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Abstract: In this paper, we investigated the asymptotic stability of a class of linear difference systems
with multiple arithmetic delays. The considered system extends earlier two-delay models involving
an additional parameter a ∈ (0, 1) to the case of N arithmetic delays. We analyzed the location
of the characteristic roots with respect to the open unit disk. The arithmetic structure of the delays
enables the delayed terms to be represented through a finite delay polynomial. Based on this structure,
critical parameter values determining the stability boundary were obtained. The results provide a
sharp stability threshold and also yield a simple sufficient stability bound. Numerical illustrations were
presented to demonstrate the difference between the sharp stability boundary and the sufficient stability
region. Furthermore, an application to a nonlinear discrete-time population model with distributed
delays and an Allee-type saturating feedback function was presented, showing how the obtained sharp
stability threshold can be interpreted as a critical bound for the local stability of a positive population
equilibrium.
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1. Introduction

Difference equations constitute one of the fundamental mathematical tools used to model
discrete-time dynamical processes. In many models arising in population dynamics, economics,
biology, control theory, and computational sciences, the current state of a system depends not only on
its present value but also on its values at previous time instants. Therefore, delay difference equations
play an important role in the investigation of the stability of equilibrium points, the long-term
behavior of solutions, and the sensitivity of systems to initial conditions.
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In the study of nonlinear discrete-time delay models, the local behavior near an equilibrium point
is often governed by the corresponding linearized delay system. Therefore, sharp stability criteria for
linear delay systems provide essential tools for understanding local asymptotic stability, bifurcation
thresholds, and the onset of oscillatory behavior in nonlinear delayed dynamics. From this viewpoint,
the analysis of linear systems with multiple delays is not merely a linear theory problem, but also an
important step in the qualitative and numerical investigation of nonlinear discrete-time models.

Discrete-time population models with Allee effects were studied by Elaydi and Sacker [1] through
rational nonlinear maps and fitness-function-based formulations. Such models provide a natural
motivation for using nonlinear density-dependent feedback functions in discrete population dynamics.

In this study, we consider the linear difference equation system with N delays

xn+1 − axn + B
N∑

j=1

xn−k j = 0, n ∈ N0 = {0, 1, 2, . . .}, (1.1)

where B is a constant m × m matrix and k j, for ( j = 1, 2, . . . ,N) are positive integers satisfying k1 <

k2 < · · · < kN . Here, we assume that the sequence
{
k j

}
is arithmetic, that is, for some positive integer d,

k j+1 = k j + d, j = 1, 2, . . . ,N − 1. (1.2)

This assumption provides a natural mathematical structure for biological, economic, and
computational models in which delayed terms affect the system at regular time intervals. One of the
fundamental studies on the asymptotic stability of delay difference equations was presented by Levin
and May [2]. They investigated the scalar delay difference equation

xn+1 − xn − bxn−k = 0,

and obtained necessary and sufficient conditions for the asymptotic stability of the zero solution.
Clark [3] subsequently considered the equation

xn+1 − axn − bxn−k = 0,

and examined its asymptotic stability under appropriate conditions imposed on the coefficients.
Kuruklis [4] derived more detailed necessary and sufficient conditions for scalar equations of the
same class with a single delay. These conditions were based on the locations of the characteristic
roots within the unit disk.

For delay systems with matrix coefficients, Matsunaga and Hara [5] studied the two dimensional
linear delay difference system

xn+1 − xn − Axn−k = 0,

and established necessary and sufficient conditions for the asymptotic stability of the zero solution.
Matsunaga [6] and Değer and Bolat [7] later investigated matrix coefficient systems with a single delay
of the form

xn+1 − axn − Bxn−k = 0.

These studies demonstrated the importance of characteristic root analysis and Jordan canonical
forms in extending stability results from scalar delay difference equations to systems with matrix
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coefficients. The work of Ogita et al. [8] occupies an important place in the study of higher-order
scalar difference equations with multiple delays. They considered the scalar difference equation with
N delays

un+1 − un + p
N∑

j=1

un−k j = 0, n ∈ Z+,

and obtained necessary and sufficient asymptotic stability conditions ensuring that all solutions
converge to zero. This model is particularly relevant for describing feedback effects involving
multiple delays in areas such as mathematical biology and population dynamics. However, the
equation has a scalar structure and does not directly cover multidimensional systems with matrix
coefficients.

For systems with matrix coefficients and two delays, Nagabuchi [9] investigated the system xn+1 −

xn + A (xn−k + xn−l) = 0, where l, k are positive integers such that 1 < l ≤ k. The locations of the
characteristic roots within the unit disk were analyzed through 2 × 2 Jordan blocks, and necessary
and sufficient conditions for asymptotic stability were obtained. Thus, two delay difference systems
with matrix coefficients were studied within a more general linear system framework that extended
beyond scalar equations. In addition, Kipnis et al. [10], Ivanov et al. [11], and Čermák and Jánský [12]
obtained various results concerning stability regions, stability cones, and the behavior of characteristic
roots in linear difference systems with two delays. These studies show that stability conditions for
delay difference systems depend on the number of delays, the matrix coefficients, and the structure of
the characteristic equation.

Stability problems have also been investigated for other classes of dynamical systems using
different analytical approaches. He et al. [13] investigated nonlinear impulsive stochastic systems
using sliding mode control, while Geng et al. [14] studied asynchronously switched nonlinear systems
under convergence rate constraints. Wu et al. [15] developed state-dependent switching conditions for
interval stabilization of stochastic positive systems. More recently, Liu et al. [16] investigated
predefined-time intralayer and interlayer synchronization of multilayer networks using adaptive
control techniques, whereas Ye et al. [17] studied event-triggered exponential synchronization of
delayed multi-agent systems with privacy-preserving mechanisms. Although these studies contribute
to stability and synchronization theory, their mathematical models and analytical approaches differ
from the discrete-time linear systems with multiple arithmetic delays considered in the present paper.

The present study was motivated by the earlier investigations of Nagabuchi [9, 18] and Değer and
Bolat [19] on the asymptotic stability of linear delay difference systems with matrix coefficients.
Incorporating the parameter a into the two-delay system previously studied by Nagabuchi [9], Değer
and Bolat [19] generalized this formulation and investigated the system
xn+1 − axn + A(xn−k + xn−l) = 0, where a ∈ [−1, 1] \ {0} and 1 ≤ l < k. For the complex conjugate
eigenvalue case, they obtained the necessary and sufficient condition for asymptotic stability

0 < q <
sin

(
π − 2|θ|

k + l

)
2 cos

(
(k − l)(π − 2|θ|)

2(k + l)

) .
Their results also covered real eigenvalues and were extended to higher-dimensional matrix systems.

However, the analysis was restricted to two delays.
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For systems with matrix coefficients and multiple delays, Nagabuchi [18] investigated the linear
difference system

xn+1 − xn + A
N∑

j=1

xn−k j = 0,

where the delays form an arithmetic sequence with common difference d. For the complex conjugate
eigenvalue case, the necessary and sufficient condition for asymptotic stability was established as

0 < p <
2 sin

(
π/2 − |θ|

kN + k1 + 1

)
sin

(
d(π/2 − |θ|)
kN + k1 + 1

)
sin

(
Nd(π/2 − |θ|)
kN + k1 + 1

) .

The results were also extended to higher-dimensional matrix systems, and the asymptotically periodic
behavior of solutions in the critical case was examined.

Although these studies established necessary and sufficient conditions for asymptotic stability, they
considered different parameter and delay structures. Nagabuchi [18] investigated matrix-coefficient
systems with N arithmetic delays in which the coefficient of xn is fixed at one, whereas Değer and
Bolat [19] incorporated the parameter a but restricted their analysis to two delays. Consequently, the
existing results do not directly address matrix-coefficient systems combining N arithmetic delays with
a ∈ (0, 1).

The present study addresses this problem by incorporating the parameter a into the
arithmetic-delay structure considered by Nagabuchi [18]. Using the characteristic equation, we derive
parameter-dependent critical values and establish a sharp necessary and sufficient condition for
asymptotic stability. We also obtain an explicitly computable sufficient stability bound that provides a
simpler alternative to the exact threshold. Thus, the results extend existing stability criteria to a
broader class of discrete-time systems with multiple delays.

In addition, because system (1.1) naturally arises from linearizing nonlinear discrete-time models
with delayed feedback around an equilibrium, our stability criteria directly apply to the local stability
analysis of such systems.

2. Preliminary

Consider the linear system of difference equations (1.1). Our objective is to investigate the
asymptotic stability of this system. Let xn = Pyn, where P is an invertible matrix. Substitution
into (1.1) gives

Pyn+1 − aPyn + B
N∑

j=1

Pyn−k j = 0,

n ∈ N0 = {0, 1, 2, . . .}.

(2.1)

Multiplying (2.1) from the left by P−1, we obtain

yn+1 − ayn + P−1BP
N∑

j=1

yn−k j = 0,

n ∈ N0 = {0, 1, 2, . . .}.
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Hence, the matrix A is defined by A = P−1BP, where A is an m × m constant matrix. Then, the
system in (1.1) can be written as

yn+1 − ayn + A
N∑

j=1

yn−k j = 0,

n ∈ N0 = {0, 1, 2, . . .}.

(2.2)

The characteristic equation associated with (2.2) can be decomposed into lower–dimensional
problems by reducing A to its real canonical form through an appropriate similarity transformation. In
a manner analogous to the canonical reduction employed by Matsunaga [6] for two-dimensional
linear delay difference equations, the coefficient matrix in the two-dimensional case can be reduced
either to a rotation–dilation block corresponding to a pair of complex conjugate eigenvalues or to an
upper triangular block corresponding to real eigenvalues. We therefore begin with a detailed analysis
of the 2 × 2 block associated with a complex conjugate pair of eigenvalues. For higher-dimensional
systems, the resulting stability conditions will be interpreted in terms of all Jordan blocks of A, or
equivalently, all eigenvalues of A.

Let p, θ, p1, p2, and q be real constants, with 0 ≤ |θ| < π2 .Assume that A is a nonsingular 2×2 matrix
of one of the following forms:

(i) p
(
cos θ − sin θ
sin θ cos θ

)
, (ii)

(
p1 q
0 p2

)
.

To derive the characteristic equation of (2.2), consider a solution of the form yn = vλn, where v , 0.
Substituting this expression into (2.2) gives

λn−kN
[
λkN+1I − aλkN I + A

(
λkN−k1 + λkN−k2 + · · · + λkN−kN

)]
v = 0.

For λ , 0, the factor λn−kN is nonzero. Hence, the existence of a nontrivial characteristic solution
yn = vλn is equivalent to

∆(λ) = det
[
λkN+1I − aλkN I + A

(
λkN−k1 + λkN−k2 + · · · + λkN−kN

)]
= 0.

Define
T (λ) := λkN−k1 + λkN−k2 + · · · + λkN−kN .

Since the delays form an arithmetic sequence (with common difference d = k j+1 − k j), this polynomial
can be written as

T (λ) = 1 + λd + λ2d + · · · + λ(N−1)d =

N−1∑
j=0

λ jd.

Consequently, the characteristic equation can be written as

∆(λ) = det
[
λkN+1I − aλkN I + T (λ)A

]
= 0. (2.3)

For the two-dimensional real representation of the complex conjugate pair pe±iθ,

A = p
(
cos θ − sin θ
sin θ cos θ

)
, p > 0, 0 < θ <

π

2
.
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Equation (2.3) takes the form

det
(
L(λ) + pT (λ) cos θ −pT (λ) sin θ

pT (λ) sin θ L(λ) + pT (λ) cos θ

)
= 0, (2.4)

where L(λ) = λkN+1 − aλkN . Therefore,

(L(λ) + pT (λ) cos θ)2 + (pT (λ) sin θ)2 = 0.

Equivalently, (
L(λ) + pT (λ)eiθ

) (
L(λ) + pT (λ)e−iθ

)
= 0. (2.5)

Define
f (λ) = λkN+1 − aλkN + pT (λ)eiθ. (2.6)

Since
f (λ) = λkN+1 − aλkN + pT (λ)e−iθ,

the characteristic equation (2.3) can be expressed as f (λ) f (λ) = 0, where λ denotes the complex
conjugate of λ.

For −π2 < θ ≤ 0, replacing θ by −θ in f (λ) = 0 yields the equation f (λ) = 0 for 0 ≤ θ < π
2 .

Therefore, to investigate the roots of f (λ) = 0, it is sufficient to study the roots of f (λ) = 0 under the
condition 0 ≤ θ < π2 . Hence, the problem of analyzing the roots of the characteristic equation ∆(λ) = 0
reduces to that of f (λ) = 0. Moreover, when p = 0, the characteristic equation f (λ) = 0 has the simple
root λ = a and the root λ = 0 with multiplicity kN .

3. Some auxiliary results

We first determine the arguments of the complex roots of equation (2.6) lying on the unit circle
∂D = {λ ∈ C : |λ| = 1} in the case where p , 0.

Lemma 3.1. Assume that 0 ≤ θ < π2 and 0 < a < 1. Then, for each v ∈ V, the arguments ωv ∈ (−π, π)
of the complex roots of f (λ) = 0 on ∂D satisfy the following equations:

2vπ = (kN + k1)ωv + 2 arg
(
eiωv − a

)
, θ = 0,

2θ + 2vπ = (kN + k1)ωv + 2 arg
(
eiωv − a

)
, 0 < θ < π/2,

(3.1)

where

V =


{

v ∈ Z : −
kN + k1 + 2

2
< v <

kN + k1 + 2
2

}
, θ = 0,{

v ∈ Z : −
kN + k1 + 2

2
−
θ

π
< v <

kN + k1 + 2
2

−
θ

π

}
, 0 < θ <

π

2
.

(3.2)

Proof. Let λ = eiω ∈ ∂D for ωv ∈ (−π, π). Then λ satisfies (2.6), namely,

λkN+1 − aλkN + pT (λ)eiθ = 0,
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and hence

−p =
λkN+1 − aλkN

T (λ)eiθ . (3.3)

Since λ = 1/λ, we have T
(

1
λ

)
=

T (λ)
λ(N−1)d . Taking the complex conjugate of both sides of (3.3) yields

−p =
eiθ(1 − aλ)
λk1+1T (λ)

. (3.4)

It follows from (3.3) and (3.4) that

λkN+1 − aλkN

T (λ)eiθ =
eiθ(1 − aλ)
λk1+1T (λ)

.

Therefore,

e2iθ = λkN+k1+1 λ − a
1 − aλ

. (3.5)

For λ = eiω, Eq (3.5) becomes

e2iθ = ei(kN+k1+1)ω eiω − a
1 − aeiω .

Since 1 − aeiω = eiω(eiω − a), we obtain

eiω − a
1 − aeiω = e−iω eiω − a

(eiω − a)
.

Then we get

arg
(

eiω − a
1 − aeiω

)
=

[
−ω + 2 arg(eiω − a)

]
(mod(2π)) .

Thus, by (3.5), for some v ∈ Z, we obtain

2θ + 2vπ = (kN + k1)ω + 2 arg(eiω − a).

For ωv ∈ (−π, π) , we define

Φa(ω) = (kN + k1)ω + 2 arg(eiω − a).

Then, when taking the derivative of Φa(ω), we obtain

Φ′a(ω) = (kN + k1) + 2
1 − a cosω

1 + a2 − 2a cosω
> 0.

Hence Φa is strictly increasing on (−π, π) . Furthermore,

lim
ω→−π+

Φa(ω) = −(kN + k1 + 2)π,

lim
ω→π−
Φa(ω) = (kN + k1 + 2)π.

Therefore, the equation Φa(ω) = 2θ + 2vπ has a unique solution in (−π, π) if and only if

−(kN + k1 + 2)π < 2θ + 2vπ < (kN + k1 + 2)π.
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This yields the index set given in (3.2). It remains to examine the boundary point λ = −1, which is
not represented by the interval ω ∈ (−π, π). Substituting λ = −1 into (2.6), we obtain

(−1)kN (−1 − a) + peiθT (−1) = 0,

where

T (−1) =
N−1∑
j=0

(−1) jd =


N, d is even,
1, d and N are odd,
0, d is odd and N is even.

If T (−1) = 0, then f (−1) , 0, since 0 < a < 1. For T (−1) > 0, taking the imaginary part yields

pT (−1) sin θ = 0.

Since p > 0 and 0 ≤ θ < π/2, it follows that θ = 0. The characteristic equation therefore reduces to

pT (−1) = (−1)kN (1 + a).

Consequently, λ = −1 is a characteristic root for a positive parameter p if and only if kN is even,
θ = 0, and T (−1) > 0, in which case

p =
1 + a
T (−1)

.

Thus, the analysis of the unit-circle roots is completed by including this boundary case in addition
to the arguments ωv ∈ (−π, π) determined by (3.1). The proof is complete. □

Lemma 3.2. Assume that 0 ≤ θ < π
2 and 0 < a < 1. Let λv = eiωv , with ωv ∈ (−π, π) as a root of

f (λ) = 0 on ∂D corresponding to a positive parameter p = pv > 0, for some v ∈ V. Then pv is given
by

pv =

√
1 + a2 − 2a cosωv

∣∣∣∣sin
(
ωvd

2

)∣∣∣∣∣∣∣∣sin
(

Nωvd
2

)∣∣∣∣ , if λd
v , 1, (3.6)

whereas

pv =

√
1 + a2 − 2a cosωv

N
, if λd

v = 1, (3.7)

where p = pv and v ∈ V, with ωv denoting the corresponding solution of the phase equation in
Lemma 3.1. Moreover, for each v ∈ V, the corresponding characteristic root λv = eiωv ∈ ∂D is simple.

Proof. We begin with the equation

pv = −
e−iθλkN

v (λv − a)
T (λv)

.

By Lemma 3.1, pv is real. In addition, under the standing assumption that pv > 0, this value
determines the stability boundary. Then:

|pv| =
|λv − a|
|T (λv)|

.
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We first calculate

|λv − a|2 =
(
eiωv − a

) (
e−iωv − a

)
= 1 − aeiωv − ae−iωv + a2.

Using eiωv + e−iωv = 2 cosωv, we obtain

|λv − a| =
√

1 + a2 − 2a cosωv,

and furthermore, since T (λv) =
∑N−1

j=0 eiωv jd, for eiωvd , 1, we get |T (λv)| =
∣∣∣∣ sin(Nωvd/2)

sin(ωvd/2)

∣∣∣∣ . Consequently,
for pv > 0 , we obtain

pv =

√
1 + a2 − 2a cosωv |sin(ωvd/2)|

|sin(Nωvd/2)|
.

Now, we show that T (λv) , 0. Suppose that T (λv) = 0. Then from f (λv) = 0, we obtain λkN
v (λv−a) =

0. Since |λv| = 1, it follows that λv , 0.Moreover, 0 < a < 1, which implies λv , a, because otherwise,
1 = |λv| = |a| < 1, which is impossible. Hence λkN

v (λv − a) , 0,which is a contradiction. Therefore,
T (λv) , 0.

If eiωvd , 1, we have

T (λv) = ei(N−1)dωv/2 sin(Ndωv/2)
sin(dωv/2)

.

Using eiωv − a = |eiωv − a|ei arg(eiωv−a), we obtain

pv = −
|eiωv − a|

sin(Ndωv/2)
sin(dωv/2)

ei
[

kN+k1
2 ωv+arg(eiωv−a)−θ

]
.

From (3.1),
kN + k1

2
ωv + arg(eiωv − a) − θ = vπ.

Therefore,

pv = (−1)v+1 |e
iωv − a| sin(dωv/2)

sin(Ndωv/2)
.

Consequently, pv > 0 if and only if

(−1)v+1 sin(Ndωv/2)
sin(dωv/2)

> 0.

If eiωvd = 1, then, by the definition of T (λv), we obtain T (λv) = N. Therefore, in this special case, for
pv > 0, we get

pv =

√
1 + a2 − 2a cosωv

N
.

In this case, from the characteristic equation, we also obtain

pv = −
|eiωv − a|

N
ei[kNωv+arg(eiωv−a)−θ].
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Hence pv > 0 if and only if

ei[kNωv+arg(eiωv−a)−θ] = −1.

We now show that each λv is a simple root. For this purpose, it is sufficient to prove that

∂ f
∂λ

∣∣∣∣∣
λ=λv

, 0.

We consider the characteristic Eq (2.6). If we take the derivative of Eq (2.6) at λ = λv, we get

∂ f
∂λ

∣∣∣∣∣
λ=λv

= (kN + 1) λkN − akNλ
kN−1 + pT ′(λ)eiθ.

Using f (λ) = 0 to eliminate the term peiθ, we have

∂ f
∂λ

∣∣∣∣∣
λ=λv

= λkN−1
[
(kN + 1)λ − akN − λ(λ − a)

T ′(λ)
T (λ)

]
. (3.8)

Expression (3.8) can be written as

∂ f
∂λ
= λkN−1 (λ − a) G (λ) ,

where
G (λ) = kN +

λ

λ − a
− λ

T ′(λ)
T (λ)

. (3.9)

Since |a| < 1 and |λv| = 1, we have λv − a , 0. Moreover, λv , 0. Consequently, it remains only to
show that G (λv) , 0. Since λ = eiω, we have λ = 1/λ. Furthermore, because T (λ) = λ−(N−1)dT (λ), we
obtain

T (λ)
T ′(λ)

= (N − 1) dλ − λ2 T ′(λ)
T (λ)

.

Let
H(λ) = G(λ).

Using (3.9) together with |λv| = 1, we get

H(λ) = k1 +
1

1 − aλ
− λ

T ′(λ)
T (λ)

.

It follows that
H(λ) +G (λ) = kN + k1 +

λ

λ − a
+

1
1 − aλ

.

For λ = eiω and 0 < a < 1, this yields

H(λ) +G (λ) = kN + k1 +
2 (1 − a cosω)

1 + a2 − 2a cosω
, (3.10)

since H(λ) = G(λ), and we have
H(λ) +G (λ) = 2ReG (λ) .
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Because 0 < a < 1 and 1 + a2 − 2a cosω =
∣∣∣eiωv − a

∣∣∣2, the right-hand side of (3.10) is strictly
positive. Therefore, ReG (λ) > 0, and hence G (λ) , 0. Therefore, ∂ f

∂λ
|λ=λv , 0, and each λv is a simple

root.
The following lemma examines the movement of the roots of f (λ) = 0 near the unit circle as the real

parameter p varies in neighborhoods of p = pv and p = 0. In the subsequent proofs, the root branches
near p = pv and p = 0 will be denoted, respectively, by λv (pv) = λv and λv (0) = a. □

Lemma 3.3. Let pv > 0 and let λv = eiωv be a simple unit-modulus root of fθ(λ, p) = 0 at p = pv. Then
there exists a differentiable root branch λv (p) in a neighborhood of pv such that λv(pv) = λv. Moreover,

d
dp
|λv (p)| |p=pv > 0. (3.11)

Thus, as p increases through pv, this root crosses the unit circle from inside to outside.

Proof. fθ ∈ C2, defined by
fθ(λ, p) = λkN+1 − aλkN + pT (λ)eiθ.

Since λv(p) = r(p)eiω(p), we have

dλv

dp
= eiω(p) dr

dp
+ ir(p)eiω(p) dω

dp
.

Multiplying both sides by r(p)/λv(p), we obtain

r(p)
λv(p)

dλv

dp
=

dr
dp
+ ir(p)

dω
dp
.

Taking real parts gives
dr
dp
= Re

{
r(p)
λv(p)

dλv

dp

}
. (3.12)

It follows from (3.12) that

Re
{

r
λv

dλv

dp

}
= Re

− r
λv

∂ fθ
∂p

∂ fθ
∂λ

 = Re
[
− r
λv

∂ fθ
∂p

(
∂ fθ
∂λ

)]
∣∣∣∂ fθ
∂λ

∣∣∣2 .

Since ∂ fθ
∂p |p=pv = T (λ)eiθ , it follows from the characteristic equation fθ(λ, p) = 0 that

T (λ)eiθ = −
1
p

(
λkN+1 − aλkN

)
.

Accordingly, we can write
∂ fθ
∂p
|p=pv = −

1
p
λkN (λ − a),

and using the function

g(λ) = kN +
λ

λ − a
− λ

T ′(λ)
T (λ)

,
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defined in Lemma 3.2, we can write

∂ fθ
∂λ
= λkN−1(λ − a)g(λ).

Consequently, for λ = λv on the unit circle and r = 1, the expression − r
λv

∂ fθ
∂p

(
∂ fθ
∂λ

)
becomes

−
r
λv

∂ fθ
∂p

(
∂ fθ
∂λ

)
= −

1
λ

(
−

1
p
λkN (λ − a)

) (
λkN−1(λ − a)g(λ)

)
=
|λ − a|2

p
g(λ).

Taking the real part of this expression yields

Re

− r
λv

∂ fθ
∂p

(
∂ fθ
∂λ

) = |λ − a|2

p
Re(g(λ)).

Now let h(λ) = g(λ). Then

g(λ) + h(λ) = kN + k1 +
λ

λ − a
+

1
1 − aλ

,

for λ = eiω, and we obtain the same result as in Lemma 3.2, that is,

2 Re g(λ) = kN + k1 +
2(1 − a cosω)

1 + a2 − 2a cosω
, 0 < a < 1.

Since 1− a cosω > 0 and 1+ a2 − 2a cosω =
∣∣∣eiωv − a

∣∣∣2 > 0, it follows that 2 Re g(λ) > 0. Thus, we
obtain

dr
dp
|p=pv > 0,

that is,
d

dp
|λv(p)|p=pv > 0.

This shows that r = |λv(p)| is an increasing function of p in a neighborhood of p = pv. That is, for
a sufficiently small neighborhood of p = pv, r = |λv(p)| increases as p increases. Since the preceding
argument applies to every positive critical parameter pv corresponding to a simple characteristic root
λv on the unit circle, inequality (3.11) holds at each such parameter value. Consequently, each of these
roots crosses the unit circle from inside to outside as p increases through pv. □

Lemma 3.4. In a sufficiently small neighborhood of p = 0, the following statements hold.
(i) If 0 < θ < π2 and 0 < a < 1, then for p , 0, (S gn (|λ| − a))Sgnp < 0.
(ii) If θ = π/2 and 0 < a < 1, then

dr
dp

∣∣∣∣∣
p=0
= 0 and

d2r
dp2

∣∣∣∣∣∣
p=0

> 0.

Thus, the root λ(0) = a moves outward from a at second order. Since a < 1, it remains inside the open
unit disk for all sufficiently small positive p.
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Proof. (i) As in the proof of Lemma 3.3, let fθ ∈ C2.We consider the characteristic equation

fθ(p, λ) = λkN+1 − aλkN + pT (λ)eiθ.

For p = 0, we have fθ(0, λ) = λkN (λ − a). Hence λ = a is a simple root of fθ(0, λ) = 0. Indeed,

∂ f
∂λ (λ,p)

= (kN + 1)λkN − akNλ
kN−1 + pT ′(λ)eiθ,

so that
∂ f
∂λ (λ,p)=(a,0)

= (kN + 1)akN − akNakN−1 = akN , 0.

Therefore, by the implicit Function Theorem, there exists in a neighborhood of p = 0 a unique
function λ(p) satisfying fθ(p, λ) = 0 and λ(0) = a. If we take the derivative of fθ(p, λ) = 0 with respect
to p, we have

∂ f
∂p
+
∂ f
∂λ

dλ
dp
= 0,

and consequently
dλ
dp

∣∣∣∣∣
(λ,p)=(a,0)

= −
∂ f /∂p
∂ f /∂λ

= −
T (a)eiθ

akN
.

Since T (a) =
∑N−1

j=0 a jd, we have T (a) > 0 for 0 < a < 1. Thus, for r = |λv(p)|,

dr
dp

∣∣∣∣∣
p=0
= Re

{
dλ
dp

∣∣∣∣∣
p=0

}
= Re

{
−

T (a)eiθ

akN

}
= −

T (a) cos θ
akN

< 0.

Hence dr/dp < 0. On the other hand, for λ = λv(p) with λv(0) = a,

dr
dp
= lim

p→0

|λv(p)| − |λv(0)|
p − 0

= lim
p→0

|λv(p)| − a
p

< 0,

so that for p , 0, Sgn(|λ| − a)Sgnp < 0. This establishes that, at p = 0, the root λ = a lies inside the
unit disk and moves further inward as p increases through positive values.

(ii) When θ = π2 , since cos θ = 0, we have

dr
dp

∣∣∣∣∣
p=0
=

T (a) cos θ
akN

= 0.

In this case, it is necessary to examine the second derivative. We also have

dλ
dp p=0

= −
iT (a)
akN
,

which is purely imaginary. Hence the root does not initially move in the horizontal direction but rather
along the vertical direction in the complex plane, so that its modulus does not change at first order. We

AIMS Mathematics Volume 11, Issue 11, 37099–37132.



37112

now compute the second derivative. If we take the derivative of fθ(p, λ) = 0 twice with respect to p,
we have

∂2 fθ
∂λ2

(
dλ
dp

)2

+ 2
∂2 fθ
∂p ∂λ

dλ
dp
+
∂2 fθ
∂p2 +

∂ fθ
∂λ

d2λ

dp2 = 0.

Since the characteristic function fθ(p, λ) is linear in p, we have ∂2 fθ/∂p2 = 0. The second derivative
therefore reduces to

∂2 fθ
∂λ2

(
dλ
dp

)2

+ 2
∂2 fθ
∂p ∂λ

dλ
dp
+
∂ fθ
∂λ

d2λ

dp2 = 0. (3.13)

At p = 0 and λ = a, we have, respectively,∂ fθ
∂λ

(0, a) = akN , ∂
2 fθ
∂λ2 (0, a) = 2kNakN−1, ∂

2 fθ
∂p ∂λ (0, a) = iT ′(a),

dλ
dp |p=0 = −

iT (a)
akN
. Substituting these into (3.13), we obtain

d2λ

dp2 =
2kNT (a)2

a2kN+1 −
2T (a)T ′(a)

a2kN
.

for r = |λv(p)| and
d2r
dp2

∣∣∣∣∣∣
p=0

= Re
(

d2λ

dp2
p=0

)
+

1
a

∣∣∣∣∣∣ dλ
dp

∣∣∣∣∣
p=0

∣∣∣∣∣∣2 .
Therefore, we obtain

d2r
dp2

∣∣∣∣∣∣
p=0

=
T (a)

a2kN+1 [(2kN + 1)T (a) − 2aT ′(a)].

We now show that this quantity is positive. We have

T (a) =
N−1∑
j=0

a jd, aT ′(a) =
N−1∑
j=1

jd a jd,

so that

(2kN + 1)T (a) − 2aT ′(a) =
N−1∑
j=0

(2kN + 1 − 2 jd)a jd.

Since kN = k1 + (N − 1)d, we have

2kN + 1 − 2 jd ≥ 2k1 + 1 > 0, j = 0, 1, 2, . . . ,N − 1.

Moreover, a jd > 0 for a ∈ (0, 1) . It follows that

(2kN + 1)T (a) − 2aT ′(a) > 0,

and consequently
d2r
dp2 |p=0 > 0.

Hence, when θ = π/2, the root λ(0) = a moves outward from a at second order. Since 0 < a < 1,
by the continuity of the root branch λ(p), there exists δ > 0 such that |λ(p)| < 1 for all 0 < p < δ.
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Therefore, this root remains inside the open unit disk for all sufficiently small positive p. Moreover,
suppose that |λ| ≥ 1 for some characteristic root of fθ(λ, p) = 0. From the characteristic equation, we
obtain

|λ|kN |λ − a| = p|T (λ)|.

Since
|λ − a| ≥ |λ| − a ≥ 1 − a

and

|T (λ)| ≤
N−1∑
j=0

|λ| jd ≤ N|λ|(N−1)d,

it follows that
(1 − a)|λ|k1 ≤ pN.

Since |λ| ≥ 1, we have

p ≥
1 − a

N
.

Therefore, all characteristic roots lie inside the open unit disk whenever

0 < p <
1 − a

N
.

This sufficient condition is independent of θ and remains valid as θ → π/2−. □

Remark 3.1. The boundary case θ → π/2− does not lead to instability for arbitrarily small positive
values of p. Indeed, for |λ| = 1, we have

|λkN (λ − a)| ≥ 1 − a, |peiθT (λ)| ≤ pN.

Thus, whenever 0 < p < (1 − a)/N, Rouché’s theorem implies that fθ(λ, p) and λkN (λ − a) have the
same number of zeros in the open unit disk. Since all zeros of the latter polynomial lie in this disk, the
characteristic roots remain strictly inside the unit circle. This conclusion holds uniformly with respect
to θ, including the limiting case θ = π/2, and therefore excludes instability caused by second-order
effects for arbitrarily small positive p.

We note that the analysis of θ = π/2 in Lemma 3.4(ii) concerns the behavior of characteristic roots
near p = 0 and does not establish a sharp stability threshold for this boundary case. Accordingly, the
necessary and sufficient stability conditions in Theorems 4.1 and 4.2 are stated under the restriction
0 ≤ θ < π/2 for the complex eigenvalue case.

We may now discuss the asymptotic stability of the system with the aid of Lemma 3.3 and
Lemma 3.4. For p = 0, the characteristic equation takes the form f (λ) = λkN (λ − a) = 0. Hence the
characteristic roots consist of λ = 0 with multiplicity kN and the simple root λ = a. Since |a| < 1, all
characteristic roots lie within the open unit disk D. Because the characteristic roots depend
continuously on the parameter p, all characteristic roots remain within D in a sufficiently small
neighborhood of p = 0. In particular, by Lemma 3.4(i), for 0 ≤ θ < π/2 and a ∈ (0, 1), the modulus of
the root λ(0) = a decreases for every sufficiently small p > 0; by Lemma 3.4(ii), in the case θ = π/2,
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although the modulus of this root exceeds a, it nevertheless remains within the open unit disk for
sufficiently small values of p. We consider the set

℘ = {pv : pv > 0, v ∈ V} ∪ ℘b, (3.14)

where pv denotes a positive critical parameter corresponding to a characteristic root on the unit circle,
as determined in Lemma 3.2, and

℘b =


{

1 + a
T (−1)

}
, if θ = 0, kN is even, T (−1) > 0,

∅, otherwise.

The set ℘b accounts for the boundary root λ = −1 considered in Lemma 3.1. Thus, ℘ contains all
positive parameter values at which at least one characteristic root lies on the unit circle.

We now show that ℘ , ∅. For p = 0, the characteristic equation reduces to fθ(λ, 0) = λkN (λ − a) =
0, whose roots lie inside the open unit disk. Let λ1(p), . . . , λkN+1(p) denote the characteristic roots,
counted with multiplicity. Since the characteristic polynomial is monic and its constant term is peiθ,
Viète’s formula [20] gives

kN+1∏
j=1

λ j(p) = (−1)kN+1 peiθ.

Consequently,
kN+1∏
j=1

|λ j(p)| = p.

Hence, for p > 1, at least one characteristic root lies outside the open unit disk. Since the spectral
radius ρ(p) = max j |λ j(p)| depends continuously on p, there exists p0 > 0 such that ρ(p0) = 1. By the
definition of ℘, we have p0 ∈ ℘. Therefore, ℘ , ∅.

Since ℘ is finite and nonempty, we define

p∗ = min℘. (3.15)

By Lemma 3.3, every simple characteristic root on the unit circle crosses from inside to outside
as p increases through its corresponding positive critical value. Consequently, p∗ is the first critical
parameter at which a characteristic root reaches the unit circle.

Lemma 3.5. Assume that 0 ≤ θ < π/2 and a ∈ (0, 1) . Then all roots of the characteristic equation (2.6)
lie inside the open unit disk if and only if

0 < p < p∗. (3.16)

Moreover, we have

p∗ ≥
1 − a

N
. (3.17)

Proof. Sufficiency: Let 0 < p < p∗. For p = 0, the characteristic Eq (2.6) reduces to f (λ) = λkN (λ−a) =
0. Since a ∈ (0, 1), all its roots lie inside the open unit disk D. Moreover, by Lemma 3.4, this property
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is preserved for sufficiently small positive values of p. Since the coefficients of the characteristic
polynomial depend continuously on p, its roots also depend continuously on p.

By Lemmas 3.1 and 3.2, all positive parameter values at which characteristic roots lie on the unit
circle, including the boundary case λ = −1, are contained in ℘. Since p∗ = min℘, no element of ℘ lies
in the interval 0 < p < p∗, so no characteristic root can reach the unit circle within this interval. As
the roots lie in the open unit disk at p = 0 and no crossing of the unit circle occurs within this interval,
all characteristic roots remain inside the open unit disk for 0 < p < p∗. The system is therefore
asymptotically stable.

Necessity: Suppose now that the system is asymptotically stable. Then |λ| < 1 must hold for every
characteristic root. It therefore suffices to show that p ≥ p∗ cannot hold.

Case 1: Let p = p∗. By definition, p∗ ∈ ℘, so at least one characteristic root lies on the unit circle.
Since asymptotic stability requires all characteristic roots to lie inside the open unit disk, the system is
not asymptotically stable at p = p∗.

Case 2: Let p > p∗. We know that at p = p∗, at least one characteristic root lies on the unit circle.
By Lemma 3.2, the corresponding roots with ωv ∈ (−π, π) are simple. For the boundary case λ = −1,
when it occurs, we have

2 Re G(−1) = kN + k1 +
2

1 + a
> 0.

Since T (−1) , 0, Eq (3.8) implies that f ′(−1) , 0. Hence, the boundary root is also simple, and the
outward crossing argument of Lemma 3.3 applies to all these roots. In particular,

d
dp
|λv(p)|p=pv > 0, (3.18)

and the same outward crossing property also holds for the boundary root λ = −1, whenever it occurs.
Thus, for p > p∗ sufficiently close to p∗, at least one characteristic root satisfies |λ(p)| > 1. Hence, the
system loses asymptotic stability immediately after p∗.

Suppose, conversely, that the system becomes asymptotically stable again at some value p > p∗.
Then the root that exits the unit disk immediately after p∗, or any root lying outside the disk, would
have to re-enter the open unit disk. Since the roots depend continuously on p, such a re-entry would
require some characteristic root to cross the unit circle from outside to inside at some value p0 > p∗.

However, by Lemmas 3.1 and 3.2, all crossings that can occur on the unit circle occur precisely at
the critical values in the set ℘, including the boundary case λ = −1. Furthermore, by Lemma 3.2 and the
boundary-case argument above, these roots are simple. According to Lemma 3.3, the outward crossing
condition (3.18) holds at each critical value corresponding to ω ∈ (−π, π), and the same property holds
for the boundary root. Therefore, as p increases, no characteristic root can cross the unit circle from
outside to inside. This contradiction shows that the system cannot become asymptotically stable again
for p > p∗. Hence, asymptotic stability necessarily requires 0 < p < p∗.

Furthermore, for every p ∈ ℘, there exists a characteristic root λwith |λ| = 1. From the characteristic
equation, we obtain

p =
|λ − a|
|T (λ)|

.

For a ∈ (0, 1) and |λ| = 1, we have
|λ − a| ≥ 1 − a.
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On the other hand,

|T (λ)| =

∣∣∣∣∣∣∣
N−1∑
j=0

λ jd

∣∣∣∣∣∣∣ ≤
N−1∑
j=0

|λ jd| = N,

so that |T (λ)| ≤ N. Consequently, the inequality

p =
|λ − a|
|T (λ)|

≥
1 − a

N

holds for every p ∈ ℘, from which we obtain

p∗ = min℘ ≥
1 − a

N
.

The proof is complete. □

4. Main results

Theorem 4.1. Assume that a ∈ (0, 1) and that the matrix B satisfies either of the two cases in its Jordan
canonical form. Then system (1.1) is asymptotically stable if and only if

0 < p < p∗. (4.1)

Moreover, since

p∗ ≥
1 − a

N
, (4.2)

we obtain a sufficient condition for the asymptotic stability of system (1.1):

0 < p <
1 − a

N
. (4.3)

Proof. For the 2 × 2 Jordan block of the matrix A selected in system (2.2), the characteristic equation
reduces to

f (λ) = λkN+1 − aλkN + pT (λ)eiθ.

In Lemma 3.1, the arguments of the possible roots of this characteristic equation lying on the unit
circle were determined, including the boundary case λ = −1. In Lemma 3.2, the corresponding positive
critical parameter values pv were obtained, and these roots were shown to be simple. The simplicity
and outward crossing of the boundary root were also established in Lemma 3.5.

Lemma 3.3 shows that as the parameter p increases, these simple unit-circle roots cross the unit
circle from inside to outside. Lemma 3.4 establishes that, in a neighborhood of p = 0, the characteristic
roots lie inside the open unit disk, and that asymptotic stability is preserved for sufficiently small
positive values of p. By Lemma 3.5, the necessary and sufficient condition for all characteristic roots
to remain inside the open unit disk, or equivalently for system (2.2) to be asymptotically stable, is
0 < p < p∗. Furthermore, since Lemma 3.5 establishes that p∗ ≥ (1 − a) /N, the condition 0 < p <
(1 − a) /N guarantees the condition 0 < p < p∗. Therefore, 0 < p < (1 − a) /N is a sufficient condition
for asymptotic stability. The proof is complete. □
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Finally, we consider a higher-dimensional linear delay difference system with multiple delays,

xn+1 − axn + B
N∑

j=1

xn−k j = 0, n ∈ N0 = {0, 1, 2, . . .}, (4.4)

where B is an m×m constant matrix, a ∈ (0, 1), and the delays k j ( j = 1, 2, . . . ,N) are positive integers
forming an arithmetic sequence; that is, k j+1 = k j + d, j = 1, 2, . . . ,N − 1, for some positive integer d.
We can then readily verify that the characteristic equation of (4.4) is given by

m∏
j=1

{
λkN+1 − aλkN + p jeiθ jT (λ)

}
= 0. (4.5)

Theorem 4.2. Let a ∈ (0, 1) and let B be a nonsingular real m × m matrix whose eigenvalues are
µ j = p jeiθ j , where p j > 0 and |θ j| < π/2, for j = 1, . . . ,m. Suppose that the delays k j, j = 1, . . . ,N,
form an arithmetic sequence with common difference d > 0. Then system (4.4) is asymptotically stable
if and only if

0 < p j < p∗j, j = 1, . . . ,m, (4.6)

where p∗j denotes the sharp stability threshold associated with the eigenvalue argument θ j, as
determined by Lemmas 3.1–3.5. Moreover, since

p∗j ≥
1 − a

N
, (4.7)

we obtain a sufficient condition for the asymptotic stability of system (4.4):

0 < p j <
1 − a

N
, j = 1, . . . ,m. (4.8)

Proof. Let J = P−1BP be the Jordan canonical form of B, with Jordan blocks Jrℓ(µℓ), ℓ = 1, . . . , s,
where the eigenvalues are listed by Jordan blocks and

∑s
ℓ=1 rℓ = m. Since

Jrℓ(µℓ) = µℓIrℓ + Nrℓ ,

where Nrℓ is strictly upper triangular, the characteristic determinant of system (4.4) can be written as

∆(λ) = det [L(λ)Im + T (λ)B]
= det [L(λ)Im + T (λ)J]

=

s∏
ℓ=1

det
[(

L(λ) + µℓT (λ)
)
Irℓ + T (λ)Nrℓ

]
=

s∏
ℓ=1

[
L(λ) + µℓT (λ)

]rℓ ,

where
L(λ) = λkN+1 − aλkN .
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Thus, the sizes of the Jordan blocks affect only the multiplicities of the characteristic roots, not their
locations. Consequently, system (4.4) is asymptotically stable if and only if all roots of the
corresponding scalar characteristic equations lie inside the open unit disk. Applying Lemma 3.5 to
each scalar factor under the stated assumptions on the eigenvalues yields

0 < p j < p∗j, j = 1, . . . ,m.

Moreover, since

p∗j ≥
1 − a

N
,

the inequalities

0 < p j <
1 − a

N
, j = 1, . . . ,m,

provide a sufficient condition for asymptotic stability. The proof is complete. □

5. Numerical illustrations and application

5.1. Sharp stability boundary for the theoretical model

In this section, a numerical example is presented in order to support the asymptotic stability result
obtained in the previous section. The figure compares the sharp stability condition 0 < p < p∗, with
the simpler sufficient condition

0 < p <
1 − a

N
.

Here, p∗ defines the exact stability threshold, whereas (1 − a) /N provides an easily computable, though
more conservative, sufficient bound. For the numerical illustration, we choose a = 0.4, N = 3, k1 = 1,
d = 2 in Eqs (2.2), (2.3), and (2.6). In this case, k2 = 3, k3 = 5, and kN = 5. The delay polynomial
therefore takes the form

T (λ) = 1 + λ2 + λ4.

When the angle parameter corresponding to the two-dimensional Jordan block associated with the
complex conjugate eigenvalue pair is chosen as θ = π/6, the corresponding characteristic equation
becomes

f (λ, p) = λ6 − 0.4λ5 + p(1 + λ2 + λ4)eiπ/6.

For this characteristic equation, the spectral radius is defined, as introduced by Elaydi [21], as

ρ (p) = max {|λ| : f (λ, p) = 0} . (5.1)

It is a standard fact that all characteristic roots of the system lying within the open unit disk, that is,
ρ (p) < 1 are equivalent to the asymptotic stability of the system. In the critical case, ρ (p) = 1, at least
one characteristic root lies on the unit circle. For this example, the first positive critical value obtained
by using Lemma 3.1 and Lemma 3.2 is approximately p∗ ≈ 0.3851. On the other hand, since the lower
bound given in Lemma 3.5 is p∗ ≥ (1 − a) /N , for this example, we obtain

1 − a
N
=

1 − 0.4
3

= 0.2.
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Thus, the interval 0 < p < 0.2 provides a sufficient region guaranteeing asymptotic stability.
However, since the sharp stability interval is 0 < p < 0.3851, it is seen that the sufficient condition
does not cover the entire stability region. Figure 1 shows the variation of ρ (p) with respect to p. In
the figure, the horizontal dashed line represents the stability boundary ρ (p) = 1. The green vertical
line indicates the sufficient stability bound p = 0.2, while the red vertical line indicates the sharp
stability bound p∗ ≈ 0.3851.

As seen in Figure 1, since ρ (p) < 1 holds for 0 < p < (1 − a) /N, the system is asymptotically
stable on this interval. However, this interval does not constitute the entire stability region. Indeed,
the inequality ρ (p) < 1 is also satisfied on the interval (1 − a) /N < p < p∗. Therefore, the condition
0 < p < (1 − a) /N is a sufficient condition guaranteeing asymptotic stability, but it is not necessary.
In contrast, the condition 0 < p < p∗ is the sharp stability condition. At p = p∗, the spectral radius
becomes one, and at least one characteristic root reaches the unit circle. When p > p∗, ρ (p) > 1 and
the system loses asymptotic stability.

Figure 1. Variation of the spectral radius ρ (p) as a function of p for a = 0.4, N = 3, k1 = 1,
d = 2, and θ = π/6.

Figure 2 illustrates the variation of the spectral radius as a function of both parameters p and θ. In
this case,

ρ (p, θ) = max {|λ| : f (λ, p, θ) = 0} ,

where

f (λ, p, θ) = λkN+1 − aλkN + pT (λ)eiθ.

The graph is plotted over the interval 0 ≤ θ < π/2, for which the theoretical results are valid.
Figure 2 shows that the bound (1 − a) /N is independent of θ, whereas the actual critical value p∗ (θ)
depends on θ in general. Thus, the condition 0 < p < (1 − a) /N provides a safe and easily computable
sufficient stability region for all values of θ. However, as can be seen from the yellow region, ρ (p, θ) <
1 also holds for certain parameter values lying outside this sufficient bound. This indicates that the
bound (1 − a) /N is sufficient but not necessary. The sharp boundary, on the other hand, is determined
by the curve p∗ (θ) corresponding to the condition ρ (p, θ) = 1.
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Figure 2. The spectral radius surface ρ (p, θ) on the interval 0 ≤ θ < π/2.

Finally, in order to illustrate the location of the characteristic roots in the complex plane, let us
select three distinct values of p such that

p1 <
1 − a

N
< p2 < p∗ < p3.

Specifically, let p1 = 0.10, p2 = 0.30, and p3 = 0.45. As can be seen, p1 lies within the sufficient
stability region, p2 lies outside the sufficient bound but below the sharp stability threshold, and p3 lies
above the sharp critical value. Figure 3 shows the location of the characteristic roots in the complex
plane for the values p1 = 0.10, p = (1 − a) /N, p2 = 0.30, p = p∗ ≈ 0.3851, and p3 = 0.45. The
unit circle represents the boundary of asymptotic stability. For the values p1, p = (1 − a) /N, and p2,

all characteristic roots lie within the open unit disk. In particular, the fact that the roots remain within
the unit disk even though p2 > (1 − a) /N demonstrates that the condition 0 < p < (1 − a) /N is not
necessary. By contrast, at p = p∗, at least one characteristic root reaches the unit circle, and when
p3 > p∗, some roots move outside the unit circle, causing the system to lose its asymptotic stability.

Figure 4 illustrates, in three-dimensional form, the trajectory of the characteristic roots as a function
of the parameter p, plotted in the coordinates (Re(λ), Im (λ) , p) . The gray cylinder represents the
stability boundary |λ| = 1, the green dashed circle represents the sufficient stability boundary p =
(1 − a) /N, and the black dotted circle represents the sharp stability boundary p = p∗. To enhance visual
clarity, the parameter values p1 = 0.10, p = (1 − a) /N, p2 = 0.30, p = p∗ ≈ 0.3851, p3 = 0.45, and
p4 = 0.75 have been used in this figure. As the figure shows, for the values p1 = 0.10, p = (1 − a) /N,
and p2 = 0.30, the characteristic roots remain inside the unit cylinder. This indicates that the system is
asymptotically stable for these parameter values. In particular, the fact that the roots still lie inside the
cylinder even though p2 = 0.30 > (1 − a) /N clearly confirms that the condition 0 < p < (1 − a) /N
is not necessary, but only sufficient. By contrast, at the level p = p∗, at least one root reaches the unit
cylinder, representing the sharp stability boundary. Subsequently, at p3 = 0.45 and p4 = 0.75, some
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roots are observed to move outside the cylinder. Consequently, the system is not asymptotically stable
for these values. Thus, Figure 4 clearly demonstrates, through the root trajectories, both the distinction
between the sufficient stability boundary (1 − a) /N and the sharp boundary p∗, and the transition from
the stable region to the unstable region.

Figure 3. Locations of the characteristic roots in the complex plane for the values p1 = 0.10,
p2 = 0.30, and p3 = 0.45.

Figure 4. Characteristic root loci with respect to p and stability boundaries.

Figures 1–4 show the same stability transition predicted by the theoretical analysis: the system
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remains stable beyond the sufficient bound (1 − a) /N and loses stability at p = p∗. In particular,
stability may persist for (1 − a) /N < p < p∗, showing that 0 < p < (1 − a) /N is sufficient but not
necessary.

5.2. Higher-dimensional non-diagonalizable matrix example

In this section, a four-dimensional numerical example is presented to illustrate the asymptotic
stability conditions established in Theorem 4.2 for higher-dimensional systems with
non-diagonalizable coefficient matrices. We retain the parameters a = 0.4, N = 3, k1 = 1, and d = 2
used in Section 5.1, allowing a direct comparison between the two examples. Consider the linear
difference system

xn+1 − axn + B(p)
3∑

j=1

xn−k j = 0,

where xn ∈ R
4, and let a = 0.4,N = 3, k1 = 1, k2 = 3, k3 = 5. The coefficient matrix is chosen as

B(p) =


p 1 0 0
0 p 0 0
0 0 p cos(π/6) −p sin(π/6)
0 0 p sin(π/6) p cos(π/6)

 , p > 0.

The matrix B(p) contains a Jordan block of order two associated with the eigenvalue p. Since this
block is non-diagonalizable, the full coefficient matrix is also non-diagonalizable. Its eigenvalues are

µ1 = µ2 = p, µ3 = peiπ/6, µ4 = pe−iπ/6.

Thus, this example involves both a repeated real eigenvalue and a pair of complex conjugate
eigenvalues. Since the delays form an arithmetic sequence with common difference d = 2, the delay
polynomial is

T (λ) = 1 + λ2 + λ4.

Furthermore,
L(λ) = λ6 − 0.4λ5.

By the characteristic determinant decomposition established in Theorem 4.2, we obtain

∆(λ) = [L(λ) + pT (λ)]2

× [L(λ) + peiπ/6T (λ)]
× [L(λ) + pe−iπ/6T (λ)].

The squared factor corresponds to the Jordan block associated with the repeated eigenvalue p.
Therefore, the asymptotic stability of the four-dimensional system can be determined by examining
the roots of the scalar characteristic equations

f0(λ, p) = λ6 − 0.4λ5 + p(1 + λ2 + λ4) = 0

and
fπ/6(λ, p) = λ6 − 0.4λ5 + peiπ/6(1 + λ2 + λ4) = 0.
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Since the characteristic equation associated with the eigenvalue pe−iπ/6 has conjugate coefficients, its
roots are the complex conjugates of those of fπ/6(λ, p) = 0. Hence, both equations have the same
spectral radius. To determine the critical parameter values, we apply Lemmas 3.1 and 3.2. For the
selected parameters, the phase equation becomes

2θ + 2vπ = 6ωv + 2 arg(eiωv − 0.4).

The corresponding positive critical parameter values are obtained from

pv =

√
1.16 − 0.8 cosωv | sinωv|

| sin 3ωv|
,

where e2iωv , 1, with the special case e2iωv = 1 treated according to Lemma 3.2. The critical
parameter values were computed by numerically solving the phase equation in Lemma 3.1 and
retaining only the positive real parameter values according to Lemma 3.2. The characteristic roots
were then calculated from the corresponding scalar polynomial factors, and the spectral radius was
obtained as the maximum modulus of these roots. The numerical calculations were performed using
Python with NumPy and SciPy. For the real Jordan block, the first positive critical parameter value is
p∗0 ≈ 0.546450, whereas for the complex conjugate pair, we obtain p∗π/6 ≈ 0.385058. According to
Theorem 4.2, all characteristic roots of the full system lie inside the open unit disk if and only if the
stability conditions associated with all eigenvalues are satisfied. Therefore, the sharp stability
threshold for this example is

p∗ = min{p∗0, p
∗
π/6}

= min{0.546450, 0.385058}.
Consequently,

p∗ ≈ 0.385058.

This value agrees with the critical parameter p∗ ≈ 0.3851 obtained in Section 5.1 for θ = π/6 and
determines the stability boundary of the four-dimensional system. To verify this result, the spectral
radii of the scalar characteristic equations are calculated for two values of p. Define

ρ0(p) = max{|λ| : f0(λ, p) = 0}

and
ρπ/6(p) = max{|λ| : fπ/6(λ, p) = 0}.

The numerical results are presented in Table 1.

Table 1. Spectral radii of the characteristic factors for the four-dimensional non-
diagonalizable system.

p ρ0(p) ρπ/6(p) Stability
0.25 0.889604 0.928223 Stable
0.39 0.951633 1.002223 Unstable

For p = 0.25, both spectral radii are less than one. Hence, all characteristic roots of the full system
lie inside the open unit disk, and the system is asymptotically stable. On the other hand, for p = 0.39,
we obtain

ρ0(0.39) ≈ 0.951633 < 1,
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whereas
ρπ/6(0.39) ≈ 1.002223 > 1.

Thus, although the characteristic roots associated with the real Jordan block remain inside the open
unit disk, at least one root associated with the complex conjugate eigenvalue pair lies outside the unit
disk. Consequently, the full system is not asymptotically stable. These results are consistent with
Theorem 4.2. The stability of the full system is determined by the characteristic roots associated with
its eigenvalues, while the Jordan block sizes affect only their algebraic multiplicities.

Figure 5 shows the spectral radii of the scalar characteristic factors associated with the real Jordan
block and the complex conjugate pair. The horizontal line ρ = 1 represents the stability boundary.
The full system remains asymptotically stable as long as both spectral radii are below one. The first
loss of asymptotic stability occurs at p∗ ≈ 0.385058, where the complex conjugate branch reaches the
unit circle. For p > p∗, the corresponding spectral radius exceeds one, and the full system becomes
unstable.

Figure 5. Spectral radii and stability boundaries for the four-dimensional non-diagonalizable
system.

5.3. Application to a nonlinear population model with distributed delays

In this subsection, we consider a nonlinear discrete-time population model to illustrate the
theoretical results obtained above. The local asymptotic stability of its positive equilibrium is
examined through linearization.

For a population observed at discrete time intervals, the current population level may depend not
only on its present state but also on population levels recorded at earlier times. Such dependence
naturally leads to a model with delayed terms.

Let An denote the adult population density at time n, and let A∗ > 0 be a positive equilibrium density.
For 0 < a < 1 and S > 0, consider the following nonlinear discrete-time model:

An+1 = A∗ + a(An − A∗) −
S
N

N∑
i=1

[B(An−i) − B(A∗)] . (5.2)

Motivated by the rational fitness-function formulations of discrete-time population models with
Allee effects developed by Elaydi and Sacker [1], we take the delayed feedback function in the
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following Allee-type saturating form:

B(A) =
rA2

1 +
(

A
K

)2 , r > 0, K > 0. (5.3)

Here, r is a positive coefficient determining the strength of the feedback effect, while K represents
the population density scale. Since B(0) = 0, B′(0) = 0, the feedback effect is weak at low population
densities. Moreover, B(A) is increasing for A > 0 and approaches a saturation level as A becomes large.
Hence, B(A) represents a density-dependent Allee-type regulatory feedback with saturation. Here, the
Allee-type response is incorporated into a distributed-delay feedback term so that the dynamics near
the positive equilibrium lead to the multiple-delay linear equation studied in this paper.

We first show that A∗ is an equilibrium point of (5.2). If An = A∗, then all delayed terms also satisfy
An−i = A∗ for i = 1, 2, . . . ,N. Therefore,

B(An−i) − B(A∗) = 0,

and since An − A∗ = 0, the right-hand side of (5.2) becomes

A∗ + a · 0 −
S
N

N∑
i=1

0 = A∗.

Thus, An+1 = A∗, and hence A∗ > 0 is a positive equilibrium point of the model.
We now analyze the local behavior around this positive equilibrium. Define

un = An − A∗.

Here, un denotes the perturbation of the population density from the positive equilibrium at time n.
Hence,

An = A∗ + un.

Substituting this relation into (5.2) gives

A∗ + un+1 = A∗ + aun −
S
N

N∑
i=1

[B(A∗ + un−i) − B(A∗)] .

After subtracting A∗ from both sides, we obtain

un+1 = aun −
S
N

N∑
i=1

[B(A∗ + un−i) − B(A∗)] . (5.4)

Next, we expand B(A∗ + un−i) in a sufficiently small neighborhood of the equilibrium point A∗.
Assuming that B is sufficiently smooth near A∗, Taylor’s expansion yields

B(A∗ + un−i) = B(A∗) + B′(A∗)un−i +
1
2

B′′(A∗)u2
n−i + O(u3

n−i).
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In local stability analysis, only first-order terms are retained, while second- and higher-order terms are
neglected. Hence,

B(A∗ + un−i) − B(A∗) ≈ B′(A∗)un−i. (5.5)

This approximation means that, when the population is sufficiently close to its equilibrium level, the
change in the nonlinear feedback function is approximately equal to the product of the perturbation
and the derivative of the feedback function at the equilibrium point. Therefore, B′(A∗) measures the
local sensitivity of the feedback mechanism to small deviations from equilibrium.

Substituting (5.5) into (5.4), we obtain

un+1 = aun −
S
N

N∑
i=1

B′(A∗)un−i.

Since B′(A∗) is independent of the summation index, it can be taken outside the summation:

un+1 = aun −
S
N

B′(A∗)
N∑

i=1

un−i. (5.6)

Thus, the nonlinear perturbation equation is reduced, in a neighborhood of the equilibrium point A∗, to
a linear delay difference equation. Define

p =
S
N

B′(A∗),

and then (5.6) becomes

un+1 = aun − p
N∑

i=1

un−i.

Equivalently, we can write

un+1 − aun + p
N∑

i=1

un−i = 0. (5.7)

Equation (5.7) corresponds to the scalar case of the linear difference system considered in (1.1),
with un = xn and B = p. In particular, for consecutive delays k j = j, j = 1, 2, . . . ,N, we have
k1 = 1, d = 1, kN = N.

Thus, the characteristic equation of (5.7) is obtained from the main characteristic equation

λkN+1 − aλkN + pT (λ)eiθ = 0, (5.8)

by taking k1 = 1, d = 1, kN = N, and θ = 0. In this case,

T (λ) = 1 + λ + λ2 + · · · + λN−1,

and (5.8) reduces to
λN+1 − aλN + p

(
1 + λ + λ2 + · · · + λN−1

)
= 0. (5.9)

By the linearization principle for discrete-time dynamical systems [21], if all eigenvalues of the
Jacobian matrix at an equilibrium lie strictly inside the open unit disk, then the equilibrium is locally
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asymptotically stable. Conversely, if at least one eigenvalue lies outside the closed unit disk, the
equilibrium is unstable. Since the delayed system can be represented as a finite-dimensional
first-order system by introducing the delayed state variables, this principle applies to the present
nonlinear population model. When a characteristic root lies on the unit circle, linearization alone does
not determine the local stability of the nonlinear equilibrium [21]. At the critical value p = p∗,
higher-order nonlinear terms may influence the stability of the equilibrium, and their effects are not
determined by the present linear analysis.

Therefore, if all roots of (5.9) lie in the open unit disk, the positive equilibrium A∗ of the nonlinear
population model is locally asymptotically stable. Equivalently, if all characteristic roots satisfy |λ| < 1,
then un → 0. Since un = An − A∗, this implies An → A∗, which means that the adult population returns
to its positive equilibrium density after sufficiently small environmental or demographic perturbations.

For the population model, p∗ gives the limiting value of the delayed feedback coefficient for local
asymptotic stability of the positive equilibrium. The delayed feedback coefficient p represents the total
regulatory influence of past population densities on the present adult population density. When this
effect is sufficiently small, the system returns to equilibrium. However, once the delayed response
exceeds a critical level, it may destabilize the equilibrium and generate oscillatory behavior.

Consider an adult population monitored at seasonal intervals. In this setting, the population at the
current time may depend not only on the present adult density but also on population levels observed
in earlier periods. High densities in previous seasons, for instance, may affect the current population
through limited food availability, increased pressure on the habitat, lower juvenile survival, or
harvesting. Such delayed effects provide a natural motivation for including multiple delays in the
population model.

For this application, let a = 0.6,N = 3.
Here, a = 0.6 represents the period-to-period persistence effect of the adult population around

equilibrium, while N = 3 means that the previous three periods influence the current population
change. The linearized perturbation equation then becomes

un+1 − 0.6un + p(un−1 + un−2 + un−3) = 0.

The corresponding characteristic equation is

λ4 − 0.6λ3 + p(λ2 + λ + 1) = 0.

The simple sufficient stability bound is

1 − a
N
=

0.4
3
= 0.1333333333.

The sharp stability threshold, computed as the first positive value of p for which a characteristic root
reaches the unit circle, is

p∗ ≈ 0.3177270635.

For this example, (1−a)/N = 0.1333333333 gives a sufficient stability bound, whereas the computed
threshold p∗ ≈ 0.3177270635 gives the actual stability limit of the positive equilibrium.

To illustrate three qualitatively different feedback regimes, choose p1 = 0.08, p2 = 0.22, p3 = 0.36.
The value p1 corresponds to weak delayed feedback and lies in the safe stability region. The value

p2 represents a stronger delayed effect that exceeds the simple sufficient bound but remains below the
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true critical threshold p∗. The value p3 exceeds the critical threshold and therefore corresponds to a
destabilizing feedback regime. For the application model, define the spectral radius by

ρ(p) = max{|λ| : f (λ, p) = 0},

where
f (λ, p) = λ4 − 0.6λ3 + p(1 + λ + λ2).

Accordingly,
ρ(p) = max

{
|λ| : λ4 − 0.6λ3 + p(1 + λ + λ2) = 0

}
.

Substitution of p1, p2, and p3 gives

ρ(p1) = 0.7068969250,
ρ(p2) = 0.9082833993,
ρ(p3) = 1.0343867442.

Hence, for p1 and p2, all characteristic roots remain inside the open unit disk, and the positive
equilibrium is locally asymptotically stable. In contrast, for p3, the spectral radius is greater than one;
consequently, at least one characteristic root lies outside the unit circle, and the positive equilibrium
loses stability.

For p2 = 0.22, the value lies above the sufficient bound (1 − a)/N, but the system remains stable
since p2 < p∗. Hence, (1 − a)/N provides only a sufficient condition and does not characterize the
full stability region. The threshold p∗ determines the stability limit of the population equilibrium. This
case is shown in Figure 6.

Figure 6. Spectral radius of the linearized population model.

Figure 7 shows the locations of the characteristic roots in the complex plane. The unit circle acts
as the stability boundary for local asymptotic stability. For p1 and p2, all roots remain inside the unit
circle, whereas for p3, a pair of roots moves outside the unit circle. This indicates that the positive
equilibrium loses stability once the delayed feedback exceeds the critical threshold.
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Figure 7. Characteristic roots for selected feedback levels.

Finally, Figure 8 presents the time evolution of the linearized perturbation equation. In the
simulation, the initial history is chosen as u−3 = 0.08, u−2 = −0.04, u−1 = 0.06, u0 = 0.05.

Figure 8. Perturbation dynamics around the positive equilibrium.

For p1 and p2, the perturbations tend to zero as time increases. This implies that An → A∗, and
hence the population returns to its equilibrium level. In contrast, for p3, the perturbations do not decay,
which indicates the instability of the positive equilibrium.

This application gives a direct interpretation of the stability threshold p∗ in population terms. The
coefficient p measures the effect of past population densities on the current adult population. If 0 <
p < p∗, small perturbations around the equilibrium decay and the population returns to its equilibrium
level. When p crosses p∗, the equilibrium loses its local asymptotic stability.
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Thus, p∗ separates the locally stable regime from the parameter range in which the positive
equilibrium is no longer locally asymptotically stable.

6. Conclusions

In this study, the asymptotic stability of a linear system of difference equations with N delays in
arithmetic progression is investigated. By reducing the coefficient matrix to Jordan form, the stability
problem is expressed in terms of the characteristic equations associated with the corresponding Jordan
blocks. The analysis of the characteristic roots on the unit circle then yields the critical parameter
values at which stability may be lost.

The system considered here extends the arithmetic multi-delay setting of Nagabuchi [18] by
including the parameter a ∈ (0, 1), which had previously been studied in the two-delay case. The
presence of a changes the characteristic equation and, in particular, the determination of the
arguments of the unit-circle roots. This leads to a family of critical values from which the first
positive crossing value p∗ is obtained.

The main stability result is the necessary and sufficient condition:

0 < p < p∗.

Thus, p∗ gives the exact boundary for asymptotic stability. In addition,

p∗ ≥
1 − a

N
,

and hence

0 < p <
1 − a

N
provides a sufficient condition that can be checked without computing the critical values explicitly.
The numerical examples show that this sufficient bound may be strictly smaller than the actual stability
interval, since stability can persist for:

1 − a
N
< p < p∗.

The nonlinear population model considered in Section 5.3 provides an application of these results.
After linearization around the positive equilibrium, the perturbation equation has the same multiple-
delay structure studied in the theoretical part of the paper. Accordingly, p∗ determines the limiting
value of the delayed feedback coefficient for local asymptotic stability of the positive equilibrium.

The arithmetic structure of the delays allows the characteristic equation to be analyzed through a
finite delay polynomial, while the extension to higher-dimensional systems is achieved through the
eigenvalues of the coefficient matrix. Nevertheless, the analysis is restricted to linear systems with
arithmetic delays and a ∈ (0, 1). Furthermore, determining the exact critical parameter values may
require numerical computation. When applied to nonlinear systems, the resulting stability conclusions
are local and do not establish global stability. Future research may consider non-arithmetic delay
structures, broader parameter ranges, and nonlinear discrete-time systems.
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