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1. Introduction

For a nonnegative locally integrable function @, the potential-type integral operator T, is defined as

Tof(x) = fR (- Df 0y

Although the basic example is provided by the fractional integral operator /,, defined by the kernel
®d(x) = [x]*™", 0 < @ < n, there are other important examples, such as the Bessel potentials. They are
denoted by J4., 8,4 > 0, and the kernel ®(x) = K ,(x) is defined by means of its Fourier transform
Ko@) = (2 + 177",

Now, assume that the kernel @ satisfies the following weak growth condition; there are constants
0,C € (0,0) and € € [0, 1) such that for any k € Z,

C
sup D(x) < %f O(y)dy. (1.1)
2k |x|<2k+ 5(1-£)2k<|y|<26(1+£)2*
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Associated with any kernel ®, we denote by @ the positive function defined for ¢ > O,

(1) = f| | O(y)dy.
y|<t

Pérez [18] gave the two-weight inequalities for the potential-type integral operator Tq. Ho and
Yee [8], Orazbayev and Zaighum [17] obtained the potential-type integral operator T4 on Herz spaces.
For more results about the weighted inequalities of the potential-type integral operator T, we refer the
readers to [12, 13].

For the kernel @ satisfying (1.1) and b € BM O, the commutator of T, is defined by

T) f(x) = fR (bx) = BOIDCx = )f 0.

Li [11] obtained the two-weight inequalities for T(II’).

Morrey spaces were introduced by Morrey [15] to investigate the local behavior of solutions
to second-order elliptic partial differential equations. Komori and Shirai [9] defined the weighted
Morrey spaces and obtained the boundedness of the Hardy-Littlewood maximal operator, the Calderén-
Zygmund operators and commutators, and the fractional integral operators and commutators on these
spaces. Ye and Wang [26], [ida [10], and Tanaka [21] discussed the two-weight norm inequalities
for the Hardy-Littlewood maximal operator. Ho [7] gave the mapping properties of the potential-
type integral operator T on the generalized weighted Morrey spaces. Wang [23, 25] obtained the
boundedness of the fractional integral operators and commutators on weighted Morrey spaces. For
more results about the weighted inequalities of the fractional integral operators, one can see [14,22,24].

For a suitable choice of the parameter, weighted Morrey spaces coincide with weighted Lebesgue
spaces. Hence, the conditions required on weighted Morrey spaces are generally stronger; for instance,
the weight function in weighted Morrey spaces also needs to satisfy certain doubling conditions or A,
conditions.

In this paper, we establish the strong-type and weak-type mapping properties of the potential-type
integral operators and commutators on two-weight Morrey spaces.

2. Preliminaries

We will need the following facts about the Young functions and Orlicz spaces; for further
information, see [1]. A function A : [0, c0) — [0, ) is a Young function if it is convex, increasing,
and if A(0) = 0 and A(f) — oo as t — oo. Given a Young function A, define the mean Luxemburg
norm of f on a ball B by

. 1 lF )
Ifllas = inf{1>0: T fBﬂ(T)dy <1j.

Given two Young functions A and B, if there is a constant ¢; > 0 with A(r) < ¢;B(¢) for all
t > ty > 0, then there exists a constant ¢, > 0, depending on A and B, such that for all balls B and
functions £, ||fllaz < c2llflls,-

The examples that we are going to use are A(r) = 1 log(e + 1)? and B(t) = ¢’ — 1, where 1 < p < o0
and 0 < g < co. We denote their mean Luxemburg norms of f on a ball B by || fllzr(10g 27,5 and || flexp(z).
respectively.
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For a non-decreasing function ¢ : [0,00) — [0, 00) and the Young function B(¢) = tlog(e + )7,
7 > 0, we define the maximal operator associated with ¢ and B by

My rog 1y f (x) = sup d(r(B)|| fllzgog Lyr.55
B>x
r(B) is the radius of B. When 7 = 0, we write My, 1100 1) as M.
Each Young function A has an associate complementary Young function A satisfying

t <A OA ) < 2,

for all ¢ > 0, where A~'(¢) is the inverse function of A(%).
For 1 < p < o0, a Young function A is said to belong to the class B, denoted by A € B,,, if there

exists a constant ¢ > 0 such that _
< A(t) dt
—_ < o0

Given a weight w, if there exists a constant n,, > 0 such that for any ball B, we have w(2B)<2"™w(B),
where w(B) = fB w(x)dx, we denote w € A, for brevity.
When 1 < p < o0, a weight w € A, if there exists a constant C > 0 such that

1 1 , plp’
— dy)(— “Plrg <C,
E%QmﬁwwyMMﬁfw v)

where 1/p + 1/p’ = 1. A weight w € A, if there exists a constant C > 0 for any ball B such that

1
— fw(y)dy < Cw(x), a.e. x€e BCR".
1Bl Js

We denote A, = |J A,. If w e A, then we have w € A, (see [6]).

1<p<eo

A locally integrable function b is said to be in BMO if

16llsyo = sup — flb(x) bpldx < oo,

BCR” | |

where by = o [, b(y)dy.
Let]l < p < oand 0 < « < 1. For two weights v and w, the two-weight Morrey space L”*(v, w)
in [9] is defined by
L5, w) = {f € Lb ) | fllrscuan < o0},

where the norm is given by

Ko Pyv(y)d
s = sup (= [ 1F0P0ay) "
When w = 1, LP*(v, w) is the weighted Morrey spaces L7*(v, dx) introduced by Samko in [20]. When
w =v =1, LP*(v,w) is the classical Morrey spaces L”*(R"). The weak two-weight Morrey space
WLP¥*(v,w) is defined by

WLP (v, w) = {f € L}, () : Ifllwrreqm < 00},
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where

((x € B:|f(l > ).

WLr+(v,w) = SUp Su 1%
||f|| P (1 W) Bp t>£) W(B)K/p

When w = v, we denote L”*(v,w) and WLP*(v,w) as LP“(w) and WLP*(w), respectively. When x = 0,
LP*(w) is the weighted Lebesgue space L7 (w).
We also need the following lemmas.

Lemma 2.1. [9] For w € A,, there are constants 6,, > 0 and n,, > 0, such that for every ball B,
w(2B) > 2""w(B), w(2B) < 2"w(B).

Lemma 2.2. [3] Let 1 < p < co and A be a Young function such that A € B,,. Then there exist C > 0
and cy > 0 such that A(t) > Ct” for every t > ¢y > 0.

Lemma 2.3. /5] Let w € A, then there are constants C > 0 and r > 1 such that for any ball B,

1 o\ C
(i [ woran) < & [ woray.

Lemma 2.4. [22]Let 0 < g < oo, w € Ay, and b € BMO, then for every ball B,

%éL£W@—%WMMWMSWWWQ
Lemma 2.5. [19] Let b € BMO, then for every ball B,
lb = bgllexp .8 < ClIbllBmo-
Lemma 2.6. [16] Let A, B and C be Young functions such that for all t > 0,
A8 1) <.
Then for all functions f and g and for every ball B,
If8lic.s < 2l fllazllglls.s-

3. Strong-type boundedness of potential-type integral operators and commutators

In this section, we establish the strong-type boundedness of potential-type integral operators and
commutators on two-weight Morrey spaces. Throughout this paper, C always denotes a positive
constant independent of the main parameters involved, but it may be different from line to line.

Theorem 3.1. [I8] Let 1 < p < g < oo, A € B, Be B, and @ satisfy condition (1.1). If (w,v) is a
pair of weights such that for every ball B,

O(r(B)IB|4 7| || slv Pl < C < o0, (3.1

then To is bounded from LP(v) to LY(w).
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Typical examples are given by considering ‘A and B such that
A(t) = t/1og(e + )" and B(t) = t* log(e + )" ~*7, > 0.

The following is the strong-type boundedness for potential-type integral operators on two-weight
Morrey spaces.

Theorem 3.2. Let 1 < p < g < oo, A € By, B € B, and ® satisfy condition (1.1). Suppose that a pair
of weights (w,v) satisfies (3.1). If w € Ay, u € Ay and 0 < k < min{;—’, ’;z }, then Tg is bounded from
LP*(v, u) to L4917 (w, u).

Proof. For any f € LP*(v,u) and ball B = B(x,r) C R", write fi; = fx.g and f> = f — f;. Then we have
y X

2
(B)Kq/,, f ITqaf(Z)lqw(z)dz Z‘“ By f To fk(z)|qw(z)dz)

By Theorem 3.1 and u € A,, we obtain that

f ITo i w)dz)
f fi@Pvodz) " <

u(B)K/ p

(B)K/P f f@Pvdz)

u(2B) P
= w(B)KIp

o

I 1zrsay < CNF Lo

Let [ € Z satisfy 2! < r < 2! Fork > 1,y € 2¥!'B\ 2B and 7 € B, we have

2k+l—1 2k+l+3

<p-x-lk-x<lz=y<ly-x+lz-x<

For any z € B, the definitions of T, @ and condition (1.1) give the following estimate:

ITofo(2)] < Z] f

O - ) [y

2k+1 B\2kB
< Z sup  D() |fO)ldy
= 2ktl=1 |f| <2k+1+3 2k+1B\2kB
D(26(1 + £)2k+1+3)
<c Z AL 1fG)ldy
2A+IB
D25(1 + £)2%3r)
<C dv. 3.2
- Z — Ly (3.2)

By Holder’s inequality, condition (3.1), Lemmas 2.1 and 2.2, we obtain that

(B)K/p f |T®f2(Z)|qw(z)dZ)

1 @(25(1 +£)2K3r) 1/q U » ”
SC; u(B)x/p knyn (LW(Z)dZ) '(L+13|f(Y)|pV@)dy) (LHB V() p/pdy)
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(I)(Zk+lpl’)

u(2k+1B)K/p
<C||f||m<m>2 S WB)! 1=

u(B)x/r

<a z“@"”B)”“’ Lo
= LPX(v,u
T LBy 125 pBI w4 e

k+1 . pil/p' 1,1
25 Bl VPl i

b u(2k+lB)K/p W(B)l/q - 0
Ul e e & Clflson Y, 2010 < Y,
k=1

k=1

where, and in the sequel, p = max{235(1 + &), 1}. This completes the proof. O

When u = w € A,, as a consequence of Theorem 3.2, we obtain the following result for the
potential-type integral operators.

Corollary 3.1. Let 1 < p < g < 00,0 < k < p/g, A€ B, B e B, and ® satisfy condition (1.1).
Suppose that a pair of weights (w,v) satisfy (3.1) and w € A,, then Ty is bounded from LP*(v,w) to
Lq,qk/p(w)_

Let u = 1 and we obtain the following two-weight inequalities for the potential-type integral
operators on weighted Morrey spaces.

Corollary 3.2. Let 1 < p < g < o, A€ B,, Be B, and © satisfy condition (1.1). Suppose that a pair
of weights (w,v) satisfy (3.1). If w € Ay and 0 < k < min{g, r 2‘”’ %, then Ty is bounded from LP*(v, dx)
to LYP(w, dx).

Taking O(r) = [f|*™",0 < @ < n, we obtain the following mapping properties for fractional integral
operators.

Corollary 3.3. Let 0 <@ <n, 1 < p < g < 0o, A € B, and B € B,. Suppose that (w,v) is a pair of
weights such that for every ball B,

|B|(Y/l1+1/q—l/P”W]/q”ﬂ’BHv_l/p”B,B < C < oo,

Ifw e A, and 0 < k < p/q, then 1, is bounded from LP*(v,w) to L*%/P(w). If w € Ay and 0 < k <
mln{’J p %1 then I, is bounded from LP*(v, dx) to L4“%/P(w, dx).

Theorem 33. [Il]Let1 < p < g < oo, be BMO and ® satisfy condition (1.1). Suppose that (w,v)
is a pair of weights such that for some T > 0 and for every ball B,

DrBIBIM P U aqtog 15 IV PNl 1 tog ypr-1r.p < € < 09, (3.3)
then T is bounded from LF(v) to L4(w).

The following is the strong-type boundedness of the commutators of the potential-type integral
operators with BM O functions on two-weight Morrey spaces.

Theorem 3.4. Let 1 < p < g < 0o, b € BMO and ® satisfy condition (1.1). Suppose that (w,v) is a
pair of weights such that for some T > 0 and all ball B,

— 1 1/
cp(r(B))uBP/q—”P(ﬁ f w(x)dx) q||v—1/P||Lp/(logL)2,,/_1+,,B < C < co. (3.4)
B
IfweAn, ueAyand (0 <k < min{’;’, %} then Tff, is bounded from LP*(v,u) to L¥9/P(w, u).
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Proof. For any f € LP*(v,u) and ball B = B(x,r) C R", write f; = fyspand o = f — fi. Asw € A,
using condition (3.4), we get that (w, v) satisfies condition (3.3). By Theorem 3.3 and u € A,, we obtain
that

f T4 Al w)dz)

u(B)(rIK)/p /g

(B)K/P f /@I V(Z)dz) (B)K/P f If(z)lpv(z)dz)

u(2B)"/P
u(BYr

”f”LP Kvu) = C”f”LP’K(v,u)-
Let[ € Z satisfy 2! < r < 2!, Fork > 1,y € 2*!B\ 2B and 7 € B, we have
2k+1—1 < |Z _ )7| < 2k+l+3.
For any z € B, the definitions of T®, ® and condition (1.1) give

T3 /22l
< b(z) — bO)D( - ) f()d
<;| [, IINCCREOLESOT

(9]

<), sup () Ib2) = BOIIOldy
=1 2k+l—1<|t|S2k+l+3 2k+lB\2kB
D61 +)25r
<y T D (o) bal+bs—bis] [ O+ f 1)~ by Il F ).
r 2k+1p 2k+1 B

Notice that |bg — bywr1g| < 2"(k + 1)||b||gy0, by Lemma 2.4, we get

1
(W fB |Tg>f2(2)|qw(z)dz)l/q

S DRS(1 + £)2k+3
== Z 2knyny( B)K/p

= DQ25(1 + )24+
 Clbllao Y (k-+ D2 B [ wians) [ oy
=1 B k+1p

D( [ b - balwd) ™ [ 17y
B 2k+lp

2knypny(B)K/p

o x5 k+3
CZ DOR26(1 + £)2°r)

Zk"r”u(B)K/P 2k+1B

) = baesslf ([ weands)
B

k=1

- D(25(1 + £)2+3r) 1/q
SClblluo Ytk + D=5 fB w(e)dz) f2 oy

c Z"’: D(25(1 + £)2%3r)
2k"r"u(B)K/p 2k+1 g

1) = bl f Ol fB w)dz)

k=1
=[+1IL
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For I, using Holder’s inequality, condition (3.4), and Lemma 2.1, we obtain

©(k + 1Dk ’ ,
I < ClIbllsmo (k+ DO pr)W(B)l/q ’ (f vy /pdy)l/p (f
2k+1pB

=1 2k"r"u(B)K/1’ 2k+l g

1/p
FOIPv()dy)

k + DO 1or)
x, 2K pr)|VPu(B)</p

1 -1 k+1
W(B) /9 . ”V /p”Lp’(]OgL)Zp’—ln’zkﬂpBl/l(z + B)K/p

< Cllllswoll s ),
k=1

w2 By w(B)'
u(B)K/p W(2k+lB)l/q

< Clbllswoll fllrsn ) Gk + 1)
k=1

< C”b”BMOHf”LP’K(V,u) Z(k + 1)2V1(k+1)(1<77u/l’—9w/6])
k=1

< ClIbllsmoll fll Lo u)-
Let At) ~ t” log(e + )", B(t) ~ exp(t) — 1 and C(f) = t”', we have
ATDOB (1) ~ C ().

According to Lemmas 2.5 and 2.6, we obtain

P 1o g )P
(| 16O) = byargl?v) /7 dy)
2k+lp
k+1 p1/p’ -1
=2 BI")|(b = by p)v Pl i1
k+1 py1/p’ -1
<CI2"'B|""|1b - Do gllexp £.2x+18l[V /p||LP’(1ogL)ﬂ’,2k+lB

k1 1 1/p'1y,-1
<C|Ibllgmol2"' BI""||v /p||Lp’(1ogL)p',2k+IB~ (3.5)

For 11, by Holder’s inequality, condition (3.4), and Lemma 2.1, we have

o D(26(1+8)25r) e NP 1p 1/
HSC; SormaBy f2 o) =g vO) 7 ) fz L FOrvody) fB w(2)dz)

N 5(Zkﬂp’") k1 pil/p  1,=1/p Vaq,, Hk+1 py«/p
< Clbllswoll fllersn ) | R B VPl g Ly 10 261, W(B) 1u(24! B)
k=1

- Dknyn M(B)K/p

u*' B w(B)4
w(Byr  w(2H1B)a

< ClIbllgmoll fll ey Z
k=1

< C”b”BM0||f”LP”<(V,u) Z 2n(k+1)(K’7u/P—9w/q)

k=1

< ClIbllzmollf 1o« -
This completes the proof. O
By Theorem 3.4, we have the following corollaries.
Corollary 34. Let 1 < p<g <o, 0< k< p/q, b€ BMO, and ® satisfy condition (1.1). If a pair of

weights (w,v) satisfies (3.4) and w € A, then Tfl’) is bounded from LP*(v,w) to L#9/P(w).
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Corollary 3.5. Let 1 < p < g < oo, b € BMO and © satisfy condition (1.1). If a pair of weights
(w, v) satisfies condition (3.4), w € A, and 0 < k < min{g, 4 2”’ }, then TZI’) is bounded from LP*(v, dx) to
L39IP(yw, dx).

Corollary 3.6. LetO < a <n, 1 < p < g <ocoandb € BMO. Suppose that (w,Vv) is a pair of weights
such that for some T > 0 and for every ball B,

1 1/q
1/g-1 -1 C
|B|"/”Jr la /”(ﬁ fw(x)dx) [lv /p”[ﬂ'(logL)ZP'*l”,B < C <oo.
B| J

Ifw € Aw and 0 < x < p/q, then I, is bounded from LP(v,w) to L*“*/P(w). If w € Aw and 0 < k <
min{Z, pg }, then 1% is bounded from LP*(v,dx) to L*9/P(w, dx).

4. Weak-type boundedness of potential-type integral operators and commutators

In this section, we establish the weak-type boundedness of the potential-type integral operators and
commutators on two-weight Morrey spaces.

Theorem 4.1. [I3] Let 1 < p < g < oo, © satisfy conditions (1.1) and O(1)/1" — 0 when t — oo. If
(w, v) is a pair of weights for which there exists y > 1 and for every ball B,

5(r(B))|B|”q_”p(é fB w(x)ydx)l/yq<% L v(x)—p'/pdx)””' <C < oo, 4.1

then Ty is bounded from LP(v) to L**(w).
We investigate the boundedness of T, on two-weight Morrey spaces.

Theorem 4.2. Let 1 < p < g < oo, ® satisfy condition (1.1) and 6(t)/t” — 0 whent — oo. Suppose
that the weights (w,v) satisfy (4.1). If w € Ay, u € Ay and 0 < k < mln{p p B } then Ty is bounded

from LP*(v, u) to WLPIP(w, u).
Proof. For any f € LP*(v,u) and ball B = B(x,r) C R", write f; = fx2g and f, = f — fi. Then for any

given t > 0, we have

gyt e € B Tof@) > M1

tlw({z € B : |Tofi(2)l > 1/2D]"* + tlw({z € B : |To fo(2)] > 1/2)]"7.

<
u(B)x/p
By Theorem 4.1 and u € A,, we obtain that

u(B)«/p

tlw((z € B : [To fi(2)] > t/2})]"4

u( B)K/p

u(ZB)K/ P

(B)K/P u(ByIr

By Chebyshev’s inequality, inequality (3.2), Holder’s inequality, condition (4.1) and Lemma 2.1,
we have

f @Pvdz) " < CEZZ s < Clfllirsa

tlw({z € B : |To fo(2)| > 1/2D)]'

u( B)"/l’

AIMS Mathematics Volume 11, Issue 11, 37241-37258.
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1 1/q
< Copnl [ Mefi@moa:)

w(B)4 S D26(1 + £)2K43r)
= T u(B)/p Z

|f)ldy

) 2kn rt 2k+1g

o D2 pr) 1/p » Uy
= Dknpny( BY<Ip r d Ny Bl
- e Zk"r"u(B)K/p( LHBV @I"v(z) z) (LHPB v(2) z) w(B)

o u(2H B w(B)'4 1 -1/vq
< Cllfllzrscoa wy)"dy
Lp( ); u(B)~/P |2k+1pB|1/q(|2k+lpB| 2K+ B )

< Wl Y PE B D
= LPK(v,u
(v,u) £ M(B)K/p |2k+1pB|1/q |2k+lpB| 241 B

widy)

w2 By w(B)'
w(ByP  w(2kiB)la

< Cllfllrscran ) |
k=1

k+1 u _9w
< C”f”LM(y,u) Z 211( +1)(knu/ p=6/q)

k=1
< Cl |f| |Ll’~K(v,u) .

This completes the proof. O

From Theorem 4.2, we obtain the following weighted estimates.

Corollary 4.1. Let 1 < p < g < 00, 0 < k < p/q, © satisfy condition (1.1) and O(1)/i" — 0 when
t — oo. Suppose that the weights (w, V) satisfy condition (4.1) and w € A,, then Ty is bounded from
LP¥(v, w) to WLE9¥IP (),

Corollary 4.2. Let 1 < p < g < oo, © satisfy condition (1.1) and 5(t)/t" — 0 when t — oo. Suppose
that the weights (w,v) satisfy condition (4.1). If w € Ay and 0 < k < min{g, %}, then Te is bounded
from LP*(v,dx) to WL/P(w, dx).

Corollary 4.3. Let0 < a <nand 1 < p < g < oo. Suppose that (w,v) is a pair of weights for which
there exists y > 1 and for every ball B,

1

1 1/ / 1/p
|B|a/n+1/q—1/p(ﬁfw(x)ydx) yq(ﬁfv(x)_p /pdx) P < C < oo.
B B

Ifwe Ayand 0 < k < p/q, then I, is bounded from LP*(v,w) to WL>/P(w). (We recover the result
from [24].) If w € A and 0 < k < min{?, %}, then 1, is bounded from LP*(v,dx) to WL/P(w, dx).

In the following, we give the mapping properties of the potential-type integral operators.

Lemma 4.1. [4] Let 0 < p < oo and ® satisfy condition (1.1). Then there is a constant C > 0 such
that forw € A, and all f,

1T o fllzrew < ClIMgfllLreow)-
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Lemma 4.2. Let 1 < g < oo and ® satisfy condition (1.1). Suppose that a pair of weights (w, V)
satisfies for any ball B,

— 1 1/
o(r(B))|B""(— f w@)dx) " inf v(x) ! < C < oo, 4.2)
1Bl Jg xeB
Then for every locally integrable function f,

w({x e R" : Mzf(x) > M < g

f OOV,
er

Proof. By homogeneity, we may assume that = 1. Define the set Q = {x € R" : Mzf(x) > 1}. It
is easy to see that Q is open and we may assume that it is not empty. To estimate the size of Q, it is
enough to estimate the size of every compact set F contained in 2. We can cover F by a finite family

of ball {B;} for which,
(r(B @(r(B))
B fjlf( Oldx > 1.

Using Vitali’s covering lemma, we can extract a subfamily of disjoint balls {B;} such that F' C |, 5Bkx.
Hence, using condition (4.2), we have

w(F)/1 < Z w(5By)!
k

C 5,1a 2B f dy
< ZW< 0 |B| , Oy
<cy, J 1700 inf vy
<c [ romox

ko Bk

< [ oo

This ends the proof. o

Theorem 4.3. Let 1 < g < oo and ® satisfy condition (1.1 ) Suppose that a pair of weights (w,v)
satisfies condition (4.2). If w € A, u € Ay and 0 < k < mln{ } then Ty is bounded from L'(v, u)
to WLY™(w, u).

Proof. For any f € L'*(v,u) and ball B = B(x, r) C R", write f; = fy»z and f, = f — fi. Then for any
given t > 0, we have

(B)KW({Z € B: [Tof(2)] > )/

_WW({Z € B: |Tofi)| > t/2)" + (B)

w({z € B : |To o) > t/2))"/%.
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By Lemmas 4.1 and 4.2, and u € A,, we obtain that

Ww({zeB Tofi(2)| > t/2H"7 < (L)K supw(fz € B : Tofi(2)| > t/2H"

u(B)K suprw({z € R": Mgfi(2) > 1/2)""

( By f |f(@Iv(z)dz
< C||f||L1~"(v,u)-

<C

By Chebyshev’s inequality, inequalities (3.2), condition (4.2) and Lemma 2.1, we have

WW({Z € B: |Tq)f2(z)| > l/2})l/q

(B)K f To @ w)dz)

C D(25(1 + £)25+3r) Vg | )
B u(B)KZ T f wadz) " ( f2 HB|f()’)|v(y)dy)y€12rk1£Bv(y) !

@(2k+1 r) u(2k+1B)" . _
<C||f||L1K(vu)Z zknf w(B)"1————— By nf o)

u(2k+lB)K W(B)l/q
< C”f”leK(v,u) P k 1
kzz; u(By  w(k1pB)l/a

k+1 u—6w
< Cllfllasgray )24 0n o

k=1
< C”f”U“(v,u)-

This ends the proof. O

By Theorem 4.3, we have the following corollaries.

Corollary 44. Let 1 < g < 00, 0 < k < 1/q, and ® satisfy condition (1.1). If a pair of weights (w, V)
satisfies condition (4.2) and w € A, then Ty is bounded from L'(v,w) to WL (w).

Corollary 4.5. Let 1 < g < oo and © satisfy condition (1.1). If a pair of weights (w,v) satisfies
condition (4.2), w € A, and 0 < k < mm{1 9”} then Ty is bounded from L'*(v, dx) to WL?%(w, dx).

Corollary 4.6. Let 0 < @ < nand 1 < g < oo. Suppose that (w,v) is a pair of weights such that for
every ball B,

I 1
B (o f wodx) " inf v < € < oo,

Ifw e A, and 0 < k < 1/q, then 1, is bounded from L'*(v,w) to WL#*(w). If w € As and 0 < k <
mm{ 2 i} then I, is bounded from L'*(v, dx) to WL"%(w, dx).
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In the following, we give the mapping properties of the commutators of potential-type integral
operators on two-weight Morrey spaces.

Lemma 4.3. Suppose that f is a non-negative bounded function with compact support, ® satisfies
condition (1.1), and

(1) log(e + 1) R

" 0, when ¢t — co. 4.3)

Then for each t > 0, there exists a disjoint collection of maximal dyadic cubes {Q;} such that
[yeR": M%’LlogL JO) > 1} =00, {yeR": Mg, ., f() > 4"} CU;30;.

Proof. We shall omit it since the proof is similar to that of Lemma 5.1 in [18], except using || f1|zog 2).0;-
O

Lemmad4.4. Let0 < p < oo, b e BMO, w € A, and @ satisfy condition (1.1), then there is a constant
C > 0 such that for all f, we have

b
T Ner=ony < ClIMG 110g S lreee-
Proof. From [2], we can obtain that

b
”T(DfHL‘v“’(w) < C||M5,L10gLf||L'v°°(w)’

and the desired conclusion follows if we use the extrapolation theorem in [4]. O

Lemma 4.5. Let 1 < p < g < oo, @ satisfy conditions (1.1) and (4.3). Suppose that a pair of weights
(w,v) satisfies for any cube Q,

—~ _ 1 /g, _
mmm@w”ﬁaj}mmﬂnvwmmwuﬁ0<m, (4.4)
Q
where [(Q) is the side-length of Q. Then, for every locally integrable function f,

C
W(lx € R Mg 100, f00 > 117 < =( f Forvdx) .
Rf’l

Proof. Define the set E;, = {x € R" : M&Llog 1 f(x) > t}. If 1 is such that the set E; is empty, we have
nothing to prove. Otherwise, by Lemma 4.3, there exists § > 0 and a collection of disjoint dyadic
cubes P;, such that E; c | J;3P; and

OUP ) lliogrre, > Bt.

By the properties of the Luxemburg norm on Orlicz spaces, let A(?) = 1" log(e + N, B(t) ~ t’ and
C(t) = tlog(e + 1), we have
A'0B'@t) = C@).

According to Lemma 2.6, we have
1 -1
”f”LlogL’Pj <2|lfv /p”U’,Pj”V /p”LP’(logL)P’,Pj‘
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By condition (4.4), we obtain that
tw(E)" < tw(U;3P)"

<q| Z w(3 Pj)tq]uq
J
C[ Z W(3Pj)(5(l(Pj))||f||L]Og L’Pj)q]l/q
J
C[ WP Y@UGP I s I v g 50,)']
¢ [Zj] P,
J
<[ Z fp If(X)I”v(x)dx]””
7 Jr,

c( | 1rrvedx)”
R}’l
O

Theorem 4.4. Let 1 < p < g < 0o, b € BMO, @ satisfy conditions (1.1) and (4.3). Suppose that a pair
of weights (w, v) satisfies for any ball B,

— B 1 Vg _
o(r(B))|B|"* ”P(ﬁ f w()dx) vl og 1y p < € < o0 (4.5)
B

IfweAo,ueAyand0 <k < mln{’7 Zg }, then T? is bounded from LP*(v, u) to WLS/P(w, u).

Proof. For any f € LP*(v,u) and ball B = B(x,r) C R", write f; = fx2g and f, = f — f;. Then for any
given t > 0, we have

w({z € B: TS f(2)| > )"

t
M(B)K/p

w({z € B: |Tgfi(2)l > /2" + ———w({z € B : |Tg fo(2)| > 1/2))""%.

b t
~u(B)7r u(ByTr

By Lemmas 4.4 and 4.5, and u € A,, we obtain that

u(Bt)K/pW({Z € B:|Tgfi(2) > 1/2)"

wBy P w({z € B:|T5fi(z)| > t/2)"4

n . - 1
= CM(B)K/p Stlj(l)) tW({Z S R . M‘D,LlogLfl(Z) > t/2}) q

1/p
B Cu(B)K/p( fz . F@FPv(z)dz)
= C”f”Lp.K(v,u).
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By Chebyshev’s inequality, we have

w({z € B: T4 /()| > t/2)"/*

t
u(B)K/ p

(B)W [ imspeime)

k+3
ce Z D251 + £)2
2knypny( B)x/p

2 [ b2 baltwcands) " [ sy
B k+1 g

k=1

- D25(1 + £)2%3F) 1/q
+C||b||BMokZ:;<k+ D= SommyT ( fB w(z)dz) f2 oy

Sy D25(1 + £)2K3
w3 UL D2 [T ) — bl )l fBW(Z)dZ)W

Zk”r”u(B)K/I’ 2k+1 g

- D26(1 + £)2437) f /g f
< C|b k+1 d d
< ||BMO;< R i T ( ) 2) L Oy

Sy O(25(1 + £)24+3
w3V O D2 D [T ) — bl )l f wdz)

Zk"r”u(B)"/p ok+l g B

=I+1IL

For 1, using Holder’s inequality, condition (4.5), and Lemma 2.1, we obtain

S (k+ DORMpr)
1< Clibliswo e w(B)'
; 2knpny(B)IP

) 1/p 1/p
([, o) ([ o)
2k+1pB k!
(k + 1D or)
2By
“v” ||Lp’(1ogL)p’,2k+1pBu(2k+]B)K/p

u*' B w(B)l4
u(B)¥p w21 B)l/q

< ClIbllsaoll fllrscan Z B w(B)"/

< Clbllswoll fllrsean Y G+ 1)
k=1

< Clbllswoll fllrsca Yk + D2t Demlp=tu/a
k=1

< ClIbllsmoll fll Loy

For II, by Holder’s inequality, inequality (3.5), condition (4.5), and Lemma 2.1, we have

D25(1 + £)237)
n<C Z Sy BT

( f f (Y)|pV()’)d)’ f w(z)dz
2k+lp B
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5(2k+1 pr)
2knyny(B)K/p
’ ||V_1/p||Lp’(1ogL)p’,2k+1pBW(B)1/qu(2k+lB)K/p
uRHI By P (B4
M(B)K/p W(2k+1 B)l/q

k+1 1/p’
< Clbllswoll s ) | o]
k=1

< Cllblsmoll fllersan ) |
k=1

k+1 ] D=6
< C”b”BMOHfHLPW(V,u) Z 2n( +1D)(knu/p=6y/q)
k=1

< ClIDllsmoll fll o<y
This completes the proof. O

By Theorem 4.4, we have the following corollaries.

Corollary 4.7. Let 1 < p < g < 00,0 < k < p/q, b € BMO, ® satisfy conditions (1.1) and (4.3).
Suppose that the weights (w,v) satisfy condition (4.5) and w € A, then Té’) is bounded from LP*(v,w)
to WLEIP (),

Corollary 4.8. Let 1 < p < g < o0, b € BMO, © satisfy conditions (1.1) and (4.3). Suppose that the
weights (w,v) satisfy condition (4.5). If w € A, and 0 < k < min{ §, %}, then Tfl’) is bounded from
LP*(v, dx) to WLT/P(w, dx).

Corollary 4.9. LetO < a <n, 1 < p < g < ocoand b € BMO. Suppose that (w,Vv) is a pair of weights
such that for every ball B,

1 1/q
1/g-1 -1
|B|a/n+ /q /p(lB| fw(x)dx) I /p||Lp’(1ogL)”',B < C < oo,
B

Ifwe A, and 0 < k < p/q, then If’, is bounded from LP*(v,w) to WL>¥/P(w). (We recover the result
from [24].) If w € Ay and 0 < k < min{§, %}, then I is bounded from LP*(v,dx) to WLS/P(w, dx).

5. Conclusions

In this paper, we study the strong-type mapping properties of the potential-type integral operators
and commutators on two-weight Morrey spaces in Section 3. In Section 4, we obtain the weak-type
mapping properties of the potential-type integral operators and commutators on two-weight Morrey
spaces. In the future, we could also study the boundedness of these operators and commutators on
generalized two-weight Morrey spaces.
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