2B(s +2)%(s* + 471,

Using the preceding bounds, a sufficient condition is

K 5 285" '(s+2a)

< ;
3 s+ 4

which, after multiplying by 3(s* + 4)s> > 0, becomes

K(s* + 4) < 685%(s + 2a).
For s > 4,
s +4 <=6 4+ 2a < s+ 2a,

so the last inequality follows from
5K < (96 + 48a)B.

Substituting K = a(a — 1)(2 — @) + 86 and subtracting 408 from both sides shows that this condition is
exactly
Sa(a— 1)(2 — @) < (56 + 48a)B.

Hence L,(x,y) < G(x,y), and (11.1) proves the desired strict inequality. O
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Theorem 11.5 (Enlarged two-parameter extremal region). Let « > 0, 8 > 0. The graph H, is the

unique maximizer of BIDy,; over G, ¢, for every 0 < € < n — 2, whenever at least one of the following
holds:

(1) 0O<a<landa+2B>1;
(2) a+2B=>2;
(3)1<a<20<pB<i and

=5

Sa(a - 1)2 — a) < (56 + 48a)B.
In particular, if @ > 0, B > 3/200, and a + 2 > 1, then the same conclusion holds.

Proof. Assume first that m = @ + 28 > 1. By Lemma 11.1, every coordinate section is strictly convex
and (K1) holds. Strict coordinate monotonicity follows directly from g > 0. Moreover, if r > s > k+1,
then the transfer (r,s) — (r + k, s — k) preserves r + s and strictly increases > + s%; hence it strictly
increases W, 3. Thus the hypotheses of the universalization lemma are satisfied.

For £ = 0, 1, Proposition 4.4 now gives the conclusion, including n = 2. In the remaining argument,
assume ¢ > 2.

In case (1), if 8 < 1, (K2) follows from Lemma 11.2; if § > 1, then m > 2 and Theorem 10.1
applies. Case (2) is exactly the extremal conclusion of Theorem 10.1. In case (3), (K2) follows from
Lemma 11.4; since @ > 1, one has m > 1, so universalization and (K1) are available. The core-edge
criterion then proves uniqueness in every case.

Finally,

Sa(a— 12 - a) - 3
56 + 48« 200

1<a<?2),

part, ] <@ <2andf < (2-a)/2 < 1/2; the displayed bound and 8 > 3/200 imply the strict condition
in case (3). This proves the final sufficient region. The constant 3/200 is a convenient bound from
these estimates, not an asserted optimal threshold. m]

as proved in Appendix B. If m > 1 but m < 2, the part with @ < 1 is case (1). In the remaining

Table 2 summarizes the sufficient extremal regions. The first row is the exact region for the specified
smooth certificate. The union of the rows is a sufficient region for extremality, not a necessary-and-
sufficient classification of the extremal phenomenon.
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Table 2. Sufficient extremal regions for H, ,, always with0 < £ <n-2,a > 0,5 > 0, and
m = «a + 2f3. Overlap between rows is intentional.

Parameter conditions Certificate Reference
m>?2 Smooth chord certificate Theorem 10.1
O<a<l,m=>1 Compensation if 8 < 1; Lemma 11.2,
smooth certificate otherwise Theorem 11.5
1<a<2,0<B<1/2, Quantitative compensation Lemmas 11.3-11.4
Sa(a — 1)2 —a) < (56 + 48a)B
a=0,>1/2 Power compensation for Theorem 9.1
B < 1; smooth certificate for
=1
(,8) =(1,1/2) Direct smooth certificate Theorem 8.1
B >3/200,m > 1 Consequence of the preceding Theorem 11.5
regions

Proposition 11.6 (Quantitative localization of the five-vertex obstruction). Define
O(a, B) := 8*32° + 6 6720° — 37725 - 5*17° - 36°18°.
Ifa>0,B8>0, and ®(a,B) <0, then
l<a<?2, a+2B6<2,

and

(56 + 48a)B < Sa(a— (2 - a).
In particular, every such obstruction satisfies 5 < 3/200.

Proof. The edge-type calculation in Proposition 10.2 gives
O = BID\yaﬁ(H5’3) - BID\yaﬁ(J), J = Kl V (K3 (] Kl)

Deleting a universal vertex gives, respectively, the cores K; 3 and K3 LI K. Their three edges have core
degrees (3, 1) and (2, 2), so the common baseline cancels and

@ = 3(F4(3,1) — F4(2,2)).

If m=a+2B > 2, Theorem 10.1 implies @ > 0, since the two graphs are nonisomorphic. Thus ® < 0
forces m < 2 and, in particular, @ < 2. If 0 < @ < 1, m <2 gives 0 < 8 < 1; Lemma 11.2, applied
to (a, x,y) = (4,2,2), then gives ® > 0. This use is valid even when m < 1, since that lemma’s local
conclusion has no such lower bound. Hence 1 < @ < 2. Now m < 2 implies 8 < 2 —a)/2 < 1/2. If
the strict condition of Lemma 11.4 held, the same substitution would again give ® > 0. Its failure is
precisely

(56 + 48a)B < Sa(a — 1)2 — a).

Appendix B bounds the right-hand ratio strictly by 3/200, proving the last assertion. If ® < 0, Hs 3 is
not a maximizer. If ® = 0, it cannot be a unique maximizer, since J has the same value. The latter
statement does not assert that either graph is maximal among all competitors. O
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Remark 11.7 (Scope of the remaining parameter problem). There are three different questions: Validity
of the smooth certificate, extremality for a fixed pair (n, €), and extremality for every admissible (n, £).
The line m = 2 is the exact boundary only for the first question. For 0 < @« < 1 and 0 < 8 <
(1 — @)/2, Lemma 11.2 still proves the local core inequality, but a coordinate section fails convexity
for sufficiently large arguments, as in the necessity proof of Theorem 10.1. Hence our universalization
certificate does not resolve the global problem there; this failure alone is not a counterexample to
extremality.
For 1 < a < 2, the part not covered by the sufficient regions lies in

Sa(a—1)2-a) 3
< .
0<Bs—6iaa <200

Within it, ®(e,5) > 0 is a necessary condition for a uniform unique-maximizer theorem: it excludes
this particular five-vertex competitor. No sufficiency is established here, since other cores and other
orders remain to be compared in the unresolved region. Proposition 11.6 gives a necessary localization
of this obstruction, not an exact phase boundary.

12. Conclusions

For every 0 < ¢ < n — 2, the graph H,, is the unique maximizer, up to isomorphism, of both the
Sombor and elliptic Sombor indices in G, .. The discrete universal-vertex reduction and the core-edge
identity also establish the same conclusion for general Sombor powers with 8 > 1/2. For the two-
parameter family, Table 2 records the proved sufficient regions. The exact boundary of the smooth
certificate and the unresolved extremal parameter ranges are distinguished in Remark 11.7.
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Appendix A. Derivation of the differential identities

This appendix records the derivative calculations used in Theorem 10.1 and Lemmas 11.1-11.3. All
arguments a, b in this appendix are positive real numbers.

A.l. The two-parameter weight

Setu = a+b,v=a*+b? and h(b) = uV?. For the factor #, differentiation gives

0Fy =280V,
0P =287 + 488 — 1)V 2,
A" = 1288 — D0V ™2 + 8B(B — 1)(B — 2)b*V* 3.

Applying the product rule to u®v* twice yields
W= ala — DV + dafbuy + 2B’y + 4B(B - Db (A.1)

The four terms in brackets come, respectively, from (u*)”V?, 2(u®)’(v*)’, and the two terms of u®(\%)”.
Expanding their a, b powers gives

Nagla,b) = (& — a +2B)a* + 4B(a + a’b

+ (4B + 2a(m — 1))a*b* + 46(m — 1)ab® + m(m — Db,  m=a +28. &.2)

Thus " = u®*¥2N, 5. In particular, for fixed a > 0, division by b* in this polynomial and the leading
powers of u, v give
lim 5*™"A" (b) = m(m = 1).
This proves the limiting sign test used in the necessity argument.
Applying the product rule three times, in the order (u®)”V* + 3(u®)” (V) + 3u®) ()" + u®*(»¥#)”,

gives
h/// — ua—3V6—3Ma’ﬁ’

M,z = ala — 1)(@ = 2)v* + 6af(a — buv* + 6afu’v* (A.3)
+ 12088 — Db*u?v + 128(8 — Db’y + 88(B — 1)(B — 2)b*u’.

AIMS Mathematics Volume 11, Issue 11, 37434-37464.


https://doi.org/10.46793/match.93-3.819R
https://doi.org/10.46793/match.93-3.819R
https://doi.org/10.1017/CBO9780511804441
https://doi.org/10.1007/978-0-387-68276-1
https://doi.org/10.3934/math.2022464
https://doi.org/10.3934/math.2022464

37462

Each summand is obtained from one of the displayed product-rule terms; no sign inference is required
for this identity.
For the diagonal test, it is shorter to use the logarithmic derivative

' 2 28 4Bb*
L:%:g+£b’ L’:_g_i__ﬁ_ ﬁb ”

u v u v v’ ul V2 V3

_ 20 12pb 1680

At b = a, these become m/(2a), —a/(4a*), and (a/4 — B)/a’. Since """ = h(L* + 3LL' + L"),
W (a) = 23" [m’ - 3ma + 2a — 86].
Substitution of & = m — 2 factors the bracket as (m — 2)(m* — m + 6p3), proving (10.5).

A.2. The degree-two factor

Let ¢ = u>?v, 0 <y < 1, and set

Then

2=y 2@ =)

A0 -y dyb(b* - 3a*)
" 2 = + .

P//
ul V3

P =
Set
T =2(1 —y)v+2ybu,
V==2(1-yW+ 2)/(512 - bHu?,
W =4(1 — yW° + 4yb(b* - 3a*)u’.

These definitions give P = T/(uv), P’ = V/u*v?), and P = W/(u*v?). Since 2¢¢” — (¢')* = ¢*(P* +
2P’), the numerator to compute is

T? +2V = 4a*y[y(a — b)* + 4ab).

Indeed, its constant coefficient in vy is zero, its linear coefficient is 16a’h, and its quadratic coefficient
is 4a*(a — b)?. Multiplication by ¢*/(u*v?) = u>=*v?'~2 gives (10.2).
Likewise ¢”” = ¢(P> + 3PP’ + P"’), whose numerator is 7° + 3TV + W. Its nonzero coeflicients in
powers of y are
y | 8a*(a — b)(v + 4ab)
¥? | —48a*b(a — b)
¥} | =8a’(a - b)’.

The identity (a — b)> — (v + 4ab) = —6ab therefore gives the factorization
T? + 3TV + W = 8a’y(1 — y)(a - b)[y(a — b)* + v + 4ab].
Multiplying by ¢/(u*v?) = u=172v"=3 proves (10.3).
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Appendix B. Polynomial regrouping and the uniform numerical bound

B.1. Coefficients in the upper compensation bound

We derive the decomposition used in Lemma 11.3. Write H = a(a - 1)(2 — @), so K = H + 80.
Using (A.3), collect M, 5 + Kauv* in powers of 8. The constant coefficient is

~HV’ + Haw* = HV*(au —v) = HV*b(a — b) = Ty.
The coefficients of 3, 82, and 5° are, respectively,

D, = 6a(a — Dbuy* + 6au*V?

— 12ab*u®v — 12bi’y + 166°u° + 8aw?,
D, = 12ab*u?v + 12bu’y — 24b°1°,
D5 = 8b°u’.

The last two are B, C in that lemma. For the first, subtraction at @ = 1 gives
Di(a) — Di(1) = (@ — D[6abuv* + 6u*v* — 12b%u*v] = (a — 1)G.
Expanding D(1) in a, b gives
Di(1) = 14a° + 84°b — 14a*b* — 16a°b> + 2a’b* + 8ab® — 2b°.

Multiplication of the polynomial Q in the lemma by a — b gives these same coefficients. Hence D, =
(a — b)Q + (@ — 1)G = A. The other regroupings used there follow by factoring out 6uv and 12bu?:

G/(6uv) = abv + uv — 2b*u = a(a® + 2ab — b*) + (@ — 1)bv,
B/(12bu?) = abv + uv — 2b*u = a(a* + 2ab — b*) + (@ — 1)bv.

All these expressions are polynomial identities; at b = 0, the identity for B is read after clearing the
displayed factor. This proves each regrouping used in the sign argument.

B.2. A uniform rational bound

To prove
Sa(a— 12 - a) - 3
56 + 48« 200 B

it suffices to prove the positivity of

3
p= ﬁ(% +48a) — Sa(a — 1)(2 — a).

Setz=a—-3/2 €[-1/2,1/2]. Algebraic calculation gives

15, 53 9
_ g3, 72 T __
P =32+ 57 = 1068 200°
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Since 5z° > —(5/2)z” on this interval,

0.

L5 B9 53 6191
P =>%"700°"200 = >\* " 1000/ " 200.000

The denominator 56 + 48« is positive, so the desired strict ratio bound follows. It is a sufficient uniform
estimate, not an optimization of the compensation constants.
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