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1. Introduction

The Bogdanov–Takens (BT) bifurcation is a codimension-2 phenomenon that arises at a degenerate
equilibrium. It appears in continuous-time, time-delayed, and discrete-time predator–prey models with
nonmonotonic functional responses. In discrete-time systems, it occurs when both eigenvalues of the
Jacobian matrix at an interior equilibrium are equal to 1. The Bogdanov–Takens bifurcation reveals
complex dynamical behavior and the underlying structure of predator-prey systems. It corresponds
to a degeneracy of an equilibrium point at which local and global phenomena, including saddle-
node bifurcation, Hopf bifurcation (or Neimark–Sacker bifurcation in discrete time), and homoclinic
bifurcation, interact. In systems with nonlinear functional responses, the Bogdanov–Takens bifurcation
represents an organizing center for system dynamics. The Bogdanov–Takens bifurcation, one of the
most important codimension-2 bifurcations in dynamical systems theory, was originally introduced in
the context of continuous models [2, 3, 7, 13, 24, 32]. The development of discrete-time models has
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raised the question of how much of this intricate local structure persists under discretization. Early
studies indicate that the Bogdanov–Takens bifurcation can also occur in discrete systems, particularly
those obtained via discretization of continuous flows or arising as Poincaré maps. Moreover, discrete
dynamics can preserve key topological features of continuous systems. For instance, the work of
Kuznetsov, Savin, and Sedova (2009) [23] shows that discretization methods (such as the Euler method)
can retain the Bogdanov–Takens structure, while also introducing additional phenomena, including
resonances and more complicated stability boundaries. See also [16, 27].

Numerous studies on discrete models focus on codimension-1 bifurcations, such as transcritical and
flip bifurcations at boundary equilibria, as well as Neimark–Sacker and period–doubling bifurcations
at interior equilibria [4–6, 9, 10, 15, 17, 18, 20, 21, 26]. Most of these results concern predator–
prey systems. Despite this progress, significantly fewer works address codimension-2 bifurcations,
particularly the Bogdanov–Takens bifurcation. This bifurcation is relatively rare and among the most
challenging to analyze. Consequently, any new results concerning the Bogdanov–Takens bifurcation
in discrete predator–prey models are of considerable importance. Such results provide deeper insight
into the structure of complex (including chaotic) dynamics and contribute to a better understanding of
population behavior in ecological systems [1].

In this paper, the Bogdanov–Takens bifurcation is investigated in the context of a discrete predator–
prey model obtained via a logarithmic discretization scheme. We examine how the interplay between
a generalized Holling type-III functional response and a strong Allee effect can lead to the occurrence
of a Bogdanov–Takens bifurcation and influence the system’s dynamics. Our goal is to clarify the
combined impact of these mechanisms on complex dynamical behaviors observed in discrete settings.
Nonlinear predator–prey models are among the central objects of study in mathematical biology,
originating from the classical works of Alfred J. Lotka [25] and Vito Volterra [31]. Building on this
foundation, contemporary research has shown that incorporating more realistic biological mechanisms,
such as complex functional responses and low-density effects, leads to significantly richer dynamics
than those observed in classical models. In particular, the generalized Holling type-III functional
response and the Allee effect introduce nonlinearities that can give rise to multistability, oscillations,
and chaotic behavior. Discrete predator–prey models can exhibit richer dynamical behaviors than
their continuous counterparts, including period-doubling cascades, quasi-periodic orbits, and chaos.
For example, He and Li [14] identified complex dynamics in a discrete model with a Holling type-
III response, including flip and Neimark–Sacker bifurcations. Similar phenomena are discussed
in [34, 35]. Incorporating the Allee effect into predator–prey models introduces survival thresholds
and bistability. Models with a strong Allee effect may exhibit multiple attractors, including bistability
and tristability [28], with important implications for population persistence and extinction.

Our investigation builds on the work of Y. Zeng and P. Yu [34], who performed a dynamical analysis
of a continuous-time predator–prey model with a generalized Holling type-III functional response and
a strong Allee effect. They considered a general model, the so-called Gause-type predator–prey model
[8, 11], of the form

dx
dt
= f (x)x − φ(x, y)y,

dy
dt
= cφ(x, y)y − g(y)y,

with x(0) ≥ 0, y(0) ≥ 0, where x = x(t) and y = y(t) denote the prey and predator population
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densities at time t, respectively. The functions f and g are positive and represent the prey growth
rate and the predator mortality rate, respectively, when other species are absent from the ecosystem.
The positive constant c determines the rate of prey conservation efficiency relative to the predator. In
such models, the function φ(x, y) is called the functional response and describes the rate at which a
predator consumes prey as a function of their density. The choice of this function largely determines
the qualitative behavior of the system. They employed the Holling type-III functional response for
φ(x, y), given by

φ(x, y) = φ(x) =
Mx2

ax2 + bx + 1
.

Here, M > 0 represents the predation rate coefficient, a > 0 characterizes the saturation effect at
high prey densities, and b reflects the search efficiency, particularly influencing predation at low and
intermediate prey densities. The parameter b may be negative, provided that suitable conditions (e.g.,
b > −2

√
a) are imposed to ensure that ax2 + bx + 1 > 0 for x > 0. Consequently, limx→∞ φ(x) = M

a .
The authors used

f (x) = r
(
1 −

x
K

)
(x − e)

as a modified logistic growth function to incorporate the multiplicative Allee effect. Here, r denotes the
intrinsic growth rate, K is the carrying capacity of the prey population x, and e denotes the threshold
of the Allee effect. The constraint |e| < K is typically assumed, and a strong Allee effect occurs when
0 < e < K. The function g is taken to be g(y) = d, where d is a positive constant. The threshold of the
Allee effect is assumed to be well below the carrying capacity [30], and the condition 0 < e < K/2 is
imposed on the model.

The model takes the following form:

dx
dt
= rx

(
1 −

x
K

)
(x − e) −

Mx2y
ax2 + bx + 1

,

dy
dt
= y

(
Mcx2

ax2 + bx + 1
− d

)
.

By introducing the following scaling:

x = KX, y =
rY
M
, and τ = rKt,

the system becomes 
dX
dτ
= X

(
(1 − X) (X − E) − XY

AX2+BX+1

)
,

dY
dτ
= Y

(
CX2

AX2+BX+1 − D
)
,

(1.1)

where A = aK2, C = cMK
r , D = d

rK , and E = e
K are positive parameters, while B = bK, with the

constraints B > −2
√

A and 0 < E < 1
2 . It is shown that the necessary conditions for the existence

of a Bogdanov–Takens bifurcation are satisfied, as confirmed by numerical simulations. In particular,
Theorem 2 states that a Bogdanov–Takens bifurcation may occur at an interior equilibrium, but no
further analysis is provided.

This motivates the present work, in which we discretize the model and conduct a comprehensive
analysis of the Bogdanov–Takens bifurcation in the resulting discrete system.
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By applying a combination of logarithmic discretization and the Euler method to System (1.1), we
obtain the discrete system 

xn+1 = xne
h
(
(1−xn)(xn−E)− xnyn

Ax2
n+Bxn+1

)
,

yn+1 = yne
h
(

Cx2
n

Ax2
n+Bxn+1

−D
)
,

(1.2)

where A, C, and D are positive parameters, B > −2
√

A, and 0 < E < 1/2.

In this paper, we demonstrate that both the strong Allee effect and the generalized Holling type-III
functional response play distinct roles in the emergence of the Bogdanov–Takens bifurcation, acting in
different ways but through their mutual interaction. The strong Allee effect determines the permissible
location of the positive equilibrium point relative to the Allee threshold (E < x± < 1), while the
generalized Holling type-III functional response provides a nonlinear feedback mechanism between
the predator and prey populations. Through their interaction, they jointly determine the parameter
conditions under which a 1:1 resonant degeneracy of the interior equilibrium occurs.

One additional specific feature of the considered model (1.2) is that both signs of the coefficient s
appear in the normal form, s = +1 and s = −1, since there are very few papers with this case. This
reveals the model’s distinctive dynamical richness, with the emergence of distinct behaviors in the
neighborhood of the BT point. Thus, our goal is to analyze the occurrence of the Bogdanov-Takens
bifurcation and, in particular, to construct numerical visualizations of the cases shown in Figure 8.8
in [22, p. 322]). In fact, most studies analyzing this type of bifurcation merely refer to that figure
without illustrating specific scenarios within their own models.

Although predator–prey models were originally developed in ecology, their mathematical structure
naturally arises in modeling chemical reactions (for example, in the continuous models of glycolysis
proposed in [29], and in the general framework of biochemical oscillations considered in [12]).

In this paper, we study whether System (1.2) undergoes a Bogdanov–Takens bifurcation. In Section
2, we give the existence and local stability of equilibrium points of System (1.2). In Section 3, we derive
the parameter conditions under which a unique positive equilibrium becomes a 1:1 resonant fixed point
of System (1.2). In Section 4, using the bifurcation theory established in [22, pp. 410–415], we analyze
small parameter perturbations for which System (1.2) undergoes a Bogdanov–Takens bifurcation near
this equilibrium. These results are then used in Section 5 to construct phase portraits via numerical
simulations for representative parameter values.

2. Equilibrium points and local stability

We now consider the existence and local stability of equilibrium points of System (1.2). It is clear
that the equilibrium points of System (1.2) are solutions of the following system of algebraic equations:

x = xeh
(
(1−x)(x−E)− xy

Ax2+Bx+1

)
,

y = yeh
(

Cx2

Ax2+Bx+1
−D

)
.

Given the biological context of System (1.2), we are interested only in equilibrium points with non-
negative coordinates. Direct verification shows that System (1.2) can have at most five equilibrium
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points: three on the Ox-axis (E0 = (0, 0), E1 = (E, 0), E2 = (1, 0)), which exist for all parameter
values. The positive equilibrium points satisfy following system: (1 − x) (x − E) = xy

Ax2+Bx+1
,

Cx2

Ax2+Bx+1
= D.

(2.1)

From the second equation of System (2.1), we get the equation

(C − AD)x2
− BDx − D = 0,

whose solutions are

x± =
BD ±

√
B2D2 + 4D(C − AD)
2(C − AD)

with C , AD, and

x+ = −
1
B

for C = AD.
From the first equation of System (2.1), we obtain that y is of the form

y =
(1 − x)(x − E)

x

(
Ax2
+ Bx + 1

)
=

C
D

x(1 − x)(x − E), (2.2)

which is positive if E < x < 1. There are at most two positive equilibrium points (interior equilibria),
E3± =

(
x±, y±

)
, subject to the conditions listed in Table 1. In Table 1, we use the following notation:

P (x) = (C − AD) x2 − BDx − D, ∆ = B2D2 + 4D (C − AD) ,

x± =
BD ±

√
∆

2 (C − AD)
, y =

Cx (1 − x) (x − E)
D

, xs =
BD

2 (C − AD)
.

Conditions Points

C > AD −2
√

A < B P (E) < 0 P (1) > 0 E3+

C = AD max
{
−2
√

A,− 1
E

}
< B < −1

(
− 1

B , y
)

△ = 0 max
{
−2
√

A,− 2
E

}
< B < −2

(
− 2

B , y
)

P (E) > 0 P (1) < 0 E3−

C < AD △ > 0 −2
√

A < B < 0 P (E) < 0 P (1) > 0 E3+

P (E) < 0 P (1) < 0 E < xs < 1 E3−, E3+

Table 1. Conditions for the existence of positive equilibrium points.
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Note that when C < AD, ∆ = 0, and max
{
−2
√

A,− 2
E

}
< B < −2, the equilibria E− and E+ coincide,

merging into a single positive equilibrium where x = − 2
B .

We will now turn our attention to analyzing the local stability of these equilibrium points. The map
associated with System (1.2) has the following form:

F (x, y) =

 xeh
(
(1−x)(x−E)− xy

Ax2+Bx+1

)

yeh
(

Cx2

Ax2+Bx+1
−D

)
 . (2.3)

The Jacobian matrix of (2.3) has the form

JF(x, y) =


κeh

(
(1−x)(x−E)− xy

Ax2+Bx+1

)
−hx2e

h
(
(1−x)(x−E)− xy

Ax2+Bx+1

)
Ax2+Bx+1

xyh(Bx+2)Ce
h
(

Cx2

Ax2+Bx+1
−D

)

(Ax2+Bx+1)2 eh
(

Cx2

Ax2+Bx+1
−D

)
 ,

where
κ = 1 + hx

(
1 + E − 2x + y Ax2−1

(Ax2+Bx+1)2

)
.

Proposition 1. The equilibrium point E0 = (0, 0) of System (1.2) is locally asymptotically stable.

Proof. This follows directly from the Jacobian matrix at point E0:

JF(E0) =

 e−hE 0

0 e−hD

 ,
whose eigenvalues are 0 < λ1 = e−hE < 1 and 0 < λ2 = e−hD < 1. □

Proposition 2. The equilibrium point E1 = (E, 0) of System (1.2) is:
i) a saddle point if CE2

AE2+BE+1 < D;
ii) non-hyperbolic if CE2

AE2+BE+1 = D;
iii) a repeller if CE2

AE2+BE+1 > D.

Proof. Since 0 < E < 1
2 and the Jacobian matrix

JF (E1) =

 1 + hE (1 − E) − hE2

AE2+BE+1

0 eh
(

CE2

AE2+BE+1
−D

)


has the eigenvalues λ1 = 1 + hE (1 − E) and λ2 = eh
(

CE2

AE2+BE+1
−D

)
, then λ1 > 1 for all h > 0, and

λ2


< 1 if CE2

AE2+BE+1 < D,

= 1 if CE2

AE2+BE+1 = D,

> 1 if CE2

AE2+BE+1 > D.

□
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D < D̂ D = D̂ D > D̂

h < ĥ SP NH (codim-1) LAS

h = ĥ NH (codim-1) NH (codim-2) NH (codim-1)

h > ĥ R NH (codim-1) SP

Table 2. Properties of the equilibrium E2 = (1, 0) (SP–“a saddle point”, R–“a repeller”,
NH–“non-hyperbolic”).

Proposition 3. Let ĥ = 2
1−E and D̂ = C

A+B+1 . The local stability of the equilibrium point E2 = (1, 0),
depending on the parameter values, is shown in Table 2.

Proof. This follows from the fact that the Jacobian matrix at the equilibrium point E2 = (1, 0) has the
form

JF (E2) =
(

1 − h (1 − E) − h
A+B+1

0 eh( C
A+B+1−D)

)
,

with the eigenvalues λ1 = 1 − h (1 − E) < 1 and λ2 = eh( C
A+B+1−D). □

Proposition 4. Assume that all conditions for the existence of the equilibrium points E3+, E3−, and(
− 1

B , y
)

in Table 1 are satisfied. Then the following statements hold:
a) The equilibrium point E3− is unstable.
b) The equilibrium points E3+ and

(
− 1

B , y
)

are locally asymptotically stable if and only if

Q(x3)h2 + 2R(x3)h + 4 > 0 and Q(x3)h + R(x3) < 0,

where x3 = x+ or x3 = −
1
B and

Q(x) =
(1 − x)(x − E)(Bx + 2)D2

Cx2 , R(x) = x (1 + E − 2x) +
D

(
Ax2 − 1

)
(1 − x)(x − E)

Cx2 .

Proof. Let E3 = (x3,
C
D x3(1 − x3)(x3 − E)) generally denote a positive equilibrium point, where E <

x< 1. Since
Cx2

3

Ax2
3 + Bx3 + 1

= D,

the Jacobian matrix at that equilibrium point is

JF (E3) =

 1 + hx3

(
1 + E − 2x3 +

D
Cx3

3

(
Ax2

3 − 1
)

(1 − x3)(x3 − E)
)
−hD

C

hD
x2

3
(1 − x3)(x3 − E)(Bx3 + 2) 1

 ,

from which
TrJF (E3) = R(x3)h + 2

and
det JF (E3) = Q(x3)h2 + R(x3)h + 1.
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The equilibrium point E3 is locally asymptoticaly stable if and only if

1 − trJF (E3) + det JF (E3) = Q(x3)h2 > 0,
1 + trJF (E3) + det JF (E3) = Q(x3)h2 + 2R(x3)h + 4 > 0,

1 − det JF (E3) = −h (R(x+) + hQ(x+)) > 0.

a) Since

Bx− + 2 =
B2D − B

√
∆

2 (C − AD)
+ 2 =

B2D − B
√
∆ + 4 (C − AD)

2 (C − AD)

=
B2D − B

√
∆ + ∆−B2D2

D

2 (C − AD)
=

√
∆

(
−BD +

√
∆
)

2D (C − AD)
< 0

(C−AD < 0 and B < 0), then Q(x−) < 0, which implies that the condition 1−trJF (E3−)+det JF (E3−) >
0 is violated. This means that E3− is unstable.
b) Since B

(
− 1

B

)
+ 2 = 1 > 0 and

Bx+ + 2 =

√
∆

(
BD +

√
∆
)

2D (C − AD)
> 0,

we obtain that Q(x+) > 0. Condition R(x+) + hQ(x+) < 0 implies that R(x+) < 0 and h < − R(x+)
Q(x+) .

This indicates that E3+ can be stable and that the stability of the equilibrium E3+ depends on h, as we
confirmed through experiments with specific examples. This completes the proof. □

The question of the existence of an invariant set for System (1.2) is of particular importance;
therefore, we shall now examine it in greater detail.

It follows from (1.2) that the first quadrant is positively invariant for that system, since the
exponential terms are positive and

xn ≥ 0, yn ≥ 0 =⇒ xn+1 ≥ 0, yn+1 ≥ 0.

Since, under the assumption that B > −2
√

A, the expression Ax2 + Bx + 1 is positive for all x ≥ 0 and
the predatory term x

Ax2+Bx+1 is non-negative. Thus, for xn ≥ 1, xn+1 ≤ xn, n = 0, 1, ..., and, in particular,
when xn = 1,

xn+1 = e−
hyn

A+B+1 ≤ 1.

Although [0, 1] is not an invariant interval for the prey population x without additional restrictions,
since xn+1 can exceed 1 when E < xn+1 < 1, if 0 < xn ≤ E, then (1 − xn) (xn − E) ≤ 0. Consequently,
xn+1 ≤ xn ≤ E, which means that the set [0, E] × [0,∞) is positively invariant for System (1.2).

A more precise result is given by the following proposition.

Proposition 5. If
CE2

AE2 + BE + 1
< D for B ≥ −

2
E

or
4C

4A − B2 < D for − 2
√

A < B < −
2
E
,
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then the following statements hold:
i) For every N > 0, the rectangle [0, E] × [0,N] is a positively invariant set for System (1.2).
ii) The rectangle [0, E] × [0,N] is an absorbing set for System (1.2), for x0 ∈ [0, E]; that is, every

such solution eventually enters [0, E] × [0,N].
iii) The set P = [0, E] × [0,∞) is a positively invariant set for System (1.2), and P\ {(E, 0)} is

contained in the basin of attraction of E0 = (0, 0).

Proof. Let g (x) = Cx2

Ax2+Bx+1 . Note that

max
x∈[0,E]

Cx2

Ax2 + Bx + 1
=

 CE2

AE2+BE+1 , if B ≥ − 2
E ,

4C
4A−B2 , if − 2

√
A < B < − 2

E .

i) As we can see, [0, E] is a positively invariant interval for the prey population x. Under the given
conditions, we have

yn+1 ≤ yne
h
(

max
x∈[0,E]

g(x)−D
)
≤ yn.

Hence, if x0 ∈ [0, E] and y0 ≤ N, then xn ∈ [0, E] and yn ≤ N for all n ≥ 0. Therefore, [0, E]× [0,N] is
positively invariant.

ii) Let G = max
x∈[0,E]

g (x). Generally, for xn ∈ [0, E], the second equation of System (1,2) gives

yn+1 ≤ yneh(G−D).

Consequently,
0 ≤ yn ≤ y0enh(G−D)

→ 0 as n→ ∞.

Hence, there exists a sufficiently large n such that yn ≤ N. Since xn ∈ [0, E], it follows that (xn, yn) ∈
[0, E] × [0,N] for all sufficiently large n.

iii) Part i) implies that P = [0, E] × [0,∞) is a positively invariant set for System (1.2). We have
just shown that, under the given assumptions, yn tends to zero. Since the first equation of System (1.2)
implies that 0 ≤ xn+1 ≤ xn whenever xn ∈ [0, E], the sequence {xn} is nonincreasing and bounded
below; hence, it converges to a limit L. Taking the limit as n→ ∞ in the first equation of System (1.2),
we obtain

L = Leh(1−L)(L−E). (2.4)

Let us prove that L = 0. Suppose, to the contrary, that L > 0. Then equation (2.4) implies L = E
or L = 1. Since xn ≤ E for all n, L = 1 is impossible. Moreover, if L = E, then, because {xn} is
nonincreasing, we must have xn = E for all n. This is possible only when (x0, y0) = (E, 0). Therefore,
for (x0, y0) ∈ P\ {(E, 0)}, we necessarily have L = 0. Consequently, lim

n→∞
(xn, yn) = (0, 0), which means

that P\ {(E, 0)} is contained in the basin of attraction of the equilibrium E0. □

Remark 6. The biological significance of Proposition 5 is as follows: even when the prey population
is initially at the Allee threshold (E), the presence of predators (y0 > 0) causes the prey population to
fall below this threshold in the next step. Thereafter, both populations tend toward extinction, that is,
xn → 0 and yn → 0. Thus, in the present model, a prey population initially located exactly at the Allee
threshold cannot persist in the presence of predators. Once the prey population falls below the Allee
threshold, the model predicts its subsequent decline toward extinction, together with the extinction of
the predator population.
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3. 1:1 resonant equilibrium point

In particular, we now determine the conditions for the existence of an interior fixed point with a 1:1
strong resonance.

Two values x± merge into one, x, if B2D + 4 (C − AD) = 0, i.e., if

D = D∗ =
4C

4A − B2 ,

then we obtain
x = −

2
B
.

This implies that x is positive if and only if B < 0.
Notice that y > 0 only if x ∈ (E, 1), where E ∈

(
0, 1

2

)
. For D = D∗, from (2.2), we obtain

y =

(
4A − B2

)
(BE + 2) (B + 2)

2B3 > 0, B ∈
(
−

2
E
,−2

)
. (3.1)

Notice that B2 − 4A < 0 and B ∈
(
− 2

E ,−2
)

imply A > 1.
The Jacobian matrix of the map F defined by (2.3) in a positive equilibrium E3 = (x, y) has the form

JF(E3) =


1 + hx

(
1 + E − 2x + y Ax2

−1

(Ax2+Bx+1)2

)
−h D

C

h (Bx+2)yD2

Cx3 1

 . (3.2)

Then, JF(E3) has both eigenvalues equal to 1, i.e., E3 is a 1:1 resonant fixed point if Tr (JF(E3)) = 2
and det (JF(E3)) = 1. The equation Tr (JF(E3)) = 2 is equivalent to

1 + E − 2x + y
Ax2
− 1(

Ax2
+ Bx + 1

)2 = 0. (3.3)

By using (3.3), then from (3.2), we obtain

JF(E3) =

 1 −h D
C

h (Bx+2)yD2

Cx3 1

 , (3.4)

from which

det (JF(E3)) = 1 + h2 (Bx + 2) yD3

C2x3 .

Now,

det (JF(E3)) = 1⇐⇒ x = x∗ = −
2
B
. (3.5)

For x = x∗ = − 2
B , from (3.3), we get

Tr (JF(E3)) = 2⇐⇒ −
4B + 4BE + B2E + 12

2B
= 0,
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which implies that E = E∗ = − 4(B+3)
B(B+4) . Then, for E = E∗, from (3.1), we have y∗ = (B2−4A)(B+2)2

B3(B+4) , i.e.,

E∗3 = (x∗, y∗) =

− 2
B
,

(
B2 − 4A

)
(B + 2)2

B3 (B + 4)

 .
From all of the above, parameter B satisfies the following conditions:

max
{
−

2
E
,−2
√

A
}
< B < −2, 0 < −

4 (B + 3)
B (B + 4)

<
1
2
.

Since,

y∗ =

(
B2 − 4A

)
(B + 2)2

B3 (B + 4)
> 0,

we finally get B ∈
(
max

{
−3,−2

√
A
}
, 2
√

3 − 6
)
.

The following conclusion follows from the above.

Lemma 7. Let h > 0, C > 0. If either

6
(
2 −
√

3
)
< A <

9
4

and − 2
√

A < B < 2
√

3 − 6,

or
A ≥

9
4

and − 3 < B < 2
√

3 − 6,

and if

D =
4C

4A − B2 , E = −
4 (B + 3)
B (B + 4)

,

then the unique positive equilibrium point E∗3 =
(
− 2

B ,
(B2−4A)(B+2)2

B3(B+4)

)
is a 1:1 resonant fixed point of

System (1.2).

Remark 8. Y. Zeng and P. Yu [34] studied the continuous System (1.1). They established the existence
of the extinction equilibrium (E0 = (0, 0)), two boundary equilibria (E1 = (E, 0) and E2 = (1, 0)),
at most two interior equilibria (E3±), together with the corresponding existence conditions (Lemma
1). Using Lemma 1 and Theorem 2, they proved that the interior equilibrium undergoes codimension-1
bifurcations, including transcritical, saddle-node, and Hopf bifurcations. Furthermore, based solely on
numerical simulations, they established the existence of a Bogdanov–Takens codimension-2 bifurcation
point and provided the corresponding conditions, although no rigorous proof was provided.

As we have already seen, the equilibrium states (equilibrium points) of System (1.2) are independent
of the parameter h > 0. On the other hand, the dynamics of System (1.2) depend on the parameter h
and are therefore richer than those of the corresponding continuous model (1.1). This is particularly
evident at equilibrium E2, where an additional h-dependent bifurcation appears in the discrete case
when λ1 = −1 (a flip bifurcation), enabling the occurrence of a codimension-2 bifurcation (fold-
flip) (near the point

(̂
h, D̂

)
at the intersection of the bifurcation curves h = ĥ and D = D̂). We

also established that the stability of the positive equilibrium E3+ depends on h. Furthermore, we
observed that under certain conditions, the unique positive equilibrium

(
− 2

B , y
)

is 1:1 resonant, a
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property independent of h. However, when h = 1, the dynamics of the discrete system resemble
those of the continuous model (at equilibrium E2, only a codimension-1 bifurcation—a transcritical
bifurcation at D = D̂—occurs) and are less complex than the dynamics observed for arbitrary h > 0.
We will restrict ourselves to the case where h = 1 to simplify the calculation process during the
bifurcation analysis. This does not imply that the situation will remain unchanged for other values of
the parameter h (for instance, it is unknown whether the non-degeneracy conditions for the equilibrium(
− 2

B , y
)

depend on h). However, due to their complexity and the extensive description required, we
leave the investigation of these and other scenarios—specifically codimension-1 bifurcations and the
aforementioned codimension-2 bifurcation at equilibrium E2—for future research.

4. Codimension-2 bifurcation at the interior equilibrium point

Since D and E are chosen as bifurcation parameters, in this section, we analyze the existence of a
strong 1:1 bifurcation at the interior equilibrium point E∗3 by varying these parameters within a small
neighborhood of (D∗, E∗). In doing so, we utilize the bifurcation theory established in [22, pp. 410–
415].

All further considerations refer to the case where h = 1. Taking D = D∗ and E = E∗ in (3.4), we
obtain

JF
(
E∗3

)
=

 1 4
B2−4A

0 1

 .
Let

un = xn − x∗ = xn +
2
B ,

vn = yn − y∗ = yn −
(B2−4A)(B+2)2

B3(B+4) ,

and (α1, α2) denote a small perturbation of (D∗, E∗), i.e.,

α1 = E − E∗, α2 = D − D∗.

Then, System (1.2) can be written in the form
un+1 =

2
B +

(
un −

2
B

)
P1 (α1)

vn+1 = −
(B2−4A)(B+2)2

B3(B+4) +

(
vn +

(B2−4A)(B+2)2

B3(B+4)

)
P2 (α2) ,

(4.1)

where

P1 (α1) = e
(1−un+

2
B )

(
un−

2
B−α1+

4(B+3)
B(B+4)

)
−

(un−
2
B )

vn+
(B2−4A)(B+2)2

B3(B+4)


A(un−

2
B )2
+B(un−

2
B )+1 ,

P2 (α2) = e

C(un− 2
B )2

A(un− 2
B )2

+B(un− 2
B )+1

−
(
α2+

4C
4A−B2

)
.

In doing so, E∗3 = (x∗, y∗) was transformed into the origin (0, 0).
According to Taylor’s formula to (4.1), around the origin (un, vn) = (0, 0), for any small ∥α∥ =

∥(α1, α2)∥, we obtain

un+1 = −
2
B

(
e−

B+2
B α1 − 1

)
+

(
1 − 2

Bα1

)
e−

B+2
B α1un −

4
4A−B2 e−

B+2
B α1vn
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+

(
α1 −

α2
1

B +
2(24A+2AB2+12AB−8B2−5B3−B4)

B(B+4)(4A−B2)

)
e−

B+2
B α1u2

n

− 4
4A−B2α1e−

B+2
B α1unvn −

4B

(4A−B2)2 e−
B+2

B α1v2
n + O

(
∥(un, vn)∥3

)
and

vn+1 =
(4A−B2)(B+2)2

B3(B+4)

(
1 − e−α2

)
+ e−α2vn +

BC(B+2)2

(B+4)(4A−B2)e−α2u2
n + O

(
∥(un, vn)∥3

)
.

The map associated with the last two equations is given as u

v

 7−→ f (u, v, α1, α2) , (4.2)

where f stands for the right-hand sides of the equations. The map (4.2) can be written in the following
form:  u

v

 7−→  1 4
B2−4A

0 1

  u

v

 +G

 u

v

 , (4.3)

where

G

 u

v

 =  f1 (u, v)

f2 (u, v)


and

f1 (u, v) = − 2
B

(
e−

B+2
B α1 − 1

)
+

((
1 − 2

Bα1

)
e−

B+2
B α1 − 1

)
u −

(
4

4A−B2 e−
B+2

B α1 + 4
B2−4A

)
v − 4α1

4A−B2 e−
B+2

B α1uv

+

(
α1 −

α2
1

B +
2(24A+2AB2+12AB−8B2−5B3−B4)

B(B+4)(4A−B2)

)
e−

B+2
B α1u2 − 4B

(4A−B2)2 e−
B+2

B α1v2 + O
(
∥(u, v)∥3

)
,

f2 (u, v) = (4A−B2)(B+2)2

B3(B+4)

(
1 − e−α2

)
+

(
e−α2 − 1

)
v + BC(B+2)2

(B+4)(4A−B2)e−α2u2 + O
(
∥(u, v)∥3

)
.

Since 1 is a double eigenvalue of the matrix J0, then there exist two real corresponding linearly
independent vectors, v̂0 (eigenvector) and v̂1 (generalized eigenvector), such that

J0̂v0 = v̂0 and J0̂v1 = v̂1 + v̂0,

where

J0 =

 1 4
B2−4A

0 1

 .
Without losing generality, we calculate v̂0 as a unit vector, i.e.,

∥∥∥̂v0

∥∥∥ = 1, and then we obtain

v̂0 =

 1

0

 and v̂1 =

 0
B2−4A

4

 .
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Analogously, there exist corresponding adjoint eigenvectors,

ŵ0 =

 1

0

 and ŵ1 =

 0
4

B2−4A

 ,
of transposed matrix JT

0 , given by

JT
0 w1 = w1 and JT

0 w0 = w0 + w1,

such that
∥∥∥̂v0

∥∥∥ = 1. It can be shown that
〈̂
v0, ŵ0

〉
=

〈̂
v1, ŵ1

〉
= 1 and

〈̂
v0, ŵ1

〉
=

〈̂
v1, ŵ0

〉
= 0, where

⟨x, y⟩ denotes the standard scalar product of vectors x and y in R2.
Then, any vector (u, v) ∈ R2 can be uniquely represented as u

v

 = m̂v0 + t̂v1 = m

 1

0

 + t

 0
B2−4A

4


=

 m(
B2−4A

4

)
t

 =
 1 0

0 B2−4A
4


 m

t

 ,
where (m, t), as new coordinates, are qiven by

m =
〈
(u, v)T , ŵ0

〉
= u,

t =
〈
(u, v)T , ŵ1

〉
= 4

B2−4Av.

By using these new coordinates, then (4.3) can be written in the form 1 0

0 B2−4A
4


 m

t

→  1 4
B2−4A

0 1


 1 0

0 B2−4A
4


 m

t

 +
 f1 (m, t) + O

(
∥(m, t)∥3

)
f2 (m, t) + O

(
∥(m, t)∥3

)
 ,

so by multiplying on the left side by the corresponding inverse matrix, we get m

t

→  1 1

0 1

  m

t

 +  1 0

0 − 4
4A−B2


 f1 (m, t) + O

(
∥(m, t)∥3

)
f2 (m, t) + O

(
∥(m, t)∥3

)
 .

Therefore, in the new coordinates (m, t), the map (4.3) takes the form m

t

 7−→  1 1

0 1

  m

t

 +


〈
G

(
m̂v0 + t̂v1

)
, ŵ0

〉
+ O

(
∥(m, t)∥3

)
〈
G

(
m̂v0 + t̂v1

)
, ŵ1

〉
+ O

(
∥(m, t)∥3

)
 , (4.4)

where

G

 u

v

 =  f1 (u, v)

f2 (u, v)

 .
Now, we have that

f̂1 (m, t,α) =
〈
G

(
m̂v0 + t̂v1

)
, ŵ0

〉
=

〈
G

 m
B2−4A

4 t

 ,
 1

0

〉
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=

〈 f1

(
m, B2−4A

4 t
)

f2

(
m, B2−4A

4 t
)

 ,
 1

0

〉 = f1

(
m, B2−4A

4 t
)

and

f̂2 (m, t,α) =
〈
G

(
ŝv0 + t̂v1

)
, ŵ1

〉
=

〈
G

 m
B2−4A

4 t

 ,
 0

4
B2−4A

〉

=

〈 f1

(
m, B2−4A

4 t
)

f2

(
m, B2−4A

4 t
)

 ,
 0

4
B2−4A

〉 = 4
B2−4A f2

(
m, B2−4A

4 t
)
,

i.e.,

f̂1 (m, t,α) = − 2
B

(
e−

B+2
B α1 − 1

)
+

(
e−

B+2
B α1

(
1 − 2

Bα1

)
− 1

)
m +

(
e−

B+2
B α1 − 1

)
t + α1e−

B+2
B α1mt

− e−
B+2

B α1

(
1
Bα

2
1 − α1 +

2(8B2−2AB2−12AB−24A+5B3+B4)
B(4A−B2)(B+4)

)
m2 − B

4 e−
B+2

B α1t2 + O
(
∥(m, t)∥3

)
and

f̂2 (m, t,α) = 4(B+2)2

B3(B+4)

(
e−α2 − 1

)
+

(
e−α2 − 1

)
t − 4BC(B+2)2

(4A−B2)2(B+4)
e−α2m2 + O

(
∥(m, t)∥3

)
.

If we introduce the notations for the coefficients of the polynomial in m and t as follows:

f̂1 (m, t,α) = a00 (α) + a10 (α) m + a01 (α) t +
1
2

a20 (α) m2 + a11 (α) mt +
1
2

a02 (α) t2,

f̂2 (m, t,α) = b00 (α) + b10 (α) m + b01 (α) t +
1
2

b20 (α) m2 + b11 (α) mt +
1
2

b02 (α) t2,

from the above, we can notice that

a00 (α) = −
2
B

(
e−

B+2
B α1 − 1

)
,

b00 (α) =
4 (B + 2)2

B3 (B + 4)
(
e−α2 − 1

)
,

a10 (α) = e−
B+2

B α1

(
1 −

2
B
α1

)
− 1,

a01 (α) = e−
B+2

B α1 − 1,
b01 (α) = e−α2 − 1,

a20 (α) =

2α1 −
2
B
α2

1 −
4
(
8B2 − 2AB2 − 12AB − 24A + 5B3 + B4

)
B

(
4A − B2) (B + 4)

 e−
B+2

B α1 ,

b20 (α) = −
8BC (B + 2)2(

4A − B2)2 (B + 4)
e−α2 ,

a11 (α) = α1e−
B+2

B α1 ,
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a02 (α) = −
B
2

e−
B+2

B α1 ,

b10 (α) = 0, b11 (α) = 0, b02 (α) = 0.

In particular,
a00 (0) = b00 (0) = a10 (0) = b10 (0) = a01 (0) = b01 (0) = 0.

By using Lemma 9.6 in [22] or Lemma 3.1 in [33], for sufficiently small ∥α∥, the map (4.4) can be
written in the following form:  m

t

 7−→ Φ1
α (m, t) + O

(
∥(m, t)∥3

)
,

where Φ1
α (m, t) is the time-one flow of the following planar system: m

t

 7−→  0 1

0 0

  m

t

 +  g1 (m, t,α)

g2 (m, t,α)

 , (4.5)

with

g1 (m, t,α) = A00 (α) + A10 (α) m + A01 (α) t +
1
2

A20 (α) m2 + A11 (α) mt +
1
2

A02 (α) t2,

g2 (m, t,α) = B00 (α) + B10 (α) m + B01 (α) t +
1
2

B20 (α) m2 + B11 (α) mt +
1
2

B02 (α) t2.

The appropriate coefficients A00 (α), A10 (α), A01 (α), A20 (α), A11 (α), A02 (α) and B00 (α), B10 (α),
B01 (α), B20 (α), B11 (α), B02 (α) are given in Appendix A.

In particular, it is valid that

A00 (0) = A10 (0) = A01 (0) = B00 (0) = B10 (0) = B01 (0) = 0.

Moreover, equation (4.5) can be reduced to a simple system, i.e., the normal form of the Bogdanov–
Takens bifurcation (Lemma 3.2 in [33], see Appendix B).

The first nondegeneracy condition

B20 (0) = b20 (0) = −
8BC (B + 2)2(

4A − B2)2 (B + 4)
, 0

holds due to the condition on the parameter B from Lemma 7.
Let

Π (A, B,C) = −2CB2 (B + 2)2 +
(
B2

(
B2 + 5B + 8

)
− 2A

(
B2 + 6B + 12

)) (
4A − B2

)
.

The second nondegeneracy condition

A20 (0) + B11 (0) = −
4Π (A, B,C)

B
(
4A − B2)2 (B + 4)

, 0 (4.6)
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is satisfied if Π (A, B,C) , 0, i.e., if C , Cs, where

Cs =

(
4A − B2

) [
B2

(
B2 + 5B + 8

)
− 2A

(
B2 + 6B + 12

)]
2B2 (B + 2)2 . (4.7)

Therefore
s = sgn [B20 (0) (A20 (0) + B11 (0))] = sgn [Π (A, B,C)] .

If Cs ≤ 0, then Π (A, B,C) < 0 for all C, i.e., s = −1. If Cs > 0, then Π (A, B,C) < 0 for C > Cs and
Π (A, B,C) > 0 for C < Cs. Therefore, both values for s, s = −1 and s = 1, are possible. For example,
if A = 2 and B = −27

10 from (4.7), we get Cs =
163087

2381400 > 0, so

Π

(
2,−

27
10
,Cs

)
= 0

and
Π

(
2,−27

10 ,
1

100

)
= 0.41782 > 0, (4.8)

Π

(
2,−

27
10
,

1
2

)
= −3.0828 < 0,

where 1
100 < Cs <

1
2 .

By using (4.6), we get

β0 (0) =
−4Π (A, B,C)

B
(
4A − B2)2 (B + 4)

,

so 

η1 (α) = −
4 [Π (A, B,C)]4

B7C3 (
4A − B2)2 (B + 2)6 (B + 4)

β1 (α)

−
[Π (A, B,C)]3

B6C3 (B + 2)6β2 (α) β3 (α) +
[Π (A, B,C)]2

B4C2 (B + 2)4β
2
2 (α) ,

η2 (α) =
[Π (A, B,C)]2

B4C2 (B + 2)4β4 (α) −
2Π (A, B,C)
B2C (B + 2)2β2 (α) ,

(4.9)

where

β1 (α) =
4 (B + 2)2

B3 (B + 4)

(
1
B
α1e−

B+2
B α1 + 1

) (
e−α2 − 1

)
−

8C (B + 2)2

3B
(
4A − B2)2 (B + 4)

(
e−

B+2
B α1 − 1

)2
−

2 (B + 2)2
(
B3 + 6B2 + 8B + 8

)
B5 (B + 4)2

(
e−α2 − 1

)2

+

16 (B + 2)4
(

24A+2AB2+12AB−8B2−5B3−B4

3B2(4A−B2) +
C(B+2)2

2(4A−B2)2

)
B5 (B + 4)3

(
e−α2 − 1

)2

+

16 (B + 2)2
(

24A+2AB2+12AB−8B2−5B3−B4

B2(4A−B2) +
C(B+2)2

(4A−B2)2

)
3B3 (B + 4)2

(
e−

B+2
B α1 − 1

) (
e−α2 − 1

)
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+
2
(
B3 + 3B2 − 4B − 4

)
B3 (B + 4)

(
e−

B+2
B α1 − 1

) (
e−α2 − 1

)
,

β2 (α) = −
2
B
α1e−

B+2
B α1 + e−

B+2
B α1 − 1 +

(
B3 + 2B2 − 8B − 8

)
B2 (B + 4)

(
e−α2 − 1

)
−

4
B + 4

24A + 2AB2 + 12AB − 8B2 − 5B3 − B4

B2 (
4A − B2) +

2C (B + 2)2(
4A − B2)2

 (e− B+2
B α1 − 1

)
−

4 (B + 2)2

3B2 (B + 4)2

24A + 2AB2 + 12AB − 8B2 − 5B3 − B4

B2 (
4A − B2) +

2C (B + 2)2(
4A − B2)2

 (e−α2 − 1
)
,

β3 (α) =
8C (B + 2)2(

4A − B2)2 (B + 4)

(
e−

B+2
B α1 − 1

)
−

8 (B + 2)2

B3 (B + 4)

24A + 2AB2 + 12AB − 8B2 − 5B3 − B4

B
(
4A − B2) (B + 4)

+
BC (B + 2)2

3
(
4A − B2)2 (B + 4)

 (e−α2 − 1
)
,

β4 (α) =
8C (B + 2)2(

4A − B2)2 (B + 4)

(
e−

B+2
B α1 − 1

)
+

8 (B + 2)2

B3 (B + 4)

24A + 2AB2 + 12AB − 8B2 − 5B3 − B4

B
(
4A − B2) (B + 4)

+
3BC (B + 2)2(

4A − B2)2 (B + 4)

 (e−α2 − 1
)
.

Then,
∂ (η1 (0))
∂α1

= 0,

∂ (η1 (0))
∂α2

=
16 [Π (A, B,C)]4

B10C3 (
4A − B2)2 (B + 4)2 (B + 2)4

,

∂ (η2 (0))
∂α1

=
2 (B + 4)Π (A, B,C)

B3C (B + 2)2 ,

which implies that

det Jαη (0) = det


0

∂ (η1 (0))
∂α2

∂ (η2 (0))
∂α1

∂ (η2 (0))
∂α2

 = −∂ (η1 (0))
∂α2

·
∂ (η2 (0))
∂α1

= −
32 [Π (A, B,C)]5

B13C4 (
4A − B2)2 (B + 2)6 (B + 4)

.

According to the transversality condition, we have that

det Jαη (0) , 0⇔ Π (A, B,C) , 0⇔ C , Cs.

Hence, both the nondegeneracy and transversality conditions are given by C , Cs.
Therefore, according to [22, pp. 410–415], the following results hold.
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Theorem 9. Let h = 1, C > 0, D > 0, 0 < E < 1/2,

D∗ =
4C

4A − B2 , E∗ = −
4 (B + 3)
B (B + 4)

,

Cs =

(
4A − B2

) [
B2

(
B2 + 5B + 8

)
− 2A

(
B2 + 6B + 12

)]
2B2 (B + 2)2 .

Assume that either
6
(
2 −
√

3
)
< A <

9
4

and − 2
√

A < B < 2
√

3 − 6,

or
A ≥

9
4

and − 3 < B < 2
√

3 − 6.

If C , Cs, then System (1.2) undergoes a Bogdanov–Takens bifurcation in a small neighborhood of the
unique interior fixed point

E∗3 =

− 2
B
,

(
B2 − 4A

)
(B + 2)2

B3 (B + 4)


as (E,D) varies near (E∗,D∗).
Furthermore, the following statements hold:

(i) There is a fold bifurcation that occurs on the curve

f± : η1 (α) =
1
4
η2

2 (α) + O
(
|α|3

)
.

(ii) Near the fixed point born at the fold bifurcation of (i), there is a Neimark–Sacker bifurcation that
occurs on the curve

NS : η1 (α) = O
(
|α|3

)
, η2 (α) = O

(
|α|2

)
< 0.

If Cs ⩽ 0 or 0 < Cs < C, the invariant circle created at the Neimark–Sacker bifurcation is stable.
If C < Cs, the invariant circle created at the Neimark–Sacker bifurcation is unstable.

(iii) There is a homoclinic bifurcation that occurs on two curves h1 and h2 with the asymptotic forms

η1 (α) = −
6
25
η2

2 (α) + O
(
|α|3

)
, η2 (α) = O

(
|α|2

)
< 0,

where η1 and η2 are given by (4.9). The distance between the two homoclinic tangency bifurcation
curves is exponentially small with respect to

√
|α| . These curves are illustrated in Figure 1 in [27].

5. Numerical simulations

This section illustrates the complex dynamics of 1:1 resonance through carefully designed
numerical simulations. Bifurcation diagrams and phases portraits in all figures are generated by
Dynamica 4 [19].

Case s = −1.
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Let A = 1529
400 , B = −

27
10 , and C = 2. The straightforward calculation shows that

B20 (0) = b20 (0) =
1323
5200

, 0

and

Π (A, B,C) = F
(
1529
400
,−

27
10
, 2

)
= −

2472
25
,

so s = −1. Figure 1 (as well as Figure 8.8 in [22, p. 322]) illustrates the bifurcation diagram of
the system in Lemma 11 in the (η1, η2) plane, where the coordinates (4.9) are introduced through the
transformation

η1 (α) =
10863616000000
103355177121

α2
1e−

14
27α1 +

91866722756710400000
343803451765076667

α1e−α2e−
7

27α1

+
1086361600000

3827969523
α1e−

14
27α1 −

189436691822796800000
343803451765076667

α1e−
7
27α1

+
697830973406720000
4244487058828107

e−
14
27α1 +

18927942663666814240176640000
92634603856208443256483529

e−2α2

+
10442170220814345750728181760000

4539095588954213719567692921
e−α2 −

1468837865475441911434240000
478959120919511841254373

e−α2e−
7

27α1

+
1311347688245135701166080000

478959120919511841254373
e−

7
27α1 −

10623372206528213671141160960000
4539095588954213719567692921

,

η2 (α) =
3322702342614400
86622184874043

e−α2 +
329600
11907

e−
7
27α1 +

6592000
321489

α1e−
7
27α1 −

5720508014444800
86622184874043

.

For E = α1 −
4(B+3)
B(B+4) and D = α2 +

4C
4A−B2 , System (1.2) becomes
xn+1 = xne

(1−xn)
(
x−α1+

4(B+3)
B(B+4)

)
−

xnyn
Ax2

n+Bxn+1 ,

yn+1 = yne
Cx2

n
Ax2

n+Bxn+1
−α2−

4C
4A−B2 .

(5.1)

Also, for the given parameters, the equilibrium points of System (5.1) satisfy the following system: x± =
540(α2+1)±400K

1529α2+729 ,

y± =
40(7(α2+1)∓20K)(71α2−729∓1080K)Py

117(α2+1)(1529α2+729)3 ,

where
Py = (85293α1 − 2020α2 + 178893α1α2 − 34020 ∓ 46800K) .

So, for α2 , −
729
1529 and K =

√
−2α2 (α2 + 1), we have (x, y) =

(
x±, y±

)
with y = x−1

x

(
1529
400 x2

− 27
10 x + 1

) (
−x + α1 +

40
117

)
,

x2 (1529α2 + 729) − 1080x (α2 + 1) + 400 (α2 + 1) = 0.
(5.2)

For (α1, α2) = (0, 0), we have point O = O(η1(0, 0), η2(0, 0)) = (0, 0) and the 1:1 resonant fixed
point (x∗, y∗) = ( 20

27 ,
39200

255879 ) or

(x∗, y∗) = (0.7407407407407407, 0.15319740971318474),
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corresponding to a codimension-2 cusp. The blue curve and red lines in Figures 2–9 represent the first
and second equations of system (5.2), respectively, in the Cartesian coordinate plane. When it exists,
the positive equilibrium of System (4.1) is given by the intersection of these curves. Figure 2 displays
the phase portrait at point O in the (η1, η2) plane (see Figure 1). The equilibrium point of System (5.1)
is at the intersection of the red and blue curves.

P+

H

P1

P3

O

H

P

T+

T-

R1

R2

P2
P4

P-

R3

R4

-2 -1 0 1 2

-2

-1

0

1

2

η1

η
2

T±: η1=
1

4
η2
2

P: η1=-
6

25
η2
2, η2<0

H: η1=0, η2<0

Figure 1. The bifurcation diagram of the system in Lemma 11 in the η1η2-plane.

In Table 3, coordinates η1 and η2 are calculated as η1 = η1 (α1, α2) and η2 = η2 (α1, α2), respectively,
while points P1(η1, η2)–P4(η1, η2) and P±(η1, η2) belong to the corresponding region in Figure 1.

To construct Figures 3–6, we use the parameter values from Table 3 for small α1 and α2.
Figure 3(a) displays the phase portrait at point P1(η1, η2) ∈ R1, when there is no positive equilibrium
point of System (5.1). Figure 3(b) displays the phase portrait at point P2(η1, η2) ∈ R2. The positive
equilibria of System (5.1) are

(x+, y+) = (0.723782419330519, 0.19278149447692491),

(x−, y−) = (0.7585127997297987, 0.189358984144891).

Figure 4(a) ilustrates the phase portret of System (5.1) at P3 ∈ R3. The positive equilibria of System
(5.1) are

(x+, y+) = (0.723782419330519, 0.17277935052509102),

(x−, y−) = (0.7585127997297987, 0.171032707769117).

Around the positive equilibrium (x+, y+), there is stable invariant curve.
Figure 4(b) is an enlargement of Figure 4(a) with a boundary equilibrium.

Figure 5 ilustrates the phase portrait of System (5.1) at P4 ∈ R4. The positive equilibria of System
(5.1) are

(x+, y+) = (0.6981468468399172, 0.19346498347102042),
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(x−, y−) = (0.7888696254901314, 0.1832259851917776).

Figure 6(a) presents phase portraits of System (5.1) at P− ∈ T−. The positive equilibrium of System
(5.1) is (x±, y±) = (20

27 ,
49028
255879 ) or

(x±, y±) = (0.7407407407407407, 0.19160618886270464)

(see the small illustration for T− in Figure 8.8 [22, p. 322]).

Figure 6(b) presents phase portraits of System (5.1) at P+ ∈ T+. The positive equilibrium of System
(5.1) is (x±, y±) = (20

27 ,
29372
255879 ) or

(x±, y±) = (0.7407407407407407, 0.11478863056366485)

(see the small illustration for T+ in Figure 8.8 [22, p. 322]).

(
α1,α2

)
(η1, η2) Reg. Fig.

(0.039578, 0.0026951) P1 = (0.91639, 0.41742) R1 3(a)
(−0.1,−0.0005) P2 = (0.22271,−1.3581) R2 3(b)

(−0.05,−0.0005) P3 = (−0.095453,−0.65826) R3 4
(−0.1012,−0.0033804) P4 = (−1.1116,−1.2645) R4 5

(−0.1, 0.0) P− = (0.45549,−1.3773) T− 6(a)
(0.01, 0.0) P+ = (0.39795, 1.2895) T+ 6(b)

Table 3. Description of the values
(
α1,α2

)
for which simulations were made in Figures 3–6.

Figure 2. Phase portraits of System (5.1) at O(η1, η2) = (0, 0).
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(a) (b)

Figure 3. Phase portraits of System (5.1): (a) P1(η1, η2) ∈ R1,
(b) P2(η1, η2) ∈ R2.

(a) (b)

Figure 4. Phase portraits of System (5.1) at P3(η1, η2) ∈ R3.

(a) (b)

Figure 5. Phase portraits of System (5.1) at P4(η1, η2) ∈ R4.
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(a) (b)

Figure 6. Phase portraits of System (5.1) at: (a) P−(η1, η2) ∈ T−,
(b) P+(η1, η2) ∈ T+.

Figures 2–9 show 1500 iterations of the corresponding orbits. In Figure 2, the orbits are
depicted in gray, red, green, orange, blue, and brown, corresponding to the initial conditions
(0.78, 0.156), (0.763, 0.1555), (0.75995, 0.15451), (0.766, 0.1546), (0.78, 0.1575), and (0.78, 0.155),
respectively. In Figure 3(a), the orbits are depicted in green, magenta, blue, red, and brown,
corresponding to the initial conditions (0.95, 0.165), (1.19, 0.196), (0.92, 0.185), (0.82, 0.19), and
(1.195, 0.1), respectively. In Figure 3(b), the orbits are depicted in green, magenta, orange, and yellow,
corresponding to the initial conditions (0.767, 0.195), (0.767, 0.197), (0.78, 0.19), and (0.78, 0.1916),
respectively. In Figure 4(a), the orbits are depicted in red, blue, black, green, magenta, pink,
and brown, corresponding to the initial conditions (0.73, 0.172), (0.7575, 0.1713), (0.765, 0.175),
(0.756, 0.17343), (0.78, 0.17328), (0.784, 0.1735), and (0.78, 0.1725), respectively. In Figure 4(b),
the orbits are depicted in red, blue, black, green, magenta, pink, and brown, corresponding to the
initial conditions (0.73, 0.172), (0.7575, 0.1713), (0.765, 0.175), (0.756, 0.17343), (0.78, 0.17328),
(0.34, 0.15), and (0.32, 0.15), respectively. In Figure 5(a), the orbits are depicted in magenta,
green, orange, gray, and brown, corresponding to the initial conditions (0.83, 0.189), (0.75, 0.191),
(0.84, 0.184), (0.78, 0.195), and (0.701, 0.1925), respectively. In Figure 5(b), the orbit is depicted
in green, with the initial condition (0.75, 0.191). In Figure 6(a), the orbits are depicted in red,
green, black, orange, magenta, blue, and gray, corresponding to the initial conditions (0.757, 0.1937),
(0.757, 0.193), (0.757, 0.195), (0.757, 0.191), (0.757, 0.1925), (0.757, 0.1923), and (0.757, 0.19205),
respectively. In Figure 6(b), the orbits are depicted in black, orange, magenta, and green, corresponding
to the initial conditions (0.76, 0.11712511037004324), (0.74070, 0.114785), (0.740746, 0.114789),
and (0.76, 0.11712511037004375), respectively.
Case s = 1.

Let A = 2, B = −27
10 , and C = 1

100 . From (4.8), we have s = 1.
Figure 7, similar to the case of s = −1, shows the phase portrait of System (5.1) at the 1:1 resonant

fixed point (x∗, y∗) = ( 20
27 ,

3479
255879 ) or

(x∗, y∗) = (0.7407407407407407, 0.013596270112045146),

which has a cusp of codimension-2.
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Figures 8–9 show the phase portraits of System (5.1) for small α1 and α2 from Table 4. The
bifurcation diagram and the regions R1, R2, R3, and R4 are the same as in the case of s = −1 in
Figure 1.

Indeed, in the case when s = 1, we introduce the substitutions

t = −τ, v1 = u1, v2 = −u2.

Then,

v̇1 =
dv1

dt
t=−τ
= −

dv1

dτ
v1=u1
= −

du1

dτ
= −u′1,

so, for s = 1, the first equation of the system in Lemma 11 becomes

v̇1 = v2 ⇐⇒ −u′1 = −u2 ⇐⇒ u′1 = u2.

Furthermore, we have

v̇2 =
dv2

dt
t=−τ
= −

dv2

dτ
v2=−u2
= −

d (−u2)
dτ

= u′2,

so, for s = 1, the second equation of the system in Lemma 11 becomes

v̇2 = η1 (α) + η2 (α) v1 + v2
1 + v1v2

⇐⇒ u′2 = η1 (α) + η2 (α) u1 + u2
1 + u1 (−u2)

⇐⇒ u′2 = η1 (α) + η2 (α) u1 + u2
1 − u1u2.

Therefore, similarly to the case where s = −1, the parametric portrait remains unchanged; however, the
curve loses stability in the vicinity of the Bogdanov–Takens point. A stable curve is shown in Figure
4, whereas an unstable curve is depicted in Figure 9.(

α1,α2
)

(η1, η2) Reg. Fig.
(0.01, 0.006) Q1 = (0.67556, 0.041124) R1 8(a)

(0.054888,−0.0024273) Q4 = (−0.14149,−0.669466) R4 8(b)
(0.04322,−0.00078251) Q3 = (−0.02,−0.5) R3 9

Table 4. Description of the values for which simulations were made in Figures 8–9.

Figure 7. Phase portraits of System (5.1) at O(η1, η2) = (0, 0).
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(a) (b)

Figure 8. Phase portraits of System (5.1) at: (a) Q1(η1, η2) ∈ R1,
(b) Q4(η1, η2) ∈ R4.

(a) (b)

Figure 9. Phase portraits of System (5.1) at Q3(η1, η2) ∈ R3.

In Figure 7, the orbits are depicted in gray, magenta, green, orange, brown, and pink, corresponding
to the initial conditions (0.745, 0.01361), (0.745, 0.013615), (0.745, 0.0136084635), (0.745, 0.013608),
(0.745, 0.013607), and (0.745, 0.013605), respectively. In Figure 8(a), the orbits are depicted in
gray, magenta, green, orange, brown, and pink, corresponding to the initial conditions (0.9, 0.015),
(0.9, 0.017), (0.9, 0.02), (0.9, 0.025), (0.9, 0.0275), and (0.9, 0.03), respectively. In Figure 8(b), the
orbits are depicted in gray, magenta, green, orange, brown, and pink, corresponding to the initial
conditions (0.825, 0.01294), (0.75, 0.011404), (0.825, 0.012599), (0.75, 0.01135), (0.825, 0.012595),
and (0.825, 0.0127), respectively. In Figure 9(a), the orbits are depicted in gray, blue, red,
and green, corresponding to the initial conditions (0.79, 0.0126), (0.765, 0.01245), (0.75, 0.01242),
and (0.75, 0.0124), respectively. In Figure 9(b), the orbits are depicted in gray, brown, red,
green, and magenta, corresponding to the initial conditions (0.6, 0.02), (0.45, 0.02), (0.75, 0.01242),
(0.75, 0.0124), and (0.455, 0.02), respectively.

Remark 10. We note that, from the above discussion, Figures 2–9 show phase portraits obtained by
visualizations and numerical calculations for specific situations (with concrete equilibrium points and
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parameter values), as illustrated in Figure 8.8 in [22, p. 322].

6. Conclusions

This paper provides a discrete counterpart to the analysis of the corresponding continuous system
in [34], where only codimension-1 bifurcations were considered, while the numerical illustrations
suggested the possible occurrence of a codimension-2 Bogdanov–Takens bifurcation. Motivated
by this, we conducted a detailed study of the bifurcation. Using normal form theory, we derived
explicit parameter conditions ensuring the existence of a positive equilibrium exhibiting the Bogdanov–
Takens singularity. Furthermore, we constructed phase portraits corresponding to different dynamical
scenarios, illustrating the associated equilibria and parameter regimes.

The codimension-2 Bogdanov–Takens bifurcation in the discrete predator–prey model with a
generalized Holling type-III functional response and a strong Allee effect marks a critical point
in parameter space where the local population dynamics undergo a qualitative change. Near this
point, small parameter variations can trigger transitions among dynamical regimes, including stable
coexistence and oscillatory behavior. At the same time, changes in the stability and existence of
equilibria may be linked to population decline. From a biological perspective, the interplay between
nonlinear predation and a critical Allee threshold contributes to the complex local dynamics observed
near the Bogdanov–Takens point. The results therefore suggest that this bifurcation point may be
relevant to understanding potential regime shifts in the model. However, interpreting the Bogdanov–
Takens point as an ecological tipping point in a broader empirical sense would require further
biologically calibrated simulations and/or empirical evidence. The main contribution of this paper is
the derivation of explicit parameter conditions and the systematic generation of phase portraits (Figures
2–9) based on numerical simulations for representative parameter values. Compared to existing studies,
which often rely primarily on illustrative examples (e.g., Figure 8.8 in [22, p. 322]), our results provide
a more complete characterization of the underlying bifurcation structure.
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Appendix A

Corresponding Taylor series coefficients.

A00 (α) = a00 (α) −
(
1
2

a10 (α) −
1
3

b10 (α)
)

a00 (α)

−

(
1
2
−

1
3

a10 (α) +
1
2

a01 (α) +
1
4

b10 (α) −
1
3

b01 (α)
)

b00 (α) ,

A10 (α) = a10 (α) −
1
2

b10 (α) ,

A01 (α) = a01 (α) −
1
2

a10 (α) +
1
3

b10 (α) −
1
2

b01 (α) ,

A20 (α) = a20 (α) −
1
2

b20 (α) ,

A11 (α) = a11 (α) −
1
2

a20 (α) +
1
3

b20 (α) −
1
2

b11 (α) ,

A02 (α) = a02 (α) +
1
6

a20 (α) − a11 (α) −
1
6

b20 (α) +
2
3

b11 (α) −
1
2

b02 (α) ,
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B00 (α) = b00 (α) −
1
2

b10 (α) a00 (α) +
(
1
3

b10 (α) −
1
2

b01 (α)
)

b00 (α) ,

B10 (α) = b10 (α) ,

B01 (α) = b01 (α) −
1
2

b10 (α) ,

B20 (α) = b20 (α) ,

B11 (α) = b11 (α) −
1
2

b20 (α) ,

B02 (α) = b02 (α) +
1
6

b20 (α) − b11 (α) .

Appendix B

Lemma 11. Suppose that the following nondegeneracy conditions B20 (0) = b20 (0) , 0 and A20 (0) +
B11 (0) , 0 are satisfied. Then under analytical changes of coordinates and scaling of the time, System
(4.5) becomes  v̇1 = v2,

v̇2 = η1 (α) + η2 (α) v1 + v2
1 + sv1v2

up to O
(
|v1|

2 + |α|2
)
, where

s = sgn [B20 (0) (A20 (0) + B11 (0))] = ±1

and η1 (α) and η2 (α) can be written as follows:

η1 (α) = 8β4
0(0)

B3
20(0)β1 (α) − 8β3

0(0)

B3
20(0)β2 (α) β3 (α) + 4β2

0(0)
B2

20(0)β
2
2 (α) ,

η2 (α) = 4β2
0(0)

B2
20(0)β4 (α) − 4β0(0)

B20(0)β2 (α) ,

with
β0 (0) = a20 (0) + b11 (0) − b20 (0) = A20 (0) + B11 (0) ,

β1 (α) = b00 (α) − a00 (α) b01 (α) −
1
2

a10 (α) b00 (α) + a01 (α) b00 (α)

+
5

12
b00 (α) b10 (α) −
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2

b00 (α) b01 (α) +
1
2

(
1
6
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)
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−

(
1
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12
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1
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b11 (0)
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b20 (0) +
5
12
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b02 (0)
)
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00 (α) ,

β2 (α) = a10 (α) − b10 (α) + b01 (α)
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+
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Furthermore, if the transversality condition

det Jαη (0) , 0

is satisfied, then the above system is the versal unfolding of the Bogdanov–Takens singularity of
codimension 2.
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