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Abstract: In this paper, we investigated a class of damped second-order stochastic differential
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1. Introduction

In diverse fields, including physics, finance, and biology, second-order evolution equations play
a crucial role in characterizing the dynamics of complex systems. Through the inclusion of second-
order time derivatives, nonlinear partial differential equations offer a powerful analytical framework
for effectively modeling phenomena in classical, molecular, and quantum mechanics [1]. From
an engineering perspective, damping represents the dissipative mechanism through which kinetic
or electromagnetic energy is extracted from a system. This process is instrumental in attenuating
oscillatory amplitudes and suppressing signal intensities, thereby ensuring the asymptotic stability
of the underlying dynamics. Next, we mention some works. The study of abstract deterministic
second-order evolution equations, governed by the generator of a strongly continuous cosine family,
was pioneered in [2] and further developed in [3-5]. While the motivation for studying damped
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second-order systems is detailed in [6, 7], the authors in [8] established a framework for second-
order damped functional stochastic evolution equations within a Hilbert space. In physical and
engineering systems, damping plays a fundamental role in dissipating kinetic energy and suppressing
oscillations, which is vital for system stabilization. For instance, advanced control strategies-such as
dynamic fractional-order fuzzy models with adaptive fractional derivatives-have been widely applied
to vibration suppression in active mass drivers [9]. For a comprehensive treatment of damping, refer
to [10-12].

To rigorously address problems in non-smooth mechanics and engineering, Panagiotopoulos [13]
introduced the concept of hemivariational inequalities (HIs). These inequalities emerge naturally from
the variational formulation of the virtual work principle when constitutive laws are governed by non-
monotone, multivalued mappings. By extending the classical scope of variational inequalities, this
field has gained substantial traction for its efficacy in resolving nonlinear boundary value problems
across the applied sciences [14]. The mathematical foundation of this theory rests upon the generalized
gradient properties of locally Lipschitz functionals [15-17], providing a powerful apparatus for
analyzing mechanical systems defined by non-monotone and multivalued relations.

Controllability remains a cornerstone of control theory, particularly in the analysis of infinite-
dimensional systems [18]. A crucial subtlety lies in the distinction between exact controllability and
approximate controllability. For many nonlinear problems, the former is often overly restrictive, since
the attainable subspace is typically not closed due to the intrinsic topological properties of the state
space. Consequently, approximate controllability has emerged as a more relevant objective, stimulating
extensive research on stochastic, impulsive, and delay integrodifferential equations [19-21]. In this
context, the controllability of systems governed by hemispherical inclusions (HIs) has emerged as a
particularly vibrant area of research [22-24].

We present, to our knowledge, the first investigation into the approximate controllability of damped
second-order stochastic differential systems with memory governed by Hls. We formulate and analyze
this problem within the framework of a separable Hilbert space H, thereby addressing a distinct gap
in research. In particular, we study the abstract differential inclusion given by

a9 (o) € | Ad(0) + G () + (S19)(0) + V(0. (S 29)(0). H(0r)
+ BU(0) + K (0, ()| dor + 5(o, () dW(),

ocedJ =10,0],
P0) =y, ¥ (0) =17.

(1.1)

Here, the state variable J(-) evolves in H, while the control input U(-) belongs to a separable
Hilbert space U. We assume A generates a strongly continuous cosine family (C(07)),cz on H, and
G € L(H) denotes a bounded damping operator. Operator B is a bounded linear map from U into
H. The term 0K (o, 9) C H* denotes the Clarke generalized subdifferential of the locally Lipschitz
functional K (o, -), while K°(o, #; @) denotes its associated Clarke generalized directional derivative.

Here, ¢ € H denotes the state variable, whereas @ € H is an arbitrary direction in the definition of
the Clarke generalized directional derivative. With regard to the stochastic setting, let (O, 7, {F o }os0, P)
be a complete probability space equipped with a standard Q-Wiener process ‘W. The initial conditions
¥y and ¢ are Fy-measurable random variables valued in H and are independent of W. Let @ :
J X H xH — H be a given function. S; and S, are the history-dependent operators.
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Notably, as far as we are aware, no research has explored the System:

d9 (o) € | AN(0) + G (o) + (o, (S29)(0), () + BU(0) + 0K (0, (0)) | dor
+ ¢(o, Ho)) dW(o), ced,

and
d¥ (o) € [ﬂﬂ(a) + G (0) + (S 19)(0) + (0, (S, (0), I o)) + BU(0)

+ 0K (o, 19(0'))] do, oced.

As aresult, system (1.1) covers many situations.

Unlike in [22-24], our inclusion of history-dependent operators S; and S, enables a more precise
description of the contact mechanics model. If an elastomer or a viscoelastic body exhibits memory
effects, we typically employ §; for its description. However, if the memory effect occurs at the
boundary within a contact mechanics model subject to specific boundary conditions, we generally
utilize S, for the description. For further discussion on the physical significance of history-dependent
operators, please refer to [25] and [26]. Unlike [22] who studied memoryless systems, we introduce
Volterra-type history-dependent operators (S, S ») to capture hereditary viscoelasticity. By developing
refined a priori estimates for the strong coupling of memory, multivalued subdifferentials, and noise,
we establish existence through topological fixed-point theory. Furthermore, we construct a terminal
feedback control operator U,, to link history functionals to reachability, significantly broadening the
controllability theory of non-smooth stochastic systems.

The remainder of this paper is organized as follows. In Section 2, we provide the essential
background and fundamental concepts required for our analysis. In Section 3, we establish the well-
posedness of the considered problem within this framework. These results then serve as the foundation
for Section 4, where we demonstrate the approximate controllability of control system (1.1).

2. Preliminaries

We provide a brief overview of the mathematical machinery used throughout this paper, specifically
focusing on multi-valued analysis and the properties of sine and cosine operators.

The mathematical framework is built upon a filtered probability space (O, F,F,P), where F =
{Folos0 represents a complete filtration. We assume that 7 contains all P-null sets. We denote the
expectation operator by E[-], representing integration with respect to the probability measure P. The
stochastic disturbance is characterized by a Q-Wiener process ‘W, where the covariance operator Q is
assumed to be a positive, self-adjoint, trace-class operator (i.e., Tr(Q) < o).

We associate with Q a complete orthonormal system {e,},ciy and a bounded sequence of eigenvalues
Ao > 0. The stochastic dynamics are driven by a sequence of independent scalar Wiener processes
{9, }oen, satisfying the projection identity:

(W), hy = Y ABlo()eg h), VheH.
o=1

In this setup, the filtration {¥},-o represents the canonical history of the Wiener process.
We introduce the space of Hilbert-Schmidt operators mapping from Q'/>H to H, denoted by L5.
This space is endowed with a Hilbert structure induced by the inner product (®, V) 0= Tr[OQY"].
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Regarding the stochastic framework, let £*(O, F,P; H) represent the Banach space of all strongly
¥ -measurable, square-integrable /-valued random variables. For any fixed oo > 0, the collection
of random variables measurable with respect to the sub-¢-algebra ¥, forms a closed linear subspace,
denoted by L*(¥,; H), which is a Hilbert space. In particular, LX(Fp: H) denotes the space of square-
integrable variables measurable with respect to the terminal ¢-algebra 7.

Let C(J, L2(F, H)) represent the Banach space of continuous maps ¢ : J — L2(F, H), endowed
with the norm defined by uniform convergence in the mean-square sense. Additionally, we define
Lé(j ,H) as the closed subspace consisting of all predictable measurable processes 7 : J X O — H
satisfying the integrability condition:

1/2
7l gz 2= (f EIIU(U)H?Hda) < oo,
J

Throughout this paper, adaptedness refers to the state process, whereas processes belonging to L2¢ are
understood to be predictable. The space of admissible controls, .[j;([f ,U), is constructed similarly.
Detailed properties of these function spaces can be found in [27].

Throughout this paper, strict measure-theoretic distinctions are maintained: State processes ¥(-) are
assumed to be ¥,-adapted, whereas stochastic integrands, nonlinear mappings £, Clarke subdifferential
selections k(-), and history-dependent terms are required to be predictable (or strongly measurable)
processes belonging to designated spaces such as LEF(J ,H) and L;(j ,£3). This ensures that all
Bochner and Ito-type stochastic convolutions are rigorously defined and measurable.

Definition 2.1. A strongly continuous cosine function on the Hilbert space H is a one-parameter
Sfamily of bounded linear operators, denoted by {C(0) : o € R}, that fulfills the cosine identity

C+0)+Cl—0)=2CW)C(0r), Vi,o€R,

with C(0) = I, such that the orbit maps o +— C(o)w are continuous for all fixed w € H.

In the context of a Hilbert space H, let A be the infinitesimal generator of a strongly continuous
cosine family denoted by {C(0)},er. The associated sine family {S(c)},er is constructed via the
integral representation:

S(o)w = f C)wd, forallweH,oeR.
0

We impose the following structural restriction on operator A:
H(A) The operator (A generates a strongly continuous cosine family {C(c")},<r acting on H.
Let (C(0))ser be a strongly continuous cosine family. Its infinitesimal generator is the operator

A D(A) ¢ H — H given by

d2
Aw = —Co)w| , forwe DA,
do? =0
where the domain D(A) consists of all @w € H such that the map o — C(o)w is twice continuously
differentiable.

Further elaboration on the theory of cosine and sine families is available in [22].
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Additionally, we assume there exist positive constants M and N satisfying the bounds ||C(o)|| < M
and [|S(o)|| < N for every o € J. The notation [D(A)] represents the domain D(A) equipped with
the graph norm topology, given by ||@||4 = ||@|| + || Aw||. We further define the subspace & as the set
of all @ € H such that the map o — C(o)w is continuously differentiable. As established in [28], &
constitutes a Banach space when furnished with the following norm:

llolle = llol|l + sup [AS(o)wl|, forw € &.

0<o<1

Consider the phase space & X H. On this space, the operator matrix

P(o) = ( C(0) S(O'))

AS(o) C(o)

constitutes a strongly continuous group of linear operators. The infinitesimal generator of this group
is given by A; = (; (I)), with the domain defined as D(A;) = D(A) x E. A key implication of

this structure is that the map AS(0) acts as a bounded linear operator from & to H, satisfying the
continuity condition lim,_ [[AS(c)w]|| = 0 for all @ € H. Moreover, for any locally integrable
function @ : [0, ) — H, the convolution integral z(o") = foa S (0 — v)@w(1) du represents a continuous
function taking values in &. This regularity is deduced directly from the property that the integral term

L‘G— P(o—1) (w(zt)) diL = [jo‘o— S(o — )w()d, j;o— Clo —vHw()de r

yields a continuous trajectory in the product space & x H.
The solvability of the second-order abstract initial value problem:

{w”(o') = Aw(o) + L(0), ced, (2.1)

@(0) =@, @'(0) =,
where L : J — H represents an integrable forcing term. Here, L(o) is a generic deterministic forcing
term used only to state the standard variation-of-constants formula; it does not include the multivalued
term k(o) or the stochastic term of system (1.1).

The sign convention in (2.1) is consistent with system (1.1).
The mild solution to (2.1) is characterized by the function @ € C(J, H) given by

w(o) = Clo)w; + S(o)w, + f(r S(o— t)L(v) d.
0

We observe that smoothness depends on the initial data; specifically, whenever @, € &, the trajectory
@ (o) becomes continuously differentiable (C'). In this case, the derivative takes the form:

dLﬂ = AS(0)w; + C(o)w, + f‘T Clo— L) d,
do 0

valid for every o € .
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Basic definitions regarding multi-valued maps are recalled below. The interested reader is directed
to [13, 14] for further details and proofs.

We define P(H) as the power set of H. For the sake of brevity, we introduce the following sub-
families of non-empty sets D € P(H):

P iey(H) ={D c H : Dis closed (and convex)},

Py (H) ={D c H : D is (weakly) compact (and convex)}.

Definition 2.2. Consider a multifunction K:H - 2H \ {0} acting on a Banach space H. We
characterize the properties of K as Sfollows:

(a) K is said to be closed (or convex) valued provided that the image ‘K(w) possesses the closed
(or convex) property for each w € H;

(b) The operator XK is upper semicontinuous (u.s.c) on H if, for every @, the set K K (@) is closed
and the mapping satisfies the topological inclusion condition: for any open set Z 2 (K(wo) one can
find a neighborhood V of @, ensuring (K("V) cZ

(c) XK is completely continuous if the closure of the image V((B) is compact whenever B is a
bounded set.

Let K : H — Rbea locally Lipschitz functional. The Clarke generalized directional derivative of
K at a point y € H in the direction u € H, denoted by K°(y; w), is defined by the limit superior:

K°(y; 1) := lim sup Ks+7) ~ 7((S).

sy T
7,0

Correspondingly, the Clarke generalized subdifferential (or gradient) of %K at y, denoted by oK (), 1s
the subset of the dual space H* defined as:

oK) = {e e H KOs = ), Ve H].

These variational tools play a pivotal role in establishing our primary results.

Lemma 2.1. Let K : Q € H — R be locally Lipschitzian. The key properties of the Clarke
subdifferential 0K are summarized as follows:

(l) 7<‘O(Z; TD') = Sup{:eaf]?(z)@:’ 1D'>
(ii) For all z € Q, 0K (2) € Pykc(H*) \ {0}, and sup{||é]| : £ € 0K (2)} < Lip (K).
(iii) The mapping 0K has a closed graph in Q x H.. That is,

Z, — zin‘H,

&,
& € K(z)

implies & € (97?(2). .
(iv) The multifunction 0K : Q — 2™ is w.s.c. with respect to H:..
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Since H is a Hilbert space, we identify H* with H through the Riesz isomorphism; consequently, a
selection k(o) € 0K (o, ¥(0)) can be regarded as an H-valued function. From Lemma 2.1, we require
finding k € L2(J, H) with k(o) € 0K (o, 9(0)) that solves the governing initial value problem:

a9 (o) = [ AXT) + G () + (S 19)(0) + (0, (S29)(0), D) + BU(0) + k(c)| dor
+ ¢(o, Ho)) dW(o), ced,
90)=dy,  #(0) =,

To clarify the contribution of the damping term, for a sufficiently regular ¥ we have
f S(o - 0)G¥ () dit = -S(0)GIy + f Clo —1)GIQ) du,
0 0

where we have used %S(o’ — 1) = —C(0 — 1), S(0) = 0, and integration by parts. Consequently,

C(o)dy + fg S(o -G () dt = (C(o) — S(0)G)Fy + f(r C(o -G ) d.
0 0

This identity explains the damping contribution appearing in the mild formulation below.
Utilizing stochastic differential equation theory and the generalized Clarke’s subdifferential, we
introduce the second-order mild solution (1.1) in the following manner:

Definition 2.3. We say that an F,-adapted stochastic process 9 € C(J, LX(F,H)) is a mild solution
to the system (1.1) corresponding to the control U € L;([f , U) if it satisfies the initial conditions
H0) = 9y and ¥ (0) = 9. Additionally, there exists a selection k € L;(j ,H) with k(o) € 0K (o, H o))

a.e. on Y, such that v satisfies the integral equation:

Ho) = (Clo)—S(0)G)y + S(o)d + f‘f’ Clo—0)G3()de + f" S(o - )BU()dt
0

0

+ f S(O‘—L)[(Slﬁ)(L) + O, (Szﬂ)(L),ﬁ(L))]dL
0

+ f” S(o — )¢, ¥0))dW () + f” S(o — Dk()du,
0 0

forallo e f.

In accordance with the properties of the multi-valued map I', any selection k € I'(+}) satisfies the
requirement k € L;(j ,H). Combined with hypothesis H(s), the stochastic term ¢(:, 9(-)) belongs to
L?F(j , £9), which guarantees that the stochastic convolution integrals are well-defined as martingales
adapted to the filtration {F },»o.

We proceed by stating the prerequisite lemma and fixed point theorem required to establish our
results.

Lemma 2.2. Given a strongly measurable process k € L4([0, b]; Lg) and a constant L,= L,(q, b) with
q > 2, the stochastic convolution satisfies:

E

q e
< £ [ B0l
0

0

f " k(W)dW ()
0

for every ¢ € [0, b].
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Here, the dependence on the covariance operator Q is already incorporated into the Lg—norm through
2 %
I, = Tr(kQx).
2

Hence, £, = L.(g, b) has no additional explicit dependence on Tr(Q).

Theorem 2.1. [24]Let X be a locally convex Banach space. Consider an u.s.c., compact, convex-
valued multivalued map K : X — 2X that maps a closed neighborhood of zero into a relatively
compact set. The map K is guaranteed to have a fixed point provided that the set of all w € X
satisfying ow € K(w) for o0 > 1 is bounded.

3. Existence of mild solutions

We now turn our attention to establishing sufficient conditions for the existence of mild solutions to
system (1.1).

H(S) The operator S (-) is assumed to be compact on 7.

H(G) The damping operator G € L(H) is compact.

H(K) The function ‘K : J x H — R satisfies:

(i) The mapping K (-, @) is measurable for all w € H.

(ii) For a.e. o € 7, the function @ — K (o, w) is locally Lipschitz on H.

(iii) There exists a function mg, € L'(J,R") and a constant my, > 0 such that the generalized
gradient is bounded as follows:

10K (o, @)II* = sup{lk(o)II” | k(o) € dK (07, @)} < mge, () + me |||,

forae. o€ J and all w € H.

H(g) The functiong : X H — Lg maintains continuity with respect to the second argument for
a.e. 0 € J. Furthermore, we assume the existence of a function M., € LX(J,R")and a non-negative
constant M., such that:

lIs (o, 19)||i(2> < Mo () + Meo|9113,,

fora.e. o€ J and all 9 € H.
Furthermore, for every @ > 0, the set

{¢(,9()) : ¥ € Bo}
is relatively compact in L2(J, £3).

H(S;): the operators S; : L2(J, H) — L2(J,H) exhibit history-dependence. Specifically, for any
wi, @, € H and o € 7, the following condition is satisfied:

I(Siw)(0) = (Siw) ()l < Ls, fo @1 (1) = @2()llg de,

where Ls, > 0 (i = 1,2) are positive constants. The above inequality is a standard Volterra-type
history-dependent condition, since (S ;@ )(0") depends only on the history of @ over [0, o].
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Let us define the auxiliary functions F;(0) := (§;0)(0) for i = 1, 2. It is observed that F;(0") belongs
to the space L*(0,R*). Furthermore, applying the triangle inequality yields the subsequent growth
bound for almost every o € J and every w € H:

I(Si@) ()l < Fi(o) + L, fo Iz (Ol d.

H(D): D : T xHxH — H is such that

(i) [|D(c, 0,0)]| < 6(0) with 6 € L*(F,R,),

(Gi) ||D(o, 0y, @) — D(0, 05, @)|| < Lo(|0) — 05| + ||z — @2]]), for o € J and 6;, w; € H,i=1,2 with
constant Lg > 0.

Subsequently, we introduce the set-valued operator I' : LZ(J, H) — 2L-UH characterized by the
following set of selections:

M) = [k € L2 H) | k(o) € 0K (0, w(0) for ae. o € T}

valid for every @ € L2(J, H).

The following result regarding the multi-valued map is essential for the subsequent analysis. As
established in [24], the validity of assumption H () ensures that I'() admits values that are convex,
weakly compact, and non-empty for any arbitrary element @ € Lé(j ,H).

In the sequel, we establish sufficient conditions that guarantee the existence of mild solutions for
the system under consideration.

Theorem 3.1. The satisfaction of assumptions H(S), H(G), H(K), H(s), H(S;), H(®) guarantees
the existence of a mild solution to Eq (1.1) corresponding to every control function U € Lgf,(j ,U).

Proof. For any 9 € C(J, LX(F, H)), the multi-valued operator
¥ CJ, £2(7_~’ 7_[)) — 20T LHF H))
is given by:
Y(®) = {1 € CT, LAF, H)A(o)
= (C(o) = S()G) + S(0)d + fo ) Clo - )Gi(dp + fa S(o—BU (AL

0

+ fg S(o = 0)(S 1)) + D(¢, (S,)(0), ﬁ(t))]dt
0

+ f S(o — )g(t, ¥)dW() + f S(o - 0k()di, o € T,k e I'(9)}.
0 0

Evidently, the problem at hand is equivalent to locating a fixed point for the operator ¥. We proceed
by demonstrating that ¥ fulfills all the prerequisites of Theorem 2.1. The detailed justification is carried
out in six distinct steps.

Step 1: Assumption H (%K) ensures that for each ¢ € .E;(j ,H), T'(¥) is non-empty, convex, and
weakly compact. Moreover, the convexity of I'(¢}) implies the convexity of ¥(«}), which ensures closure
under convex combinations.
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Step 2: The operator ¥ preserves boundedness on the space C(J, LX(F, H)).

Consider the set B, = {# € C(J,LXF,H)) : |I9|> < a}, where @« > 0. Observe that B, is
structurally closed, convex, and bounded. We claim that the operator ¥ is uniformly bounded on this
set; specifically, there exists a constant y > 0 satisfying || Z||* < y for all Z € ¥(:}) whenever ¢ € B,.

By definition, if we take an arbitrary function Z from the set (), it admits a representation
involving a specific function k € I'(w), given by:

Zlo) = (Co)—S(0)G)F + S(o)d + f‘T Clo —0)G()dL + ff’ S(o—0)BUQW)dL
0 0
+ f S(o = 0[S 19)) + D, (S29)W), B(W) |de
0
+ f S(o = )g(t, ¥W)dW(Q) + f S(o - )k()dl, 3.1
0 0

for all o € J and some selection k € I'(¢}). By the definition of I, k € L;(j ,H). Since S(-) is
uniformly bounded on 7, the Bochner integral foo S(o — k(1) du is well defined for every o € 7.

Invoking Eq (3.1), Lemma 2.2 and Holder’s inequality, and using

2 n
<2 3 Il
j=1

with n = 8, we obtain the factor 27 in the following estimate for any o~ € J. The additional factor 2 in
the first bracket comes from separating (C(0) — S(0)G)y.

n

2,5

J=1

EIZ()IP
= EH(C(O’) -SG9y + S(o)d + f Clo—0)G¥Q)d + f‘aS(O' —0)BU )L
0 0

+ f S(o = )| (S 19)(W) + (. (S 28)(0), D) |dle
0

2

+ f ’ S(o = 1)s(t, ¥)dW() + f ' S(o — Dk()dL
0 0

IA

27(2[E||C(cr)ﬁo||2 + E|IS()G%|I"] + ElIS(o)d |

2

o 2
+E f Clo—-0)G3)di|| + E ‘
0

f S(o—)BUQ)dL

0

2
+ E| fo S(o = )DL, (S 2, FW)dul®
0

)

+E f‘f S(o = )(S 1 MH(W)de
0

2 2
+ F

+E fg S(o = )g(t, 3)dW()
0

f ’ S(o — Vk(v)de
0

< 27(2[MZE||190||2 + INIPIGIP ElldolP] + NEljd |

+b f ' E||C(o — )GIO)|*dt + b f ' E||S(o- — O)BUO)||*de
0

0
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+b f ' E|IS(o = 0)(S1DO|de + b f ’ E|IS(o — 0)D(1, (S 29)(0), 3(0))|]*de
0 0

+ f . E|IS(o = 0)s(t, 9W)|Pde + b f E||S(o - L)k(L)||2dL)
0 0

IA

27(2[MZEIII‘}0|I2 + INIPIGIP ElldolP] + NEljd |

+bIIM||2f IIQIIZEIII‘}(L)IIzdL+bIIN||2fIIBIIZEIIW(L)IIZdL
0 0

. 2

+b||N||2fE(F1(L)+.£31fIIﬂ(r)ll(Hdr) di
0 0

+b||N|? f E‘
0

wLIINIIZfIE(/\/Ig1 ) +Mg2||ﬂ||2)dt+bllN||2f E(my, (1) +M7<2||19||2)dt)
0 0

2
dt

Lo (Ilﬁ(t)ll + () + Ls, fo 13l dr) +6()

< 27(2[1N/I[21*7II190||2 + INIPIGIP Elldol*] + NE[jd |

2 2 2 2 2 2
+OIMIFNGH e + SINIFIBIFIT: (),

+2b|INJ}? f IF1 (I de + 2b*IN|P LS, @
0
+40°|INIP Lo + 867 (NP Lo f I1F2(0de + 8b*IN| Lo Ls, e + 25N fﬂ I6()II*de
0 0
+|IN])? fa M, ()de + |IN|P M., ab + b||N|[? f my, (L)de + bZIINIIZmy(Za) =7.
0 0

This confirms the boundedness of the image set ¥(8B,) in C(J, L*(F, H)).

Step 3: The family of functions given by {¥(¢}) : ¢ € B,} is equicontinuous.

Specifically, whenever we select an arbitrary ¢ from B,, Z € ¥(¢}) we can identify a k € I'(:}) that
satisfies Eq (3.1) for every o € J.

Choosing arbitrary oy and 0 such that 0 < o0y < 0, < b yields

EllZ(02) = Z(aIP
27(2[||C(02) — CaDIPEISIP +1IS(02) = S(aDIPEIG0lI']
+HIS(0m2) = S(DIPEI|?

02

+E|| C(o> — )GI)dL — f " C(o, — )G du|?
0 0

IA

g 2

+E f " S(or — )BU )L — S(o; = 0)BUQ)dL
0 0

2

+E f”z S(or = )(S 1D W)deL — fm S(o1 = ) S 1 H)de
0 0

2

+E f‘fz S(oy — )P, (S, D)), I)de — f(rl S(o — )D(¢, (S2,9)(), I))de
0 0
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() J | 2

S(02 = 06, F )W) - S(o1 = 06, H )W)

0 0
) T | 2
f S(os — Vk(v)dL — f S(o1 — )k(v)de )
0 0
We now proceed to estimate each term of the preceding inequality. Using the uniform boundedness of
the cosine family, ||C(07)|| < M, and the operator-norm continuity of o — C(0)G, we obtain

+E

+E

oal 2

f‘”Z C(op — )G90 dL — Clo; — 0G0 di
0 0

f 2 Clop — )G90 du

(281

d

2 2

<2E ‘ +2F

f: [C(or — 1) = C(o1 — )]G du

b sup ||[Clos - 1) - Cloy = ]G] + 2M2IGIA (s — o). (3.2)

1€[0,01]

and

on) 2

f " S(o, — )BU ()L — S(o; = 0)BUQ)dL
0

0

< 2 sup |IS(os — ) — S(oy — VIPBIBIFIUIP

2
1€(0,01) L'f(]’(u)

+2|INI|2IIB||2||(UIIi§E(W)(<Tz — o). (3.3)

E

From condition H(S;), we get

o 2

f N S(oz — (S 1) de - S(o = (S 1) (W)de
0

0

E

IA

4 sup [IS(o2 —1) = S(o1 =)l [f Fi(vde + .Eépb”’]
0

1e(0,01)

2 L 2
f Fi() + Ls, f IIﬁ(r)IIdrdL]
o 0

4 sup [|S(o2 —0) — S(oy —L)||[ f F%(L)dHLglab‘*]
0

1€(0,01)

+2N?

IA

b
+4N? f Fi(0du(os - o) + L3 Pa(os - 01)2] : (3.4)

0

By H(®) and H(S ), the estimate of ®(¢, (S,1)(¢), #(¢)) contains four terms. Using

4 2 4
3 2
Sl <235
=

j=1

together with the factor 2N? from the preceding estimate gives 2*N?.
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E

2F

IA

a1

+2F

IN?E

IA

+2 sup [|S(o2 —0) = S(oy — VIPE

f " S(0 = 0 (S, I~ [ S(ory = 0B (S29)0), I
0

" S(s = )0, ($29)0), D)
fo (S(2 = 1) = S(0) = DD, (S29)0), O

f Lo(IS 2Ol + IO + 6(1)de

1€(0,01)

IN’E

IA

+2 sup [|S(o2 —0) = S(oy —VIPE

f Lo (Fz(t) + Ls, f 1) llgedr + ||19(L)||) +6(0)du
o 0

1€(0,01)

IA

2* sup [IS(o2 —0) — S(oy = O|*b

€(0,01)

24N2(O'2 - 0'1)(

T | 2

0
2

2

2

2

i Lo(IS2DOI + IFOID + 6(1)de

2

log) 02
LEFX0di+ Lo Ls,ab’ + Loab + f 52(L)dt) n
0 0

According to condition H(g) and Lemma 2.2, we deduce

AIMS Mathematics

IA

IA

IA

IA

E f S(o2 = )5 (L, H)dW () - f S(o1 = )5, H)dW ()
0 0
) 2
2F f S(o3 — )5, 3)dW (1)
1 l )
+2FE f (S(oy — 1) — S(o1 — V)5, W)W ()
0

2e(cs — o) f EIS(2 - 00, 9O)IPde

+2¢b f " E||(S(o — 1) — S(o; — )51, 90)||*de
0

2eN% (o) — 0)) (Mg, () + M, E9|P)de

gl

+2ch sup ||S(o, — 1) — S(oy - 0| f (M, () + M, E|9|*)de
0

1€[0,01]

b 1/2
2eN*(0y — 0rp)*? ( f M, (0'))2d0') + 2eN* M, a(0y — o)
0

+2¢ch sup ||S(os — 1) — S(oy — o)) f (M, () + M a)d.
0

1€[0,01]

f | Lo (Fz(t) +Ls, f 19()llgdr + IIﬁ(L)II) +6()du
0 0

2

2

( f | LAFA0di+ LoLs,ab? + Loab) + fa 2 52(L)dL).(3.5)
0 0
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It follows from condition H (K )(iii) that, for k(¢) € OK(t, 3()), EllkQ)|]> < mge1(t) + mge E|[F)|)> <
myc1 (1) + my, . Consequently, we obtain

2
d

fz S(o5 — Ok(V)dL — " S(o — Dk()de
0 0

) T |
< (02— 0'1)||N||2f E|lk(0)|*de + S(l)lp I(S(o2 =) = S(o) — L))||2||N||2bf E|lk(c)|[*dL
o t€[0,01] 0
op)
< (op - o)IN|P f mye, (VdL + (05 — o )|IN|Pmge, ab®
0
ol
+ ?(1)113 | IS(o2 —0) = S(oy - L)||2||N||2f mac, (t) + myg, |9 *de. (3.6)
1€[0,01 0

By the integral representation of the sine family and the local boundedness of C(-), the mapping
o — S(o0) is continuous in the operator norm. Moreover, since G is compact and C(-) is strongly
continuous, the mapping o — C(0)G is continuous in the operator norm. Consequently, we observe
from (3.2)—(3.6) that the difference term approaches zero as o, — o, uniformly for 4 € 8B,. This
establishes that the mapping (%) is continuous from the right on the interval (0, b].

The preceding argument establishes the equicontinuity of {¥(1#) : ¥ € B,} regarding the topology
of C(J, LX(F, H)).

Step 4: The operator W is said to be completely continuous.

The precompactness of the set I1(c) = {Z(0) : Z € Y(B,)} in H is established via the Arzela-
Ascoli theorem. Following the technical estimates detailed in Steps 2 and 3, we verify that the image
of the ball 8, under the solution operator constitutes a relatively compact subset, thereby satisfying
the criteria set forth in Definition 2.2.

Establishing the compactness of I1(0) = {#y}, we then fix 0 < o < b. For every ¢ in the intersection
of B, and % € W(#), we can find a k € I'(w) that satisfies (3.1) across the entire interval 7. Given any
¥ € B,, let u € (0,0) and define

ZHo) = (Co) - S(0)G)9y + S(o) + f o Clo—0)G¥)de + f o S(o—)BUQ)dL
0 0

T—p
+ S(o - L)[(S N + O, (S0, ﬂ(t))]dL

0
T—U o—U

+ S(o — )¢, ¥0)dW () + S(o — Dk(v)dL. (3.7
0 0

By hypothesis H(S), S(o) is compact for every o > 0. Moreover, hypothesis H(G), together with the
boundedness of C(o), implies that the composition C(o)G is compact for every o > 0. For fixed 0 <
u < oand e [0,0—u], we have oo —¢ > u > 0. Hence, by H(S), S(o—¢) is compact on the truncated
interval, which yields the relative compactness of the corresponding deterministic terms in IL,(0).

It remains to consider the stochastic convolution term. Let {},} C B, be arbitrary. By hypothesis
H(s), there exist a subsequence, still denoted by {#,}, and g € L;(J ) .Eg) such that

s, () — q() in LT, L))
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For fixed o € (0,5] and 0 < u < o, Lemma 2.2 yields

2

—H
E <N? f” E s 9,0) = g3y dt — 0.
H 0

oT—pt
fo S(o = 0)[s(t, F.() — )] dW(Q)

Hence, the family
T~
{ S(o = 1)s(t, ) dW(Q) : 9 € Ba}
0

is relatively compact in L*(F, H).

Combining the above result with the compactness of the deterministic truncated terms, we conclude
that I, (o) is relatively compact in L*(F, H) for every 0 < u < o-.

By (3.1) and (3.7), we get

ENZ() - 24P
g

-

Clo - 0)GIv)d + f S(o— )BU(1)de
-4

- o

IA

+ f S(o = )[(S 1)) + (2, (S28)(0), B (W) |de
o

2

+ f‘f S(o = )g(t, 3W)dW(Q) + f\a S(o - Dk()d
o—u o—

2
+ E| S(o — )BUW)u

o-p

f(r D, (S,9) (1), He))de

—H

’ Clo—0)GI()de
o
' S(o = 0)(S19)()de
o
' S(o = 1)g(t, I(1))dW (1)
o—p

2(IGIPIMIP e + (IN|BI U]

IA

25(E‘

2 2

)

+EF +FE

2 2

’ S(o — Vk()dt

o-p

+E +FE

IA

2
2zt

b
+2N? j; FX()duy + £§| bzoz,uz]

1) ()
+23N2u( LLF5)de+ Lo Ls,ab’ + Loab + fo 52(L)dt)

0
b 172
+cNZ P2 ( f M., (0'))2d0') + 2cN2M§2(w
0
op)
+ul N f ma, (Dde + plNIPmae, ab”.
0
The preceding estimate shows that
ElZ(o) - Zy(o)llz; — 0 asu — 0,

uniformly for ¢ € B,. Since I1,(0) is relatively compact in L*(¥, H) for every 0 < u < o, it follows
that I1(o) is relatively compact in L*(F, H).
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Step 5: The graph of the operator ¥ is a closed set.

Consider sequences {1,} ¢ C(J, L*(F,H)) and Z, € ¥(¥J,,) such that ¥, — ¥ and Z, — Z* as
n — oo, Our objective is to establish that Z* € ¥(9*). By Z, € ¥(¢,), we can find k, € I'(+},) such
that

Z.(o) = (C(o)—S(0)G)g + S(o)d + fﬂ Clo - 0G93, ()dL + foS(O' —0)BU ()L

0 0

+ f S(o = D|(S 19:)(0) + B, (S 289,)(0), Fu(0)) ]t
0

+ f(r S(o - )¢, },0)dW () + f(r S(o - Dk, (v)dL. (3.8)
0 0

One can readily verify that the boundedness of {(k,,¢s(:,%,))} in the product space Lft(j ,H) x
L;({f , Lg) follows directly from conditions H(K) and H(s). A subsequence can be extracted such
that k, — k* weakly in L2 (], H).

Since 9, — " strongly in C(J, L*(F, H)), it also converges strongly in L;(j ,H). By the strong—
weak closedness of the Clarke subdifferential stated in Lemma 2.1(iii), together with H(K)(i), the
induced selection mapping I' is strong—weak sequentially closed. Therefore, k* € I'(3*). Moreover,
by the relative compactness assumption in H(g), passing to a further subsequence if necessary,
s(,%,(-) — ¢(-,9"(:)) strongly in Lé(j , .5(2)). Hence, the corresponding stochastic convolution
converges strongly by Lemma 3.1.

Since S(-) is uniformly bounded, the mapping k foa S(o — 1)k(1)dt is bounded and linear.
Therefore, k, — k* implies

fS(O' -0k, () dt — f(r S(o— k™ (v) du.
0 0

On the other hand, since Z, — Z* strongly and all the remaining terms in (3.8) converge strongly
under H(S;), H(®), and H(s), the above integral also converges strongly. Hence its strong limit
coincides with its weak limit.

Consequently,

Z(o) — (C(o) - S()G)F + S(o)d + fU Clo—0)G9 (d + fa S(oc - 0)BUW)dL
0 0
+ f S(or = )[(S19)(@) + D, (S297)(0), " (1)) |de
0

+ f(r S(o = )g(t, " (1)dW(Q) + fvS(O' —0k*(t)du. (3.9)
0 0

Since Z, — Z" and k* € I'(¢"), (3.9) shows that Z* € W(9). Therefore, the graph of W is closed.
Step 6: A priori estimate.
Following Theorem 2.2, we need only verify that the set

Y ={9eCJ,LX(F,H)): 10 ¥P),A1> 1)

is bounded. Indeed, we have

A o) = (Clo)—-S(0)G) + S(o)d + f" Clo —0)GIvdL + f“’ S(o— )BU)dL
0 0
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+ f (o = 0[(S19)(0) + B, (S 28)(0), W) |de
0

+ f S(o = )g(t, ¥W)dW(Q) + f S(o — Dk()d,
0 0

for all o € 4 and some selection k € I'().
From the above assumptions, we deduce that

E|[(o)IP
27(2[15 IC(@)S0l* + ENS()GDI] + ElIS(o)d |

IA

2

2
+E fC(O'—L)Qﬁ(L)dL +E
0

f(r S(oc - 0)BU)dL
0

2 o
+ E|| f S(o = DO(, (S 20)(0), FW)dul?
0

)

+E f S(o = )(S 1D W)de
0

2

2
+FE

+E f S(o = )g(t, 3)dW() f(r S(o - )k()de
0 0

IA

27(2[1\41215”19*0”2 + INIPIGIP Ellgol*] + N2El[9,]?

+bIIM||2f IIQIIZEIIﬂ(L)IIZdL+b||N||2f IBIPEIIUOIde
0 0

o L 2
+bIIN||2f E(Fl(t)+£slf IIﬁ(r)Ilwdr) dt
0 0

+b||N|? f E
0

+N]? f EM;,(0) + M, |I911*)de + bINIP? f E(mwl(t)+mv<zlll9||2)dt)
0 0

2
di

Lo (||ﬁ<o||+F2<L)+1:sz f ||z9<r>||ﬁdr)+5a)
0

< X1 +x2 fOUEIIﬂ(L)IPdL, (3.10)
where
X1 = 27(2[MZE||190||2+||N||2||§||2E||190||2] +NZEII?%||2||N|Izllﬂllzllﬂlli;(jju)
+2b|INJ]? fOUIIFl(L)IlzdL + 8b%IN|* Lo fOUIIFz(L)IVdL + 2b|INJ? fOUII(S(t)IIzdt
+|IN]|? fo ’ M, (0de + BIN|P? fo ’ me, (L)dt)
and

X2 = 27(1?IIMIIZIIQIIZ+2b3IINII2£§1

FABIINIP L2 + 8BYINIP L2 L2, + INIPM,, + b||N||2m«2).
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By Gronwall’s inequality, if a nonnegative function y satisfies y(o) < a + ¢ foo y(t) di, then
y(o) < ae”.
Applying this to Eq (3.10) with y(o) = E||%(o)||>, @ = x1, and ¢ = y», we obtain
EIF)I < x1€°7 <y’ = 1.

Given that sup, . E l9(o)||? is constrained by 7, we can conclude that ||| is bounded. Therefore, the
proof of Theorem 3.1 is complete in light of Theorem 2.1. O

4. Approximate controllability results

To evaluate the approximate controllability of problem (2.1), we derive a corresponding second-
order linear system by integrating it with the original model.

V(o) = ANo) + BU(o) + G¥' (0), o€, @.1)

30) =, 9(0) =D '

where A generates a strongly continuous cosine family (C(0)),er on H, and G € L(H) denotes a
bounded damping operator. Operator 8 is a bounded linear map from U into H.
Linear system (4.1) is associated with a controllability map defined by the integral operator:

b
4o = f S(b - )BB'S*(b - 1) d.
0

Within space H, this operator is characterized as linear, bounded, and non-negative. In this context,
B* corresponds to the adjoint of B, while S*(b —¢) signifies the adjoint of S(b —¢). The existence of the
inverse (nl +¢3)~" for each 7 > 0 ensures that the resolvent R(n7, £2) := (I +¢2)~" is well-defined. Since
£¢ is self-adjoint and non-negative, we have [|[R(n, Z)Il = Il + )7 < % for > 0. The controllability
analysis of system (4.1) is conducted by leveraging the properties of the resolvent operator. It is worth
noting that the model is built upon a refinement of the time-invariant framework originally established
in (4.1).

Lemma 4.1. [29] The property of approximate controllability for the linear system (4.1) on J is
characterized by the strong limit lim,_,o- nR(n, ) = 0.

For any ¢ € C(J, LX(F,H)) ¢ LT, LX(F,H)) and 9, € L2(T, LXF,H)), we have I'(w) # 0.
Let o > 0 be fixed. We proceed by constructing the multi-valued mapping ¥, within
C(J, L2(F,H)) according to the following definition:

¥, () {Ar € C(T, LXF, H)) A, (o)

(C(o) = S(0)G)Iy + S(0)F + fU Clo—0)G¥Q)d + wa(O' —0)BU,()de
0 0

+ f S(o =[S 1)@ + Dlp, (S29)(p), B(W)) |de
0
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+ f ’ S(o = gL, ¥W)dW () + f ’ S(o - Vk(dr, o € T,k € T (D)}
Here, 0 0
U0
= B'S"(b-0R@, {é’)(ﬂb — (Cb) = S(BL)G)Fy — S(b)F — fo b C(b — nNGY(r)dr

b
- f S(b = 1| (S 19)(r) + D(r, (S 28)(r), B () |dr
0

b b
— f S - r)g(r,3(r))dW(r) — f S - r)k(r)dr). 4.2)
0 0

To ensure that the feedback control U,(t) defined in (4.2) is valid, we observe that it is constructed
via bounded linear operators (8B*, S*), the continuous resolvent R(7, {g), and ¥F,-measurable
terminal/history components. Consequently, U, (-) is F,-adapted and satisfies U, € L;({f ,U),

thereby strictly belonging to the admissible control space.

Theorem 4.1. Under the assumption that hypotheses H(S),H(G), H(K), H(s), H(S;), and H (D),
the mapping Y., is guaranteed to have a fixed point on [ for any n > 0, provided that the following
condition holds:

et — 1
6, <1,
X2

where

0,

= blINI|2||13||4|INII2/772214(192IIMII2|IQII2 + 2b4”N”2~£§1

+4b* NP Lo + 8b*INI* Lo Ls, + INIPM,b + bZIINII2m7<2)

and

X2 = 27(192”1\41“2”@”2 + 2B NP LS
FAD?|INIP Lo + 86* N2 Lo Ls, + INIPM,b + bzllNHzm«z)-

Proof. Using the results of [22] together with the properties of the control Yo, one can easily show
that the multivalued map Wo is well defined. Thus, the main results follow once we verify that ¥,
satisfies the hypotheses of Theorem 2.1.

The proof proceeds analogously to that of Theorem 3.1. Steps 1-5 are omitted since they follow
from the same reasoning. It remains to establish Step 6: A-priori estimates, which deviates from the
aforementioned proof and requires a separate analysis.

Based on the above derivation, we conclude that the map ‘Y, is relatively compact and takes both
compact and convex values. In light of Theorem 2.1, the proof reduces to establishing the a-priori
boundedness of the candidate set

Y, ={0e€CT, LX(F,H): 00 € ¥r()),0 > 1}.
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By ¢ € Y,,, we deduce that
(o)
= Q_] [(C(O’) - S()Gy + S(o)d + fC(G -G ()d + f S(o - 1)BU,(1)dL
0

0

+ f S(O’—L)[(Slﬂ)(L)+CD(L, (Szﬁ)(t),ﬁ(L))]dL
0

+ f(r S(o = 1)g(t, ¥)dW(Q) + f(r S(o - L)k(L)dL], o€ 9, kel ().
0 0

Taking this a step further yields the conclusion:
E|[9(o)I?
< 27(2UM[2E||15’0|I2 + INIPIGIPEIlSol*] + NElldh |IP

+bIIM||2f IIQIIZEllﬁ(L)IIZdL+bIINII2f IBII*EllU ()] *de
0 0

a L 2
+bIINII2f E(FI(L)+~£Slf IIﬁ(S)IIfHdS) du

0 0

+b||N|? f E
0

AN f EM,,(0) + Mo 91P)de + bINIP f Emi 0 + mcl9lP)de).  (43)
0

0

2
dt

Lo (Ilﬁ(t)ll + () + Ls, f 13l di’) +6(1)
0

By (4.2), we have

bIINllzf IBIEllU ()| *de
0

IA

b||N||2||B||4||N||2/77227[(2[M2E||190||2 + INIPIGI Elldol*]

b b b
+2b(INP? f IF1IPde + 8b2IINII2£¢f IF2(0IPde + 2bIIN|? f 16 Ide
0 0 0

b b
+IN]P? f M, (Ode + bINIP f mey, (L)dt) + 27(l?2||1\/ﬂ||2||§||2 + 2b*IN|P LG,
0 0

b
+4DIN|P Lo + 86 NI Lo Ls, + INIP M, b + b2||N||2m7(2) f Ellﬂ(t)llzdt]
0

b
= 0,+6, f E||9(Q)||dL. (4.4)
0
It follows from (3.10), (4.3) and (4.4) that
b You
E|lo)II* < 61 + X1 + 6 f EI9OI*de + x2 f E|9|I*dL, 4.5)
0 0

where

o= 27(2[M2E||ﬂo||2+||N||2||g||2E||ﬁo||2]
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+2b||N||2f ||F1(L)||2dt+8b2||N||2£a>f ||F2(L)||2dt+2b||N||2f I6(0)I1*de
0 0 0

+|N] 2 f M., (0)de + b|N|? f mr;(l(L)dL).
0 0

Here, the integral over [0, /] comes from the feedback-control estimate in Eq (4.4), which is
constructed with respect to the terminal time b, whereas the integral over [0, o] arises from the state-
dependent terms up to the current time o-. Since (o) is non-decreasing on 7, let ¥} = X1(b). Then

Xi(o) <) forallo e J.
From the identity

D)= f EIB(0)l}de,

0

one can readily observe that ) (0) = 0; moreover, the cumulative growth of the integral ensures that };

is non-decreasing over the interval J. Thus,

b T
(Z)’(O’) = Ell9(o)ll3, < 01 +x7 + Hzf E|9OId +)(zf E[9)Pde.
0 0
Therefore, we have

(l@ee) < (0 +7; +62 ) (b)) e

Integrating Eq (4.6) over [0, b], we obtain

b ’ b
f(; (Z(O’)e‘)@v) do < (91 +X; + 6 Z(b))fo e 27 dor.

Hence, ,
] —e™

Dbt =3 (0) < (6 + X1 + 6, ) (1)) —

Since 3(0) = 0, multiplying both sides by e*?* gives

et — 1
D)< (6, +x]+6, ) (D) :
Y o+ 20)
It is readily apparent that
et — 1
6, < 1.
X2

By (4.7), we infer that ( ) ( )
0 +;\7; el — 1
Z(b) < o T = M.

Since ) is non-decreasing, it follows that } (o) < M for all o € J. By (4.5), we get

E[}()IP < 61 + X1 + M+ xaM.

This concludes the verification that the set Y, satisfies the boundedness requirement.

Theorem 2.1, we conclude that ¥, possesses a fixed point, which completes the proof.

(4.6)

4.7)

In view of
O
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Theorem 4.2. Under the established conditions of Theorem 4.1, the approximate controllability of the
nonlinear system (1.1) on the interval J is guaranteed, provided that the linear counterpart satisfies
the same controllability criteria.

Proof. By Theorem 4.1, we can findk € F(g) such that
o)
= (Co) -SG9y + S(o)¥ + f C(o - L)QE(L)dL + f S(o - L)B‘Z\l (Vde
0 0

+ fo S - 0| (S19)0) + D, (S29)0), 91 |de
+ fo " S(0 - 060 FOW + fo ' S( - okWdi o € T
For the purposes of our analysis, we introduce the mapping D(,,):
D) = (ﬂ,, — (C(b) — S(b)G) By — S(b)9 — fo b C(b - NGH(r)dr
- fo b S(b = (S 19)r) + (1, (S 20)(r), () |dr

b b
- f S(b - Ns(r, 9(r))dW(r) - f S - r)/k\(r)dr).
0 0

By the definition of the feedback control in Eq (4.2), we have

b b
f S(b - )BUW)d f S(b - )BB'S*(b — )R(y, {)DD)du
0 0

LR, D).

Therefore, _ _ _
Hb) = 3, — D) + LER(, L D).

By the definition R(n, &) = (I + £5)™", we have (nl + {2)R(n, (%) = I, and hence
R 4p) = 1 = LR, &p)-

Therefore, _ _
Hb) = & — R, (D).

By virtue of the conditions established in H (K)(iii), H(s) and H(S;), coupled with the established
methodology in Step 6 of Theorem 3.1, we arrive at

(ke 6C.0(), (S19)(). (S}

P2 s 2 f2 5 2
areli)ounded in Lo X LiX Lo X L2
et

b
DW) = (ﬁb —(C) - S()G)Py — S(b)D - f C(b - nNGd(rdr
0
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b
- f S(b = 1)|(S 19)(r) + (1, (S 20)(r), (1) |dr
0

b b
- f S(b — r)e(r, (F)dW(r) — f S(b - r)k(r)dr).
0 0

According to the compactness, with ¥ understood as the fixed point corresponding to n > 0, we infer
that

END®) - DO -0 asn— 0. (4.8)

Moreover, the relations established in (4.8) imply that

E[9(b) = 9IF* = EllR@n. ) DN
< 2EInRG, LD + 2EImR(M, {HDW®) — n1R(, D) — 0.

Since ¥ € H can be chosen arbitrarily, we can conclude that system (1.1) achieves approximate
controllability on 7, thereby completing the proof. O

5. Conclusions

We have rigorously proven the existence of mild solutions and the approximate controllability for
the class of memory-dependent stochastic systems studied here. These results were obtained through a
framework involving condensing maps and generalized Clarke subdifferentials, providing a robust set
of sufficient conditions for such dynamics.

In future research, we will focus on integrating this theoretical framework into contact mechanics
models. This application is expected to yield significant advancements in how we simulate and analyze
the mechanical behavior of contacting surfaces in complex systems.
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