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Abstract: Via variational methods, we establish the existence of nontrivial solutions to a class of
Schrédinger-Poisson systems with Choquard-type nonlinearity and the p-Laplacian term

—Apu + [ulP~?u + ¢u = (L, * |ul)|ul’%u, in R?,
A¢p = u?, inR?

—2)(4— 2 . _ . .
where 2 < p <2,2 + %%)w q .<.’2’§2j;§, @ € (0,2), and Ayu = div(IVul? 2Vu) is the p-Laplacian.
To overcome the main difficulties arising from the presence of logarithmic kernels and the nonlinear
p-Laplacian operator —A,,, we introduce a suitable function space for the variational analysis of the

system, and employ Jeanjean’s technique to prove the boundedness of Palais-Smale sequences.
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1. Introduction

We consider nontrivial solutions to the planar Schrodinger-Poisson system with Choquard-type
nonlinearity and the p-Laplacian term
{ —Apu + [ulP~2u + u = (I, * |u|D|u|*>u, in R?,

A =12, inR2, (.

4 (@=2)(4=p) Qta) _ . _ 2 o o
where 3 < p < 2,2+ % <qg< ’2’(2—_;’) <p= ﬁ, @ € (0,2), and A,u = div(|Vul’~>Vu) is the

p-Laplacian. I, denotes the Riesz potential defined by
rEyH A,

T(920mxpPe * |x2’

Io(x) = x € R*\ {0}
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System (1.1) can be regarded as an extension of the Schrodinger-Poisson system

_ p—2 = i N
{ Au+ ulu + Agu = g(x,u), inRY, (1.2)

Ap =u?, inRV,

which originates from Hartree-Fock models in quantum mechanics as well as electromagnetic field
models, and has important applications in physical fields such as quantum mechanics and
semiconductor theory [1,2]. The solution of the Poisson equation is ¢y, = I'y * u?, where

. { Linlx, N=2,
N:

1 2-N
lel . N > 3,

and wy denotes the volume of the unit ball in R". Substituting the solution ¢y, of the Poisson equation
into the first equation in (1.2), we obtain the associated energy functional defined by

1 1 A
Iy(u) = = f \Vul> dx + — f |ul? dx + —f ¢N,,,u2 dx — f G(x,u)dx,
2 ]RN p ]RN 4 ]RN ]RN

where G(x,t) = fot g(x, s)ds. In the case N > 3, the energy functional Iy is well defined and of class
C! in H'(RY). Numerous results are available for three-dimensional and higher-dimensional cases,
and they can be grouped by the type of result. For existence, see [3,4]. For nonexistence, see [5]. For
multiplicity, see [6]. Further specific results can be found in the references cited in these works. In
contrast to the classical case p = 2, when p # 2, the p-Laplacian is nonlinear and does not share the
linear property of —A. Meanwhile, the underlying Sobolev space W!*(R") is not a Hilbert space, and
the well-known favorable properties of Hilbert spaces cannot be applied. For p # 2, Du et al. [7] first
extended system (1.2) to the case involving the p-Laplacian, investigating the Schrodinger-Poisson
system with the p-Laplacian in R?. They prove the existence of nontrivial solutions by employing the
mountain pass theorem, combined with the Jeanjean minimax technique [8]. Later, extending their
results to a more general nonlinearity, Chen and Tang [9] investigated sign-changing solutions to the
p-Laplacian Schrodinger-Poisson equation. As the study of p-Laplacian equations has deepened,
further progress has been made in this field. Liu and He [10] studied normalized solutions for the
Sobolev critical Schrodinger-Poisson system with the p-Laplacian under a prescribed L”-mass
constraint. Next, Liang et al. [11] extended the p-Laplacian to the fractional double-critical
Schrédinger-Poisson system and obtained the multiplicity and concentration behavior of normalized
solutions. In [12], Ma et al. investigated the Schrodinger-Poisson system with doubly critical growth
on the first Heisenberg group and established the existence of multiple nontrivial solutions. Moreover,
He et al. [13] investigated a class of doubly critical fractional p-Schrédinger-Poisson systems with
electromagnetic fields, and established the existence and multiplicity of weak solutions for the
system. In particular, in [14], Benhana and Zhang combined the p-Laplacian with the Choquard
nonlocal term and the Schrodinger-Poisson system, and extended system (1.2) to

{ —Apu+ VUl u+ Glul™u = ol Dlulu + v (O)lul*u,  inRY, (1.3)

~A¢ = [u’, inRY,
where N > 3,1 <s<2<p<N,a e (0,N), and g(%) <q< g(%—f;ﬁ), £ < r < q. They proved
that the system admits at least two nontrivial solutions via variational methods. For more references,

see [15-17].
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In recent years, increasing attention has been paid to the Schrodinger-Poisson system in the planar
case R?. Compared with the case N > 3, the logarithmic integral kernel ﬁ log |x| is sign-changing
and unbounded, and the energy functional is not well defined on the natural Hilbert space H'(IR?). To
overcome this difficulty, Stubbe [18] introduced the small Hilbert space

X= {u € H'(R?) : f log(1 + |x)u?(x) dx < oo},
]R2

1

equipped with the norm ||ul|;y := (f]RZ(IVul2 +[1 +log(1 + |x|)]u2)dx)7. This guarantees that the
associated energy functional is well defined and of class C! on X. Subsequently, inspired by [18], a
growing number of scholars have obtained extensive results concerning system (1.2) in the
two-dimensional setting within the variational framework of Stubbe. See [19-21] and the references
therein. In particular, Chen and Pan [22] further studied the two-dimensional case where the
nonlinearity is given by g(x,u) = (I, * F(x,u))f(x,u) and V(x) is axially symmetric. They introduced
a weighted Hilbert space and applied variational methods to prove the existence of ground state
solutions for this axially symmetric system. In the two-dimensional case, the Schrodinger-Poisson
system involving the p-Laplacian has also received increasing attention, and several results have been
established. Bucur et al. [23] studied the following strongly coupled system of quasilinear
Schrodinger equations and higher-order fractional Poisson equations:

_ m=2, _ : N
{ A+ V()" u = f(uyy, inRN, N>2, (1.4)

—A%v = F(u),
where m > 2, N > 2. They proved the existence of a nontrivial mountain pass solution.
Albuquerque et al. [24] studied a class of zero-mass Schrodinger-Poisson systems involving the
(p, g)-Laplacian operator

—Au — Aju + lul>u = AulPu, inR?, (1.5)
A¢ = 2nul”, in R?, ’
where 1 > 0,1 < g < 2, q" = ;qu < r < oo, and p > 2r, and they established the existence of

nonnegative least energy solutions. Subsequently, they [25] extended system (1.5) to the case of a
system of equations. Moreover, Cassani et al. [26] studied a class of nonlinear Schrodinger equations
involving the fractional p-Laplacian strongly coupled with the Poisson equation

—_A)S 2o _ : 2
{(A)§u+|u| u=¢f(u), inR", (1.6)

~A¢ = F(u), inR2,

where s € (0, 1)and p = % Clearly, p > 2. By using the variational approximation method, they proved
the existence of positive solutions to the system, and by the moving planes method, they established
their symmetry.

In spite of these developments, naturally, one may ask whether solutions exist for the p-Laplacian
Schrodinger-Poisson system in the two-dimensional case with p < 2. To the best of our knowledge,
for p < 2, the planar Schrodinger-Poisson system with the p-Laplacian and a Choquard-type nonlocal
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term has not yet been studied in the literature. In this paper, we establish the existence of nontrivial
solutions for system (1.1). The corresponding energy functional is given by

Iw = 1 f (AVul + ) dx + — f f log(x — YD) dxdy — — f (U # ) ulf dx. (1.7)
p ]R2 87T ]RZ ]RZ 2q ]RZ

Undoubtedly, the following difficulties will be encountered: (i) the energy functional is not well
defined on W'P(R?); (ii) the combined effect of the sign-changing two-dimensional logarithmic
kernel and the Choquard-type nonlinearity makes it more difficult to establish the boundedness of
Palais-Smale sequences; (iii) the problem under consideration on the whole space involves a loss of
compactness.

To overcome these issues, inspired by Stubbe [18], we first construct a new function space on which
the energy functional is well defined, and establish a rigorous variational framework. Moreover, we
propose a new scaling argument, construct an auxiliary functional, and employ the Hardy-Littlewood-
Sobolev inequality to prove the boundedness of Palais-Smale sequences. In addition, by exploiting the
symmetry of the Choquard term and the bounded linearity of the Riesz potential operator, we control
the Choquard term in the limiting sense. Finally, motivated by the approach in [7], we combine the
Boccardo-Murat gradient almost-everywhere convergence result with the vanishing lemma in [27] to
establish the existence of a nontrivial solution to system (1.1).

We extend the existing results in the literature [7,22]. Our main result can be stated as follows.

p(2+a)

(@=2¢-p) q < 5522, Then problem (1.1)

4
Theorem 1.1. Assume that 35p<20<a<2 and2+ ) 0

has at least one nontrivial solution.

The paper is organized as follows. In Section 2, we give the variational framework for (1.1) and
verify that the corresponding energy functional admits mountain-pass geometry. In Section 3, using
suitable arguments, we establish the boundedness of the Palais-Smale sequence and give the main
proof of the existence of nontrivial solutions for problem (1.1).

2. Variational framework

In this section, we build the variational framework for (1.1) and present some useful preliminary
1
results. Let W'? := W!P(IR?) be the Sobolev space with the norm |[ul|y1, := (fle(IVulp + |ul?) dx)" )

Lemma 2.1. [28, Theorem 6.4.4] If 3 < p < 2, the embedding of W'*(R?) into L*(R?) is continuous
forany p < s < p*.

For any measurable function u : R? — R, we define

1
2
Jul, = ( [ tost1+ e dx) € (0, ool.
R2
We shall work in the Banach space
E:={ueW"(R): |lull. < o},

equipped with the norm ||u||g := ||u||lw1» + ||ull.. In view of Lemma 2.1 and the definition of the space
E, we have the embedding

E — W'"P(R*) — L'(R?), forall p<s<p". 2.1)

AIMS Mathematics Volume 11, Issue 11, 37220-37240.



37224

Lemma 2.2. The embedding E — L*(R?) is compact for2 < s < p*.

Proof. The proof procedure is analogous to that of Lemma 2.2 in reference [25]. Let {u,} C E be a
bounded sequence such that , — 0 in E. For any R > 0, we can write

f|un|2dx:f |un|2dx+f |u, | dx.
R2 Br(0) R2\B(0)

Since E — W!'P(R?) — L*(R?), we have

f |un|2 dx =o0,(1),asn — oo.
Br(0)

Moreover,

1 1
lua|* dx < —f log(1 + |l dx < ————|lu,ll:. 2.2
fRz\BR(O) log(1 + R) Jgr2\gg(0) . log(1 + R) (2.2)

Since {u,} C E is a bounded sequence, for any € > 0 and sufficiently large R > 0 we have

f lu|* dx < e.
R2\B(0)

Hence, the embedding E — L?*(IR?) is compact. Using interpolation and (2.1), and choosing ¢t € R
with2 < s <t< 227”17 such that 1 = ¢ + =2, we have

lltalls < NotallGNeall 17 — 0n(1).
Therefore, the embedding E < L*(R?) is compact for any 2 < s < p*. O

For notational simplicity, we adopt the notation from [29,30] and define
N N NEPRN:
No(u) = Ao(u”,u”) = = log(lx — yDu~(x)u”(y) dx dy.
T JR2 JR2

Since log r = log(1 + r) — log(1 + %) for all » > 0, we have Ny(u) = N{(u) — No(u), with

Ni(u) = A\, u) = %Tf f log(1 + |x =y’ (x)u*(y) dx dy,
R2 JR2

and . .
No(u) = A, u*) = — f f log(1 + u*(X)u*(y) dx dy.
2r Jr2 Jr2 lx =yl

Note that, using 0 < log(l + r) < r for r > 0, together with the Hardy-Littlewood-Sobolev
inequality [31] and (2.1), we obtain

1
IN, ()] < Col f f u?(x)u*(y) dxdy| < Cy|lully, for a constant C; > 0, (2.3)
rR2 Jr2 [X =) 3
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and

2+a

g 2
f o ulul? dx < C, ( f 2 |u|z“+adx) < Csllully),- 24)
R R

Moreover, the Hardy-Littlewood-Sobolev inequality, states that if k € (1, %), then for every v € L¥(IR?),
I, «v € L7 (R?) and
f I, * v|Zwdx < C( |v|’<dx)z 3 (2.5)

By using the same argument as in Lemma 2.2 of [32], we have that Ny, Ny, and N, are of class C! on
E, and
(N/(u),v)y = 4A,(u*,uv) Yu,v € E, i=1,2. (2.6)

From Egs (2.1), (2.5), and the definition of the space E, we deduce that the functional

1 1 1
I(u) = —f (IVul” + |ul”) dx + —No(u) - —f (Lo * |ul)|ul? dx,
p R2 4 2q R2

is well defined and C'! in E. Moreover, for any u,v € E,

I'(w[v] = f (VulP2VuVv + [ul’2uv)dx +f ¢ruvdx — f (L, * |u|T)|ul7uv dx.
R? R2

R2
Hence, the solutions of (1.1) are the critical points of the reduced functional (1.7).

Lemma 2.3. [27, Lemma l.1] Let 1 < p < oo, 1 <r <ocowithr # ifp < N. Assume that {u,} is
bounded in L' (R"), Vu, is bounded in LP(R"), and

sup f lu,|"dx — 0, for some R > 0.
Bg(r)

yeRN

Then u, — 0 in L*(RY) as n — oo foranyr<a< p

We add some observations on the functional geometry of /.

Lemma 2.4. Suppose that q satisfies 2 + (a;(zlzfz_)p ) < g < ,ngm) Then the following hold:

(i) Let u € E\ {0}, and let u, € E fort > 0. Then we have I(u;) < 0 as t — oo;
(ii) There exists p > 0 such that

ng =1inf{I(u) : u € E, ||lullyr» =B} >0 forO<p<p 2.7)

and
mg = inf {I'(w)u : u € E, |lullyr» =B} >0 for0<p<p. (2.8)

Proof. ()If2 < g < ’z’gm)), we consider u € E \ {0} and test the functional at u, = t* u(tx) Then we
have that

ik k2 %3 % ks
I(u) = f Vul” dx + — f lul? dx + —No(u) — — log tllulls — — f (I * [ul?)|ul? dx,
P Jr P Jr 4 8 29 Jr2
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whereKl———2+p,K2: -2,Ky =72 -4 andKy = ;£ -2+0a). As3 < p<2

4 (2+a/) , it follows that

and2 < g < o

K>, < K| < K5 < Kjy. (2.9)

Hence there exists a sufficiently large 7, > 0 such that /(u,,) < 0.

2—a
Let2 + (“2(2;—(42)”) < q < 2. We consider u € E \ {0} and denote u, = t*2u(tx). Then we have that

R R

s 3 ZR4
I(u,) = f |Vul? dx + — |u|p dx + —Ny(u) — — log l||M||3 - — f (1, * |u|?)|u|? dx,
4 2q R2

s

where R, = p(2 ”) -24+p,R, = ”(2 ") -2.R; = 4(2 ") -4, R, = 2q(2 Q) -2-a. SlnceZ+(";(2;%)p) <qg<2,
it follows that

Ry < Ry < Ry = Ry; (210)

therefore, there exists a sufficiently large #, > O such that I(x,,) < 0.
(i) For each u € E, by Egs (2.1), (2.3), and (2.4), we derive that

1 1 1 1
I(u) = —f (Vul? + ul’y dx + —N(u) - —Nz(u) - —f (Lo * [ulD)ul? dx
P Jr2 4 2q

1 1 +a

> — f (IVul? + |ul”)dx — = N»(u) — C6—( |u|2+a a')c)22 (2.11)
p R2 4
;”ullwlp C7||u||W1p CSllullwlp

As % <p<2and2+ 250 < g, itis clear that 2¢ > p. This implies that (2.7) holds for p > 0
sufficiently small.
Since

'), u) = f (IVul” + 1ul”) dx + Ny (u) — N (u) —f (Lo * lulDlul” dx,
R? R2
for u € E, similarly, to obtain the validity of Eq (2.8), we need to take p > O sufficiently small. O

Lemma 2.4 shows that the functional / satisfies the mountain-pass geometry. Accordingly, we may
consider the mountain-pass level

c= ;E,f— max I(y(1)) > 0,

where
I'={y € C([0, 1], E)ly(0) = 0, 1(y(1)) < 0}.

3. Proof of main results
In the following lemma, we use the approach of [32] and the general minimax principle from
Proposition 2.8 in [33] to construct an auxiliary functional and establish a Cerami sequence {u,} at the

energy level c.
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Lemma3.1. Set$ < p <2 0<a<2 and2+ (“;(2;142_)” ) < g < ’z’gfg . Then there exists a sequence
{u,} in E such that
I(u,) = ¢ >0, ')l (1 + |lunllz) — O, (3.1)
for which J(u,) = 0asn — oo. If2 < g < ‘;’gfg;
K; 1 K
J(u,) = f IVu,|” dx + — |Mn|p dx + =>No(ut,) — —llu,ll3 - —4f (Lo * |un| Dlug|* dx,  (3.2)
4 8 2q Jre

- (@=2)(4-p)
and, if 2 + s <4<2

R R
J(u,) :—lf IVunl”dX+—2f Iunl”dx+—No(un) Iunll4 f(l * |up|Dlun| dx. (3.3)
P Jr? P Jr? R2

Proof. The proof is analogous to that provided in Lemma 3.2 of [32]. We consider the space E := RXE,
equipped with the standard product norm ||(z, v)||rxz := (|t]* + ||v||f5)%, fort € R, v € E \ {0}. Moreover,
we define the continuous map n with

4
eFrv(e'x), if2<qg< 89

n:RXE—E, nt,v)(x) ={ ¢ @ zf((f 5)) (3.4)
e =2 v(e'x), 1f2+w<q<2.

pQ+a)

20-p)° it is obtained

Indeed, consider the function ¢ = [ on. Then forany (t,v) e RX E,if2 < g <
that

eK]l eKzt eK3t eK}I eK4[
Y(t,v) = —f [Vvl” dx + f WP dx + ——No(v) — ——ll3 - f (Lo * WMV dx, (3.5)
P R2 P R2 4 8 2q R2

(@=2)(4-p)
forte Randv e E. If2+w<q<2,wededuce

eth eth eRj;t eRj;t eR4t
U(t,v) = — f Vv|P dx + — f vIP dx + No(v) — t||v||3 - —f (I, = vDv|?dx. (3.6)
p Jr P Jr: 4 8 2q Jr2

In any case, since for any v € E \ {0}, (2.9) and (2.10) hold, from Eqgs (3.5) and (3.6), we have
lim y(z, v) = —oco. Combining this with (1 o 17)(0, 0) = 0, we define the minimax level
[—0o0

¢ = inf max(l on(y(1)), (3.7
yel
where _
I'={yeC([0,1],R x E) : ¥(0) = (0,0), (I o n)(y(1)) < 0}.
This allows us to repeat the arguments in Lemma 3.2 of [32] and conclude. O

In the following key step, we shall prove that there exists a bounded Palais-Smale sequence in the
space E.

Lemma 3.2. Ler 2+ ((’2(22—(:‘2)’7) <g< ggm)) , and consider the sequence {u,} C E obtained in Lemma 3.1
satisfying (3.1)—~(3.3). Then we obtain that the translated sequence of {u,} is bounded in the space E,

and this translated sequence is a Palais-Smale sequence for the original functional (1.7).
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Proof. We distinguish two cases separately. If 2 < g < ggig , by (3.1) and (3.2), we derive that for n
large enough,

1 K- K K- K 1
IGty) — —J(uy) = —— f Vi, | dx + ——=2 f P dx + ———lu]l3
K; rKs  Jr rPKs  Jr 87K;

K; - K
- f (T [t ata|? dlx.
2qK3 R2

If2+ (”;(zp)fz_)p ) < g <2,by (3.1) and (3.3), we derive that for n large enough,

1 R; — R R; — R 1
I(uy) — —J(uy) = —— f Vi, | dx + ——— f lital? dx + —— I3
R3 pR3 R2 pR ]RZ JT

3

Since (2.9) and (2.10) hold, we can deduce that the sequence {u,} is bounded in W!'?(R?) and L*(R?)
in both cases, for any p < s < p*.

Next, we shall prove that there exists a bounded Palais-Smale sequence in the space E. The proof
makes reference to Lemma 3.1 in [25]. We first show that there exists 6 > 0 such that

supf lu,*dx>6>0, n— . (3.8)
By(r)

yeR?

Otherwise, we can apply Lemma 2.3 to get u, — 0 in L*(R?) for any 2 < a < 22_—’;. By Egs (2.3), (2.4),
and the Sobolev inequality, we have

IN2(u)| < Cl””n”é — o(1), |f2(10 # Ju| V| dxl < Cally |y, — o(1),  asn — oo,
- R L2+

and we further obtain from (3.1) that

f (Vityl? + ) dx — o(1),
R2
and

c+ 0(1) = I(un) - lI’(un)[un]
4
11 11 (3.9)
=(=- —)f (IVu | + [u,|’)dx — (== - —)f (Lo * | Dy dx — o(1),
p 4 ]RZ 2q 4 ]R2

which is a contradiction. Thus, (3.8) holds. Hence, there exists {y,} € R? such that the shifted sequence
U, (x) = u,(x — y,) satisfies

5
[,*dx > = > 0. (3.10)
Br(0) 2

We claim that the sequence {i,} is bounded in E. Since the functional [ is invariant under Z* —
translations, I(u,) = ¢ + o(1). Since {u,} is bounded in W'?(IR?), we can deduce that N,(u,) is
bounded, and we can prove that |[u,|. < Cg for C¢ > 0 and any n € IN.

AIMS Mathematics Volume 11, Issue 11, 37220-37240.
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Note that for any x € R? \ B2x(0) and y € Bz(0),
T+lx—y = 1+d— = 1+]d-IR > 1+%z(1+|x|)é.

There exists C; > 0 satisfying

1 _
C; >N, > — f f log(1 + |x|yu? (x)u>(y) dxdy
R2\B1z(0) < Bg(0)

2r
1 5 3.11)
> — log(1 + |x|)u(x) dx - =.
27 JR2\Bay(0) 2
Applying (2.1), (3.10), and (3.11), we can conclude that
— 4C, -
log(1 + |xDu,(x)dx < — + log(1 + |x)u,(x) dx < Cs. (3.12)
R g Bar(0)

Hence, the sequence {u,,} is bounded in the space E.
We can easily see that I(u,) — ¢ > 0. It remains to prove that for any test function 7 € E, we have
(I'(u,),ny = 0. By Lemma 3.1, we have a sequence {u,} that satisfies

I(u,) = ¢ > 0 and I’ (u,)llp+(1 + [luallg) — 0. (3.13)

For any {y,} € R?, since (3.10) holds, we can obtain

[1 + log(1 + [y,])]6 < f [1 + log(1 + |y.)Iuz(x)dx

Br(0)

< f [1 +log(1 + R) +log(1 + |x — y,DIu(x)dx
Br(0)

< [1 +log(1 + R[5 +f (3.14)

log(1 + |x — y,,l)?[ﬁ(x)dx
IRZ

< [1 +log(1 + Rl + f log(1 + [ehu; (2)dz
IRZ
< C[1 +log(1 + R)llull-

Thus, we can obtain that

VI +1og(1 + [y,]) < Cisllusll. (3.15)
Since (3.15) holds, for any test function 7 € E,

7Gx + vl < 20170 + Yyl e, + fz log(1 + |x))n*(x + y,)dx)
R

< 2, + [ 1021+ = w2
R

< 2011 ey + I +og(1 + Ly.Dlill5)

< 2(|Inllz + log(1 + ly.DInl)
< Cig[1 +log(1 + |y, DIl

(3.16)
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Combining this with (3.15), we have

In(x + y)lle < Ci7llullelinlle. (3.17)

Using (3.13) and (3.17), we can infer that

|1 () ) | = KT (), (X + y)) |
<N )lle: - lIn(x + yo)lle (3.18)
< Cplll’ w)lle: - Nluallg - Imlle — 0.

We can conclude {I’(u,),n) — 0. Thus, we obtain a bounded Palais-Smale sequence {u,} satisfying
1(u,) = ¢, I'(u,) — 0. (3.19)

Next, since the Palais-Smale sequence {u,} is bounded, there exists u € E such that u, — u in E.
We claim that u # 0. Otherwise, u = 0, which implies that u, — 0 in E, and by Lemma 2.2, (2.1),
and (2.3), we can deduce that

IN> (1)l — 0 and If

(Lo * [pDuy|"dx] = 0 asn — oo.
]RZ

Moreover, since

M@ = [ toet + - By > 0g1- [ [ Bommday >0
R? JR? R?2 JR2

applying (3.19), we can easily infer that
f (anlp + mnlp)dx — 0 and Nl(ﬁn) — 0.
R2
It follows that
1 1 1 1
I(-l:[n) = - (anlp + mnlp) dx + _Nl Gln) - _NQ(—IIrz) - 5 (Ia/ * unlq)mnlq dx — O,
p ]R2 4 4 2q ]R2

which contradicts the fact that I(u,,) — ¢ > 0. Therefore, u # 0. O

By Lemma 3.2, {u,} is bounded in E. For convenience, we denote {u,} simply as {u,}. According to
Lemma 3.2, it follows that
I(uy) = ¢, I'(uy) — 0. (3.20)

Finally, to establish the existence of nontrivial solutions for system (1.1), we present the following
lemma. In particular, {u,} used in the subsequent lemmas is the shorthand notation for {u,}.

Lemma 3.3. Let {u,} be a bounded sequence in E satisfying I(u,) — ¢ € Rand I'(u,) — 0, as n — oo.
Then, up to a subsequence, there exists u € E such that

Vi, (x) = Vu(x) a.e. in R, forn — oo.

AIMS Mathematics Volume 11, Issue 11, 37220-37240.



37231

Proof. Let {u,} C E be a Palais-Smale sequence for the functional (1.7). By (2.1), there exists a
subsequence, still denoted by {u,}, and u € E such that

u, — uin E, u, — uin W'"(R?), u, — uin L*(R*)(p < s < p*), Vu, — Vu in (L’ (R?))*.

Since I'(u,) — 0, setting v, = u,, — u, with v, € E, we have I'(u,)[u, — u] — 0, and

1
I (u,)[u, — u] = f Vit |"> Vi, V(u, — 1) dox + f nl” (1t — 1) dx + —Nj (14) (1, — 10)
R2 R2 4
1 (3.21)
- ZNé(un)(un - I/t) - fz(la * |un|q)|un|q_2un(un - Lt) dx = 0(1)
R

Using Eq (3.21), we can obtain that

(IVu,|P>Vu, — |VulP>Vu)V(u, — u) dx + f

R2 R

1
=— IVulP~2VuV(u, — u)dx — fRz lulP2u(u, — u)dx + ZNé(u,,)(un —u)

R2

1
(leanlP 214y, — |tlP ") (1, — 1) dx + 2V )ty = )
2

; f o * DNt |2ttty — ) dx + 0(1).
IRZ

(3.22)
By the Hardy-Littlewood-Sobolev inequality and Lemma 2.2, we have
[N () (s, — )] < Cllunl@llun —ulls = o(1). (3.23)
Moreover, adapting part of the argument from Lemma 3.3 in [34], we have
/ 2 2
Ny (up)(uy —u) = — log(1 + [x = yDu, (X)un (V) (un(y) — u(y)) dx dy
T JRr2 JR2
2
= f2 fz log(1 + [x = yDup(x) (ua(y) — u(y))* dxdy
KR (3.24)

2
. f f log(1 + |x = yDI2 () (n(y) — u(y)) dx dy
R2 JR2

T

T

2
> 2 f f log(1 + 1% — YDI2(OU) (n(3) — () dxdy = o(1).
R2 JR2

Since Eq (2.5) holds, the Riesz potential is a bounded linear map from L7 (R?) to Lﬁ(]Rz), and we
have I, * |u, € L=+ (R?). Applying the Holder inequality and Lemma 2.2, we obtain that

4(g-1) 4
If |ua| > 1ty — ul > dx|
R2
g-1

g1 1
< ( f |un|<zi‘i£?<q”l>dx) ! ( f lu,, _u|z4ﬁ,dx)" (3.25)
R2 R2

4
< Clluy — ull”sy — o(D),

2+a
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and
|ttt (1, — 1) — 0 in Lﬁ(]Rz). (3.26)

By (3.26) and 1, * |u,|? € Lﬁ(]RZ), using the Holder inequality, we deduce the following:
| fz(la s |l it 14 (1 — 1) dx| < ||(L 17| s et~ 04, (1t — Wl 2 — o(l). (3.27)
R
Moreover, by Vi, — Vu in (LP(R?))? and u,, — u in L’(IR?), we have

IVulP2VuV(u, — u)dx — o(1), (3.28)
]RZ

and
f lulP2u(u, — u)dx — o(1). (3.29)
]RZ

Since (3.22)—(3.24) and (3.27)—(3.29) hold, we obtain

(VP 2Vu, — |Vul">Vu)V(u, — u) dx — o(1),

R2

and by applying Theorem 2.1 of Boccardo and Murat in [35], we conclude that
Vu,(x) = Vu(x) a.e. in R%, forn — oo. O

Lemma 3.4. [29, Lemma 2.6] Let {u,}, {v,}, and {w,} be bounded sequences in E such that u, — u
weakly in E. Then, for any ¢ € E, we have

f f log(1 + |x = yDv (0w, (x)(y) (u,(y) — u(y)) dxdy — 0, as n — oo.
R2 JR2

Lemma 3.5. For any bounded sequence {u,} C E satisfying
I(u,) - ¢c>0, I'(u,) = 0, asn — oo,

there is u € E \ {0} such that I'(u) = 0.

Proof. From (2.1) and Lemmas 2.2 and 3.2, we deduce that {u,} is bounded in E. Then there exists
u € E such that up to a subsequence,

u, = uin E, u, — uin W(R?), u, » uin L*(R*>) 2 < s < p*), u, — u a.e. R*. (3.30)

Let ¢ € C2(IR?) be an arbitrary test function. C°(R?) is dense in the space E; see [18,29]. Then
by (3.30) and Lemma 3.3, using [28, Proposition 5.4.7], we have

. \Vu,|P>Vu,Vodx — N |VulP2VuVedx and fR 2 |t unpdx — fR 2 |ulPupdx.

Next, since {u,} is bounded in the space E, in view of Lemmas 2.2, 2.3, and 3.4, borrowing the ideas
from the proof of Lemma 2.6 in reference [29], we can prove

f f log(1 + |x — yDup(x)e(»)u,(y) dxdy — f f log(1 + |x = yDu()e(u(y) dxdy, (3.31)
R2 JR2 R2 JR?
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and

1 1
f f log(1 + i ()Pt (y) dxdy — f f log(1 + Y ()p(yu(y) dxdy.  (3.32)
]RZ ]R2 |.x - y| ]R2 ]RZ |x - y|

First, we prove (3.31). Let

R?2 JR? RrR2 JR2
then

Ba=B= [ | toe + 1=y 0) (00 - 120 dady
R? JR?

+ f f log(1 + [ — YD) (ua(y) — u(y)) dxdy (3.33)
]R2 ]R2

=FE,  +D.
We need to prove Ey, D; — o(1), as n — oo. For E|,

uA(x) = uP(x) = (%) + u(x)) (U (%) — u(x)) .

The sequence {u,} is bounded in the space E and u,, — u in L>(R?). Since 1 +|x—y| < (1+|x])- (1 +]y),
we have

|Ey| =1 fR i f}R Jog(l + ¢ = D@ () 1t (%) — 1 (x))d xdy]

< f f log(1 + 1 = DIeOun() W00 — 12()ldxdy
R? JR? (3.34)

< f f log(1 + )l (y)un () (1t (x) — u?(x))ldxdy
R2? JR2

+ f f log(1 + YDIe()un ()t (x) — 1 (x))\dxxdy.
R2 R2
Let
E.i = f f log(1 + [XDIe()un(V)(u2(x) — u?(x))ldxxdy,
R2 R2

Ens = f f log(1 + DIeOn(IL) — w2(x))ldxdy.
]RZ ]R2

We will prove that E,,; — 0 and E,,, — 0 as n — oo. First, we prove E,, — 0.

E,,= fR Jog(l + yDle(un(ldy fR () = () (i (x) + u())ldx

< lepllllotallllon () = uColl2ltn (x) + u(x)ll2 = 0,as n — oco.

(3.35)

Next, we prove that £, ; — 0. Using the Holder inequality, we know that

E, = f eW|u,()ldy f log(1 + |xDI(2,(x) — u(x)) (1, (x) + u(x))|dx
R? R? (3.36)

<Cu f log(1 + [x) (e, (x) — u(x)) (1t (x) + u(x))ldx.
R2
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For fRZ log(1 + [x)|(u,(x) — u(x))(u,(x) + u(x))|dx, we treat separately the regions inside and outside
the ball. First, we deal with the case inside the ball; for any R > 0,

f log (1 + |xD)I(un (x) = () (1 () + u(x))ldx < Tog(1 +|R])|I(et,(x) = u(x)llal [t (x) + u()ll2 = 0. (3.37)

Bg
Next, we deal with the case outside the ball. Applying the Holder inequality, we can obtain
f i log(1 + |x)I(et, (x) — u(x)) (1t () + (X))l x
R*\Br
< f log(1 + [x/)(ua(¥) = u(x)’dx)?( | Tog(1 + |x)(uty(x) + u(x))dx)? (3.38)
R2\Bg

R2\Bg

< Cis( log(1 + [x]) (14 (%) — u(x))*dx)?.

R2\Bg

Thus, we need to show that ||u,(x)—u(x)||. — 0asn — co. Combining (3.21), (3.23), (3.24), and (3.27),
we obtain that

fRz Lz log(1 + |x — YD (x)u,(y)(un(y) — u(y))dxdy — O.
Since
Lz Lz log(1 + |x — YD) (x)u,(y) (1 (y) — u(y))dxdy
= f f log(1 + |x — Y (x)(u,(y) — u(y))*dxdy (3.39)
R? JR?

+f f log(1 + |x = yDu(x)u(y)(un(y) = u(y))dxdy,
R? JR?

we can easily deduce that

| fR 2 fR Tog(1 + b= YD) ) = x|

<,

)

fR Jog(l +1x - YDl () (u(y) = u(y))ldxdy

(3.40)
< fR 2 fR og(1+ (I @t (y) = u(y))idxdy
+ f}R 2 f}R og(1 + DDIu()u()(wn(y) = u(y)ldxxdy.
Using the Holder inequality, we can easily obtain that
fR 2 fR log(1 + [xDlup(0u(y)(4x(y) = uldxdy — 0. (3.41)

Using Holder’s inequality, noting that u, — u in L?*(R?), and taking an arbitrary R > 0, we treat the
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problem separately for the interior and exterior of the ball.
f X f Jog(l + DI (0)u(y) (un(y) — u(y))ldoxdy
R2 JR
~ [ weodx [ tog(t + blu)n () - u)idy (3.4)
R R

< Ci9( f log(1 + [yDlu(y)(u.(y) — u(y))ldy + f log(1 + [yDIu(y)(u,(y) — u(y))ldy) — 0.
Bgr R

2\Bg

Thus, by (3.39)—(3.42), we know that

f f log(1 + |x — Yu2(x)(u,(y) — u(y))*dxdy — 0.
R2 JR2

Using Lemma 2.15 in [34], we obtain that ||u,, — u||. — 0. Thus, (3.38) yields
f log(1 + [x]|(u,(x) — u(x))(u,(x) + u(x))ldx — 0. (3.43)
R?\Bg

Combining (3.37) and (3.43), we can conclude that E,,; — 0. Since E,, — 0 holds, we can infer that
E, - 0.

Further, we claim that D; — o(l) as n — oo. The argument follows the ideas in the proof of
Lemma 2.6 of reference [29]. Indeed, using the boundedness of the subsequence {u,} in the space E,
together with Lemma 2.3 and Eq (2.1), we have

ID1| < f f log(1 + Dl ()p(y) (1, () = u()) ldxdy
R2 JR2

(3.44)
+ f f log(1 + YD (0)p) (,(y) — u(y)) ldxdy,
R?2 JR2
where
j];z jl;z log(1 + |xD]u?(x)p(y)(un(y) — u(y))ldxdy
= fR log(1 + Ix])u*(x)dx fR e (y) = uG)ldy (3.45)

= ||M||§f lo(y)(un(y) — u(y)ldy
R2
< ColleWlallu, — ull, — o(1).

There exists an arbitrarily large radius R > 0, using (2.1) and ¢(y) € CZ(IR?), such that

LZ ,f];z log(1 + |y|)|u2(x)90(y) (u,(y) — u(y)) |dxdy

=Cy, f log(1 + [yDle(y) (u,(y) — u(y)) |dy + Ci3 f log(1 + [yDle(y) (u,(y) — u(y)) |dy
Br(0) R2\Bg(0)

1
2 2
<o(l) + ( f log(1 + [yDg*(y) a’y) ( f log(1 + [yl)lu, — ulzdy)
R2\Bg(0) R2\Bg(0)

— o(1).
(3.46)
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Thus, we obtain that D; — o(1) as n — oo, and conclude that (3.31) holds. The proof of (3.32) is
similar to that of (3.31).

Moreover, using Eqs (2.1), (2.5), and Lemma 2.2, we employ a proof procedure similar to that of
Theorem 1.1 in reference [36] to show that

f Ly * |t Dean|*up dx — f (Lo * |ul)ul'ugp dx.
R2 R2

Indeed, we know that {u,} is boundec!1 in the space E, u, — u in E, and u,(x) — wu(x) a.e. in R2.
By Lemma 2.1, {u,} is bounded in Lﬁ(]Rz); therefore, the sequence {|u,|?} is bounded in Lﬁ(]Rz).

A
Applying Lemma 2.2, we obtain that u, — u strongly in L>*(R?) and |u,|“">u, — |u|?">u strongly in
4

loc
q

TFa)aD (2 2+a (@=2)(4-p) pQ2+a) : q-2
L. (R%) for =* < 2 + 0 <4< 35 (see Theorem A.2 in [37]). Hence, |u,|? " u,p —

ul"2ug in L7 (R2) for any ¢ € CZ(R?). Since Eq (2.5) holds, the Riesz potential is a bounded linear
map from L7 (R?) to L= (R?); we have

Ly * (972 u,)p — Ly * (ul'u)g

in L7 (R?). Since C2(R?) is dense in the space E, we can obtain
f (Lo * a1t i x — f (I * lul®)|u|" > updx
R2 R2
= f lual (L, * (ual”*unip)dox — f (Lo * (|l ugp)d x
R2 R2

= f lal?(L 5 (4l ttnp) — Lo % (ulug))dx + f (lutal® = 1l (Lo * (|ul">ug))dx
]R2 ]R2
=F+G.

Next we prove that F,G — o(1) as n — oo.
Since {u,} is bounded in the space E, the Holder inequality yields

F = f (L (a2t p) = Lo % (ul? > up))x
R2
2+a

< ( f 2 |u:4|zfndx) 1  l20,0) = Lo+ (g
R
— o(1).
Using the strong convergence u,, — u in Lz%(]RZ) and Eq (2.5), we obtain
G=Lﬂw—Mmhﬂwﬂwwx
< Metal? = NNl _e Mo CHlud 2 ug)ll . — o(1).

That is,
f (L * [t Dttt dx — f (L * [l 2up dx.
]RZ JRZ

As a result, we deduce that I'(u)[¢] = O for any ¢ € CZ(R?). O
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Proof of Theorem 1.1. First, from Lemma 2.4, we prove that the associated energy functional (1.7)
admits the classical mountain-pass structure, and we construct a Cerami sequence {u,} by virtue of
Lemma 3.1. Second, in Lemma 3.2, we prove that the Cerami sequence {u,} constructed in Lemma 3.1
is bounded in W'P(IR?). After that, we show that the translated sequence {i,} of this Cerami sequence
{u,} 1s a bounded Palais-Smale sequence in the space E, satisfying

I(uy) = ¢, I'(u,) — 0.

Furthermore, we denote the Palais-Smale sequence {u,} simply by {u,}. Finally, by Lemma 3.5, there
exists a function u € E with u # 0 such that the Palais-Smale sequence satisfies #, — u in E and
I'(u)[¢] = 0, so we conclude that u is a nontrivial solution to (1.1). The proof is completed. O

4. Conclusions

In this paper, we employ the variational method to investigate the existence of nontrivial solutions
for a two-dimensional p-Laplacian Schrodinger-Poisson system (1.1) with a Choquard-type nonlocal
term and p < 2. The key to the proof is to construct an appropriate variational framework. By
combining the properties of the Choquard-type nonlocal term and the logarithmic kernel with scaling
arguments, we build an auxiliary functional ((3.2) and (3.3)) and further establish the boundedness of
Palais-Smale sequences.  Next, combining the Boccardo-Murat gradient almost everywhere
convergence result and the vanishing lemma, we obtain the existence of nontrivial solutions for
system (1.1).
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