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Abstract: The metric dimension of a graph is the minimum number of landmarks needed to distinguish
its vertices by their distance vectors. We study this invariant for the circulant graph C,(1,2,...,1),
equivalently the 7-th power of a cycle. For fixed ¢, its metric dimension is known to be eventually
periodic in n with period 2¢. Nevertheless, no exact formula was known for general ¢ in either of the
classes n = 0,1 (mod 2¢): The available lower and upper bounds remained separated by quantities
linear in . For n = 0 (mod 2t), an earlier conjectured lower bound 7 + 2 was subsequently proved, but it
still did not meet the available upper bound. We close the gaps in both classes for every ¢ > 2 and t > 1
by proving

4t

4+ 2
dimCzq,(l,Z,...,t):{gw, dim Cyy1(1,2,...,1) = 3|

The proofs use two different structural approaches. For n = 2¢t, a local counting argument gives the
sharp lower bound, while a periodic construction based on antipodal landmark pairs attains it. For
n = 2qt + 1, an analysis of the gaps between consecutive landmarks yields the lower bound and leads to
an explicit construction of matching size. Thus, our results turn the previously nonmatching bounds
into exact formulas. Both values are independent of ¢ and have the common leading term 4¢/3, settling
these two cases in the eventual periodic classification of this graph family.
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1. Introduction

Introduced independently by Slater [1] and by Harary and Melter [2], the metric dimension of a
graph is the minimum number of landmarks needed to distinguish all vertices by their distance vectors;
see the survey [3] for applications and further background. In this paper we study the circulant graph
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C,(1,2,...,1), namely the Cayley graph of the cyclic group Z, with generating set {1, £2, ..., +¢}.

For fixed #, the metric dimension of this graph does not simply grow with n. Chau and Gosselin [4]
showed that the family is eventually periodic with period 2¢ and obtained the following bounds in the
two congruence classes considered here.

Proposition 1.1. The following statements hold.

(1) For every fixed t, there exists N = N(t) such that, whenever n > N,

dimC,(1,2,...,1) =dimC,,»(1,2,...,1).

(1) Ift >4 and g > 3, then
t+2<dimCoyi(1,2,...,1) <2t =2,

(ii1) Ift > 4 is odd and q > 3, then

t+1<dimCyy(1,2,...,1) < 26— 2.

Proposition 1.1(i) shows that, for fixed 7, determining the metric dimension in each residue
class modulo 2¢ is a natural classification problem. Earlier general upper bounds were obtained
by Grigorious et al. [5], and Vetrik [6, 7] subsequently improved the estimates in several residue classes.
For the residue class 0, Chau and Gosselin further conjectured that the metric dimension should in
general be at least ¢ + 2; this was later proved by BC and Dueck.

Proposition 1.2 (BC and Dueck [8]). Ift > 4 and g > 2, then
dim Coy(1,2,...,0) > t + 2.
Meanwhile, Gao, Xiao, and Zhang [9] proved that, for odd t > 5 and k > 2,
dim Cys(1,2,...,0) =t + 1

and obtained new upper bounds in several other congruence classes. For fixed values of ¢, Grigorious,
Kalinowski, Ryan, and Stephen [10] completely determined the metric dimension for ¢ = 4, while Knor,
Skrekovski, and Vetrik [11] settled the remaining open cases for ¢ = 5. Nevertheless, for general ¢, the
residue classes 0 and 1 still had lower and upper bounds separated by a linear gap.

We determine the exact metric dimensions in these two congruence classes.

Theorem 1.3. Let g > 2 andt > 1. Then

4t
dim Cyy(1,2,...,1) = {—l , dim Coprii(1,2,...,0) =

4t +2

3 3

These formulas are not constant-order refinements of the previously known bounds. As t grows, the
new lower bounds improve the earlier linear estimates by a linear amount, while the matching upper
bounds are attained by explicit constructions. Moreover, both formulas hold for every ¢ > 2, and the
exact values are independent of ¢. Thus, in the two congruence classes considered here, stabilization
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already occurs from the first nontrivial case ¢ = 2. Although the two proofs use different structures,
both exact values have leading term 4¢/3.

Section 2 gives the basic definitions and the distance formula. Section 3 treats n = 2gt: The lower
bound follows from local constraints on consecutive columns, while the matching upper bound is
achieved by a periodic construction using antipodal landmark pairs. Section 4 treats n = 2qt + 1: The
lower bound is derived from cyclic-gap constraints on a resolving set, and the upper bound is obtained
from a construction suggested by the extremal gap pattern revealed by the lower-bound argument.

2. Preliminaries

Let G be a finite, simple, undirected, connected graph, and let d;(u, v) denote the distance between
vertices u,v € V(G). For distinct u,v € V(G) and w € V(G), we say that w resolves the pair {u, v} if
dg(u,w) # dg(v,w). For aset § C V(G), we say that S resolves the pair {u, v} if there exists a vertex
w € S that resolves {u,v}. Let W = (w,...,w,) be an ordered set of distinct vertices of G. The metric
representation of a vertex v with respect to W is

r(v | W) = (dg(v,wr),...,dg(v,wp)).

If distinct vertices have distinct metric representations with respect to W, equivalently, if for every u # v
there exists w; € W such that dg(w;, u) # dg(w;, v), then W is called a resolving set of G. A resolving
set of minimum cardinality is a metric basis, and its cardinality is the metric dimension of G, denoted
by dim(G).

Letn >3 and 1 <t < |n/2], and let vy, vy, ..., v, be distinct vertices. For every integer i, write
v; = v,, where r is the unique integer satisfying 0 < r <n—1and i = r (mod n). The circulant graph
C,(1,2,...,1) is defined by

V(C,(1,2,...,8) = {Vo, Vi« -+ s Vit }s

E(Cy(1,2,...,0)) ={{vi,viss} : 0<i<n-1, 1 <s <1}
The edges {v;, v;;1} form the Hamiltonian cycle vyv; - - - v,_1vy. Following the terminology of [4, 8, 9],
we call this cycle the outer cycle. We write C,(t) := C,(1,2,...,t) for short.
For0 <i,j<n-—1,define
0,(i, j) := min{li — j|, n—|i = jl}
to be the distance between v; and v; on the outer cycle. Then
0,(L, J)
" .

de,y(vi,vj) = { 2.1)
Indeed, along a shortest outer-cycle arc of length 6,,(i, j), each graph edge can traverse at most ¢ outer-
cycle positions, while the arc can be partitioned into [6,(i, j)/f] segments of length at most 7. This gives
both bounds in (2.1). To formulate the local constraints used below, we introduce two families of test
pairs. For € € {1,2} and i € Z, define

P(i) := {vi, iz}

Thus, P;(i) is a pair of consecutive vertices on the outer cycle, while, for n > 4, the two vertices of P(i)
have outer-cycle distance 2. Every resolving set must resolve all pairs P(i).
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3. The Case n = 2gt

3.1. Lower bound
Let ¢ > 2 and first assume ¢ > 3; the cases t = 1,2 will be handled separately in the proof of the
lower bound. For a, b € Z, write
Xap = Va+br-
When 0 < a < tand 0 < b < 2g, this representation is unique; we call a and b the first and second

coordinates of x,, respectively. MOreover, Xo.ip = Xap+1, Xaps2g = Xap- FOr a € Z, define the ath
column by

B, :=1{x,5:0<b < 2g}.

Thus B,,; = By, so column indices are understood modulo ¢. For any resolving set W and a € Z, define
5,(W) :=|W N B,

Fix an arbitrary resolving set W. Throughout this subsection, all column counts are taken with respect
to this same set W; for brevity, write s, := s,(W). Then s,,, = s,. To translate the resolving condition
into restrictions on the column counts s,, we first determine which vertices can resolve the test pairs P,
and P,.

Lemma 3.1. Forall a, b, c € Z, the following hold.

(i) The pair Pi(a + bt) can be resolved only by vertices in B, U B, and
X, resolves Pi(a+bt) &< b—-ce{0,1,...,q—-1},
Xg+1c Tesolves Pi(a+bt) &< c-be|{0,1,...,q—1}.
(i1) The pair Py(a + bt) can be resolved only by vertices in B, U B,1 U By,2, and

Xq. resolves Pr(a+bt) &< b—-ce{0,1,...,q—-1},
Xg+1,.c Tesolves Py(a + bt) < b—c ¢{0,q},
Xg42, Tesolves Pry(a+bt) &< c-be{0,1,...,q—1}.

In the displayed conditions, b — ¢ and ¢ — b are understood as their least nonnegative residues modulo
2q.

Proof. We first prove the column restrictions. The endpoints of P;(a + bt) are consecutive on the outer
cycle, so their outer-cycle distances from any fixed vertex differ by 1. If division by ¢ followed by taking
ceilings gives different graph distances, then one of these two outer-cycle distances is divisible by ¢.
Since ¢ | n, the resolving vertex is congruent modulo ¢ to one of the endpoints, and therefore lies in
B, U B,,;. If a vertex resolves P,(a + bt), then it must resolve at least one of the two adjacent pairs
Pi(a + bt) and P(a + bt + 1); otherwise its distances to all three vertices on this two-step arc would be
equal. Consequently, every vertex that resolves P,(a + bt) lies in B, U B,1 U B,.».
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Translating all vertex indices by —(a + bt) preserves distances, so it remains only to consider the case
a=b=0.Letr=c—-»b (mod 2¢g), 0 < r <2q — 1. For convenience, define i(r) := min{r, 2q — r}, and

1, r=0,
1, r=0,
r+1, 1<r<qg-1,
A(r) =4, 1<r<g, B(r) :=
q, r=gq,

2q—-r+1, g+1<r<2g-1,
1 1 1 2g-r1, g+1<r<2g-1.

Substitution into (2.1) gives

d(xo,, X00) = d(x1,, X10) = d(x2,, X20) = h(r),
d(xo, x10) = d(x0,, X20) = d(x1, X20) = A(7),
d(x1 , X00) = d(x2,, X00) = B(r).

We first consider P(0) = {xo0, X10}. The vertex xo, resolves P,(0) if and only if h(r) # A(r), which
holds precisely when

r=0 or g+1<r<2g-1.

Similarly, x; , resolves P;(0) if and only if B(r) # h(r), which holds precisely when 0 <r < g - 1.

We next consider P,(0) = {x0,X20}. The vertex xq, resolves P,(0) if and only if h(r) # A(r);
hence the condition is again r = 0O or g + 1 < r < 2¢g — 1. The vertex x; , resolves P,(0) if and only
if B(r) # A(r), which is equivalent to r ¢ {0, g}. Finally, x,, resolves P,(0) if and only if B(r) # h(r),
which is equivalentto 0 < r < g — 1.

These calculations are summarized in the following table:

vertex pair  values of r for which the vertex resolves the pair
Xo.r Pi(0) r=0o0rg+1<r<2g-1

X1,r P](O) OSqu—l

X0.r P(0) r=0o0org+1<r<2g-1

x,  P0) ré¢(0,q)

X2, r PQ(O) OSY‘SC]—I

Rewriting these conditions in terms of b and ¢ proves the lemma. O

Lemma 3.2. Foreverya € Z,, s, + Sqr1 = 2.

Proof. As b ranges over Z,,, the 2q pairs P;(a + bt) can be resolved only by vertices in B, U B,.;. By
Lemma 3.1(1), each landmark in these two columns resolves exactly g of the 2¢q pairs. Hence fewer than
two landmarks cannot resolve all of them. O

The target average of 4/3 landmarks per column suggests examining three consecutive columns at a
time. The next lemma shows that their total can fall below 4 only in one specific pattern.

Lemma 3.3. If s, + Sqi1 + Sai2 < 3, then (sS4, Sar1, Sav2) = (0,3,0).
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Proof. Recall that, throughout this proof, all quantities s; = s;(W) and all intersections W N B; refer to
the same fixed resolving set W.

By Lemma 3.2, s, + Sq41 > 2, S411 + Sar2 = 2. Together with s, + 5,41 + 5442 < 3, this leaves, apart
from (0, 3, 0), only (0, 2,0),(0,2,1),(1,2,0) and (1, 1, 1). Suppose first that s, = 0 and s,,; = 2. By
Lemma 3.1(1), each landmark in B,,; resolves a cyclic interval of exactly g of the 2¢ pairs P(a + bt).
Hence the two corresponding g-element parameter sets must be complementary, and the two landmarks
are necessarily Xq,i ¢, Xa+1,c+q fOr some ¢ € Z,,. By Lemma 3.1(ii), neither landmark resolves either of
Py(a + ct), Py(a + (¢ + g)t). This excludes (0, 2, 0). It also excludes (0, 2, 1), since a single landmark in
B> cannot resolve both of these pairs. The automorphism v; — v,,,,_; exchanges B, and B,,, while
fixing B,.1, so the same argument excludes (1,2, 0).

Finally, suppose (4, Sqa+1, Sa+2) = (1, 1, 1). For this same fixed resolving set W, write

wn Ba = {xa,a}a wn Ba+l = {xa+1,ﬁ}’ wn Ba+2 = {-xa+2,y}-

For the first two landmarks to resolve all pairs P;(a + bt), the two g-element parameter sets in
Lemma 3.1(i) must again be complementary. Hence 8 = @ — 1 (mod 2¢g). Applying the same argument
to the pairs Pi(a + 1 + bt) gives y = — 1 (mod 2q).

Now consider P,(a + St). In the three conditions of Lemma 3.1(ii), we have

B—a=2q-1, B-p=0, y—-p=2g—-1 (mod 2g).

The first and third values lie outside {0, 1, ..., g — 1}, while the middle value belongs to the exceptional
set {0, g}. Thus none of the three landmarks resolves P,(a + t), a contradiction. Therefore the only
possible pattern is (s, Sa+1, Sq42) = (0,3, 0). O

Proposition 3.4. If g > 2 and t > 1, then

dlm CZq[(t) Z

Proof. When t = 1, Cy,(1) is an even cycle, whose metric dimension is at least 2 = [4/3]. When
t =2, [8, Proposition 1.1] gives dim Cyy(1,2) =3 = [g-l . Assume henceforth that r > 3. For every a,
Lemmas 3.2 and 3.3 imply

Sy + 28,01 + 285440 + Sg43 = 8. (3.1

Indeed, if both three-column sums s, + ;41 + Sg12, Sa+1 + Sas2 + S443 are at least 4, then (3.1) is immediate.
Otherwise one of them is at most 3 and hence equals the pattern (0, 3,0) by Lemma 3.3; Lemma 3.2
then forces the remaining end column to contribute at least 2, again giving (3.1).

Summing (3.1) over a € Z,, each s, occurs with total coefficient 6. Therefore 6|W| > 8¢, and hence
|W| > [4¢/3]. ]

3.2. Upper bound

We retain the coordinates x,, = v, and the columns B,. Put L = gf = n/2. Assume first that r > 3
and write
t=3m+r, refo,1,2}.
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Motivated by the three-column counting in the lower-bound proof, we use a three-column periodic
construction. For every 0 < i < m, choose

W, N0 B3 = {X310, X3i 4} Wi N Bsiv1 = {X3i51,1> X3i4 1,941}

and choose no landmark in Bj;,,. Thus each complete three-column block contains four landmarks: an
antipodal pair in each of its first two columns, where the two vertices of each pair are at outer-cycle
distance L = n/2. The pair in the second column is shifted by one unit in the second coordinate.

If r = 0, these blocks cover all columns. If 7 = 1, choose in the remaining column Bj,, the antipodal
PAir X3,,0, X3mq. If ¥ = 2, choose x3,,0, X3,4> X3m,1 In B3, and no landmark in Bj,,,;. Equivalently,

m—l ®7 t = 3m,
W, = U{x3i,0’ X3i,qs X3i+1,15 x3i+1,q+l} U {Xam,o, x3m,q}, t=3m+1, (3.2)
i=0

{X3m,0s X3mg> X3m,1}, ¢ =3m+2.

Hence

4m, t =3m, 4
t
|Wt|: 4m+2, t:3m+1,:{§}.
dm+3, t=3m+2,

The three cases differ only in the terminal part of the periodic pattern, as illustrated in Figures 1-3.
The figures use the original vertex labels v; on the outer cycle, rather than the coordinates x,; recall
thatx,;, = v, Black dots denote landmarks, crosses mark selected multiples of 7, and dashed diameters
indicate representative antipodal pairs. In Figure 3, the distinguished landmark at 27 — 2 is the additional
landmark x;_, ;.

(q+1)t+1
(q+1)t ...
(q+1)t-3

Figure 1. The case t = 3m.
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(q+1)t+1
+1)t ..
(q+1)t-1

+1)t-4
(a+1) a6 qrrg

Figure 2. The case t = 3m + 1.

(q+1)t+1
(q+1)t ...
(g+1)t-2

(q+1)t-5qt+6 JhearT
Figure 3. The case t = 3m + 2.

We now prove that W, is a resolving set. The proof has two steps. First, the two antipodal pairs in
By and B determine the second coordinate b of a vertex x,,. Once b is fixed, the remaining antipodal
pairs determine the first coordinate a. When ¢t = 2 (mod 3), one pair of first-coordinate candidates is
not distinguished by the antipodal pairs; the extra landmark x,_, ; distinguishes this remaining pair.

For an antipodal landmark pair x,, x. .+, with & € {0, 1}, define

pc,s(-x) = (d(x7 xc,s)a d(X, xc,£+q))~

For any vertex x,;, the two entries of p. .(x,,) sum to g if and only if a = ¢, and otherwise sum to g + 1.
Indeed, if ¢ is the outer-cycle distance from x,; to x. ., then the outer-cycle distance to its antipode is
L — 6. Hence the two graph distances are H-I , [#1 . Their sum is g exactly when ¢ | §, which, since
0 <a,c <t isequivalenttoa = c.

Lemma 3.5. Let 0 < a,c < tand b,d € Zy,. If poo(Xap) = poo(xXeq) and pii(xap) = p1,1(Xea), then
b=d.
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Proof. By the observation above, poo(x,5) = poo(x.q) implies a = 0 if and only if ¢ = 0, while
P1.1(X4p) = p1.1(x.q) implies a = 1 if and only if ¢ = 1. Hence eithera =c=0,a=c=1,0ra,c > 2.
We show in each case that the second coordinate is uniquely determined by the two distances to xy and
X1,1-

If the first coordinate is O, then

0,2), b =0,

(1, 1), b=1,
(d(x0,6» X0,0)> d(X0, X1.1)) = (b, b — 1), 2<b<gq,

(¢- Lo, b=gq+1,

2q-b,2g—b+2), g+2<b<2q-1.

These ordered pairs are distinct for distinct b. If the first coordinate is 1, then

(1, 1), b=0,
b+1,b-1), 1<b<qg-1,

(d(x1 . X00), d(X1 p, X1,1)) = 9
(q7q - 1)7 b = Q7

Qq-b2g-b+1), g+1<b<2q—1,

and these pairs are again distinct. Finally, for every 2 < a < t,

(1’ 1)a b = O’

(b+1,b), 1<b<qg-1,
(d(xa,ba xo,o), d(xa,b’ xl,l)) =

(4,9 b=gq,

2q-b,2g-b+1), g+1<b<2g-1.
Again the ordered pair determines b. Thus b = d in all three cases. O

Having determined the second coordinate, we now fix it and use the remaining antipodal pairs to
recover the first coordinate.

Lemma 3.6. Let 0 < a,c <t, and fix b € Z,,. Suppose that p, (Xap) = puc(Xcp) for every antipodal
landmark pair {x, z, X, c+q} € W;. Then a = c, except possibly when t =2 (mod 3),b € {0,q},{a,c} =
{t—3,t—1}.

Proof. First suppose 0 < b < g — 1. We consider separately b =0,b =1,and2 < b <g—1.

(i) b = 0. For 0 < i < m, the antipodal pair in Bj; gives

©0,q), a=3i,

i,0\Xa,0) =
P3io(Xao) ﬂL@,aiSL

Thus this pair identifies the value a = 3i. The antipodal pair in B3;,; gives

2,9-1), a<3i+]1,
P3ir1,1(X00) =41, g—1), a=3i+1,
(1,9, a>3i+]1.
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Hence p3;11.1(x,0) determines whether a lies below, at, or above 3i + 1.

Suppose that a < ¢ and p,, (X4.0) = pus(Xc0) for every antipodal landmark pair {x, ., X, ¢+4} S W;. For
0 < i <m— 1, if both first coordinates lie strictly between 3i + 1 and 3i + 4, the only possibilities are
3i + 2 and 3i + 3. But 3i + 3 is identified by the antipodal pair in Bs;,3. Thus each such interval contains
at most one possible first coordinate. At the left end, the only value before 1 is 0, which is identified by
the pair in B.

It remains to inspect the right end. If # = 3m, the last column of the form Bs;,; is B,_,, leaving only
a =t—1toitsright. If # = 3m + 1, the last such column is B;_3; among the two values r — 2,7 — 1 to
its right, @ = t — 1 = 3m is identified by the additional antipodal pair in Bs,, leaving only r — 2. If
t = 3m + 2, the last such column is B,_4. Among t — 3,¢ —2,¢ — 1, the value t — 2 = 3m is identified by
the additional antipodal pair in Bs,,. The remaining first coordinates # — 3 and 7 — 1 satisfy

Pue(Xi-3.0) = Pue(Xi-1,0)

for every antipodal landmark pair {x, ., x,.+q} S W;: Both lie above every column Bs;,;, and neither
is the first coordinate of an antipodal pair in a column Bs; or in the additional column Bs,, = B;_;.
Therefore the only possible ambiguity for b = 0is ¢ =2 (mod 3),b € {0,g},{a,c} = {t —3,t - 1}.
(ii))b=1. For 0 <i < m,
(1,9), a < 3i,
P3i0(xa1) =1(,g—-1), a=3i,
2,9-1), a>3i,

so the antipodal pair in Bs; determines whether a lies below, at, or above 3i. On the other hand,

©O,q9), a=3i+1,

i+1,1Xq,1) =
P3is1,1(Xa,1) {(l,q), a#3i+1,

so the pair in Bj;,; identifies the value a = 3i + 1.

For 0 <i < m — 1, the only first coordinates strictly between 3i and 3i + 3 are 3i + 1 and 3i + 2, and
the former is identified by the pair in Bs;;;. Hence at most one possible first coordinate remains between
two successive columns Bs; and Bjj,3.

At the right end, if # = 3m, the final pair in a column Bj; lies in B,_3; of the two larger first coordinates,
t — 2 is identified by the pair in B,_,, leaving only  — 1. If t = 3m + 1, the additional antipodal pair in
Bs,, = B;_; completes the same argument at the right end. If t = 3m + 2, the additional pair in B3,, = B,»
distinguishes the possible first coordinate on its left from the only value # — 1 on its right. Thus a = ¢
when b = 1.

(iii) 2 < b < g — 1. For 0 < i < m, the two types of antipodal pairs give
(b,g—b+1), a<3i,
p3i,0(xa,b) = (b9q - b)9 a = 319
(b+1,9-b), a>3i,

and
b-1,9g-b+2), a<3i+1,

P3is1,1(Xap) =3(b—1,g—-b+1), a=3i+1,
(b,qg—b+1), a>3i+1.
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Thus ps;0(x,;) determines whether a lies below, at, or above 3i, while p3;,11(x,;) determines whether a
lies below, at, or above 3i + 1.

In every complete three-column block, antipodal landmark pairs occur in the first two columns.
Between consecutive column indices carrying such pairs there is therefore at most one other possible
first coordinate. The same remains true at the right end: If # = 3m, only t — 1 follows the last such
column B,_,; if t = 3m + 1, the additional antipodal pair lies in B,_;; and if t = 3m + 2, it lies in B,_,,
with only 7 —1 to its right. Hence, for2 < b < g—1,1f p,, «(X,5) = pu(x. ) for every antipodal landmark
pair {x,. ., X, 0+4} € Wy, thena = c.

It remains to consider g < b < 2g — 1. Write b = b’ + g, where 0 < b’ < g — 1. Since Xqp+4 1S
antipodal to x,; , translation by L = gt = n/2 interchanges the two landmarks in every antipodal pair.
Consequently, if p, o(x,p) = (7, 5), then p, (X4 pr+4) = (5, 7). Thus, for any a, c,

pu,s(xa,b’+q) = pu,s(xc,b’+q)

for every antipodal landmark pair {x, ., X, .4} € W, if and only if

pu,s(xa,b’) = pu,s(xc,b’)

for every such pair. The conclusions above therefore carry over unchanged. In particular, the only
additional possibility is obtained from b’ = 0, namely t = 2 (mod 3),b € {0, g}, {a,c} = {t = 3,1 - 1}.
This proves the lemma. O

Proposition 3.7. If g > 2 and t > 1, then

4t
dim Czq,(l) < lrg“ .

Proof. For t = 1, the even cycle has metric dimension 2. For t = 2, [8, Proposition 1.1] gives
dim Cyy(1,2) = 3. Assume henceforth that # > 3, and let W, be the set defined in (3.2).

Suppose that x,, and x., have the same metric representation with respect to W,. Since xo 9, Xo 4,
X1,1,X1,4+1 € W,, Lemma 3.5 gives b = d. Lemma 3.6 then gives a = ¢, except possibly when t = 2
(mod 3),b €{0,qg},{a,c} ={t—3,t—1}.

In this exceptional case, the construction contains the additional landmark x,_, ; = v,,_,. Its distances
to the two exceptional pairs are

d(Xi—21, X-30) = 2, d(Xi—21,X-10) = 1,
d(xi-2,1, xt—3,q) =q-1, d(xi-2,1, xt—l,q) =dq.

Thus this landmark distinguishes both exceptional pairs. Hence W, is a resolving set, and since
|W;| = [4t/3], the result follows. O

Combining Propositions 3.4 and 3.7 gives the exact value.
Theorem 3.8. If g > 2 and t > 1, then

4t

dim Czqt(l‘) = ’rg“ .
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4. The Case n = 2qt + 1

4.1. Lower bound

We first assume ¢, t > 2. Since gcd(n, t) = 1, the residues 0,¢,2¢,...,(n— 1)t (mod r) are all distinct.
To make the parameter c in P(ct) directly serve as a vertex index, we relabel the vertices by

Xp 1= Vi (b ).
Then xp., = x5, and xo, X1, ..., Xx,—1 list all vertices exactly once. For ¢ € {1,2} and b € Z, define
Ri(b) :={ce€{0,1,...,n—1}: x, resolves P,(ct)}.

Because every resolving set must resolve all adjacent pairs P;(ct), we begin by determining which such
pairs can be resolved by a single landmark.

Lemma 4.1. Ifq,t > 2, then
Ri(0) =10, 1,...,2¢} \ {g}.

More generally, for every b € Z, R{(b) = b+ R,(0) ={b,b+ 1,...,b+2q} \ {b + g}, with parameters
interpreted modulo n.

Proof. Formula (2.1) gives

c d(xo,Ver)  d(Xo, Vere1)
0<c<g-1 ¢ c+1
c=q q q

g+1<c<2q 2g-c+1 2q-c

For2¢g + 1 < ¢ < n— 1, the two distances are equal. Hence x, resolves exactly the listed parameters.
Translating every vertex index by bt preserves distances and sends xj to x;, and P;(ct) to P((c + b)t),
proving the general formula. O

Let W = {xp,, Xp,, ..., Xp, } be a resolving set, where 0 < b; < b, < --- < by < n— 1. We first use only
the necessary condition that W resolve all pairs P(ct). Extend the subscripts periodically to the whole
integer line by setting b, = b; + n(j € Z), and define the cyclic gaps of W by

8j = bj+1 —bj.

Then gjux = 8,8 2 I,Z'jle gi=n=2qt+1.

All interval arguments involving the b; below are made on this periodically extended integer line.
Since the gap sum is fixed at n, a lower bound on k = |W| will follow from an upper bound on this sum
in terms of k.

Lemma 4.2. If W resolves all pairs P(ct), then, for every j€Z, g; < 2g + 1 and min{g;_1,g;} < q.

Proof. Suppose first that g; > 2g +2, and setc = bj +2g + 1. By Lemma 4.1, a landmark x;, can resolve
Pi(ct) only if
hef{c—-2¢g,c—2g+1,...,c}\{c—q}.
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But every landmark index at most b; = ¢ — 2g — 1 lies to the left of this set, while every landmark index
at least b;,; > c lies to its right. Hence no landmark resolves P(ct), a contradiction.
Next suppose that g;_; > g+ 1 and g; > g + 1, and set ¢y = b; + g. By Lemma 4.1, among the

parameters b;,b; + 1,...,b; + 2q, the single parameter ¢o = b; + ¢q is the unique one not resolved
by x,,. Forevery h < j—1,b,+2q < bj1 +2q < b; + q— 1 < co, whereas for every h > j + 1,
by>bj;1 2 b;+q+ 1> co. Hence no landmark in W resolves P;(cot), again a contradiction. |

Lemma 4.2 gives the restrictions arising from the adjacent pairs P;(ct). We now examine the pairs
P>(ct) to obtain the additional local information needed below.

Lemma 4.3. Ifq,t > 2, then
RZ(O) = {Oa 1’ ey 46]} \ {qa Zq, 3q}

More generally, Ry(b) = b + R,(0) for every b € Z.

Proof. Again, formula (2.1) gives

c d(XO, vct) d(x07 vct+2)
0<c<g-1 c c+1
c=gq q q
g+1<c<2g-1 2q—c+1 2q-c
c=2q 1 1
2g+1<c<3g-1 c-2q c—2q+1
c=3q q q

3g+1<c<4q 4qg—-c+1 4g-c

Now let4g + 1 < ¢ < n— 1. Write uniquely ¢ = 2gh + s,h > 2,1 < s < 2q. Since 2qt = n — 1,
Xe = Ver = Vg Versd = Vie—tgy = Xe—dq = Va—(h-2). Substitution into (2.1) yields d(vo, v,;) = min{s, 2g +
1 — s} = d(vy, vary2). Thus xp fails exactly for the parameters ¢, 2¢q, 3¢ among 0, .. .,4q and for every
parameter ¢ > 4¢g + 1. Translating all indices proves the formula for R,(b). O

The preceding description is most convenient in the following window form.

Corollary 4.4. For every c € Z, the set W resolves P,(ct) if and only if
bj:jeZin ([c—4q,c] \ {c—q,c—2q,c—3q}) * .

Proof. By Lemma 4.3, a landmark x;,; resolves P,(ct) if and only if ¢ — b; € {0, 1,...,44} \ {¢, 24, 34},
which is equivalent to b; € [c — 4q,c] \ {c — q,c — 2q, c — 3g}. The assertion follows. O

We now combine the restrictions supplied by the two families of test pairs. The case (g;-1,8;) =
(g,2q + 1) 1s the only one in which both bounds in Lemma 4.2 are attained. Corollary 4.4 imposes an
additional restriction on the gaps immediately preceding this pair.

Lemma 4.5. Suppose that W resolves all pairs Py(ct) and Py(ct). If (8j-1.8;) = (q,2q + 1), then
gj-2 < q. Furthermore, if g » = q, then g;_3 < q.
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Proof. Suppose first that g, > g and set ¢y = b; + 2q. Since (g;-1,8;) = (¢,2q + 1), bj-1 =b;j —q =
co—3q,b; = co—2q. The assumption g,_» > g gives b;_» < co—4q, while g; = 2g+1 gives b, = co+ 1.
Hence the only periodically extended landmark indices in [cy — 4q, ¢o] are ¢y — 3¢, ¢ — 2¢, and both
are among the three exceptional positions excluded in Corollary 4.4. Thus P,(cy?) is not resolved, a
contradiction. Therefore g;_, < g.

Now assume g;», = g and, for a contradiction, g; 3 > ¢g. Setc; = b; + q. Since g;-» = gj-1 = q,
bjs=c1-3q,bj-1 = c1—2q,b; = ¢ —q. The assumption g; 3 > g gives b;_3 < ¢; —4q, while g; = 2g+1
gives bj,; > c¢;. Hence the landmark indices in [c; — 4¢, ¢;] are exactly ¢; — 3q, ¢ — 2q, c| — g, again
precisely the three exceptional positions in Corollary 4.4. This contradicts the fact that W resolves
P>(ct). Hence g;3 < q. m]

With the case (gj-1,&;) = (¢,2g + 1) handled by Lemma 4.5, we can now bound Z’;zl g; by grouping
consecutive gaps.

Proposition 4.6. Suppose that q,t > 2 and W resolves all pairs P\(ct) and P,(ct). If |W| = k, then
hogi<aql¥|

Proof. Call a gap g; > q long and a gap g; < g short. By Lemma 4.2, long gaps are not adjacent. Pair
each long gap g; with the short gap g;_; immediately preceding it; these initial pairs are disjoint.

By Lemma 4.2, every such pair satisfies g;_; + g; < 3¢ + 1, and equality can occur only for
(8j-1-85) = (q,2q + 1). Every other pair therefore has total length at most 3¢.

Consider an exceptional pair (¢,2g + 1). By Lemma 4.5, g;» < g. If g;» < g — 1, enlarge the
pair to the triple g;_», g;-1, g;; its total length is at most (¢ — 1) + g+ (2g + 1) = 4q. If g;» = g, then
Lemma 4.5 gives g;_3 < q. Enlarge instead to the quadruple g;_3, g;-2,gj-1, &, whose total length is
atmost g +q+ g+ (2g+1) = 5g + 1 < 6g. The newly added gaps belong to no initial pair: g;_ is
followed by the short gap g;_;, and in the quadruple case g;_3 is followed by the short gap g;_». Hence
neither can be the short member of an initial long-gap pair. Moreover, for distinct exceptional long gaps,
the added gaps lie in disjoint stretches between consecutive long gaps. Thus the enlarged groups are
disjoint. Finally, place each short gap not yet used into a singleton group.

Thus all cyclic gaps are partitioned into disjoint groups satisfying

number of gaps in the group sum of the gaps in the group

1 <q

2 < 3q
3 <4q
4 < 6gq

Therefore, a group containing r € {1, 2, 3,4} gaps has total length at most ¢ F—’J . Let the group sizes be

2
Fls...,Fs. Since Y0 re =k,

d 5| 3, 3% 7, 3k
S soS o2 ]

Jj=1 a=1

O

Since the cyclic gaps sum to n = 2gt + 1, Proposition 4.6 now gives the desired lower bound on |W]|.
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Proposition 4.7. If g > 2 and t > 1, then

. 4t +2
dim C2qt+l(t) > " “

Proof. Assume first that ¢, ¢ > 2, let W be a resolving set, and write k = |W/|. Proposition 4.6 gives

. 3k
2qt+1zzgj3qb|.
j=1

Hence B—kj > 2+ é. The left-hand side is an integer, so [%kJ > 2t+1, and therefore k > [@1 = [%-I .
If t = 1 and g > 2, then C,,,1(1) is an odd cycle. A single landmark cannot distinguish its two neighbors,

so dim Cyyqi(1) > 2 = [(41 + 2)/3]. |

4.2. Upper bound

The lower-bound argument above reveals two basic restrictions on the cyclic gaps of a resolving set:
Every gap is at most 2¢g + 1, and a gap larger than ¢ cannot be adjacent to another gap larger than q.
To make the landmarks as sparse as possible, it is therefore natural to alternate a long gap of length
2g + 1 with a compensating short gap of length g — 1. We now turn this extremal pattern into an explicit
construction and prove that it resolves every pair of vertices, not only the two test families used in the
lower bound.

Assume first that g, f > 2, and continue to use the relabeling x;, = v;,. Write

n=3qu+r, 0<r<3g.

Since n = 2gt + 1, the only possibilities are

t u r
3h 2h 1
3h+1 2h 2g+1
3h+2 2h+1 g+1

Define
By :={3iq,3ig +2q + 1 : 0 < i < u} U {3ug},

and

B(), r= 1, "
B = W* :={x, : b € B}. “4.1)
BoU{l}, refg+1,2q+1}
Extend B periodically to N
B := B+ nZ.

Since x.,, = x., proving that W* is a resolving set is equivalent to showing that, for every pair of integer
representatives a < b < a + n, there is some ¢ € BN [a,a + n) such that d(x., x,) # d(x., xp).

To verify this condition, we first characterize exactly when a landmark x, fails to distinguish an
arbitrary pair x,, Xp.
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Lemma 4.8. Choose integer representatives a < b < a+nand c € (a,a+ n) \ {b}, and put 6 = b — a.
Then x. fails to resolve {x,, x,} if and only if

a<c<b: 0=1 (mod2g)or2c=a+b (mod2g),
b<c<a+n: 6=0 (mod2g)or2c=a+b+1 (mod2gq).

Proof. For1 < s,5" <mn,lets, 5 €{1,2,...,2q} be their respective representatives modulo 2¢g. Then,
for every u € Z,
d(xu’-xLHs) = min{i, 261 +1- E} =: F(S)7

and similarly
d(xy, Xury) = min{s,2g + 1 = §'} =: F(5').

It follows that
F(s)=F(s') & s=s (mod29) or s+s =1 (mod2gq).

Suppose first that a < ¢ < b. The positive x-index differences from x, to x, and x;, are k, = a — c +n and
ky, =b—c.Sincen=1 (mod 2g),k, =a—c+ 1,k, =b — ¢ (mod 2qg). Thus x, fails to resolve {x,, x;}
precisely when F(k,) = F(k,). By the characterization above, this is equivalent to 6 = 1 (mod 2¢g) or
2c =a+ b (mod 2g).

Now suppose thatb < ¢ < a+n. Inthis case, k, =a—c+n,k, =b—-c+n,and hence k, =a—-c+1,
ky =b—c+1 (mod 2¢q). Applying the same characterization gives 6 =0 (mod 2g)or2c =a+ b + 1
(mod 2g). ]

We now return to the specific construction above. Figure 4 shows the landmark indices of W* in one
period, after cutting the cyclic order at 0 and unfolding it along the integer line.

2q+1 qg—1 2q+1 q—1 2q+1 g—-1r=1
5 ZqErl 31;1 5qu- 1 6Tq 3(uI 1)q (Bu — 1)qT+ 1 3u(T]'InE 0 (mod n)

2q+1 q—1 2q+1 q—1 2g+1 g—1 ref{qg+1,2¢+1}
61 2qu-1 3Tq 5qErl 6‘51 3(u11)q (Bu—l)qT+1 371(1 nE(B(mod n)

Figure 4. The landmark indices of W* in one period. The right endpoint n repeats 0 to indicate
the cyclic closure. The upper and lower rows correspond tor = 1 and r € {g + 1,2 + 1},
respectively.

Write the elements of B in increasing order as - - < y_; <yg <y <---and let g}*. =y -y To
apply Lemma 4.8 to the construction above, we need the following properties of the consecutive gaps in
B.

Lemma 4.9. The construction (4.1) satisfies the following properties.
(i) g7 <2g+ 1 for every j;
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(ii) if g;‘ > g, then g7 | < q;
(ii1) every open interval of length at least 4q contains two elements of B that are incongruent modulo q.

Proof. Reading the construction in cyclic order, the gap sequence in one period is ((2g + 1,g — 1), 1)
whenr = 1,and (1,2¢g,g — 1,(2q + 1,q — 1)*',r) when r € {g + 1,2q + 1}, where the power denotes
repetition and the repeated part is empty when u = 1. Properties (i) and (ii) are immediate.

We prove (iii). First, every open interval of length at least 4g contains at least two elements of B. An
interval containing no landmark lies inside a single gap of length at most 2¢q + 1. If it contains exactly
one landmark, its length is at most the sum of the two adjacent gaps. By (i) and (ii), that sum is at most
q+ (2g+ 1) =3g + 1 < 4q. Both alternatives are impossible.

Now suppose all landmarks in such an interval were congruent modulo g. Every gap between
consecutive landmarks inside the interval would then be divisible by ¢g. In the displayed cyclic gap
sequences, the only possible such gap is 2¢, and it is flanked by gaps of lengths 1 and g — 1. Hence an
interval containing landmarks from only one residue class modulo ¢ has length at most 1 +2g+(¢g—1) =
3g < 44, a contradiction. O

Proposition 4.10. If g > 2 and t > 1, then

) 4t +2
dim Czqt+1(t) < " “ .
Proof. If t = 1, then Cy4,1(1) is an odd cycle, whose metric dimension is 2 = [(47 + 2)/3]. Assume
henceforth that ¢ > 2, and let W* be the set defined in (4.1).
Suppose, for a contradiction, that two distinct vertices x,, x;, are not resolved by W*. Choose integer
representatives a < b < a + n, put § = b — a, and note that neither endpoint belongs to W*.

Case 1: 6 #0,1 (mod 2g). By Lemma 4.8, every landmark index ¢ € BN (a,b) must satisfy 2c = a+b
(mod 2g), whereas every c € BN (b,a + n) must satisfy 2c = a+ b + 1 (mod 2g). The two right-hand
sides have opposite parity. Since 2c = M (mod 2g) is solvable only when M is even, one of the two
arcs contains no landmark index, while all landmark indices on the other arc are congruent modulo g.
Hence all landmark indices in (a, a + n) are congruent modulo g. But n = 2¢g¢ + 1 > 4¢g + 1, contradicting
Lemma 4.9(iii1).

Case 2: 6 =0or1 (mod 2g). If 6 = 1 (mod 2g), interchange the two endpoints and measure their
separation along the complementary arc. The new forward separation is n — d = 0 (mod 2g), since
n =1 (mod 2¢). Thus, after relabeling if necessary, we may assume

0=0 (mod 2g).

Then b = a (mod 2g). For every landmark index ¢ € BN (a,b), Lemma 4.8 gives 2c = a + b
(mod 2g), and hence ¢ = a (mod g). If 6 > 4¢, the interval (a, b) therefore contradicts Lemma 4.9(iii).
Since 6 > 0 and 6 = 0 (mod 2g), it remains only to consider

0 =12gq.

Choose consecutive landmark indices y; < b < yj.i,and setd = b—y;. By Lemma4.9(1), 1 < d < 2gq.
If d = 2q, theny; = b—2q = a, contrary to x, ¢ W*. Hence d < 2¢, soy; € (a, b). Since every landmark
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index in (a, b) is congruent to @ modulo ¢,
yi—a=2g—d=0 (mod g).

With 1 < d < 2g, this forces d = gq.
Now y;j.1 —y; > ¢, because y; < b < y;;; and b —y; = gq. Lemma 4.9(ii) therefore gives
e:=y;—yj-1 <q.1If e =q, theny; | = a, again impossible. Thus e < g, so y;_; € (a,b), but

yici—a=q—-e#0 (mod g),

contradicting the conclusion above.
Thus W* resolves every pair of vertices. Finally, writing t = 3h,3h + 1, or 3k + 2, the construction
gives

4h+1, t=3h,
. 4t + 2
WHl = q4h+2, 1=3h+1,=|——|.
4h+4, t=3h+2,
Hence the desired upper bound follows. O
Combining Propositions 4.7 and 4.10 gives the exact value.
Theorem 4.11. If g > 2 and t > 1, then
. 4t + 2
dim Cyypi1 (1) = { 3 }
5. Conclusions
This paper determines the exact metric dimension of C,(1,2,...,¢) forn = 0,1 (mod 2¢), closing

the previously known linear gaps between lower and upper bounds in both classes. The exact values are
independent of ¢ and settle these two cases in the eventual periodic classification of this graph family.
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