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Abstract: A set S ⊆ V(G) of a graph G is k-independent if every vertex of S has at most k − 1
neighbors in S , where k ∈ Z+. The k-independence number αk(G) is the maximum cardinality of a
k-independent set of G; determining it is NP-hard for general graphs. We study this parameter on
P4-tidy graphs, a class that properly contains cographs and P4-sparse graphs. Exploiting the structural
decomposition of P4-tidy graphs, we derive closed formulas for αk under disjoint union and join, as
well as for all types of spiders and quasi-spiders, expressed in terms of the k-independence numbers
of the graphs arising in the decomposition. These formulas yield a dynamic programming algorithm
over the decomposition tree that computes αk(G) in O(k3n + |E(G)|) time, with k part of the input.
Although polynomial-time solvability on this class already follows from general algorithms for graphs
of bounded clique-width, those algorithms run in nO(w) time for clique-width w and provide no explicit
formulas. Our results extend the closed formulas and the efficient algorithm previously known for
P4-sparse graphs to the full class of P4-tidy graphs.

Keywords: P4-tidy graphs; spiders; decomposition tree; polynomial-time algorithm; bounded-degree
vertex deletion
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1. Introduction

A set S ⊆ V(G) is called k-independent if the maximum degree of the subgraph induced by
S is at most k − 1. The maximum cardinality of a k-independent set of G is the k-independence
number, denoted by αk(G). Thus, the classical independence number corresponds to the case k = 1.
Equivalently, αk(G) is the maximum order of an induced subgraph of G with maximum degree at most
k−1. We adopt the convention that αk(∅) = 0 for every k ≥ 1. This generalization of independence was
introduced by Fink and Jacobson [1], and determining αk(G) isNP-hard for general graphs [2]. Since
then, k-independence has been investigated from both structural and extremal perspectives, including
bounds for αk(G), relations with other graph parameters, and results for specific graph classes [3–5].
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On the complexity side, the problem remains NP-hard even on restricted inputs such as Cartesian
products and complementary prisms [6].

Graph classes defined by restrictions on induced P4’s provide a natural setting for this question. At
the most restrictive level, cographs are exactly the P4-free graphs and admit a recursive decomposition
by disjoint union and join. This decomposition is responsible for the efficient solution of several
optimization problems on cographs, including the maximum independent set problem. Several
extensions of cographs have been introduced by allowing a controlled number or arrangement of
induced P4’s. A graph is P4-sparse [7] if no set of five vertices induces more than one P4 and P4-
tidy [8] if, for every vertex set A inducing a P4, there is at most one vertex v < A such that A ∪ {v}
induces at least two P4’s. Cographs form a proper subclass of P4-sparse graphs, which in turn form a
proper subclass of P4-tidy graphs.

The class of P4-tidy graphs is particularly suitable for algorithmic investigation because it admits
a strong structural characterization. Roughly speaking, every P4-tidy graph can be recursively
decomposed by disjoint union and join or has the structure of a spider or quasi-spider, apart from a
small number of exceptional graphs. Moreover, P4-tidy graphs can be recognized in linear time [8].
This decomposition suggests a dynamic programming approach in which the k-independence number
of a graph is obtained from the corresponding values of its components or modules. However, unlike
ordinary independence, for k ≥ 2 the behavior of a k-independent set under the join operation and
within spiders and quasi-spiders depends on the internal degrees of the selected vertices, making the
extension nontrivial.

The decomposition has been exploited both to obtain efficient algorithms for domination-type
problems on P4-tidy graphs [9, 10] and to characterize structural properties of the class, such as well-
coveredness [11] and the existence of open-independent, open-locating-dominating sets [12].

The k-independence number of P4-sparse graphs was previously studied by the authors in [13]. That
work established the formula for the join, closed formulas for thin and thick spiders, and a dynamic
programming algorithm over the P4-sparse decomposition tree. These results form the starting point
of the present paper, where the join formula receives a complete proof (Theorem 7, including the
attainability of every term) and the spider formulas are derived from a single exchange principle
(Lemma 9). The results of Section 3 (Observations 3 and 4, Lemma 5, Corollaries 6 and 8 and the
formula of Theorem 7) and Theorem 11 already appear in [13], possibly in a slightly weaker form
or with a different proof, and Lemma 10 extends the normalization for spiders given there. All other
results, from Lemma 9 to Theorem 22, are new. The extension to the full class of P4-tidy graphs
requires the treatment of additional structures that do not occur in the P4-sparse decomposition. In
particular, we derive new normalization lemmas and closed formulas for the eight types of quasi-
spiders, according to the location of the duplicated vertex, the true/false-twin relation, and the thin/thick
type of the underlying spider. We also incorporate the exceptional graphs P5, P5, and C5. These new
structural results are then integrated into the dynamic programming framework to obtain an algorithm
for the full class of P4-tidy graphs. Since P4-tidy graphs properly contain cographs and P4-sparse
graphs, this extends the explicit formulas and the efficient algorithm to a substantially broader class of
graphs with few induced P4’s.

P4-tidy graphs have clique-width at most four, and a corresponding clique-width expression can be
obtained in linear time [14]. Computing αk(G) is equivalent to the Bounded-Degree Vertex Deletion
problem with degree bound k − 1: a set S is k-independent if and only if deleting V(G) \ S leaves a
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graph of maximum degree at most k − 1. The same problem has also been studied under the name of
maximum k-dependent set; in the convention most commonly used there, a set is k-dependent if every
vertex has at most k neighbors in it, so the k-independent sets considered here are exactly the (k − 1)-
dependent sets, and αk(G) is the maximum cardinality of a (k−1)-dependent set of G. Bounded-Degree
Vertex Deletion is W[1]-hard when parameterized by treewidth [15]. For every fixed k, the problem
is expressible in MSO1, so the metatheorem of Courcelle, Makowsky, and Rotics [14] yields a linear-
time algorithm on graphs of bounded clique-width; the formula, however, depends on k, and the hidden
constant is not elementary in its size. Still for fixed k, polynomial-time solvability also follows from
the vertex-partitioning algorithms of Gerber and Kobler [16]. When the degree bound is part of the
input, the problem can still be solved exactly by dynamic programming over a clique-width expression
with w labels, in nO(w) time. Lampis [17] takes such an exact dynamic program as the starting point
for the bicriteria approximation scheme developed there, which, given a clique-width expression with
w labels, runs in (log n/ε)O(w)nO(1) time and returns a set no larger than an optimal one whose removal
leaves maximum degree at most (1 + ε) times the prescribed bound. Consequently, polynomial-time
solvability of the k-independence problem on P4-tidy graphs is already implied by these general results.
Our contribution is therefore of a different nature: we derive explicit closed formulas for every structure
occurring in the P4-tidy decomposition, which yield a direct dynamic programming algorithm with
running time O(k3n + |E(G)|). This gives an explicit polynomial dependence on k and a substantially
sharper running-time bound than the generic dynamic program over clique-width expressions.

The remainder of the paper is organized as follows: Section 2 introduces the necessary definitions
and structural properties of P4-tidy graphs. Section 3 studies k-independence under disjoint union
and join. Section 4 establishes the results for spiders and quasi-spiders, and Section 5 presents the
dynamic programming algorithm and its complexity analysis. Finally, Section 6 concludes the paper
and discusses directions for future research.

2. Definitions and preliminary results

Throughout this paper, G = (V(G), E(G)) is assumed to be a finite simple undirected graph with
vertex set V(G) and edge set E(G). A subgraph of G with n vertices that is a path (a cycle) is termed an
n-path (an n-cycle), and is denoted by Pn (Cn). The open neighborhood of a vertex v ∈ V(G) is denoted
by NG(v) = {u ∈ V(G) | uv ∈ E(G)}, and its closed neighborhood is denoted by NG[v] = NG(v) ∪ {v}.
Let S ⊆ V(G). The subgraph of G induced by S is denoted by G[S ].

The degree of a vertex v of G, denoted by d(v) or dG(v), is the cardinality of this open neighborhood,
i.e., d(v) = |NG(v)|. If S ⊆ V(G) and v ∈ S , we denote by dS (v) the degree of v in G[S ]. A vertex v with
d(v) = 0 is an isolated vertex. The minimum and maximum degrees of the vertices of a graph G are
denoted, respectively, by δ(G) and ∆(G). A clique C of a graph G is a subset of vertices of G such that
its vertices are pairwise adjacent in G. Two vertices u and v of a graph are true twins if N[u] = N[v] (in
particular, u and v are adjacent) and false twins if N(u) = N(v) (in particular, u and v are nonadjacent).
We use n(G) to denote the order of G and write n = n(G) when the graph under consideration is clear
from the context.

Let G1 and G2 be two graphs such that V(G1)∩V(G2) = ∅. We denote the disjoint union (resp. join)
of G1 and G2 by G1 ⊕G2 (resp. G1 ⊗G2), and the complement graph of a graph G by G. A graph G is
termed co-connected if G is connected. If X ⊆ V(G), the subgraph of G obtained by removing both the
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vertices in X and the edges incident with them in G is denoted by G \ X. For a graph H and a natural
number p, the graph obtained by the disjoint union of p copies of H is denoted by pH. For integer
ℓ ≥ 1, the set {1, . . . , ℓ} is denoted by [ℓ].

A cograph can be constructed recursively from isolated vertices by applying disjoint union and join
operations. A consequence of this fact is that, for every cograph H with at least two vertices, H or H
is disconnected.

A graph is P4-sparse if no five vertices induce more than one P4 [7]. The next theorem provides an
alternative characterization of P4-sparse graphs.

Theorem 1. [18] Let G be a graph. Then, G is a P4-sparse graph if and only if, for every induced
subgraph H of G with at least two vertices, exactly one of the following conditions holds:

1) H is disconnected;
2) H is disconnected;
3) H is isomorphic to a spider.

Recall from the introduction that a graph G = (V, E) is P4-tidy if, for every vertex set A inducing a
P4 in G, there is at most one vertex v ∈ V \ A such that G[A ∪ {v}] contains at least two induced P4’s.
This class includes spider and quasi-spider graphs, which we now define.

A spider is a graph whose vertex set has a partition (R,C, X), where C = {c1, . . . , ct} and X =
{x1, . . . , xt}, for some t ≥ 2, are respectively a clique and an independent set; xi is adjacent to c j if and
only if i = j (a thin spider), or xi is adjacent to c j if and only if i , j (a thick spider); and every vertex
of R is adjacent to each vertex of C and is not adjacent to any vertex of X. The head R may be empty.
The size t of both C and X is called the weight of the spider, and the set R in the partition is called
its head. Notice that if t = 2, then the thick and thin spider graphs are isomorphic. In addition, the
complement of a thin spider is a thick spider, and vice versa.

A quasi-spider is obtained from a spider by replacing exactly one vertex of C ∪ X by either a K2,
producing a pair of true twins, or a K2, producing a pair of false twins. According to the location and
type of the duplicated vertex, we use the notation

(R,Ct, X), (R,C f , X), (R,C, Xt), (R,C, X f ),

where the position of the superscript indicates whether the duplicated vertex belongs to C or to X.
A quasi-spider is called thin or thick according to whether the underlying spider is thin or thick,
respectively. Thus, each of the four types above may be either thin or thick.

The Figure 1 is a structural theorem for P4-tidy graphs in terms of spider and quasi-spider graphs.
Spiders and quasi-spiders are co-connected graphs.
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Figure 1. Spiders and quasi-spiders of weight 3. In the underlying spider, C = {c1, c2, c3} is a
clique, X = {x1, x2, x3} is an independent set, and the head R (possibly empty) is complete to
C and anticomplete to X. In each quasi-spider, the vertex c3 or x3 of the underlying spider is
replaced by a twin pair, enclosed by a dashed box: its two vertices have the same neighbors
outside the pair and are adjacent (true twins) or nonadjacent (false twins).

Theorem 2 ( [8]). G is a P4-tidy graph if and only if exactly one of the following statements holds:

1) G is the disjoint union or the join of two P4-tidy graphs;
2) G is a spider or a quasi-spider graph with partition (R,C, X) such that either R induces a P4-tidy

graph or is empty;
3) G is isomorphic to C5, P5, P5, or K1.

The structural characterization of P4-tidy graphs naturally gives rise to a decomposition tree. For a
P4-tidy graph G, we denote by T (G) a rooted tree in which each node represents an induced subgraph
of G. The root represents G. Each node of T (G) is a single vertex, an exceptional node representing
one of the exceptional graphs P5, P5, and C5, or a node representing a disjoint union, a join, a spider,
or a quasi-spider. The children of a union or join node correspond to its operands, whereas a spider or
quasi-spider node with partition (R,C, X) has a single child, corresponding to the head R, or no child
when R = ∅. Thus, processing T (G) in bottom-up order ensures that the values associated with the
proper subgraphs required at a node have already been computed. The construction of T (G), together
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with the labels used by the algorithm, is given in Lemma 21.

3. k-Independence in graphs obtained with disjoint union and join operations

If G is a disconnected graph, its k-independence number is the sum of the k-independence numbers
of its components. Furthermore, if a graph G has at most k vertices, then αk(G) = n(G). We state these
immediate facts in the following observations.

Observation 3. Let G be a graph and ℓ ≥ 2. If G = G1 ⊕ · · · ⊕Gℓ, then αk(G) =
∑ℓ

i=1 αk(Gi).

Observation 4. Let G be a graph. If n(G) ≤ k, then αk(G) = n(G).

We now consider k-independent sets in graphs obtained by the join operation. We first establish a
bound for sets containing vertices from both sides of the join.

Lemma 5. Let k ≥ 2, let G = G1 ⊗ G2, and let S = S 1 ∪ S 2 be a k-independent set of G, where
S i ⊆ V(Gi) and S 1, S 2 , ∅. Let x = ∆(G1[S 1]) + 1 and y = ∆(G2[S 2]) + 1. Then x, y ∈ [k − 1],
|S 1| ≤ k − y, and |S 2| ≤ k − x.

Proof. Since S 2 , ∅, every vertex of S 1 has at least one neighbor in S 2. Since S is k-independent,
it follows that ∆(G1[S 1]) ≤ k − 2, and hence x ∈ [k − 1]. Analogously, y ∈ [k − 1]. Let v ∈ S 1

be such that dS 1(v) = x − 1. Since every vertex of G1 is adjacent to every vertex of G2, we have
dS (v) = x − 1 + |S 2| ≤ k − 1, and therefore |S 2| ≤ k − x. By symmetry, |S 1| ≤ k − y. □

As an immediate consequence, we obtain an upper bound on the cardinality of a k-independent set
containing vertices from both sides of a join.

Corollary 6. Let k ≥ 2, let G = G1 ⊗ G2, and let S = S 1 ∪ S 2 be a k-independent set of G, where
S i ⊆ V(Gi) and S 1, S 2 , ∅. Then |S | ≤ 2(k − 1). Moreover, if |S | = 2(k − 1), then |S 1| = |S 2| = k − 1
and both S 1 and S 2 are independent sets.

Proof. By the previous lemma, |S | ≤ (k − y) + (k − x) = 2k − x − y ≤ 2(k − 1), since x, y ≥ 1. If
|S | = 2(k − 1), then necessarily x = y = 1. Thus ∆(G1[S 1]) = ∆(G2[S 2]) = 0, and hence S 1 and
S 2 are independent sets. Moreover, |S 1| ≤ k − 1 and |S 2| ≤ k − 1, so equality in the sum implies
|S 1| = |S 2| = k − 1. □

We can now give an exact formula for the k-independence number of the join of two graphs.

Theorem 7. Let G = G1 ⊗G2. If k = 1, then α1(G) = max{α1(G1), α1(G2)}, and for every k ≥ 2,

αk(G) = max
{
αk(G1), αk(G2), max

x,y∈[k−1]

{
min{αx(G1), k − y} +min{αy(G2), k − x}

}}
.

Proof. For k = 1, an independent set of a join cannot contain vertices from both sides, and hence
α1(G) = max{α1(G1), α1(G2)}.

Now, suppose that k ≥ 2. Let S be a maximum k-independent set of G, and let S i = S ∩ V(Gi) for
i ∈ {1, 2}. If S 2 = ∅, then |S | ≤ αk(G1), and if S 1 = ∅, then |S | ≤ αk(G2). Suppose now that S 1, S 2 , ∅,
and let x = ∆(G1[S 1]) + 1 and y = ∆(G2[S 2]) + 1. By the previous lemma, x, y ∈ [k − 1], |S 1| ≤ k − y,
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and |S 2| ≤ k − x. Moreover, S 1 is x-independent and S 2 is y-independent, and hence |S 1| ≤ αx(G1) and
|S 2| ≤ αy(G2). Therefore,

|S | ≤ min{αx(G1), k − y} +min{αy(G2), k − x},

which proves the upper bound.
For the reverse inequality, clearly, αk(G) ≥ αk(G1) and αk(G) ≥ αk(G2). Now, fix x, y ∈ [k − 1]

and let a = min{αx(G1), k − y} and b = min{αy(G2), k − x}. Choose an x-independent set T1 ⊆ V(G1)
of cardinality a and a y-independent set T2 ⊆ V(G2) of cardinality b. For every v ∈ T1, we have
dT1∪T2(v) ≤ (x − 1) + b ≤ (x − 1) + (k − x) = k − 1. Similarly, for every v ∈ T2, we have dT1∪T2(v) ≤
(y− 1)+ a ≤ (y− 1)+ (k− y) = k− 1. Thus, T1 ∪ T2 is k-independent, and consequently αk(G) ≥ a+ b.
Since this holds for every x, y ∈ [k − 1], the result follows. □

The previous theorem also yields the following useful shortcut.

Corollary 8. Let k ≥ 2 and let G = G1 ⊗ G2. If max{αk(G1), αk(G2)} ≥ 2(k − 1), then αk(G) =
max{αk(G1), αk(G2)}.

Proof. By the previous corollary, every k-independent set containing vertices from both G1 and G2 has
cardinality at most 2(k − 1). Hence, under the hypothesis, no such set can have cardinality larger than
max{αk(G1), αk(G2)}. Since a maximum k-independent set of either G1 or G2 is also k-independent in
G, the result follows. □

4. k-Independence in P4-tidy graphs

In Section 3, we analyzed disjoint union and join; it remains to treat spiders and quasi-spiders. Since
P4-tidy graphs form a hereditary class and duplication affects only C ∪ X, the head R always induces
a P4-tidy subgraph, so each structure can be handled recursively in terms of the values α j(G[R]). All
results below follow the same strategy. First, a normalization lemma shows that some maximum k-
independent set contains the independent side of the partition (Lemma 10; Lemma 14 for the types
(R,C, Xt), where the twin edge requires k ≥ 2; and Lemmas 16 and 18 for the types (R,C f , X), the
only ones with two canonical forms); all four rest on a single exchange principle, which we isolate
in Lemma 9. Then degree-counting bounds, matched by explicit constructions, determine how many
vertices of R∪C can complete the canonical set—each term of the resulting max formulas corresponds
to one completion. Table 1 collects all formulas.

Lemma 9 (Exchange lemma). Let S be a k-independent set of a graph G, and let c ∈ S and x ∈ V(G)\S
be such that N(x) ∩ (S \ {c}) ⊆ N(c). Then S ′ = (S \ {c}) ∪ {x} is k-independent.

Proof. Let v ∈ S ′ \ {x}. If v < N(x), then v gains no neighbor and dS ′(v) ≤ dS (v). If v ∈ N(x), then
v ∈ N(c) by hypothesis, so v loses c and gains x, and again dS ′(v) ≤ dS (v). Finally, N(x) ∩ S ′ ⊆
N(c) ∩ (S \ {c}), so dS ′(x) ≤ dS (c) ≤ k − 1. □

Lemma 10. Let k ≥ 1, and let G be either a spider or a quasi-spider of one of the types (R,C, X f )
or (R,Ct, X), thin or thick. Let X⋆ denote the independent side of G, that is, X⋆ = X for spiders and
quasi-spiders of type (R,Ct, X), and X⋆ = X f for quasi-spiders of type (R,C, X f ). Then there exists a
maximum k-independent set S of G such that X⋆ ⊆ S .
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Proof. Among all maximum k-independent sets of G, choose S maximizing |S ∩ X⋆|, and suppose
xi ∈ X⋆ \ S ; in each case below we obtain a maximum k-independent set with more vertices of X⋆,
contradicting the choice of S .

Suppose first that G is a thin spider or a thin quasi-spider of type (R,C, X f ), so that N(xi) = {ci}

(both false twins inherit cs as their unique neighbor). If ci < S , then xi can be added to S ; otherwise
Lemma 9 applies to (ci, xi), the containment being vacuous.

Suppose next that G is a thin quasi-spider of type (R,Ct, X). If i , s, the previous argument applies.
If i = s, then N(xs) = {cs, c′s}: if neither twin is in S , then xs can be added; otherwise pick c ∈ S ∩{cs, c′s}
and apply Lemma 9 to (c, xs), the containment holding because the true twins are adjacent.

Finally, suppose that G is thick. Then every neighbor of xi on the clique side is adjacent to all other
clique-side vertices, so if S ∩N(xi) = ∅, then xi can be added, and otherwise Lemma 9 applies to (c j, xi)
for any c j ∈ S ∩N(xi), the containment holding because the clique side is a clique. Hence X⋆ ⊆ S . □

Theorem 11. Let k ≥ 1, and let G be a spider with partition (R,C, X). Set m = |C| = |X| and r = |R|.

(i) If G is thin, then αk(G) = m +max{αk(G[R]),min{k − 1,m + r}}.
(ii) If G is thick, then

αk(G) =

min{k + 1, 2m + r}, if m ≤ k and r < k − m + 1;
m + αk(G[R]), otherwise.

Proof. By Lemma 10, in both cases we may consider a maximum k-independent set S such that X ⊆ S .
For (i), since R is anticomplete to X, if T is a maximum k-independent set of G[R], then X ∪ T is

k-independent, yielding αk(G) ≥ m + αk(G[R]). Also, letting q = min{k − 1,m + r}, if q ≤ r we may
choose any q vertices of R, while if q > r we choose all vertices of R and q − r vertices of C; together
with X, these vertices form a k-independent set. Indeed, each selected vertex of C has one neighbor in
X and q − 1 among the other selected vertices, hence degree q ≤ k − 1; each selected vertex of R has
degree at most q− 1; and each vertex of X has degree at most one, which is allowed since a vertex of C
is selected only if q ≥ 1, that is, k ≥ 2. Hence αk(G) ≥ m+min{k− 1,m+ r}. Conversely, if S ∩C = ∅,
then S \ X ⊆ R is k-independent in G[R], so |S | ≤ m + αk(G[R]). If S ∩C , ∅, take c ∈ S ∩C. Since c
is adjacent to every vertex of S ∩ R, every other vertex of S ∩C, and its matched vertex in X, we have

dS (c) = |S ∩ R| + |S ∩C| ≤ k − 1,

and consequently, |S | ≤ m +min{k − 1,m + r}. This proves (i).
For (ii), the set X ∪ T , where T is a maximum k-independent set of G[R], again gives αk(G) ≥

m + αk(G[R]). Suppose first that m ≤ k and r < k − m + 1. Let q = min{k − m + 1, r + m}. Choosing
all vertices of R and q − r vertices of C, together with X, yields a k-independent set of cardinality
m+q = min{k+1, 2m+ r}. Indeed, each selected vertex of C has m−1 neighbors in X and q−1 among
the other selected vertices, hence degree m + q − 2 ≤ k − 1; each vertex of R has degree at most q − 1;
and each vertex of X has at most q − r ≤ k − m + 1 ≤ k − 1 selected neighbors, since m ≥ 2. For the
upper bound, if S ∩C = ∅, then |S | ≤ m + αk(G[R]). Otherwise, for any c ∈ S ∩C,

dS (c) = |S ∩ R| + |S ∩C| + m − 2 ≤ k − 1,

so |S ∩ R| + |S ∩ C| ≤ k − m + 1. Thus, S ∩ C , ∅ is possible only when m ≤ k, and in this case
|S | ≤ min{k + 1, 2m+ r}. If moreover r < k −m+ 1, then αk(G[R]) = r and m+ r ≤ min{k + 1, 2m+ r},
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proving the first case. Otherwise, if m > k, necessarily S ∩C = ∅; and if m ≤ k and r ≥ k −m+ 1, then
αk(G[R]) ≥ k − m + 1, whence k + 1 ≤ m + αk(G[R]). Therefore, every solution intersecting C is no
larger than m + αk(G[R]), proving the second case. □

For quasi-spiders with a duplicated vertex in X, the analysis splits according to whether cs enters
the solution, since cs is the unique clique vertex whose relation to the twin pair differs from that of the
others. In the thick types a dichotomy recurs: when k < m, no clique-side vertex fits alongside the
independent side, as its neighbors there already exhaust the degree budget.

Theorem 12. Let k ≥ 1, and let G be a quasi-spider of type (R,C, X f ), obtained by adding a false twin
to xs ∈ X. Set m = |C| = |X| and r = |R|.

(i) If G is thin, then α1(G) = m + 1 + α1(G[R]), and, for k ≥ 2,

αk(G) = m + 1 +max
{
αk(G[R]), min{k − 1, r + m − 1}, min{k − 2, r + m}

}
.

(ii) If G is thick, then αk(G) = m + 1 + αk(G[R]) for k < m, while, for k ≥ m,

αk(G) = m + 1 +max
{
αk(G[R]), min{k − m, r + m}, min{k − m + 1, r + 1}

}
.

Proof. By Lemma 10, in both cases we may consider a maximum k-independent set S such that X f ⊆

S . Notice that |X f | = m + 1.
For (i), if k = 1, the set X f is independent and anticomplete to R, while every vertex of C has a

neighbor in X f . Hence α1(G) = m + 1 + α1(G[R]). Assume now that k ≥ 2. If T is a maximum
k-independent set of G[R], then X f ∪ T is k-independent.

For the second candidate, let q = min{k−1, r+m−1}. If q ≤ r, choose any q vertices of R; otherwise,
choose all vertices of R and q− r vertices of C \ {cs}. Together with X f , they form a k-independent set.
Indeed, each selected c j, j , s, has one neighbor in X f and q − 1 among the other selected vertices,
hence degree q ≤ k − 1; each selected vertex of R has degree at most q − 1; and each vertex of X f has
degree at most 1 ≤ k − 1.

For the third candidate, let q = min{k − 2, r +m}. If q = 0, take Q = ∅, in which case this candidate
reduces to the baseline set X f . Otherwise, choose Q ⊆ R ∪ C with |Q| = q and cs ∈ Q. Then X f ∪ Q
is k-independent: the vertex cs has degree at most q + 1 ≤ k − 1, while every other selected vertex has
degree at most q ≤ k − 1. Every vertex of X f has degree at most one, since xs and x′s are adjacent only
to cs.

For the upper bound, if S ∩ C = ∅, then |S | ≤ m + 1 + αk(G[R]). If S ∩ C , ∅ and cs < S , any
c ∈ S ∩C has exactly one neighbor in X f , and therefore dS (c) = |S ∩ R| + |S ∩C| ≤ k − 1.

Since at most r + m − 1 vertices are available in R ∪ (C \ {cs}), we obtain

|S | ≤ m + 1 +min{k − 1, r + m − 1}.

Finally, if cs ∈ S , then cs is adjacent to both false twins and hence dS (cs) = |S ∩R|+ |S ∩C|+1 ≤ k−1,
which yields |S | ≤ m + 1 +min{k − 2, r + m}. This proves (i).

For (ii), X f ∪ T is again k-independent for every maximum k-independent set T of G[R], giving
αk(G) ≥ m + 1 + αk(G[R]). If k < m, no vertex of C can belong to S : the vertex cs has m − 1 neighbors
in X f , while every c j, j , s, has m neighbors in X f . Thus S ∩C = ∅ and αk(G) = m + 1 + αk(G[R]).
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Suppose now that k ≥ m. For the second candidate, let q = min{k − m, r + m}. If q = 0, take Q = ∅.
Otherwise, choose any Q ⊆ R ∪ C with |Q| = q. Then X f ∪ Q is k-independent: every selected c j,
j , s, has m neighbors in X f and at most q − 1 in Q, hence degree at most m + q − 1 ≤ k − 1, while
cs, if selected, has one fewer neighbor in X f ; every vertex of Q∩R has degree at most q− 1; and every
vertex of X f has at most |Q ∩C| ≤ q ≤ k − m ≤ k − 1 selected neighbors. This yields the second term.

For the third candidate, let q = min{k − m + 1, r + 1} and choose Q ⊆ R with |Q| = q − 1. Then
X f ∪ Q ∪ {cs} is k-independent: cs is nonadjacent to both false twins, so it has m − 1 neighbors in X f

and q − 1 in Q, hence degree m + q − 2 ≤ k − 1; every vertex of Q has degree at most q − 1; and every
vertex of X f has degree at most one.

For the upper bound, if S ∩ C = ∅, then |S | ≤ m + 1 + αk(G[R]). If S contains some c j with j , s,
then c j is adjacent to m vertices of X f , every vertex of S ∩ R, and every other vertex of S ∩C, so

m + |S ∩ R| + |S ∩C| − 1 ≤ k − 1.

Hence, |S ∩ R| + |S ∩C| ≤ k − m, and therefore |S | ≤ m + 1 +min{k − m, r + m}.
The only remaining possibility is S ∩ C = {cs}. Since cs has exactly m − 1 neighbors in X f , we

obtain |S ∩ R| ≤ k − m, and therefore,

|S | ≤ m + 1 +min{k − m + 1, r + 1}.

Combining the three possibilities proves (ii). □

Theorem 13. Let k ≥ 1, and let G be a quasi-spider of type (R,Ct, X), obtained by adding a true twin
to cs ∈ C. Set m = |C| = |X| and r = |R|.

(i) If G is thin, then αk(G) = m +max
{
αk(G[R]), min{k − 1, r + m + 1}

}
.

(ii) If G is thick, then αk(G) = m + αk(G[R]) for k < m, while, for k ≥ m,

αk(G) = m +max
{
αk(G[R]), min{k − m + 1, r + m + 1}

}
.

Proof. By Lemma 10, in both cases we may consider a maximum k-independent set S such that X ⊆ S .
For (i), since R is anticomplete to X, if T is a maximum k-independent set of G[R], then X ∪ T is

k-independent, giving αk(G) ≥ m + αk(G[R]). Also, let q = min{k − 1, r + m + 1}, and choose any
Q ⊆ R ∪ Ct with |Q| = q. Then X ∪ Q is k-independent: every vertex of Q ∩ Ct, including either true
twin, has one neighbor in X and q − 1 in Q, hence degree q ≤ k − 1; every vertex of Q ∩ R has degree
at most q − 1; every xi with i , s has degree at most one; and xs has at most min{2, q} ≤ k − 1 selected
neighbors. Hence αk(G) ≥ m+min{k−1, r+m+1}. Conversely, if S ∩Ct = ∅, then |S | ≤ m+αk(G[R]).
If S ∩ Ct , ∅, take c ∈ S ∩ Ct. Since Ct is a clique and every vertex of Ct is complete to R, while
each such vertex has at least one neighbor in X, we have dS (c) ≥ |S ∩ R| + |S ∩ Ct|, and therefore
|S ∩ R| + |S ∩ Ct| ≤ k − 1. Since |R ∪ Ct| = r + m + 1, it follows that |S | ≤ m +min{k − 1, r + m + 1},
proving (i).

For (ii), X ∪ T again gives αk(G) ≥ m + αk(G[R]). If S ∩ Ct , ∅, every selected vertex of Ct has
at least m − 1 neighbors in X, in addition to all selected vertices of R and all other selected vertices
of Ct. Thus dS (c) ≥ m − 1 + |S ∩ R| + |S ∩ Ct| − 1, so |S ∩ R| + |S ∩ Ct| ≤ k − m + 1. In particular,
if k < m, then S ∩ Ct = ∅, and consequently αk(G) = m + αk(G[R]). Suppose now that k ≥ m, and
let q = min{k − m + 1, r + m + 1}. Choose any set Q ⊆ R ∪ Ct with |Q| = q, and write a = |Q ∩ Ct|
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and b = |Q ∩ R|. For every c ∈ Q ∩ Ct, dX∪Q(c) = (m − 1) + (a − 1) + b = m + q − 2 ≤ k − 1.
Moreover, every x ∈ X has at most a ≤ q ≤ k − 1 neighbors in Q, while every v ∈ Q ∩ R satisfies
dX∪Q(v) ≤ a + b − 1 = q − 1 ≤ k − 1.

Hence, X ∪ Q is k-independent, and therefore αk(G) ≥ m +min{k − m + 1, r + m + 1}.
Conversely, if S ∩Ct = ∅, then |S | ≤ m+αk(G[R]). If S ∩Ct , ∅, the inequality obtained above gives

|S ∩R|+ |S ∩Ct| ≤ k−m+1. Since |R∪Ct| = r+m+1, it follows that |S | ≤ m+min{k−m+1, r+m+1}.
Combining the two possibilities proves (ii). □

When a vertex of X is duplicated into true twins, the edge inside the pair obstructs the normalization
at k = 1; the next lemma shows this is the only obstruction.

Lemma 14. Let k ≥ 2, and let G be a thin or thick quasi-spider of type (R,C, Xt). Then there exists a
maximum k-independent set S of G such that Xt ⊆ S .

Proof. Choose a maximum k-independent set S maximizing |S ∩ Xt|, and suppose xi ∈ Xt \ S ; in each
case below we obtain a maximum k-independent set with more vertices of Xt, a contradiction.

If G is thin and i , s, then N(xi) = {ci}: if ci < S , then S ∪ {xi} is k-independent; otherwise,
Lemma 9 applies to (ci, xi), the containment being vacuous. If G is thin and xi is a twin, say xs, then
N(xs) = {cs, x′s}: if S ∩ N(xs) = ∅, add xs; if cs < S and x′s ∈ S , then dS (x′s) = 0 and xs can be added,
since k ≥ 2; if cs ∈ S , Lemma 9 applies to (cs, xs), since x′s ∈ N(cs).

If G is thick and i , s, then N(xi) = C \ {ci}: if S ∩ N(xi) = ∅, add xi; otherwise, pick c j ∈ S ∩ N(xi)
and apply Lemma 9 to (c j, xi), the containment holding because C is a clique. If G is thick and the
missing vertex is xs, then N(xs) = (C \ {cs}) ∪ {x′s}: if S ∩ (C \ {cs}) = ∅, then dS (x′s) = 0 and xs can
be added, since k ≥ 2; otherwise, pick c j ∈ S ∩ (C \ {cs}) and apply Lemma 9 to (c j, xs), since C is a
clique and x′s is adjacent to every vertex of C \ {cs}. Hence, Xt ⊆ S . □

Theorem 15. Let k ≥ 1, and let G be a quasi-spider of type (R,C, Xt), obtained by adding a true twin
to xs ∈ X. Set m = |C| = |X| and r = |R|.

(i) If G is thin, then α1(G) = m + α1(G[R]), while, for k ≥ 2,

αk(G) = m + 1 +max
{
αk(G[R]), min{k − 1, r + m − 1}, min{k − 2, r + m}

}
.

(ii) If G is thick, then α1(G) = m + α1(G[R]) and αk(G) = m + 1 + αk(G[R]) for 2 ≤ k < m, while, for
k ≥ m,

αk(G) = m + 1 +max
{
αk(G[R]), min{k − m, r + m}, min{k − m + 1, r + 1}

}
.

Proof. For k = 1, the two true twins cannot both belong to an independent set. By the usual exchange
argument, every selected vertex of C can be replaced by a corresponding vertex of Xt, so there is a
maximum independent set containing m vertices of Xt and no vertex of C. Since R is anticomplete to
Xt, in both the thin and thick cases, α1(G) = m + α1(G[R]).

Assume henceforth that k ≥ 2. By Lemma 14, we may consider a maximum k-independent set S
such that Xt ⊆ S .

For (i), if T is a maximum k-independent set of G[R], then Xt∪T is k-independent, yielding αk(G) ≥
m + 1 + αk(G[R]). Let q = min{k − 1, r +m − 1}. Choosing any set Q of q vertices of R∪ (C \ {cs}) and
adding it to Xt gives a k-independent set: each selected c j has degree q ≤ k − 1, each selected vertex of
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R has degree at most q − 1, each xi with i , s has degree at most one, and each true twin has degree
one, its only neighbor in the set being the other twin; all these degrees are allowed since k ≥ 2. For the
third term, let q = min{k − 2, r + m}. If q > 0, choose Q ⊆ R ∪C with |Q| = q and cs ∈ Q. Then cs has
degree q + 1 ≤ k − 1, each other selected vertex of C has degree at most q ≤ k − 1, and the two true
twins have degree two; the latter is allowed since q > 0 implies k ≥ 3. Each selected vertex of R has
degree at most q − 1, and each xi with i , s has degree at most one. Thus Xt ∪ Q is k-independent.

Conversely, if S ∩C = ∅, then |S | ≤ m+ 1+αk(G[R]). If S ∩C , ∅ and cs < S , every c ∈ S ∩C has
one neighbor in Xt, so dS (c) = |S ∩R|+ |S ∩C| ≤ k−1, and therefore |S | ≤ m+1+min{k−1, r+m−1}.
If cs ∈ S , then cs is adjacent to both true twins, and hence dS (cs) = |S ∩R|+ |S ∩C|+ 1 ≤ k − 1, which
gives |S | ≤ m + 1 +min{k − 2, r + m}. This proves (i).

For (ii), Xt ∪ T again gives αk(G) ≥ m + 1 + αk(G[R]). If k < m, no vertex of C can belong to S :
cs has m − 1 neighbors in Xt, whereas every c j, j , s, has m such neighbors. Hence, for 2 ≤ k < m,
αk(G) = m + 1 + αk(G[R]).

Suppose now that k ≥ m. Let q = min{k − m, r + m} and choose any Q ⊆ R ∪ C with |Q| = q. For
every c j ∈ Q ∩ (C \ {cs}), dXt∪Q(c j) = m + q − 1 ≤ k − 1, while cs, if selected, has one fewer neighbor
in Xt. Every vertex of Q ∩ R has degree at most q − 1, and every vertex of Xt has degree at most q + 1.
Since q ≤ k −m and m ≥ 2, we have q + 1 ≤ k − 1. Thus Xt ∪ Q is k-independent and gives the second
term. For the third, let q = min{k−m+ 1, r+ 1} and choose Q ⊆ R with |Q| = q− 1. Then Xt ∪Q∪ {cs}

is k-independent: cs has m − 1 neighbors in Xt and q − 1 in Q, hence degree m + q − 2 ≤ k − 1; every
vertex of Q has degree at most q − 1; every xi with i , s has degree one; and each true twin has degree
one, since neither is adjacent to cs.

For the upper bound, if S ∩ C = ∅, then |S | ≤ m + 1 + αk(G[R]). If S contains some c j , cs, then
m + |S ∩ R| + |S ∩C| − 1 ≤ k − 1, so |S | ≤ m + 1 +min{k − m, r + m}.

The only remaining possibility is S ∩ C = {cs}. Since cs has m − 1 neighbors in Xt, we obtain
|S ∩ R| ≤ k − m, and consequently |S | ≤ m + 1 +min{k − m + 1, r + 1}.

Combining the three possibilities proves (ii). □

The types (R,C f , X) are the only ones where the independent side may profitably be incomplete:
the vertex xs can be traded for the false-twin pair, which forces a second canonical form.

Lemma 16. Let k ≥ 1, and let G be a thin quasi-spider of type (R,C f , X), obtained by adding a false
twin c′s to cs ∈ C. Then there exists a maximum k-independent set S satisfying one of the following:

(i) X ⊆ S ;
(ii) (X \ {xs}) ∪ {cs, c′s} ⊆ S .

Proof. Choose a maximum k-independent set S maximizing |S ∩ X|. If xi < S with i , s, then
N(xi) = {ci}: either xi can be added, or Lemma 9 applies to (ci, xi); both contradict the choice of S , so
X \ {xs} ⊆ S . If xs ∈ S , condition (i) holds. Otherwise, N(xs) = {cs, c′s}: if neither twin is in S , then
xs can be added, and if exactly one is, say cs, then Lemma 9 applies to (cs, xs), the containment being
vacuous since c′s < S ; both cases contradict the choice of S . Hence, {cs, c′s} ⊆ S , and condition (ii)
holds. □

Theorem 17. Let k ≥ 1, and let G be a thin quasi-spider of type (R,C f , X), obtained by adding a false
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twin c′s to cs ∈ C. Set m = |C| = |X| and r = |R|. Then

αk(G) =

m +max{αk(G[R]), 1}, k ≤ 2;

m +max
{
αk(G[R]), min{k − 1, r + m + 1}, min{k, r + 2}

}
, k ≥ 3.

Proof. Let S be a maximum k-independent set of G. By Lemma 16, we may assume that either X ⊆ S
or (X \ {xs}) ∪ {cs, c′s} ⊆ S .

We first establish the lower bounds. Let T be a maximum k-independent set of G[R]. Since X is
anticomplete to R, X∪T is k-independent, and hence αk(G) ≥ m+αk(G[R]). Moreover, (X\{xs})∪{cs, c′s}
is an independent set of cardinality m + 1, yielding αk(G) ≥ m +max{αk(G[R]), 1} for k ≤ 2.

Now, suppose that k ≥ 3 and let q = min{k − 1, r + m + 1}. Choose any Q ⊆ R ∪ C f with |Q| = q,
and write a = |Q ∩C f | and b = |Q ∩ R|, so that a + b = q. We claim that X ∪ Q is k-independent. Each
ordinary vertex of Q ∩ C f has at most 1 + (a − 1) + b = q neighbors in X ∪ Q, while either false twin,
if selected, has degree at most q. Each vertex of Q ∩ R has degree at most a + b − 1 = q − 1, every
vertex of X \ {xs} has degree at most 1, and xs has degree at most 2. Since q ≤ k− 1 and k ≥ 3, all these
degrees are at most k − 1. Therefore,

αk(G) ≥ m +min{k − 1, r + m + 1}.

For the third candidate, let b = min{k−2, r} and choose any B ⊆ R with |B| = b. Then X∪{cs, c′s}∪B
is k-independent. Indeed, each false twin has degree b+1 ≤ k−1, every vertex of B has degree at most
2 + (b − 1) = b + 1 ≤ k − 1, the vertex xs has degree 2 ≤ k − 1, and every vertex of X \ {xs} has degree
zero. Hence

αk(G) ≥ m + 2 +min{k − 2, r} = m +min{k, r + 2}.

We now prove the upper bounds. First, suppose that X ⊆ S . If S ∩ C f = ∅, then S ∩ R is a k-
independent set of G[R], and thus |S | ≤ m + αk(G[R]). If S ∩ C f = {cs, c′s}, then xs is adjacent to both
false twins, so dS (xs) = 2 and this case can occur only if k ≥ 3. Let b = |S ∩ R|. Each false twin is
adjacent to xs and to every vertex of S ∩R, so b+1 ≤ k−1, and hence, |S | = m+2+b ≤ m+min{k, r+2}.

Suppose now that S ∩C f , ∅ and S ∩C f , {cs, c′s}. This includes, in particular, the cases S ∩C f =

{cs} and S ∩C f = {c′s}. Put a = |S ∩C f | and b = |S ∩ R|. If an ordinary vertex of C f belongs to S , it is
adjacent to its corresponding vertex of X, to every other selected vertex of C f , and to every vertex of
S ∩ R, giving a + b ≤ k − 1. If instead S ∩ C f consists of exactly one false twin, that twin is adjacent
to xs and to every vertex of S ∩ R, and again a + b ≤ k − 1. Consequently,

|S | ≤ m +min{k − 1, r + m + 1}.

Finally, suppose that the second canonical form holds. We may assume that xs < S , since otherwise
X ⊆ S and the first canonical form applies. Thus, xs < S . If no other vertex of C f belongs to S , let
b = |S ∩ R|. Each false twin is adjacent to every vertex of S ∩ R, so b ≤ k − 1. Thus, for k ≥ 3,
|S | = m + 1 + b ≤ m + 1 + min{k − 1, r} ≤ m + min{k, r + 2}. If k ≤ 2, necessarily, b = 0, since every
vertex of S ∩ R would otherwise have degree at least 2; hence, |S | = m + 1.

If some vertex of C f \ {cs, c′s} also belongs to S , that vertex is adjacent to every selected vertex of R,
to all other selected vertices of C f , and to its corresponding vertex of X\{xs}. Hence, |S ∩R|+ |S ∩C f | ≤

k − 1, and therefore

|S | ≤ (m − 1) +min{k − 1, r + m + 1} ≤ m +min{k − 1, r + m + 1}.
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It remains to combine the bounds. If k ≤ 2, the case S ∩ C f = {cs, c′s} with X ⊆ S does not occur,
the other cases of the first canonical form give |S | ≤ m + max{αk(G[R]),min{k − 1, r + m + 1}} ≤
m + max{αk(G[R]), 1}, and the second canonical form gives |S | ≤ m + 1. Together with the lower
bound αk(G) ≥ m + max{αk(G[R]), 1}, this proves the formula for k ≤ 2. If k ≥ 3, every case yields
|S | ≤ m+max{αk(G[R]),min{k−1, r+m+1},min{k, r+2}}, which matches the three lower bounds. □

Lemma 18. Let k ≥ 1, and let G be a thick quasi-spider of type (R,C f , X), obtained by adding a false
twin c′s to cs ∈ C. Then there exists a maximum k-independent set S satisfying one of the following:

(i) X ⊆ S ;
(ii) {xs, cs, c′s} ⊆ S and S ∩ (C f \ {cs, c′s}) = ∅.

Proof. Choose a maximum k-independent set S maximizing |S ∩ X|; call the vertices of C f \ {cs, c′s}
ordinary. In each case below, Lemma 9 or a direct addition yields a maximum k-independent set with
more vertices of X, a contradiction.

First, xs ∈ S , otherwise, since N(xs) consists exactly of the ordinary vertices, maximality gives an
ordinary c j ∈ S , and Lemma 9 applies to (c j, xs), as c j is adjacent to every other vertex of C f .

Now, suppose xi < S for some i , s. If an ordinary c j ∈ S with j , i exists, Lemma 9 applies to
(c j, xi). If ci ∈ S , Lemma 9 applies to (ci, xi)—note that ci < N(xi), which the lemma permits—since
N(xi)∩ (S \ {ci}) ⊆ {cs, c′s} ⊆ N(ci). Hence S contains no ordinary vertex. If neither twin is in S , then xi

has no neighbor in S and can be added; if exactly one twin is in S , say cs, Lemma 9 applies to (cs, xi),
the containment being vacuous. Therefore, {cs, c′s} ⊆ S and S ∩ (C f \{cs, c′s}) = ∅; together with xs ∈ S ,
condition (ii) holds. If no vertex of X is missing, condition (i) holds. □

In the thick case, the second canonical form is where αk−2(G[R]) enters: both false twins are adjacent
to every selected vertex of R, consuming two units of its degree budget.

Theorem 19. Let k ≥ 1, and let G be a thick quasi-spider of type (R,C f , X), obtained by adding a false
twin c′s to cs ∈ C. Set m = |C| = |X| and r = |R|. Then

αk(G) =



max{m + αk(G[R]), 3}, k ≤ 2;

max
{
m + αk(G[R]), 3 +min{k − 1, m − 1 + αk−2(G[R])}

}
, 3 ≤ k < m;

max


m + αk(G[R]),

m +min{k − m + 1, r + m + 1},

m + 2 +min{r, k − m},

3 +min{k − 1, m − 1 + αk−2(G[R])}


, k ≥ max{3,m}.

Proof. By Lemma 18, we may consider a maximum k-independent set S satisfying one of the two
canonical forms given there.

Suppose first that X ⊆ S . If S ∩ C f = ∅, then S \ X ⊆ R is k-independent in G[R], and therefore
|S | ≤ m + αk(G[R]).

This bound is attained by taking X together with a maximum k-independent set of G[R].
Assume now that S contains some ordinary vertex ci ∈ C f \{cs, c′s}. Let a = |S ∩C f | and b = |S ∩R|.

Since ci has m − 1 neighbors in X and is adjacent to every vertex of S ∩ R and every other vertex of
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S ∩C f , dS (ci) = (m − 1) + (a − 1) + b ≤ k − 1, and hence a + b ≤ k −m + 1. Thus this case is possible
only if k ≥ m and |S | ≤ m +min{k − m + 1, r + m + 1}.

Conversely, let q = min{k −m + 1, r +m + 1} and choose any set Q ⊆ R ∪C f with |Q| = q. Writing
a = |Q ∩C f | and b = |Q ∩ R|, every ordinary vertex ci ∈ Q ∩C f satisfies

dX∪Q(ci) ≤ (m − 1) + (a − 1) + b = m + q − 2 ≤ k − 1.

The same upper bound holds for cs and c′s, whenever selected, since the false twins are nonadjacent.
Moreover, every vertex of Q ∩ R has degree at most q − 1, and every vertex of X has at most a ≤ q ≤
k − m + 1 ≤ k − 1 selected neighbors. Hence, X ∪ Q is k-independent and attains this bound.

It remains to consider, within the first canonical form, S ∩ C f ⊆ {cs, c′s}. If exactly one twin is
selected, that twin has m − 1 neighbors in X and is adjacent to every vertex of S ∩ R, which gives
|S ∩ R| ≤ k − m, and hence |S | ≤ m + 1 + min{r, k − m}; for k ≥ 3 this is dominated by the bound
below. If both are selected, each has m − 1 neighbors in X and is adjacent to all selected vertices of
R. Thus |S ∩ R| ≤ k − m. Moreover, every xi with i , s is adjacent to both false twins and therefore
has degree two in G[S ]; since m ≥ 2, such a vertex exists, and hence this case can occur only if k ≥ 3.
Consequently, for k ≥ m and k ≥ 3, |S | ≤ m + 2 +min{r, k − m}.

This bound is attained by taking X ∪ {cs, c′s} together with any set B ⊆ R with |B| = min{r, k − m}.
Indeed, each vertex of B has degree at most 2 + (|B| − 1) ≤ k − m + 1 ≤ k − 1 in the resulting set; each
false twin has m − 1 neighbors in X and |B| in B, hence degree at most (m − 1) + (k − m) = k − 1; the
vertex xs has no selected neighbor; and every other vertex of X has degree 2 ≤ k − 1.

Consider now the second canonical form. Let Y = S ∩ (X \ {xs}) and T = S ∩ R. Since cs, c′s ∈ S ,
each false twin is adjacent to every vertex of Y ∪ T , and therefore, |Y | + |T | ≤ k − 1.

Moreover, every vertex of T already has cs and c′s as neighbors. Thus ∆(G[T ]) ≤ k − 3, so T is
(k − 2)-independent in G[R] and |T | ≤ αk−2(G[R]). Since |Y | ≤ m − 1, for k ≥ 3, we obtain

|S | ≤ 3 +min{k − 1,m − 1 + αk−2(G[R])}.

To see that this bound is attained, let q = min{k − 1,m − 1 + αk−2(G[R])}, and let T ∗ be a maximum
(k − 2)-independent set of G[R]. Choose T ⊆ T ∗ with |T | = min{q, αk−2(G[R])}, and then choose
Y ⊆ X \ {xs} with |Y | = q−|T |. Such a set Y exists since q ≤ m−1+αk−2(G[R]). Then {xs, cs, c′s}∪Y ∪T
is k-independent: each false twin has degree q ≤ k − 1, the vertex xs has no selected neighbor, every
vertex of Y has degree two, and every vertex of T has the two false twins as neighbors and at most k−3
neighbors in T . Hence, the fourth bound is attained.

Suppose that k ≤ 2. In the second canonical form, every vertex of Y ∪ T would be adjacent to
both false twins and have degree at least two, so Y = T = ∅ and |S | = 3; this value is attained, since
{xs, cs, c′s} is an independent set. In the first canonical form with S ∩ C f , ∅, three cases arise. If S
contains an ordinary vertex, then a + b ≤ k − m + 1 with a ≥ 1 forces m = k = 2 and a + b = 1,
so |S | = m + 1 = 3. If S ∩ C f consists of exactly one false twin, then |S ∩ R| ≤ k − m again forces
m = k = 2 and S ∩R = ∅, so |S | = 3. Finally, as shown above, S ∩C f = {cs, c′s} is impossible for k ≤ 2.
Therefore, αk(G) = max{m + αk(G[R]), 3}.

If 3 ≤ k < m, no vertex of C f can be selected together with all of X, since every vertex of C f has
m − 1 ≥ k neighbors in X. Thus only the first and fourth bounds remain, giving

αk(G) = max
{
m + αk(G[R]), 3 +min{k − 1,m − 1 + αk−2(G[R])}

}
.
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Finally, if k ≥ max{3,m}, all four bounds are attainable, and taking their maximum gives the stated
formula. □

Table 1 summarizes the results of this section, writing a j = α j(G[R]).

Table 1. The k-independence number of spiders and quasi-spiders.

Structure Type αk(G)
Spider Thin m +max{ak,min{k − 1,m + r}}

Thick

min{k + 1, 2m + r}, m ≤ k, r < k − m + 1,
m + ak, otherwise

Thin quasi (R,C, X f )

m + 1 + a1, k = 1,
m + 1 +max{ak,min{k − 1, r + m − 1},min{k − 2, r + m}}, k ≥ 2

(R,C, Xt)

m + a1, k = 1,
m + 1 +max{ak,min{k − 1, r + m − 1},min{k − 2, r + m}}, k ≥ 2

(R,Ct, X) m +max{ak,min{k − 1, r + m + 1}}

(R,C f , X)

m +max{ak, 1}, k ≤ 2,
m +max{ak,min{k − 1, r + m + 1},min{k, r + 2}}, k ≥ 3

Thick quasi (R,C, X f )

m + 1 + ak, k < m,

m + 1 +max{ak,min{k − m, r + m},min{k − m + 1, r + 1}}, k ≥ m

(R,C, Xt)


m + a1, k = 1,
m + 1 + ak, 2 ≤ k < m,

m + 1 +max{ak,min{k − m, r + m},min{k − m + 1, r + 1}}, k ≥ m

(R,Ct, X)

m + ak, k < m,

m +max{ak,min{k − m + 1, r + m + 1}}, k ≥ m

(R,C f , X)



max{m + ak, 3}, k ≤ 2,
max{m + ak, 3 +min{k − 1,m − 1 + ak−2}}, 3 ≤ k < m,

max


m + ak, m +min{k − m + 1, r + m + 1},
m + 2 +min{r, k − m},

3 +min{k − 1,m − 1 + ak−2}

 , k ≥ max{3,m}

We record some boundary-case checks for the formulas in Table 1. If the head is empty, all
expressions remain valid under the convention α j(∅) = 0. When m = 2, thin and thick spiders are
isomorphic, and the corresponding formulas coincide: if r < k − 1, the thin-spider expression reduces
to min{k + 1, r + 4}, while otherwise both expressions reduce to 2 + αk(G[R]). In the true-twin cases,
k = 1 is treated separately because the two true twins cannot both belong to an independent set, whereas
the formulas for k = 2 allow both twins when their induced degree remains at most one; in particular,
when m = 2, the thick case (R,C, Xt) with k = 2 falls into the branch k ≥ m. Finally, the thresholds
at k = m are consistent with the appearance of new feasible configurations exactly at this value; in
particular, for the thick quasi-spider (R,C f , X), the adjacent branches give the same value at k = m
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whenever m ≥ 3.
As an additional consistency check, we computationally verified the complete procedure on small

instances: the construction of the labelled decomposition tree of Lemma 21, the formulas of Table 1,
and the dynamic program of Section 5. Test graphs are generated recursively from the structure
theorem, so that the corpus contains thin and thick spiders of weights m ∈ {2, 3, 4}, all eight types of
quasi-spiders, the three exceptional graphs, and heads of three kinds: empty, every simple graph on at
most four vertices up to isomorphism, and structured heads that are themselves spiders, quasi-spiders,
unions, and joins, so that decompositions are nested several levels deep. The generator is not relied
upon: every graph produced is independently checked against the definition of a P4-tidy graph, that
is, every vertex set inducing a P4 is verified to have at most one partner. For each graph, the labelled
tree is built by the procedure of Lemma 21, the labels are compared with the parameters the graph
was constructed with, and the value returned by Algorithm 2 is compared, for every 1 ≤ k ≤ |V(G)|,
with the exact value obtained by exhaustive enumeration of all vertex subsets. Over a corpus of 7,421
graphs of order at most 13, comprising 42,883 tree nodes, 83,904 comparisons were performed and
no discrepancy was found. This computational verification is not used in the proofs but provides an
independent check of the case distinctions, of the boundary values, and of the construction of the
decomposition tree. The verification code, together with a description of the testing procedure, is
publicly available at Zenodo [19].

5. The algorithm

We now combine the results of Sections 3 and 4 into a dynamic programming algorithm over the
decomposition tree T (G) of a P4-tidy graph G. Recall that the nodes of T (G) are single vertices,
exceptional nodes (P5, P5 and C5), and union, join, spider, and quasi-spider nodes. For the exceptional
nodes, the required values are obtained by direct inspection.

Observation 20. For the exceptional graphs, we have

αk(P5) =


3, k = 1,
4, k = 2,
5, k ≥ 3,

αk(P5) =


2, k = 1,
3, k = 2,
4, k = 3,
5, k ≥ 4,

αk(C5) =


2, k = 1,
3, k = 2,
5, k ≥ 3.

Algorithm 1 implements the characterization of k-independent sets in a join given by Theorem 7.
A solution may be entirely contained in one of the two operands, in which case its size is bounded by
αk(H1) or αk(H2); this also covers the case k = 1, for which the loops are empty and line 1 returns
max{α1(H1), α1(H2)}, in accordance with the identity α1(H1 ⊗ H2) = max{α1(H1), α1(H2)}. Otherwise,
the solution intersects both operands: for each pair of admissible internal degree bounds x and y,
the algorithm determines how many vertices can be selected from each side while accounting for the
additional neighbors created by the join, and takes the maximum over all such choices. Since there are
O(k2) pairs (x, y), the recurrence is evaluated in O(k2) time once the values αi(H1) and αi(H2), i ∈ [k],
are available.
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Algorithm 1: Join(H1,H2, k)
1 M ← max{αk(H1), αk(H2)};
2 for x← 1 to k − 1 do
3 for y← 1 to k − 1 do
4 M ← max{M, min{αx(H1), k − y} +min{αy(H2), k − x}};
5 return M;

Obtaining the labelled decomposition tree. A module of G is a set M ⊆ V(G) such that every
vertex outside M is adjacent either to all or to none of the vertices of M; a module is strong if it does
not overlap any other module. Let MD(G) denote the modular decomposition tree of G, which can be
computed in O(n + |E(G)|) time [20, 21]. Its leaves are the vertices of G, and each internal node N
represents the strong module M(N) formed by the leaves below it; the children of N are the maximal
strong modules properly contained in M(N). The node N is parallel if G[M(N)] is disconnected, series
if G[M(N)] is disconnected, and prime otherwise. For a prime node N, the representative graph QN is
the subgraph of G induced by one vertex chosen from each child of N; it does not depend on the choice
of the vertices, and it is a prime graph, that is, a graph whose only modules are trivial.

The structure theorem of [8] can be stated in terms of MD(G) as follows: if G is P4-tidy and N is
a prime node, then either QN ∈ {C5, P5, P5} and every child of N is a leaf, or QN is a spider whose
head has at most one vertex. In the latter case, the child in the head position, if any, is the module R,
and every other child is a leaf, except for at most one child that is a module with exactly two vertices,
namely the twin pair of a quasi-spider. We refer to this statement as the structure theorem in the proof
below.

Lemma 21. Let G be a P4-tidy graph with n vertices. A decomposition tree T (G) with O(n) nodes,
in which every union node is labelled as such, every join node is binary, every exceptional node is
labelled with its isomorphism type, and every spider or quasi-spider node is labelled with its thin/thick
type, the integers m and r, a pointer to the child representing G[R], and, when applicable, the side (C
or X) and the kind (true or false) of the twin pair, can be computed in O(n + |E(G)|) time.

Proof. Compute MD(G) and, by one traversal, the parent of each node, the number n(N) = |M(N)| of
leaves below each node N, and preorder intervals, so that the test y ∈ M(N) takes O(1) time.
Union and join nodes. Parallel nodes become union nodes. A series node with children H1, . . . ,Hℓ is
replaced by a binary tree with ℓ−1 join nodes. Since the sum of the numbers of children over all nodes
of MD(G) is O(n), this transformation introduces only O(n) additional nodes.
Representative graphs. Let N be a prime node and let QN be its representative graph, whose vertices
are the children of N. Call a child of N small if it has at most two vertices. By the structure theorem,
at most one child of N is not small, and such a child, denoted HN , occupies the head position. For
each vertex y of G, let s(y) be the small child of a prime node that contains y, if one exists: s(y) = y if
the parent of y is prime, and s(y) is the parent of y if that parent has two vertices and its own parent is
prime. These cases are mutually exclusive, so s(y) is well defined, and it is computed for all vertices in
O(n) time.

To obtain the degrees in QN , choose a representative vertex v in each small child of N and scan its
adjacency list. Because QN does not depend on the choice of representatives, the neighbors of a single
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representative determine the neighbors of its child in QN . A neighbor y of v lies in the small child s(y)
of N if s(y) is defined and is a child of N; it lies in HN if this is not the case and y ∈ M(N); and it
lies outside M(N) otherwise. Since the vertices of QN are the children of N, an edge of G joining two
vertices of the same child must not contribute to the degree of that child. As the child containing v
has at most two vertices, the only neighbor of v that can lie in it is its other vertex v′, and this happens
precisely when that child is a series node, in which case v and v′ are true twins; if the child is a parallel
node, then v and v′ are nonadjacent and no such edge occurs. We therefore mark the child s(v) before
the scan begins, so that it is never counted among the distinct children encountered. Counting the
remaining distinct children with a marking array gives the degree of the child containing v, and the
degree in QN of the vertex corresponding to HN , if it exists, is the number of small children adjacent
to HN , a count accumulated during the same scans. Each scan marks at most dG(v) + 1 entries of the
array, one per neighbor of v together with s(v), and only those entries are reset before the next scan;
hence the scan takes O(dG(v) + 1) time, and excluding the intra-module edge adds a constant to it. The
representative of a small child is a vertex v whose value s(v) is that child; since s is a function, each
vertex is the representative of at most one small child, and the adjacency list of each vertex is therefore
scanned at most once over all prime nodes. The total time spent on these scans is thus bounded by
O
(∑

v∈V(G)(dG(v) + 1)
)
= O(n + |E(G)|).

Exceptional nodes. If N has five children, all of them leaves, the structure theorem restricts QN to
C5, P5, P5, or the five-vertex spider (the bull). These four graphs are distinguished by their degree
sequences, namely (2, 2, 2, 2, 2), (1, 1, 2, 2, 2), (2, 2, 2, 3, 3), and (1, 1, 2, 3, 3), respectively. In the first
three cases, N is labelled as an exceptional node of the corresponding type.
Spider and quasi-spider nodes. Otherwise QN is a prime spider with p vertices, of weight t = ⌊p/2⌋
and with h = p − 2t ∈ {0, 1} head vertices. If QN is thin, the vertices of X have degree one, their
neighbors form C, and the possible remaining vertex is the head. If QN is thick and t ≥ 3, the vertices
of X, the possible head, and the vertices of C have degrees t − 1, t, and 2t − 2 + h, respectively, and
t − 1 < t < 2t − 2 + h. Hence, QN is thin if and only if it has a vertex of degree one, and in both cases
the partition is read from the degrees. For t = 2, thin and thick spiders are isomorphic, and we use the
thin label; the corresponding formulas in Table 1 coincide.

We store m = t and r = n(H), where HN is the child occupying the head position, with r = 0 when
the head is absent. If a two-vertex child occupies a position of C or X, then N is a quasi-spider node,
and we record that side and whether the child is a series or a parallel node, corresponding respectively
to true or false twins; otherwise N is a spider node. No index of the duplicated vertex needs to be
stored, since the formulas of Table 1 depend only on the side containing the twin pair, its true/false
kind, the thin/thick type, m, r, and the required values for G[R].

The children corresponding to C ∪ X need not be retained as recursive children in the dynamic-
programming representation, since their contribution is completely determined by the stored structural
label. Only the child representing G[R], when present, is recursively processed.

Thus all labels required by the dynamic program are obtained in O(n+|E(G)|) time, and the resulting
tree has O(n) nodes. □

Let G be the thin spider of weight m = 3 whose head is R = P5 ⊕ K1 (Figure 2(a)); G is P4-tidy
by Theorem 2. In MD(G) (Figure 2(b)), the root is a prime node whose children are the six leaves
x1, x2, x3, c1, c2, c3 and the parallel node representing R. Its representative graph QN is a thin spider
of weight 3 with one head vertex: x1, x2, x3 have degree one, their neighbors c1, c2, c3 have degree
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t + h = 4, and the head vertex has degree t = 3. Following the proof of Lemma 21, the root is labelled
as a thin spider node with m = 3, r = |R| = 6 and no twin pair; the parallel node becomes a union
node; and the prime node below it, whose five children are leaves with degree sequence (1, 1, 2, 2, 2),
becomes an exceptional node P5. The resulting tree T (G) is shown in Figure 2(c). The leaves xi and
ci are not retained, since their contribution is determined by the label (m, r). Running Algorithm 2 on
T (G), Observation 20 gives αi(P5) = 3, 4, 5, 5, . . ., Observation 3 gives αi(G[R]) = 4, 5, 6, 6, . . ., and
the thin-spider formula of Table 1, αi(G) = 3+max{αi(G[R]),min{i− 1, 9}}, gives αi(G) = 7, 8, 9, 9, . . .
for i = 1, 2, 3, 4, . . ., which agrees with exhaustive enumeration.

x1 x2 x3

c1 c2 c3

a b c d e yR

R complete to C

(a) The thin spider G with head R = P5 ⊕ K1.

prime
QN : thin spider, t = 3, h = 1

x1 x2 x3 c1 c2 c3 parallel
M(N) = R

y prime
QN = P5

a b c d e

(b) The modular decomposition tree MD(G).

spider node
thin, m = 3, r = 6, no twin pair

union node
represents G[R]

vertex y exceptional node
P5

(c) The labelled decomposition tree T (G).

Figure 2. A P4-tidy graph G with nonempty head, its modular decomposition tree MD(G),
and the labelled decomposition tree T (G) produced by Lemma 21. In (a), the double line
indicates that R is complete to C.

By Lemma 21, the labelled tree T (G) required by Algorithm 2 is obtained in O(n + |E(G)|) time.
Observe that the formulas of Table 1 depend only on the type of the node, on m and r, and on the values
α j(G[R]).

For each node u of the decomposition tree, let Gu denote the subgraph represented by the subtree
rooted at u. The dynamic programming table associated with u stores the values α j(Gu) for 1 ≤ j ≤ k.
Thus, each node requires O(k) entries and, since the decomposition tree has O(n) nodes, the total state
space is O(kn).

For a spider or quasi-spider node, no optimization procedure is needed. The only formula in Table 1
that requires a value other than αi(G[R]) is that of the thick quasi-spider of type (R,C f , X), which also
uses αi−2(G[R]). Since the values are computed for i = 1, 2, . . . , k in increasing order, αi−2(G[R])
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has already been computed and stored when it is needed. Hence every spider or quasi-spider node
is processed in O(1) time by table lookup. This is also the reason for the ordering of the loops in
Algorithm 2: processing all nodes of T (G) for each value of i in turn guarantees that, when a node is
processed at level i, the values αx of all its descendants, for every x ≤ i, have already been computed,
as required by Algorithm 1.

Algorithm 2: k-independence number of a P4-tidy graph
Input: A P4-tidy graph G and an integer k ≥ 1.
Output: αk(G).

1 if k ≥ n(G) then return n(G);
2 Construct the labelled decomposition tree T (G);
3 for i← 1 to k do
4 foreach node H of T (G) in bottom-up order do
5 if n(H) ≤ i then
6 αi(H)← n(H);
7 else if H = H1 ⊕ · · · ⊕ Hℓ then
8 αi(H)←

∑ℓ
j=1 αi(H j);

9 else if H = H1 ⊗ H2 then
10 αi(H)← Join(H1,H2, i);
11 else if H is a spider or quasi-spider then
12 compute αi(H) using Table 1;
13 else if H ∈ {P5, P5,C5} then
14 compute αi(H) by Observation 20;
15 return αk(G);

Theorem 22. Let G be a P4-tidy graph with n vertices, and let k ≥ 1 be an integer. Algorithm 2
computes αk(G) in O(k3n + |E(G)|) time and uses O(kn) space.

Proof. Correctness. If k ≥ n(G), the value returned in line 1 is correct by Observation 4. Otherwise,
we show, by induction on the bottom-up processing of T (G), that after iteration i of the outer loop the
value αi(H) is correct for every node H of T (G). If n(H) ≤ i, correctness follows from Observation 4.
For union nodes, it follows from Observation 3. For a join node H = H1 ⊗ H2, correctness follows
from Theorem 7. Since the tree is processed bottom-up, the values αi(H1) and αi(H2) have already
been computed in the current iteration, while every value αx(H j) with x < i required by Algorithm 1
was computed in an earlier iteration of the outer loop.

For spider and quasi-spider nodes, correctness follows from Theorems 11–13, 15, 17, and 19, as
summarized in Table 1. In particular, the value αi−2(G[R]) required for the thick quasi-spider of type
(R,C f , X) is available from iteration i − 2; when i ≤ 2, the corresponding branch of the formula does
not apply. Finally, for the exceptional nodes, correctness follows from Observation 20.
Complexity. Line 1 is a single comparison; if the algorithm continues, then k < n. The labelled
decomposition tree T (G) can be constructed in O(n + |E(G)|) time, by Lemma 21, and has O(n) nodes.
For a fixed i, the total cost of all union nodes is O(n), since the number of children summed over
all nodes of T (G) is O(n). A join node costs O(i2) by Algorithm 1, while each spider, quasi-spider, or
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exceptional node costs O(1). Hence, over all i = 1, . . . , k, the total cost of each join node is
∑k

i=1 O(i2) =
O(k3), and the dynamic programming phase takes O(k3n) time. Therefore, the overall running time is
O(k3n + |E(G)|). Finally, storing αi(H) for 1 ≤ i ≤ k at each node requires O(kn) space. □

We remark that the running time is polynomial in n and k jointly, with k part of the input.
For comparison, the metatheorem-based approaches discussed above treat k as a constant of the
logical formula, while the generic dynamic programming algorithm over clique-width expressions [17]
handles k as input but runs in nO(w) time; since w ≤ 4 on this class, that is a polynomial of fixed but
high degree, whereas the algorithm above runs in linear time for every fixed k. Moreover, since the
dynamic programming phase is executed only when k < n, by line 1 of Algorithm 2, the running time
is O(n4) in the worst case.

6. Concluding remarks

We derived closed formulas for the k-independence number under disjoint union and join and for
every type of spider and quasi-spider arising in the structural decomposition of P4-tidy graphs, and
combined them into a dynamic programming algorithm running in O(k3n + |E(G)|) time. This extends
the corresponding result for P4-sparse graphs [13] to a substantially broader class of graphs with few
induced P4’s.

Two directions seem natural for future work. First, in ongoing work we study the related notion
of k-well-coveredness in this setting: a graph is k-well-covered if all its maximal k-independent sets
have the same cardinality. For k = 1, well-coveredness of P4-tidy graphs was completely characterized
by Klein, de Mello, and Morgana [11]; extending that characterization to general k requires analyzing
every maximal k-independent set, rather than one of maximum cardinality as in the normalization
lemmas of Section 4. Second, the techniques developed here may apply to other graph classes
admitting a decomposition into unions, joins, and bounded families of prime structures, such as P4-
laden graphs. More ambitiously, they may also apply to classes of bounded clique-width for which
explicit formulas, rather than metatheorem-based algorithms, are of interest.

A further direction is the enumeration of k-independent sets by cardinality. Let N j(G, i) denote
the number of j-independent sets of G of cardinality i, so that αk(G) = max{i : Nk(G, i) > 0}. The
disjoint union satisfies the convolution identity Nk(G1 ⊕ G2, i) =

∑
i1+i2=i Nk(G1, i1) Nk(G2, i2), that is,

the corresponding generating polynomials
∑

i Nk(G, i) xi multiply. The join is more delicate: a set
S = S 1 ∪ S 2 with S ℓ ⊆ V(Gℓ) is k-independent in G1 ⊗G2 if and only if every vertex of S 1 has at most
k−1−|S 2| neighbors in S 1 and every vertex of S 2 has at most k−1−|S 1| neighbors in S 2. Thus the two
sides are coupled through their cardinalities, and such a recurrence must carry the whole table N j(·, i)
rather than a single value. Whether the structures of the P4-tidy decomposition admit closed counting
analogues of the formulas of Table 1 seems to us the interesting question. The situation parallels the
one discussed in Section 1: for every fixed k, tractability on graphs of bounded clique-width already
follows from the counting version of the metatheorem [22], so the contribution would again lie in
explicit formulas and in an explicit dependence on k.

AIMS Mathematics Volume 11, Issue 11, 37133–37157.



37155

Author contributions
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