
https://www.aimspress.com/journal/Math

AIMS Mathematics, 11(11): 37220–37240.
DOI: 10.3934/math.20261438
Received: 30 August 2026
Revised: 23 October 2026
Accepted: 29 October 2026
Published: 10 November 2026

Theory article

Planar p-Laplacian Schrödinger-Poisson system with Choquard-type
nonlinearity term

Jin Deng* and Yuqing Guo

School of Science, East China Jiaotong University, Nanchang, Jiangxi 330013, China

* Correspondence: Email: jindeng 2016@126.com.

Abstract: Via variational methods, we establish the existence of nontrivial solutions to a class of
Schrödinger-Poisson systems with Choquard-type nonlinearity and the p-Laplacian term{

−∆pu + |u|p−2u + ϕu = (Iα ∗ |u|q)|u|q−2u, in �2,

∆ϕ = u2, in �2,

where 4
3 ≤ p < 2, 2 + (α−2)(4−p)

2(p+2) < q < p(2+α)
2(2−p) , α ∈ (0, 2), and ∆pu = div(|∇u|p−2∇u) is the p-Laplacian.

To overcome the main difficulties arising from the presence of logarithmic kernels and the nonlinear
p-Laplacian operator −∆p, we introduce a suitable function space for the variational analysis of the
system, and employ Jeanjean’s technique to prove the boundedness of Palais-Smale sequences.

Keywords: Schrödinger-Poisson system; p-Laplacian; planar system; Choquard term; variational
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1. Introduction

We consider nontrivial solutions to the planar Schrödinger-Poisson system with Choquard-type
nonlinearity and the p-Laplacian term{

−∆pu + |u|p−2u + ϕu = (Iα ∗ |u|q)|u|q−2u, in �2,

∆ϕ = u2, in �2,
(1.1)

where 4
3 ≤ p < 2, 2 + (α−2)(4−p)

2(p+2) < q < p(2+α)
2(2−p) < p∗ = 2p

2−p , α ∈ (0, 2), and ∆pu = div(|∇u|p−2∇u) is the
p-Laplacian. Iα denotes the Riesz potential defined by

Iα(x) =
Γ(2−α

2 )
Γ(α2 )2απ|x|2−α

:=
Aα

|x|2−α
, x ∈ �2 \ {0} .
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System (1.1) can be regarded as an extension of the Schrödinger-Poisson system{
−∆u + up−2u + λϕu = g(x, u), in �N ,

∆ϕ = u2, in �N ,
(1.2)

which originates from Hartree-Fock models in quantum mechanics as well as electromagnetic field
models, and has important applications in physical fields such as quantum mechanics and
semiconductor theory [1, 2]. The solution of the Poisson equation is ϕN,u = ΓN ∗ u2, where

ΓN =

{ 1
2π ln |x|, N = 2,

1
N(2−N)ωN

|x|2−N , N ≥ 3,

and ωN denotes the volume of the unit ball in�N . Substituting the solution ϕN,u of the Poisson equation
into the first equation in (1.2), we obtain the associated energy functional defined by

IN(u) =
1
2

∫
�N
|∇u|2 dx +

1
p

∫
�N
|u|p dx +

λ

4

∫
�N
ϕN,uu2 dx −

∫
�N

G(x, u) dx,

where G(x, t) =
∫ t

0
g(x, s) ds. In the case N ≥ 3, the energy functional IN is well defined and of class

C1 in H1(�N). Numerous results are available for three-dimensional and higher-dimensional cases,
and they can be grouped by the type of result. For existence, see [3, 4]. For nonexistence, see [5]. For
multiplicity, see [6]. Further specific results can be found in the references cited in these works. In
contrast to the classical case p = 2, when p , 2, the p-Laplacian is nonlinear and does not share the
linear property of −∆. Meanwhile, the underlying Sobolev space W1,p(�N) is not a Hilbert space, and
the well-known favorable properties of Hilbert spaces cannot be applied. For p , 2, Du et al. [7] first
extended system (1.2) to the case involving the p-Laplacian, investigating the Schrödinger-Poisson
system with the p-Laplacian in �3. They prove the existence of nontrivial solutions by employing the
mountain pass theorem, combined with the Jeanjean minimax technique [8]. Later, extending their
results to a more general nonlinearity, Chen and Tang [9] investigated sign-changing solutions to the
p-Laplacian Schrödinger-Poisson equation. As the study of p-Laplacian equations has deepened,
further progress has been made in this field. Liu and He [10] studied normalized solutions for the
Sobolev critical Schrödinger-Poisson system with the p-Laplacian under a prescribed Lp-mass
constraint. Next, Liang et al. [11] extended the p-Laplacian to the fractional double-critical
Schrödinger-Poisson system and obtained the multiplicity and concentration behavior of normalized
solutions. In [12], Ma et al. investigated the Schrödinger-Poisson system with doubly critical growth
on the first Heisenberg group and established the existence of multiple nontrivial solutions. Moreover,
He et al. [13] investigated a class of doubly critical fractional p-Schrödinger-Poisson systems with
electromagnetic fields, and established the existence and multiplicity of weak solutions for the
system. In particular, in [14], Benhana and Zhang combined the p-Laplacian with the Choquard
nonlocal term and the Schrödinger-Poisson system, and extended system (1.2) to{

−∆pu + µV(x)|u|p−2u + ϕ|u|r−2u = (Iα∗|u|q)|u|q−2u + ν f (x)|u|s−2u, in �N ,

−∆ϕ = |u|r, in �N ,
(1.3)

where N ≥ 3, 1 < s < 2 ≤ p < N, α ∈ (0,N), and p
2 ( N+α

N ) < q < p
2 ( N+α

N−p ), p
2 < r ≤ q. They proved

that the system admits at least two nontrivial solutions via variational methods. For more references,
see [15–17].
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In recent years, increasing attention has been paid to the Schrödinger-Poisson system in the planar
case �2. Compared with the case N ≥ 3, the logarithmic integral kernel 1

2π log |x| is sign-changing
and unbounded, and the energy functional is not well defined on the natural Hilbert space H1(�2). To
overcome this difficulty, Stubbe [18] introduced the small Hilbert space

X =

{
u ∈ H1(�2) :

∫
�2

log(1 + |x|)u2(x) dx < ∞
}
,

equipped with the norm ||u||;X :=
(∫
�2(|∇u|2 + [1 + log(1 + |x|)]u2) dx

) 1
2 . This guarantees that the

associated energy functional is well defined and of class C1 on X. Subsequently, inspired by [18], a
growing number of scholars have obtained extensive results concerning system (1.2) in the
two-dimensional setting within the variational framework of Stubbe. See [19–21] and the references
therein. In particular, Chen and Pan [22] further studied the two-dimensional case where the
nonlinearity is given by g(x, u) = (Iµ ∗ F(x, u)) f (x, u) and V(x) is axially symmetric. They introduced
a weighted Hilbert space and applied variational methods to prove the existence of ground state
solutions for this axially symmetric system. In the two-dimensional case, the Schrödinger-Poisson
system involving the p-Laplacian has also received increasing attention, and several results have been
established. Bucur et al. [23] studied the following strongly coupled system of quasilinear
Schrödinger equations and higher-order fractional Poisson equations:{

−∆mu + V(x)|u|m−2u = f (u)v, in �N , N ≥ 2,
−∆

α
2 v = F(u),

(1.4)

where m ≥ 2, N ≥ 2. They proved the existence of a nontrivial mountain pass solution.
Albuquerque et al. [24] studied a class of zero-mass Schrödinger-Poisson systems involving the
(p, q)-Laplacian operator {

−∆u − ∆qu + ϕ|u|r−2u = λ|u|p−2u, in �2,

∆ϕ = 2π|u|r, in �2,
(1.5)

where λ ≥ 0, 1 < q < 2, q∗ = 2q
2−q < r < ∞, and p ≥ 2r, and they established the existence of

nonnegative least energy solutions. Subsequently, they [25] extended system (1.5) to the case of a
system of equations. Moreover, Cassani et al. [26] studied a class of nonlinear Schrödinger equations
involving the fractional p-Laplacian strongly coupled with the Poisson equation (−∆)s

s
2
u + |u|

2
s−2u = ϕ f (u), in �2,

−∆ϕ = F(u), in �2,
(1.6)

where s ∈ (0, 1) and p = 2
s . Clearly, p > 2. By using the variational approximation method, they proved

the existence of positive solutions to the system, and by the moving planes method, they established
their symmetry.

In spite of these developments, naturally, one may ask whether solutions exist for the p-Laplacian
Schrödinger-Poisson system in the two-dimensional case with p < 2. To the best of our knowledge,
for p < 2, the planar Schrödinger-Poisson system with the p-Laplacian and a Choquard-type nonlocal
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term has not yet been studied in the literature. In this paper, we establish the existence of nontrivial
solutions for system (1.1). The corresponding energy functional is given by

I(u) =
1
p

∫
�2

(|∇u|p + |u|p) dx +
1

8π

∫
�2

∫
�2

log(|x − y|)u2(x)u2(y) dxdy −
1
2q

∫
�2

(Iα ∗ |u|q)|u|q dx. (1.7)

Undoubtedly, the following difficulties will be encountered: (i) the energy functional is not well
defined on W1,p(�2); (ii) the combined effect of the sign-changing two-dimensional logarithmic
kernel and the Choquard-type nonlinearity makes it more difficult to establish the boundedness of
Palais-Smale sequences; (iii) the problem under consideration on the whole space involves a loss of
compactness.

To overcome these issues, inspired by Stubbe [18], we first construct a new function space on which
the energy functional is well defined, and establish a rigorous variational framework. Moreover, we
propose a new scaling argument, construct an auxiliary functional, and employ the Hardy-Littlewood-
Sobolev inequality to prove the boundedness of Palais-Smale sequences. In addition, by exploiting the
symmetry of the Choquard term and the bounded linearity of the Riesz potential operator, we control
the Choquard term in the limiting sense. Finally, motivated by the approach in [7], we combine the
Boccardo-Murat gradient almost-everywhere convergence result with the vanishing lemma in [27] to
establish the existence of a nontrivial solution to system (1.1).

We extend the existing results in the literature [7, 22]. Our main result can be stated as follows.

Theorem 1.1. Assume that 4
3 ≤ p < 2, 0 < α < 2, and 2 + (α−2)(4−p)

2(p+2) < q < p(2+α)
2(2−p) . Then problem (1.1)

has at least one nontrivial solution.

The paper is organized as follows. In Section 2, we give the variational framework for (1.1) and
verify that the corresponding energy functional admits mountain-pass geometry. In Section 3, using
suitable arguments, we establish the boundedness of the Palais-Smale sequence and give the main
proof of the existence of nontrivial solutions for problem (1.1).

2. Variational framework

In this section, we build the variational framework for (1.1) and present some useful preliminary

results. Let W1,p := W1,p(�2) be the Sobolev space with the norm ||u||W1,p :=
(∫
�2(|∇u|p + |u|p) dx

) 1
p
.

Lemma 2.1. [28, Theorem 6.4.4] If 4
3 ≤ p < 2, the embedding of W1,p(�2) into Ls(�2) is continuous

for any p ≤ s < p∗.

For any measurable function u : �2 → �, we define

||u||∗ =
(∫
�2

log(1 + |x|)u2 dx
) 1

2

∈ (0,∞].

We shall work in the Banach space

E :=
{
u ∈ W1,p(�2) : ||u||∗ < ∞

}
,

equipped with the norm ||u||E := ||u||W1,p + ||u||∗. In view of Lemma 2.1 and the definition of the space
E, we have the embedding

E ↪→ W1,p(�2) ↪→ Ls(�2), for all p ≤ s < p∗. (2.1)
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Lemma 2.2. The embedding E ↪→ Ls(�2) is compact for 2 ≤ s < p∗.

Proof. The proof procedure is analogous to that of Lemma 2.2 in reference [25]. Let {un} ⊂ E be a
bounded sequence such that un ⇀ 0 in E. For any R > 0, we can write∫

�2
|un|

2 dx =
∫

BR(0)
|un|

2 dx +
∫
�2\BR(0)

|un|
2 dx.

Since E ↪→ W1,p(�2) ↪→ Ls(�2), we have∫
BR(0)
|un|

2 dx = on(1), as n→ ∞.

Moreover, ∫
�2\BR(0)

|un|
2 dx ≤

1
log(1 + R)

∫
�2\BR(0)

log(1 + |x|)|un|
2 dx ≤

1
log(1 + R)

||un||
2
∗. (2.2)

Since {un} ⊂ E is a bounded sequence, for any ε > 0 and sufficiently large R > 0 we have∫
�2\BR(0)

|un|
2 dx ≤ ε.

Hence, the embedding E ↪→ L2(�2) is compact. Using interpolation and (2.1), and choosing t ∈ �
with 2 < s < t < 2p

2−p such that 1
s =

θ
2 +

1−θ
t , we have

||un||Ls ≤ ||un||
θ
L2 ||un||

1−θ
Lt → on(1).

Therefore, the embedding E ↪→ Ls(�2) is compact for any 2 ≤ s < p∗. □

For notational simplicity, we adopt the notation from [29, 30] and define

N0(u) = A0(u2, u2) =
1

2π

∫
�2

∫
�2

log(|x − y|)u2(x)u2(y) dx dy.

Since log r = log(1 + r) − log(1 + 1
r ) for all r > 0, we have N0(u) = N1(u) − N2(u), with

N1(u) = A1(u2, u2) =
1

2π

∫
�2

∫
�2

log(1 + |x − y|)u2(x)u2(y) dx dy,

and

N2(u) = A2(u2, u2) =
1

2π

∫
�2

∫
�2

log(1 +
1
|x − y|

)u2(x)u2(y) dx dy.

Note that, using 0 ≤ log(1 + r) ≤ r for r > 0, together with the Hardy-Littlewood-Sobolev
inequality [31] and (2.1), we obtain

|N2(u)| ≤ C0|

∫
�2

∫
�2

1
|x − y|

u2(x)u2(y) dxdy| ≤ C1||u||48
3
, for a constant C1 > 0, (2.3)
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and ∫
�2

(Iα ∗ |u|q)|u|q dx ≤ C4

(∫
�2
|u|

4q
2+α dx

) 2+α
2

≤ C5||u||
2q
W1,p . (2.4)

Moreover, the Hardy-Littlewood-Sobolev inequality, states that if k ∈ (1, 2
α
), then for every v ∈ Lk(�2),

Iα ∗ v ∈ L
2k

2−αk (�2) and ∫
�2
|Iα ∗ v|

2k
2−αk dx ≤ C(

∫
�2
|v|kdx)

2
2−αk . (2.5)

By using the same argument as in Lemma 2.2 of [32], we have that N0, N1, and N2 are of class C1 on
E, and 〈

N′i (u), v
〉
= 4Ai(u2, uv) ∀ u, v ∈ E, i = 1, 2. (2.6)

From Eqs (2.1), (2.5), and the definition of the space E, we deduce that the functional

I(u) =
1
p

∫
�2

(|∇u|p + |u|p) dx +
1
4

N0(u) −
1

2q

∫
�2

(Iα ∗ |u|q)|u|q dx,

is well defined and C1 in E. Moreover, for any u, v ∈ E,

I′(u)[v] =
∫
�2

(|∇u|p−2∇u∇v + |u|p−2uv)dx +
∫
�2
ϕ2,uuv dx −

∫
�2

(Iα ∗ |u|q)|u|q−2uv dx.

Hence, the solutions of (1.1) are the critical points of the reduced functional (1.7).

Lemma 2.3. [27, Lemma I.1] Let 1 < p ≤ ∞, 1 ≤ r < ∞ with r , N p
N−p if p < N. Assume that {un} is

bounded in Lr(�N), ∇un is bounded in Lp(�N), and

sup
y∈�N

∫
BR(r)
|un|

r dx→ 0, for some R > 0.

Then un → 0 in Lα(�N) as n→ ∞, for any r < α < N p
N−p .

We add some observations on the functional geometry of I.

Lemma 2.4. Suppose that q satisfies 2 + (α−2)(4−p)
2(p+2) < q < p(2+α)

2(2−p) . Then the following hold:
(i) Let u ∈ E \ {0}, and let ut ∈ E for t > 0. Then we have I(ut) < 0 as t → ∞;
(ii) There exists ρ > 0 such that

nβ = inf {I(u) : u ∈ E, ||u||W1,p = β} > 0 for 0 < β ≤ ρ (2.7)

and
mβ = inf {I′(u)u : u ∈ E, ||u||W1,p = β} > 0 for 0 < β ≤ ρ. (2.8)

Proof. (i) If 2 ≤ q < p(2+α)
2(2−p) , we consider u ∈ E \ {0} and test the functional at ut = t

4
4−p u(tx). Then we

have that

I(ut) =
tK1

p

∫
�2
|∇u|p dx +

tK2

p

∫
�2
|u|p dx +

tK3

4
N0(u) −

tK3

8π
log t||u||42 −

tK4

2q

∫
�2

(Iα ∗ |u|q)|u|q dx,
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where K1 =
4p

4−p − 2 + p, K2 =
4p

4−p − 2, K3 =
16

4−p − 4, and K4 =
8q

4−p − (2 + α). As 4
3 ≤ p < 2

and 2 ≤ q < p(2+α)
2(2−p) , it follows that

K2 < K1 < K3 < K4. (2.9)

Hence there exists a sufficiently large t0 > 0 such that I(ut0) < 0.
Let 2 + (α−2)(4−p)

2(p+2) < q < 2. We consider u ∈ E \ {0} and denote ut = t
2−α
4−2q u(tx). Then we have that

I(ut) =
tR1

p

∫
�2
|∇u|p dx +

tR2

p

∫
�2
|u|p dx +

tR3

4
N0(u) −

tR3

8π
log t||u||42 −

tR4

2q

∫
�2

(Iα ∗ |u|q)|u|q dx,

where R1 =
p(2−α)
4−2q −2+ p,R2 =

p(2−α)
4−2q −2,R3 =

4(2−α)
4−2q −4,R4 =

2q(2−α)
4−2q −2−α. Since 2+ (α−2)(4−p)

2(p+2) < q < 2,
it follows that

R2 < R1 < R3 = R4; (2.10)

therefore, there exists a sufficiently large t1 > 0 such that I(ut1) < 0.
(ii) For each u ∈ E, by Eqs (2.1), (2.3), and (2.4), we derive that

I(u) =
1
p

∫
�2

(|∇u|p + |u|p) dx +
1
4

N1(u) −
1
4

N2(u) −
1

2q

∫
�2

(Iα ∗ |u|q)|u|q dx

≥
1
p

∫
�2

(|∇u|p + |u|p) dx −
1
4

N2(u) −C6
1
2q

(
∫
�2
|u|

4q
2+α dx)

2+α
2

≥
1
p
||u||p

W1,p −C7||u||4W1,p −C8||u||
2q
W1,p .

(2.11)

As 4
3 ≤ p < 2 and 2 + (α−2)(4−p)

2(p+2) < q, it is clear that 2q > p. This implies that (2.7) holds for ρ > 0
sufficiently small.

Since

⟨I′(u), u⟩ =
∫
�2

(|∇u|p + |u|p) dx + N1(u) − N2(u) −
∫
�2

(Iα ∗ |u|q)|u|q dx,

for u ∈ E, similarly, to obtain the validity of Eq (2.8), we need to take ρ > 0 sufficiently small. □

Lemma 2.4 shows that the functional I satisfies the mountain-pass geometry. Accordingly, we may
consider the mountain-pass level

c = inf
γ∈Γ

max
t∈[0,1]

I(γ(t)) > 0,

where
Γ = {γ ∈ C([0, 1], E)|γ(0) = 0, I(γ(1)) < 0}.

3. Proof of main results

In the following lemma, we use the approach of [32] and the general minimax principle from
Proposition 2.8 in [33] to construct an auxiliary functional and establish a Cerami sequence {un} at the
energy level c.
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Lemma 3.1. Set 4
3 ≤ p < 2, 0 < α < 2, and 2 + (α−2)(4−p)

2(p+2) < q < p(2+α)
2(2−p) . Then there exists a sequence

{un} in E such that
I(un)→ c > 0, ||I′(un)||E∗(1 + ||un||E)→ 0, (3.1)

for which J(un)→ 0 as n→ ∞. If 2 ≤ q < p(2+α)
2(2−p) ,

J(un) =
K1

p

∫
�2
|∇un|

p dx +
K2

p

∫
�2
|un|

p dx +
K3

4
N0(un) −

1
8π
||un||

4
2 −

K4

2q

∫
�2

(Iα ∗ |un|
q)|un|

q dx, (3.2)

and, if 2 + (α−2)(4−p)
2(p+2) < q < 2,

J(un) =
R1

p

∫
�2
|∇un|

p dx +
R2

p

∫
�2
|un|

p dx +
R3

4
N0(un) −

1
8π
||un||

4
2 −

R4

2q

∫
�2

(Iα ∗ |un|
q)|un|

q dx. (3.3)

Proof. The proof is analogous to that provided in Lemma 3.2 of [32]. We consider the space Ẽ := �×E,
equipped with the standard product norm ||(t, v)||�×E := (|t|2 + ||v||2E)

1
2 , for t ∈ �, v ∈ E \ {0}. Moreover,

we define the continuous map η with

η : � × E → E, η(t, v)(x) =

 e
4t

4−p v(etx), if 2 ≤ q < p(2+α)
2(2−p) ,

e
(2−α)t
4−2q v(etx), if 2 + (α−2)(4−p)

2(p+2) < q < 2.
(3.4)

Indeed, consider the function ψ = I ◦ η. Then for any (t, v) ∈ � × E, if 2 ≤ q < p(2+α)
2(2−p) , it is obtained

that

ψ(t, v) =
eK1t

p

∫
�2
|∇v|p dx +

eK2t

p

∫
�2
|v|p dx +

eK3t

4
N0(v) −

eK3t

8π
t||v||42 −

eK4t

2q

∫
�2

(Iα ∗ |v|q)|v|q dx, (3.5)

for t ∈ � and v ∈ E. If 2 + (α−2)(4−p)
2(p+2) < q < 2, we deduce

ψ(t, v) =
eR1t

p

∫
�2
|∇v|p dx +

eR2t

p

∫
�2
|v|p dx +

eR3t

4
N0(v) −

eR3t

8π
t||v||42 −

eR4t

2q

∫
�2

(Iα ∗ |v|q)|v|q dx. (3.6)

In any case, since for any v ∈ E \ {0}, (2.9) and (2.10) hold, from Eqs (3.5) and (3.6), we have
lim
t→∞

ψ(t, v) = −∞. Combining this with (I ◦ η)(0, 0) = 0, we define the minimax level

c̄ = inf
γ̃∈Γ̃

max
t∈[0,1]

(I ◦ η)(̃γ(t)), (3.7)

where
Γ̃ = {̃γ ∈ C([0, 1],� × E) : γ̃(0) = (0, 0), (I ◦ η)(̃γ(1)) < 0} .

This allows us to repeat the arguments in Lemma 3.2 of [32] and conclude. □

In the following key step, we shall prove that there exists a bounded Palais-Smale sequence in the
space E.

Lemma 3.2. Let 2+ (α−2)(4−p)
2(p+2) < q < p(2+α)

2(2−p) , and consider the sequence {un} ⊂ E obtained in Lemma 3.1
satisfying (3.1)–(3.3). Then we obtain that the translated sequence of {un} is bounded in the space E,
and this translated sequence is a Palais-Smale sequence for the original functional (1.7).
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Proof. We distinguish two cases separately. If 2 ≤ q < p(2+α)
2(2−p) , by (3.1) and (3.2), we derive that for n

large enough,

I(un) −
1

K3
J(un) =

K3 − K1

pK3

∫
�2
|∇un|

p dx +
K3 − K2

pK3

∫
�2
|un|

p dx +
1

8πK3
||un||

4
2

−
K3 − K4

2qK3

∫
�2

(Iα ∗ |un|
q)|un|

q dx.

If 2 + (α−2)(4−p)
2(p+2) < q < 2, by (3.1) and (3.3), we derive that for n large enough,

I(un) −
1
R3

J(un) =
R3 − R1

pR3

∫
�2
|∇un|

p dx +
R3 − R2

pR3

∫
�2
|un|

p dx +
1

8πR3
||un||

4
2.

Since (2.9) and (2.10) hold, we can deduce that the sequence {un} is bounded in W1,p(�2) and Ls(�2)
in both cases, for any p ≤ s < p∗.

Next, we shall prove that there exists a bounded Palais-Smale sequence in the space E. The proof
makes reference to Lemma 3.1 in [25]. We first show that there exists δ > 0 such that

sup
y∈�2

∫
By(r)
|un|

2 dx ≥ δ > 0, n→ ∞. (3.8)

Otherwise, we can apply Lemma 2.3 to get un → 0 in Lα(�2) for any 2 < α < 2p
2−p . By Eqs (2.3), (2.4),

and the Sobolev inequality, we have

|N2(un)| ≤ C1||un||
4
8
3
→ o(1), |

∫
�2

(Iα ∗ |un|
q)|un|

q dx| ≤ C4||un||
2q

L
4q

2+α
→ o(1), as n→ ∞,

and we further obtain from (3.1) that∫
�2

(|∇un|
p + |un|

p) dx→ o(1),

and

c + o(1) = I(un) −
1
4

I′(un)[un]

= (
1
p
−

1
4

)
∫
�2

(|∇un|
p + |un|

p) dx − (
1

2q
−

1
4

)
∫
�2

(Iα ∗ |un|
q)|un|

q dx→ o(1),
(3.9)

which is a contradiction. Thus, (3.8) holds. Hence, there exists {yn} ⊂ �
2 such that the shifted sequence

ũn(x) = un(x − yn) satisfies ∫
BR(0)
|̃un|

2dx ≥
δ

2
> 0. (3.10)

We claim that the sequence {̃un} is bounded in E. Since the functional I is invariant under �2 −

translations, I (̃un) = c + o(1). Since {̃un} is bounded in W1,p(�2), we can deduce that N1(̃un) is
bounded, and we can prove that ||̃un||∗ ≤ C6 for C6 > 0 and any n ∈ �.
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Note that for any x ∈ �2 \ B2R(0) and y ∈ BR(0),

1 + |x − y| ≥ 1 + |x| − |y| ≥ 1 + |x| − |R| ≥ 1 +
|x|
2
≥ (1 + |x|)

1
2 .

There exists C7 > 0 satisfying

C7 ≥ N1(̃un) ≥
1

2π

∫
�2\B2R(0)

∫
BR(0)

log(1 + |x|)̃u2
n(x)̃u2

n(y) dxdy

≥
1

2π

∫
�2\B2R(0)

log(1 + |x|)̃u2
n(x) dx ·

δ

2
.

(3.11)

Applying (2.1), (3.10), and (3.11), we can conclude that∫
�2

log(1 + |x|)̃u2
n(x) dx ≤

4C7

δ
+

∫
B2R(0)

log(1 + |x|)̃u2
n(x) dx ≤ C8. (3.12)

Hence, the sequence {̃un} is bounded in the space E.
We can easily see that I (̃un) → c > 0. It remains to prove that for any test function η ∈ E, we have

⟨I′(̃un), η⟩ → 0. By Lemma 3.1, we have a sequence {un} that satisfies

I(un)→ c > 0 and ||I′(un)||E∗(1 + ||un||E)→ 0. (3.13)

For any {yn} ⊂ �
2, since (3.10) holds, we can obtain

[1 + log(1 + |yn|)]δ ≤
∫

BR(0)
[1 + log(1 + |yn|)]̃u2

n(x)dx

≤

∫
BR(0)

[1 + log(1 + R) + log(1 + |x − yn|)]̃u2
n(x)dx

≤ [1 + log(1 + R)]||̃un||
2
2 +

∫
�2

log(1 + |x − yn|)̃u2
n(x)dx

≤ [1 + log(1 + R)]||un||
2
2 +

∫
�2

log(1 + |z|)u2
n(z)dz

≤ C[1 + log(1 + R)]||un||
2
E.

(3.14)

Thus, we can obtain that √
1 + log(1 + |yn|) ≤ C15||un||E. (3.15)

Since (3.15) holds, for any test function η ∈ E,

||η(x + yn)||2E ≤ 2(||η(x + yn)||2W1,p(�2) +

∫
�2

log(1 + |x|)η2(x + yn)dx)

≤ 2(||η||2W1,p(�2) +

∫
�2

log(1 + |z − yn|)η2(z)dz)

≤ 2(||η||2W1,p(�2) + ||η||
2
∗ + log(1 + |yn|)||η||22)

≤ 2(||η||2E + log(1 + |yn|)||η||22)
≤ C16[1 + log(1 + |yn|)]||η||2E.

(3.16)
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Combining this with (3.15), we have

||η(x + yn)||E ≤ C17||un||E ||η||E. (3.17)

Using (3.13) and (3.17), we can infer that

| ⟨I′(ũn), η⟩ | = | ⟨I′(un), η(x + yn)⟩ |
≤ ||I′(un)||E∗ · ||η(x + yn)||E
≤ C17||I′(un)||E∗ · ||un||E · ||η||E → 0.

(3.18)

We can conclude ⟨I′(̃un), η⟩ → 0. Thus, we obtain a bounded Palais-Smale sequence {̃un} satisfying

I (̃un)→ c, I′(̃un)→ 0. (3.19)

Next, since the Palais-Smale sequence {̃un} is bounded, there exists u ∈ E such that ũn ⇀ u in E.
We claim that u , 0. Otherwise, u = 0, which implies that ũn ⇀ 0 in E, and by Lemma 2.2, (2.1),
and (2.3), we can deduce that

|N2(̃un)| → 0 and |
∫
�2

(Iα ∗ |̃un|
q)|̃un|

q dx| → 0 as n→ ∞.

Moreover, since

N1(̃un) =
∫
�2

∫
�2

log(1 + |x − y|)̃u2
n(x)̃u2

n(y)dxdy ≥ log 1 ·
∫
�2

∫
�2

ũ2
n(x)̃u2

n(y)dxdy ≥ 0,

applying (3.19), we can easily infer that∫
�2

(|∇ũn|
p + |̃un|

p)dx→ 0 and N1(̃un)→ 0.

It follows that

I (̃un) =
1
p

∫
�2

(|∇ũn|
p + |̃un|

p) dx +
1
4

N1(̃un) −
1
4

N2(̃un) −
1

2q

∫
�2

(Iα ∗ |̃un|
q)|̃un|

q dx→ 0,

which contradicts the fact that I (̃un)→ c > 0. Therefore, u , 0. □

By Lemma 3.2, {̃un} is bounded in E. For convenience, we denote {̃un} simply as {un}. According to
Lemma 3.2, it follows that

I(un)→ c, I′(un)→ 0. (3.20)

Finally, to establish the existence of nontrivial solutions for system (1.1), we present the following
lemma. In particular, {un} used in the subsequent lemmas is the shorthand notation for {̃un}.
Lemma 3.3. Let {un} be a bounded sequence in E satisfying I(un)→ c ∈ � and I′(un)→ 0, as n→ ∞.
Then, up to a subsequence, there exists u ∈ E such that

∇un(x)→ ∇u(x) a.e. in �2, for n→ ∞.
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Proof. Let {un} ⊂ E be a Palais-Smale sequence for the functional (1.7). By (2.1), there exists a
subsequence, still denoted by {un}, and u ∈ E such that

un ⇀ u in E, un ⇀ u in W1,p(�2), un ⇀ u in Ls(�2)(p ≤ s < p∗), ∇un ⇀ ∇u in (Lp(�2))2.

Since I′(un)→ 0, setting vn = un − u, with vn ∈ E, we have I′(un)[un − u]→ 0, and

I′(un)[un − u] =
∫
�2
|∇un|

p−2∇un∇(un − u) dx +
∫
�2
|un|

p−2un(un − u) dx +
1
4

N′1(un)(un − u)

−
1
4

N′2(un)(un − u) −
∫
�2

(Iα ∗ |un|
q)|un|

q−2un(un − u) dx = o(1).
(3.21)

Using Eq (3.21), we can obtain that∫
�2

(|∇un|
p−2∇un − |∇u|p−2∇u)∇(un − u) dx +

∫
�2

(|un|
p−2un − |u|p−2u)(un − u) dx +

1
4

N′1(un)(un − u)

= −

∫
�2
|∇u|p−2∇u∇(un − u) dx −

∫
�2
|u|p−2u(un − u) dx +

1
4

N′2(un)(un − u)

+

∫
�2

(Iα ∗ |un|
q)|un|

q−2un(un − u) dx + o(1).

(3.22)

By the Hardy-Littlewood-Sobolev inequality and Lemma 2.2, we have

|N′2(un)(un − u)| ≤ C||un||
3
8
3
||un − u|| 8

3
= o(1). (3.23)

Moreover, adapting part of the argument from Lemma 3.3 in [34], we have

N′1(un)(un − u) =
2
π

∫
�2

∫
�2

log(1 + |x − y|)u2
n(x)un(y)(un(y) − u(y)) dx dy

=
2
π

∫
�2

∫
�2

log(1 + |x − y|)u2
n(x) (un(y) − u(y))2 dx dy

+
2
π

∫
�2

∫
�2

log(1 + |x − y|)u2
n(x)u(y) (un(y) − u(y)) dx dy

≥
2
π

∫
�2

∫
�2

log(1 + |x − y|)u2
n(x)u(y) (un(y) − u(y)) dx dy = o(1).

(3.24)

Since Eq (2.5) holds, the Riesz potential is a bounded linear map from L
4

2+α (�2) to L
4

2−α (�2), and we
have Iα ∗ |un|

q ∈ L
4

2−α (�2). Applying the Hölder inequality and Lemma 2.2, we obtain that

|

∫
�2
|un|

4(q−1)
2+α |un − u|

4
2+α dx|

≤

(∫
�2
|un|

4q(q−1)
(2+α)(q−1) dx

) q−1
q

(∫
�2
|un − u|

4q
2+α dx

) 1
q

≤ C||un − u||
4

2+α
4q

2+α

→ o(1),

(3.25)
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and
|un|

q−2un(un − u)→ 0 in L
4

2+α (�2). (3.26)

By (3.26) and Iα ∗ |un|
q ∈ L

4
2−α (�2), using the Hölder inequality, we deduce the following:

|

∫
�2

(Iα ∗ |un|
q)|un|

q−2un(un − u) dx| ≤ ||(Iα ∗ |un|
q)||

L
4

2−α
|||un|

q−2un(un − u)||
L

4
2+α
→ o(1). (3.27)

Moreover, by ∇un ⇀ ∇u in (Lp(�2))2 and un ⇀ u in Lp(�2), we have∫
�2
|∇u|p−2∇u∇(un − u) dx→ o(1), (3.28)

and ∫
�2
|u|p−2u(un − u) dx→ o(1). (3.29)

Since (3.22)–(3.24) and (3.27)–(3.29) hold, we obtain∫
�2

(|∇un|
p−2∇un − |∇u|p−2∇u)∇(un − u) dx→ o(1),

and by applying Theorem 2.1 of Boccardo and Murat in [35], we conclude that

∇un(x)→ ∇u(x) a.e. in �2, for n→ ∞. □

Lemma 3.4. [29, Lemma 2.6] Let {un}, {vn}, and {wn} be bounded sequences in E such that un ⇀ u
weakly in E. Then, for any φ ∈ E, we have∫

�2

∫
�2

log(1 + |x − y|)vn(x)wn(x)φ(y) (un(y) − u(y)) dxdy→ 0, as n→ ∞.

Lemma 3.5. For any bounded sequence {un} ⊂ E satisfying

I(un)→ c > 0, I′(un)→ 0, as n→ ∞,

there is u ∈ E \ {0} such that I′(u) = 0.

Proof. From (2.1) and Lemmas 2.2 and 3.2, we deduce that {un} is bounded in E. Then there exists
u ∈ E such that up to a subsequence,

un ⇀ u in E, un ⇀ u in W1,p(�2), un → u in Ls(�2) (2 ≤ s < p∗), un → u a.e. �2. (3.30)

Let φ ∈ C∞c (�2) be an arbitrary test function. C∞c (�2) is dense in the space E; see [18, 29]. Then
by (3.30) and Lemma 3.3, using [28, Proposition 5.4.7], we have∫

�2
|∇un|

p−2∇un∇φdx→
∫
�2
|∇u|p−2∇u∇φdx and

∫
�2
|un|

p−2unφdx→
∫
�2
|u|p−2uφdx.

Next, since {un} is bounded in the space E, in view of Lemmas 2.2, 2.3, and 3.4, borrowing the ideas
from the proof of Lemma 2.6 in reference [29], we can prove∫

�2

∫
�2

log(1 + |x − y|)u2
n(x)φ(y)un(y) dxdy→

∫
�2

∫
�2

log(1 + |x − y|)u2(x)φ(y)u(y) dxdy, (3.31)
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and∫
�2

∫
�2

log(1 +
1
|x − y|

)u2
n(x)φ(y)un(y) dxdy→

∫
�2

∫
�2

log(1 +
1
|x − y|

)u2(x)φ(y)u(y) dxdy. (3.32)

First, we prove (3.31). Let

Bn =

∫
�2

∫
�2

log(1 + |x − y|)u2
n(x)φ(y)un(y) dxdy, B =

∫
�2

∫
�2

log(1 + |x − y|)u2(x)φ(y)u(y) dxdy;

then

Bn − B =
∫
�2

∫
�2

log(1 + |x − y|)φ(y)un(y)
(
u2

n(x) − u2(x)
)

dxdy

+

∫
�2

∫
�2

log(1 + |x − y|)φ(y)u2(x) (un(y) − u(y)) dxdy

= E1 + D1.

(3.33)

We need to prove E1,D1 → o(1), as n→ ∞. For E1,

u2
n(x) − u2(x) = (un(x) + u(x)) (un(x) − u(x)) .

The sequence {un} is bounded in the space E and un → u in L2(�2). Since 1+ |x−y| ≤ (1+ |x|) · (1+ |y|),
we have

|E1| = |

∫
�2

∫
�2

log(1 + |x − y|)φ(y)un(y)(u2
n(x) − u2(x))dxdy|

≤

∫
�2

∫
�2

log(1 + |x − y|)|φ(y)un(y)(u2
n(x) − u2(x))|dxdy

≤

∫
�2

∫
�2

log(1 + |x|)|φ(y)un(y)(u2
n(x) − u2(x))|dxdy

+

∫
�2

∫
�2

log(1 + |y|)|φ(y)un(y)(u2
n(x) − u2(x))|dxdy.

(3.34)

Let
En,1 =

∫
�2

∫
�2

log(1 + |x|)|φ(y)un(y)(u2
n(x) − u2(x))|dxdy,

En,2 =

∫
�2

∫
�2

log(1 + |y|)|φ(y)un(y)(u2
n(x) − u2(x))|dxdy.

We will prove that En,1 → 0 and En,2 → 0 as n→ ∞. First, we prove En,2 → 0.

En,2 =

∫
�2

log(1 + |y|)|φ(y)un(y)|dy
∫
�2
|(un(x) − u(x))(un(x) + u(x))|dx

≤ ||φ||∗||un||∗||un(x) − u(x)||2||un(x) + u(x)||2 → 0, as n→ ∞.
(3.35)

Next, we prove that En,1 → 0. Using the Hölder inequality, we know that

En,1 =

∫
�2
φ(y)|un(y)|dy

∫
�2

log(1 + |x|)|(un(x) − u(x))(un(x) + u(x))|dx

≤ C14

∫
�2

log(1 + |x|)|(un(x) − u(x))(un(x) + u(x))|dx.
(3.36)
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For
∫
�2 log(1+ |x|)|(un(x)− u(x))(un(x)+ u(x))|dx, we treat separately the regions inside and outside

the ball. First, we deal with the case inside the ball; for any R > 0,∫
BR

log(1+ |x|)|(un(x)−u(x))(un(x)+u(x))|dx ≤ log(1+ |R|)||(un(x)−u(x))||2||un(x)+u(x)||2 → 0. (3.37)

Next, we deal with the case outside the ball. Applying the Hölder inequality, we can obtain∫
�2\BR

log(1 + |x|)|(un(x) − u(x))(un(x) + u(x))|dx

≤ (
∫
�2\BR

log(1 + |x|)(un(x) − u(x))2dx)
1
2 (
∫
�2\BR

log(1 + |x|)(un(x) + u(x))2dx)
1
2

≤ C15(
∫
�2\BR

log(1 + |x|)(un(x) − u(x))2dx)
1
2 .

(3.38)

Thus, we need to show that ||un(x)−u(x)||∗ → 0 as n→ ∞. Combining (3.21), (3.23), (3.24), and (3.27),
we obtain that ∫

�2

∫
�2

log(1 + |x − y|)u2
n(x)un(y)(un(y) − u(y))dxdy→ 0.

Since ∫
�2

∫
�2

log(1 + |x − y|)u2
n(x)un(y)(un(y) − u(y))dxdy

=

∫
�2

∫
�2

log(1 + |x − y|)u2
n(x)(un(y) − u(y))2dxdy

+

∫
�2

∫
�2

log(1 + |x − y|)u2
n(x)u(y)(un(y) − u(y))dxdy,

(3.39)

we can easily deduce that

|

∫
�2

∫
�2

log(1 + |x − y|)u2
n(x)u(y)(un(y) − u(y))dxdy|

≤

∫
�2

∫
�2

log(1 + |x − y|)|u2
n(x)u(y)(un(y) − u(y))|dxdy

≤

∫
�2

∫
�2

log(1 + |x|)|u2
n(x)u(y)(un(y) − u(y))|dxdy

+

∫
�2

∫
�2

log(1 + |y|)|u2
n(x)u(y)(un(y) − u(y))|dxdy.

(3.40)

Using the Hölder inequality, we can easily obtain that∫
�2

∫
�2

log(1 + |x|)|u2
n(x)u(y)(un(y) − u(y))|dxdy→ 0. (3.41)

Using Hölder’s inequality, noting that un → u in L2(�2), and taking an arbitrary R > 0, we treat the
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problem separately for the interior and exterior of the ball.∫
�2

∫
�2

log(1 + |y|)|u2
n(x)u(y)(un(y) − u(y))|dxdy

=

∫
�2

u2
n(x)dx

∫
�2

log(1 + |y|)|u(y)(un(y) − u(y))|dy

≤ C17(
∫

BR

log(1 + |y|)|u(y)(un(y) − u(y))|dy +
∫
�2\BR

log(1 + |y|)|u(y)(un(y) − u(y))|dy)→ 0.

(3.42)

Thus, by (3.39)–(3.42), we know that∫
�2

∫
�2

log(1 + |x − y|)u2
n(x)(un(y) − u(y))2dxdy→ 0.

Using Lemma 2.15 in [34], we obtain that ||un − u||∗ → 0. Thus, (3.38) yields∫
�2\BR

log(1 + |x|)|(un(x) − u(x))(un(x) + u(x))|dx→ 0. (3.43)

Combining (3.37) and (3.43), we can conclude that En,1 → 0. Since En,2 → 0 holds, we can infer that
E1 → 0.

Further, we claim that D1 → o(1) as n → ∞. The argument follows the ideas in the proof of
Lemma 2.6 of reference [29]. Indeed, using the boundedness of the subsequence {un} in the space E,
together with Lemma 2.3 and Eq (2.1), we have

|D1| ≤

∫
�2

∫
�2

log(1 + |x|)|u2(x)φ(y) (un(y) − u(y)) |dxdy

+

∫
�2

∫
�2

log(1 + |y|)|u2(x)φ(y) (un(y) − u(y)) |dxdy,
(3.44)

where ∫
�2

∫
�2

log(1 + |x|)|u2(x)φ(y)(un(y) − u(y))|dxdy

=

∫
�2

log(1 + |x|)u2(x)dx
∫
�2
|φ(y)(un(y) − u(y))|dy

= ||u||2∗

∫
�2
|φ(y)(un(y) − u(y))|dy

≤ C12||φ(y)||2||un − u||2 → o(1).

(3.45)

There exists an arbitrarily large radius R > 0, using (2.1) and φ(y) ∈ C∞c (�2), such that∫
�2

∫
�2

log(1 + |y|)|u2(x)φ(y) (un(y) − u(y)) |dxdy

= C12

∫
BR(0)

log(1 + |y|)|φ(y) (un(y) − u(y)) |dy +C13

∫
�2\BR(0)

log(1 + |y|)|φ(y) (un(y) − u(y)) |dy

≤ o(1) +
(∫
�2\BR(0)

log(1 + |y|)φ2(y) dy
) 1

2
(∫
�2\BR(0)

log(1 + |y|)|un − u|2 dy
) 1

2

→ o(1).
(3.46)
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Thus, we obtain that D1 → o(1) as n → ∞, and conclude that (3.31) holds. The proof of (3.32) is
similar to that of (3.31).

Moreover, using Eqs (2.1), (2.5), and Lemma 2.2, we employ a proof procedure similar to that of
Theorem 1.1 in reference [36] to show that∫

�2
(Iα ∗ |un|

q)|un|
q−2unφ dx→

∫
�2

(Iα ∗ |u|q)|u|q−2uφ dx.

Indeed, we know that {un} is bounded in the space E, un ⇀ u in E, and un(x) → u(x) a.e. in �2.
By Lemma 2.1, {un} is bounded in L

4q
2+α (�2); therefore, the sequence {|un|

q} is bounded in L
4

2+α (�2).

Applying Lemma 2.2, we obtain that un → u strongly in L
4q

2+α
loc (�2) and |un|

q−2un → |u|q−2u strongly in

L
4q

(2+α)(q−1)

loc (�2) for 2+α
2 < 2 + (α−2)(4−p)

2(p+2) < q < p(2+α)
2(2−p) (see Theorem A.2 in [37]). Hence, |un|

q−2unφ →

|u|q−2uφ in L
4

2+α (�2) for any φ ∈ C∞c (�2). Since Eq (2.5) holds, the Riesz potential is a bounded linear
map from L

4
2+α (�2) to L

4
2−α (�2); we have

Iα ∗ (|un|
q−2un)φ→ Iα ∗ (|u|q−2u)φ

in L
4

2−α (�2). Since C∞c (�2) is dense in the space E, we can obtain∫
�2

(Iα ∗ |un|
q)|un|

q−2unφdx −
∫
�2

(Iα ∗ |u|q)|u|q−2uφdx

=

∫
�2
|un|

q(Iα ∗ (|un|
q−2unφ)dx −

∫
�2
|u|q(Iα ∗ (|u|q−2uφ)dx

=

∫
�2
|un|

q(Iα ∗ (|un|
q−2unφ) − Iα ∗ (|u|q−2uφ))dx +

∫
�2

(|un|
q − |u|q)(Iα ∗ (|u|q−2uφ))dx

= F +G.

Next we prove that F,G → o(1) as n→ ∞.
Since {un} is bounded in the space E, the Hölder inequality yields

F =
∫
�2
|un|

q(Iα ∗ (|un|
q−2unφ) − Iα ∗ (|u|q−2uφ))dx

≤

(∫
�2
|uq

n|
4

2+α dx
) 2+α

4

||(Iα ∗ (|un|
q−2unφ) − Iα ∗ (|u|q−2uφ))|| 4

2−α

→ o(1).

Using the strong convergence un → u in L
4q

2+α (�2) and Eq (2.5), we obtain

G =
∫
�2

(|un|
q − |u|q)(Iα ∗ (|u|q−2uφ))dx

≤ |||un|
q − |u|q|| 4

2+α
||Iα(∗|u|q−2uφ)|| 4

2−α
→ o(1).

That is, ∫
�2

(Iα ∗ |un|
q)|un|

q−2unφ dx→
∫
�2

(Iα ∗ |u|q)|u|q−2uφ dx.

As a result, we deduce that I′(u)[φ] = 0 for any φ ∈ C∞c (�2). □
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Proof of Theorem 1.1. First, from Lemma 2.4, we prove that the associated energy functional (1.7)
admits the classical mountain-pass structure, and we construct a Cerami sequence {un} by virtue of
Lemma 3.1. Second, in Lemma 3.2, we prove that the Cerami sequence {un} constructed in Lemma 3.1
is bounded in W1,p(�2). After that, we show that the translated sequence {̃un} of this Cerami sequence
{un} is a bounded Palais-Smale sequence in the space E, satisfying

I (̃un)→ c, I′(̃un)→ 0.

Furthermore, we denote the Palais-Smale sequence {̃un} simply by {un}. Finally, by Lemma 3.5, there
exists a function u ∈ E with u , 0 such that the Palais-Smale sequence satisfies un ⇀ u in E and
I′(u)[φ] = 0, so we conclude that u is a nontrivial solution to (1.1). The proof is completed. □

4. Conclusions

In this paper, we employ the variational method to investigate the existence of nontrivial solutions
for a two-dimensional p-Laplacian Schrödinger-Poisson system (1.1) with a Choquard-type nonlocal
term and p < 2. The key to the proof is to construct an appropriate variational framework. By
combining the properties of the Choquard-type nonlocal term and the logarithmic kernel with scaling
arguments, we build an auxiliary functional ((3.2) and (3.3)) and further establish the boundedness of
Palais-Smale sequences. Next, combining the Boccardo-Murat gradient almost everywhere
convergence result and the vanishing lemma, we obtain the existence of nontrivial solutions for
system (1.1).
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