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Abstract: We introduce an h-Shuhan matrix as a real square matrix H = (hi j) with a common diagonal
entry h ≥ 0, non-positive integral off-diagonal entries, and a Cartan-type condition on each unordered
pair {i, j}: either hi j = h ji or max{hi j, h ji} = −1 and min{hi j, h ji} ≤ −2. These conditions imply that the
scalar shift H + (2 − h)In is a generalized Cartan matrix; not every generalized Cartan matrix arises
from an h-Shuhan matrix in this way. For 0 ≤ h < 2, we classify all indecomposable h-Shuhan matrices
that are positive semidefinite, generalized positive semidefinite, or virtual positive semidefinite (the last
notion means that all principal minors are non-negative). For h < 2, virtual positive semidefiniteness
forces H + (2 − h)In to be of finite Cartan type, the positive-type case of Vinberg’s trichotomy. At
h = 2, we describe the boundary case in terms of finite and affine Cartan matrices. The associated
determinant recurrences hold for general h. We study congruences for integral h and asymptotic and
Fibonacci-type identities for h > 2. We also compare these positivity notions through the spectral radii
of the off-diagonal parts of the matrices and their symmetric parts. This comparison provides explicit
thresholds for nonsymmetric finite-type families and shows when generalized positive semidefiniteness
is stronger than virtual positive semidefiniteness. For the determinant sequences, we obtain recurrence
relations, closed formulas, and identities connecting special parameter values with Fibonacci-type
sequences. We include exact calculations that can be used to check the polynomials which determine
the nonsymmetric thresholds.

Keywords: positive semidefinite matrix; generalized Cartan matrix; Dynkin diagram; determinant
sequence; spectral radius
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1. Introduction

Cartan matrices are fundamental in the classification of finite-dimensional complex semisimple Lie
algebras and in the construction of Kac–Moody algebras; see [7, 8]. Positivity questions for matrices
with Cartan-type sign patterns also occur in the theory of symmetrizable and quasi-Cartan matrices,
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Z-matrices, and semimonotone matrices; see, for example, [1, 2, 5, 9, 10, 12].
The starting point is a deformation of the usual Cartan normalization. The diagonal entry 2 is

replaced by a common real parameter h ≥ 0, whereas the off-diagonal entries remain integral and
non-positive. The name “Shuhan” comes from the diagrams introduced by Wu, Liu, and Xie [14] and
extended by Wu and Zhou [15]. Both Chinese papers write the name in Latin letters. We retain their
terminology and give the required matrix conditions explicitly in Definition 1.8.

The diagrammatic motivation can be stated without assuming familiarity with those papers. In
the notation of [15, Definition 1.2], each vertex carries a positive integer xi, and the directed edge
multiplicities λi j satisfy

2xi =
∑
j,i

λi jx j.

Thus, for C = (ci j) defined by cii := 2 and ci j := −λi j for i , j, the vertex labels form a positive vector
satisfying Cx = 0. The connected generalized diagrams are related to affine Dynkin diagrams in this
way. We study the associated matrices with diagonal h without requiring such a positive integral null
vector. In particular, h = 2 restores the diagonal normalization used in [14, 15]; it does not assert that
every matrix in Definition 1.8 is an affine diagram matrix.

For comparison, Borcherds generalized Kac–Moody theory permits imaginary simple roots and
more general diagonal behavior [3], and Chapovalov–Chapovalov–Lebedev–Leites allow normalized
diagonal entries 0, 1, 2 for Lie-superalgebra Cartan matrices [4]. Our definition is different: All diagonal
entries equal the same real parameter h, and

C(H) := H + (2 − h)In

is a generalized Cartan matrix. In particular, an h-Shuhan matrix need not itself be a Borcherds–Cartan
matrix. If 0 ≤ h < 2, and H is virtual positive semidefinite, Proposition 2.4(ii) implies that C(H) is
of finite type. Hence, the classification of such matrices reduces to the finite Dynkin types, and the
determinants of the corresponding shifted families satisfy the recurrences studied in Sections 3 and 4.

Vinberg’s theory of linear reflection groups [13] provides the appropriate classical comparison. His
Cartan matrices have diagonal 2, non-positive off-diagonal entries, and the zero-pattern condition ci j = 0
if and only if c ji = 0. For each pair of distinct indices i, j, the product of the two opposite off-diagonal
entries satisfies

ci jc ji ∈
{
4 cos2( πm ) : m ∈ Z, m ≥ 2

}
∪ [4,∞).

The products ci jc ji for C(H) = (ci j) satisfy this condition: They are non-negative integers, and the
values 0, 1, 2, 3 correspond to m = 2, 3, 4, 6, respectively. Vinberg’s trichotomy into positive, zero, and
negative types [13] therefore applies to C(H). Section 2 spells out its spectral relation to our positivity
conditions.

The finite-type reduction and the virtual-semidefinite classification are consequences of this classical
theory and the finite Dynkin classification. Our purpose is to determine the thresholds for the fixed
integral representatives, including the stronger condition xTHx ≥ 0. This condition depends on the
symmetric part (H + HT)/2 and is not invariant under similarity with respect to a positive diagonal
matrix, namely a transformation of the form

H 7−→ D−1HD, D = diag(d1, . . . , dn), di > 0.
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The explicit nonsymmetric thresholds in Proposition 3.10, the affine bounds in Proposition 3.17, and
their comparison with the virtual thresholds are the results of matrix computations developed here.

Section 4 studies recurrences in n, closed formulas, and congruences modulo primes for a⟨h⟩n , b
⟨h⟩
n , d

⟨h⟩
n ;

these are classical second-order recurrence identities [11]. We then study the two-index determinant
sequences a⟨h⟩i,n , b

⟨h⟩
i,n , their invariants, the exceptional limits in Lemma 4.8, and the factorizations in

Theorem 4.12.
Let N, Z, R≥0, and R>0 denote the positive integers, integers, non-negative real numbers, and positive

real numbers, respectively. Put [n] := {1, . . . , n}, and let Sn be the permutation group on [n]. The identity
matrix of order n is denoted by In. For a real n × n matrix H and J ⊆ [n], let H[J] be the principal
submatrix with row and column set J; by convention, det H[∅] := 1. When J = {i1 < · · · < im}, we also
write H̃i1,...,im for H[J]. We write

Ĥ :=
H + HT

2
.

For a symmetric real matrix, “positive semidefinite” and “positive definite” have their standard
quadratic-form meanings. We write Q ⪰ 0 when the real symmetric matrix Q is positive semidefinite.

Definition 1.1. Let H ∈ Mn(R).

• H is virtual positive semidefinite if det H[J] ≥ 0 for every nonempty J ⊆ [n]; it is virtual positive
definite if all these determinants are strictly positive.
• H is generalized positive semidefinite if xTHx ≥ 0 for every x ∈ Rn; it is generalized positive

definite if the inequality is strict for every x , 0.

For clarity, the three positivity notions used in the paper are compared below (Table 1).

Table 1. Three positivity notions.

Notion Criterion Symmetry required
Positive semidefinite xTHx ≥ 0 H = HT

Generalized positive semidefinite xTHx ≥ 0 no
Virtual positive semidefinite det H[J] ≥ 0 (∅ , J ⊆ [n]) no

For symmetric H, the three semidefinite notions coincide by the principal-minor criterion. For
nonsymmetric H, generalized positive semidefiniteness implies virtual positive semidefiniteness
(Proposition 1.4), but the converse fails.

Lemma 1.2. A real matrix H is generalized positive semidefinite if and only if Ĥ = (H + HT)/2 is
positive semidefinite.

Proof. Write H = Ĥ+ K, where K = (H−HT)/2 is skew-symmetric. For every real vector x, the scalar
xTKx equals its transpose −xTKx and hence is zero. Therefore,

xTHx = xTĤx

for every x ∈ Rn. The two non-negativity conditions are consequently equivalent. □
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Lemma 1.3. Assume that G is a real skew-symmetric matrix of order n.
(i) If H is positive definite, then det(H + G) ≥ det H, with equality if and only if G = 0.
(ii) If H is positive semidefinite, then det(H + G) ≥ det H.

Proof. (i) Because H is positive definite, there is an invertible P such that PTHP = In. The matrix PTGP
is skew-symmetric, so an orthogonal change of basis puts it into blocks

( 0 t j
−t j 0

)
and possibly one zero

block. Hence,
det(H + G)

det H
= det

(
In + PTGP

)
=

∏
j

(1 + t2
j ) ≥ 1.

Equality holds exactly when every t j = 0, equivalently G = 0.
(ii) For every t > 0, the matrix H + tIn is positive definite, so part (i) gives

det(H + tIn + G) ≥ det(H + tIn).

Letting t → 0+ and using continuity of the determinant proves the claim. □

Proposition 1.4. If H is generalized positive semidefinite, the following hold:
(i) Every principal submatrix H[J] is generalized positive semidefinite;
(ii) H is virtual positive semidefinite. The converse is false in general.

Proof. (i) Fix J ⊆ [n] and y ∈ R|J|. Embed y into a vector x ∈ Rn by placing the entries of y in the
coordinates indexed by J and putting zero in the remaining coordinates. Then, xTHx = yTH[J]y ≥ 0.

(ii) By part (i) and Lemma 1.2, the matrix Ĥ[J] is positive semidefinite for every nonempty J.
Decompose

H[J] = Ĥ[J] +
H[J] − H[J]T

2
.

The second summand is skew-symmetric, so Lemma 1.3(ii) yields det H[J] ≥ det Ĥ[J] ≥ 0. Thus,
every principal minor is non-negative.

For the converse, take H =
(

2 −7/2
−1 2

)
. Its principal minors are 2, 2, 1/2 > 0, so it is virtual positive

definite, whereas (1, 1)H(1, 1)T = −1/2 < 0. □

Remark 1.5. (i) If H and G are generalized positive semidefinite, then so is H+G. In particular, H+λIn

is generalized positive definite for every λ > 0 whenever H is generalized positive semidefinite.
(ii) The analogous assertion for virtual positive semidefiniteness is false without further hypotheses.

For example, H =
(

2 −7/2
−1 2

)
and G =

(
2 −1
−7/2 2

)
are virtual positive definite, but H + G =

(
4 −9/2
−9/2 4

)
has

the determinant −17/4 < 0 and hence is not virtual positive semidefinite.

For each σ ∈ Sn, set Hσ := (hσ(i),σ( j))1≤i, j≤n.

Lemma 1.6. For every σ ∈ Sn, the following hold:
(i) det H = det Hσ;
(ii) H is virtual positive semidefinite if and only if Hσ is virtual positive semidefinite;
(iii) H is generalized positive semidefinite if and only if Hσ is generalized positive semidefinite.

Proof. Let Pσ be the permutation matrix corresponding to σ. Then, Hσ = PT
σHPσ, so

det Hσ = (det Pσ)2 det H = det H.
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This proves (i).
For every J ⊆ [n], the principal submatrix Hσ[J] is permutation equivalent to H[σ(J)]; hence, their

determinants are equal. As J 7→ σ(J) permutes the subsets of [n], this proves (ii). Finally, for every
x ∈ Rn,

xTHσx = (Pσx)TH(Pσx),

and Pσ is bijective on Rn, which proves (iii). □

Proposition 1.7. Assume n ≥ 2. Then, H is virtual positive semidefinite if and only if every principal
submatrix H[K] with |K| = n − 1 is virtual positive semidefinite and if det H ≥ 0.

Proof. The forward implication is immediate. Conversely, let ∅ , J ⊆ [n]. If J = [n], then det H[J] =
det H ≥ 0. If |J| ≤ n − 1, choose K ⊆ [n] with J ⊆ K and |K| = n − 1. Then, H[J] is a principal
submatrix of the virtual positive semidefinite matrix H[K], so det H[J] ≥ 0. Thus, all principal minors
of H are non-negative. □

Definition 1.8. An n × n real matrix H = (hi j) is called an h-Shuhan matrix if
(S1) hii = h for every i, where h ∈ R≥0;
(S2) hi j ∈ Z≤0 for every i , j;
(S3) for every unordered pair {i, j} with i , j, either hi j = h ji or

max{hi j, h ji} = −1, min{hi j, h ji} ≤ −2.

Equivalently, in the asymmetric case, {hi j, h ji} = {−1,−m} for some integer m ≥ 2.

Condition (S3) is deliberately invariant under interchanging i and j. Hence, simultaneous permutation
of rows and columns preserves the class: Every principal submatrix and every Hσ is again an h-Shuhan
matrix. This also makes clear that both orientations of a multiple Cartan edge are allowed.

For such a matrix,
C(H) := H + (2 − h)In

is a generalized Cartan matrix: Its diagonal entries are 2, its off-diagonal entries are non-positive integers,
and ci j = 0 if and only if c ji = 0.

2. Relations between the positivity properties of H and diagonal shifts H + λIn

Lemma 2.1. For every H ∈ Mn(R) and every scalar λ,

det(H + λIn) =
∑
J⊆[n]

λ n−|J| det H[J], det H[∅] = 1.

Proof. In the Leibniz expansion of det(H + λIn), choose the diagonal term λ at precisely the indices
outside a subset J. The remaining factor is exactly the principal minor det H[J]. Grouping the terms
according to J gives the stated identity. □

Proposition 2.2. If H is virtual positive semidefinite, then every real eigenvalue of H is non-negative.
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Proof. Suppose that ρ < 0 is a real eigenvalue, and put λ := −ρ > 0. Then, det(H + λIn) = 0. On the
other hand, Lemma 2.1 and virtual positive semidefiniteness give

det(H + λIn) =
∑
J⊆[n]

λn−|J| det H[J] ≥ λn > 0,

a contradiction. □

Lemma 2.3. (See [8, Chapter 4].) An indecomposable generalized Cartan matrix is of affine type if and
only if it is singular and all its proper principal minors are positive (equivalently, all principal minors
are non-negative, and the full determinant is zero).

Proposition 2.4. Let C be a generalized Cartan matrix.
(i) C is virtual positive semidefinite if and only if each indecomposable component of C is of finite or

affine type.
(ii) If H ∈ Mn(R) is virtual positive semidefinite, and λ > 0, then H + λIn is virtual positive definite.

In particular, if H is an h-Shuhan matrix with h < 2 and is virtual positive semidefinite, then H+(2−h)In

is a generalized Cartan matrix of finite type.
(iii) If h > 2, and H + (2 − h)In is of finite or affine type, then H is virtual positive definite.

Proof. (i) For an indecomposable generalized Cartan matrix, the finite and affine alternatives are
characterized by positivity and non-negativity of the principal minors; see [8, Chapter 4]. A
decomposable matrix is block diagonal after a simultaneous permutation, so the assertion follows
componentwise.

(ii) Let ∅ , J ⊆ [n]. Because every principal submatrix of a virtual positive semidefinite matrix is
again virtual positive semidefinite, applying Lemma 2.1 to H[J] gives

det
(
H[J] + λI|J|

)
=

∑
K⊆J

λ|J|−|K| det H[K] ≥ λ|J| > 0.

Thus, every principal minor of H + λIn is positive, which proves virtual positive definiteness. If now H
is an h-Shuhan matrix with h < 2, then C = H + (2 − h)In is a generalized Cartan matrix and is virtual
positive definite. Part (i) excludes affine components (their determinants are zero); hence, C is of finite
type.

(iii) Put C := H + (2 − h)In. By Part (i) directly above, a finite- or affine-type generalized Cartan
matrix is virtual positive semidefinite. Because H = C + (h − 2)In, and h − 2 > 0, Part (ii) shows that H
is virtual positive definite. □

Vinberg’s trichotomy and spectral criteria. An indecomposable generalized Cartan matrix C is
said to be of positive, zero, or negative type if there is a vector u > 0 with Cu > 0, Cu = 0, or Cu < 0,
respectively, where the matrix inequalities are understood componentwise [13].

For an indecomposable h-Shuhan matrix of order n, put

B := hIn − H = 2In − C(H), Bs :=
B + BT

2
.
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The entries of both B and Bs are non-negative, and B is irreducible for n > 1. Writing ρ for the spectral
radius, we have that

H is virtual positive semidefinite ⇐⇒ h ≥ ρ(B),
H is generalized positive semidefinite ⇐⇒ h ≥ ρ(Bs).

(*)

To prove the first criterion of (*), note that h < ρ(B) gives a negative real eigenvalue of H, contradicting
Proposition 2.2. Conversely, if h ≥ ρ(B), adjoin n − |J| zero rows and columns to B[J], supported on J,
to obtain 0 ≤ B̃J ≤ B. Monotonicity of spectral radius [6, Chapter 8] gives

ρ(B[J]) ≤ ρ(B) ≤ h.

For t > h, the real factors of det(tI|J| − B[J]) are positive, and the nonreal factors occur in complex-
conjugate pairs, so this determinant is positive. By continuity, det H[J] = det(hI|J| − B[J]) ≥ 0. Thus,
all principal minors of H are non-negative.

To prove the second criterion of (*), consider Ĥ = hIn − Bs. Recall that the spectral theorem for real
symmetric matrices states that there are an orthogonal matrix U and real numbers λ1, . . . , λn such that

UTBsU = diag(λ1, . . . , λn).

Consequently, UTĤU = diag(h−λ1, . . . , h−λn). Because Bs is non-negative and symmetric, λmax(Bs) =
ρ(Bs) [6, Chapters 4 and 8]. Thus, Ĥ is positive semidefinite if and only if h ≥ ρ(Bs). By Lemma 1.2,
this proves the second criterion of (*). The corresponding definiteness criteria are h > ρ(B) and
h > ρ(Bs), respectively. When h = ρ(B), the matrix H = hIn − B is singular; when h = ρ(Bs), the
symmetric part Ĥ = hIn − Bs is singular.

Choose a positive Perron eigenvector v of B (take v = 1 when n = 1). Then,

C(H)v = (2 − ρ(B))v. (P)

Thus, the three types correspond to ρ(B) < 2, ρ(B) = 2, ρ(B) > 2, respectively. If h < 2, and H is
virtual positive semidefinite, then ρ(B) ≤ h < 2 by the first criterion of (*). Because v > 0, (P) gives
C(H)v = (2 − ρ(B))v > 0. Thus, C(H) is of positive type and hence of finite type; see [8, 13].

The condition xTHx ≥ 0 for every real vector x can impose a larger threshold. For

Hh =

(
h −2
−1 h

)
,

the virtual and generalized thresholds are
√

2 and 3/2. Similarity with respect to the diagonal matrix
D = diag(

√
2, 1) makes D−1Hh D symmetric; at h =

√
2, it is positive semidefinite, whereas Hh is not

generalized positive semidefinite.
Scalar rescaling to diagonal 2 need not satisfy Vinberg’s product condition. For H =

(
3/2 −1
−1 3/2

)
, the

rescaled off-diagonal entries are −4/3, whose product 16/9 lies between the consecutive allowed values
1 and 2.
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3. Semidefinite h-Shuhan matrices for 0 ≤ h < 2

The main classification concerns 0 ≤ h < 2. We also record determinant identities and threshold
statements for other values of h, with their ranges specified below. Throughout, H = (hi j) denotes an
indecomposable h-Shuhan matrix and h ≥ 0 unless otherwise stated. For a Cartan matrix S of finite or
affine type, define

S⟨h⟩ := S + (h − 2)I, s⟨h⟩ := det S⟨h⟩, ŝ⟨h⟩ := det Ŝ⟨h⟩.

Thus, S⟨2⟩ = S, and only the diagonal entries are changed.

Finite-type families. We make the matrix conventions explicit. Given a finite Dynkin graph, put h
on every diagonal position, put 0 between nonadjacent vertices, and put −1 in both directions on every
single edge. On a double (respectively triple) edge, the two directed entries are −2,−1 (respectively
−3,−1). The orientation is part of the matrix data; Definition 1.8 allows either orientation, and transpose
reverses all such arrows. With this convention:
• A⟨h⟩n is the path on n vertices with all edges single;
• B⟨h⟩n has h on the diagonal, (B⟨h⟩n )i,i+1 = (B⟨h⟩n )i+1,i = −1 for 1 ≤ i ≤ n − 2, and at the final edge,

(B⟨h⟩n )n−1,n = −2, (B⟨h⟩n )n,n−1 = −1. We set C⟨h⟩n := (B⟨h⟩n )T. For n ≥ 3, these two matrices are
generally not permutation equivalent, although all three positivity notions considered here are
invariant under transpose;
• D⟨h⟩n is the simply-laced tree with one trivalent vertex and arms of lengths n − 3, 1, 1;
• E⟨h⟩6 , E

⟨h⟩
7 , E

⟨h⟩
8 are the simply-laced trivalent trees. Their arm lengths are (2, 2, 1), (3, 2, 1),

and (4, 2, 1), respectively;
• F⟨h⟩4 is the four-vertex path 1 − 2⇒ 3 − 4, with (F⟨h⟩4 )2,3 = −2, (F⟨h⟩4 )3,2 = −1 and all single-edge

entries equal to −1 in both directions;
• G⟨h⟩2 =

( h −3
−1 h

)
.

Equivalently, these are obtained from the standard finite-type Cartan matrices in [8, Chapter 4] by
replacing every diagonal 2 by h. This explicit convention will also be used when a principal submatrix
decomposes into smaller Dynkin components.

Set a⟨h⟩
−1 := 0, a⟨h⟩0 := 1, b⟨h⟩1 := h, and d⟨h⟩3 := a⟨h⟩3 . We also use b̂⟨h⟩0 := 1 and b̂⟨h⟩1 := h. The auxiliary

value a⟨h⟩
−1 extends the a-recurrence to its first step and will also be used when i = 1 in Theorem 4.12.

Expanding the corresponding determinants at an end vertex gives

a⟨h⟩1 = h, a⟨h⟩n = ha⟨h⟩n−1 − a⟨h⟩n−2 (n ≥ 2),

b⟨h⟩2 = h2 − 2, b⟨h⟩3 = h(h2 − 3), b⟨h⟩n = hb⟨h⟩n−1 − b⟨h⟩n−2 (n ≥ 3),

d⟨h⟩4 = h2(h2 − 3), d⟨h⟩n = hd⟨h⟩n−1 − d⟨h⟩n−2 (n ≥ 5).

(3.1)

The same recurrences also give

b⟨h⟩n = ha⟨h⟩n−1 − 2a⟨h⟩n−2 = a⟨h⟩n − a⟨h⟩n−2 (n ≥ 3),

d⟨h⟩n = h
(
a⟨h⟩n−1 − a⟨h⟩n−3

)
= hb⟨h⟩n−1 (n ≥ 4).

(3.2)

These identities will be used repeatedly below.
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Let xn satisfy xn = hxn−1 − xn−2 whenever the three terms are defined. For h ≥ 0, h , 2, define δh by

δh :=


√

h2 − 4 > 0, h > 2,
i
√

4 − h2, 0 ≤ h < 2,
αh :=

h + δh

2
, βh :=

h − δh

2
.

Thus, αh and βh are the two distinct roots of t2 − ht + 1 = 0; for h > 2, they satisfy αh > 1 > βh > 0,
whereas for 0 ≤ h < 2, they are complex conjugates. Then,

xn = kxα
n
h + lxβ

n
h, (3.3)

where kx and lx are uniquely determined by two consecutive initial values (for example, by x0 and x1 when
those are specified). We have αh + βh = h, αhβh = 1, and αh − βh = δh. In particular, αn

h = a⟨h⟩n−1αh − a⟨h⟩n−2
and βn

h = a⟨h⟩n−1βh − a⟨h⟩n−2. Set

Φ :=
1 +
√

5
2
, φ :=

√
5 − 1
2
.

Then, α√5 = Φ, β√5 = φ, α3 = Φ
2, and β3 = φ

2.
For every sequence x = (xi)i satisfying the recurrence, define

Fx(i) := hxixi−1 − x2
i − x2

i−1.

A substitution of xi+1 = hxi − xi−1 shows that Fx(i + 1) = Fx(i); hence, this quantity is independent of i.
When the underlying recurrence sequence is clear, we denote this constant by f (x), omitting the index.

Proposition 3.1. Assume h ≥ 0 and h , 2. Then:

(i)

a⟨h⟩n =
αn+1

h − βn+1
h

αh − βh
, f (a⟨h⟩) = −1 (n ≥ 1).

(ii)
b⟨h⟩n = α

n
h + β

n
h, f (b⟨h⟩) = (αh − βh)2 (n ≥ 2).

(iii)
d⟨h⟩n = h

(
αn−1

h + βn−1
h

)
, f (d⟨h⟩) = (α2

h − β
2
h)2 (n ≥ 4).

Proof. For a⟨h⟩n , the initial values a⟨h⟩0 = 1 and a⟨h⟩1 = h in (3.3) give

ka =
αh

αh − βh
, la = −

βh

αh − βh
.

This proves the formula in Part (i), and the recurrence invariant equals kala(αh − βh)2 = −1.
For b⟨h⟩n , the initial values b⟨h⟩2 = h2 − 2 and b⟨h⟩3 = h(h2 − 3) give kb = lb = 1. Hence, b⟨h⟩n = α

n
h + β

n
h

and f (b⟨h⟩) = (αh − βh)2.
Finally, d⟨h⟩3 = h(h2 − 2) and d⟨h⟩4 = h2(h2 − 3) give kd = hβh and ld = hαh. Therefore,

d⟨h⟩n = h
(
αn−1

h + βn−1
h

)
, f (d⟨h⟩) = h2(αh − βh)2 = (α2

h − β
2
h)2,

where the last equality uses h = αh + βh. □
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Proposition 3.2. Assume h ≥ 0, h , 2, and n ≥ 1. Then, we have

(i)

a⟨h⟩n =
1
2n

∑
0≤k<n+1

2

(
n + 1
2k + 1

)
hn−2k(h2 − 4)k,

b⟨h⟩n+1 =
1
2n

∑
0≤k≤

⌊n+1
2

⌋
(
n + 1

2k

)
hn+1−2k(h2 − 4)k,

d⟨h⟩n+3 = hb⟨h⟩n+2 =
1

2n+1

∑
0≤k≤

⌊n+2
2

⌋
(
n + 2

2k

)
hn+3−2k(h2 − 4)k.

(ii) For 1 ≤ m < n, we have
a⟨h⟩n = a⟨h⟩m a⟨h⟩n−m − a⟨h⟩m−1a⟨h⟩n−m−1.

(iii) We have
(b⟨h⟩n+1)2 − (h2 − 4)(a⟨h⟩n )2 = 4.

Proof. Part (i) follows by applying the binomial theorem to the formulas for a⟨h⟩n and b⟨h⟩n given in
Parts (i) and (ii) of Proposition 3.1, together with the identity d⟨h⟩n+3 = hb⟨h⟩n+2.

For Part (ii), fix m. Both sides satisfy the recurrence un = hun−1 − un−2 and agree for n = m + 1 and
n = m + 2. Hence, the identity holds for every n > m.

For Part (iii), substitute the formulas for a⟨h⟩n and b⟨h⟩n from Parts (i) and (ii) of Proposition 3.1 into
the left-hand side to obtain

(b⟨h⟩n+1)2 − (h2 − 4)(a⟨h⟩n )2 = 4(αhβh)n+1 = 4.

The final equality follows from αhβh = 1. □

For later use, note that if h > 2, then αh > 1 > βh > 0. Proposition 3.1 therefore implies positivity of
a⟨h⟩n , b⟨h⟩n , and d⟨h⟩n in their natural ranges, and

1

a⟨h⟩n

−→ 0,
1

b⟨h⟩n

−→ 0,
1

d⟨h⟩n

−→ 0 (n→ ∞).

Lemma 3.3. Assume 0 ≤ h < 2, and let θ ∈ (0, π/2] be the unique number satisfying cos θ = h/2. Then,
(i)

a⟨h⟩n =
sin((n + 1)θ)

sin θ
, b⟨h⟩n = 2 cos(nθ), d⟨h⟩n = 4 cos θ cos((n − 1)θ).

(ii) For n ≥ 1, a⟨h⟩k ≥ 0 for 1 ≤ k ≤ n if and only if h ≥ 2 cos(π/(n + 1)).
(iii) For n ≥ 2, b⟨h⟩k ≥ 0 for 2 ≤ k ≤ n if and only if h ≥ 2 cos(π/(2n)).
(iv) If 0 < h < 2, and n ≥ 4, then d⟨h⟩k ≥ 0 for 4 ≤ k ≤ n if and only if h ≥ 2 cos(π/(2(n − 1))).
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Proof. Because h = 2 cos θ, the characteristic roots are e±iθ. Proposition 3.1(i), or the elementary
solution of the recurrence, gives a⟨h⟩n = (sin((n + 1)θ))/(sin θ). Equation (3.2) then yields

b⟨h⟩n =
sin((n + 1)θ) − sin((n − 1)θ)

sin θ
= 2 cos(nθ),

and d⟨h⟩n = hb⟨h⟩n−1 = 4 cos θ cos((n − 1)θ).
For (ii), if θ ≤ π/(n + 1), then 0 < (k + 1)θ ≤ π for 1 ≤ k ≤ n, so every a⟨h⟩k ≥ 0. Conversely,

if θ > π/(n + 1), choose the least integer r ∈ {2, . . . , n + 1} with rθ > π. Then, (r − 1)θ ≤ π, and because
θ ≤ π/2, one has π < rθ ≤ 3π/2, so a⟨h⟩r−1 < 0. Thus, θ ≤ π/(n + 1), or equivalently, h ≥ 2 cos(π/(n + 1)).

For (iii), the same first-crossing argument applied to b⟨h⟩k = 2 cos(kθ) shows that all b⟨h⟩k for 2 ≤ k ≤ n
are non-negative exactly when nθ ≤ π/2; that is, h ≥ 2 cos(π/(2n)). For (iv), d⟨h⟩4 = h2(h2 − 3) ≥ 0
and h > 0 first give h ≥

√
3, and hence, b⟨h⟩2 > 0. The remaining conditions d⟨h⟩k ≥ 0 are equivalent to

b⟨h⟩k−1 ≥ 0. Part (iii), now applied to the full range 2 ≤ k − 1 ≤ n − 1, gives the asserted threshold. □

Lemma 3.4. Every principal submatrix of a finite-type family is, after a simultaneous permutation, a
direct sum of connected blocks of the following kinds:

1) A principal submatrix of A⟨h⟩n is a direct sum of A⟨h⟩k blocks;
2) A principal submatrix of B⟨h⟩n (respectively C⟨h⟩n ) is a direct sum of A⟨h⟩k blocks and at most one B⟨h⟩ℓ

(respectively C⟨h⟩ℓ ) block;
3) A principal submatrix of D⟨h⟩n is a direct sum of A⟨h⟩k and (possibly) one smaller D⟨h⟩ℓ block;
4) A principal submatrix of E⟨h⟩m (m = 6, 7, 8) is a direct sum of blocks of type A, D, and smaller E

whenever the latter occurs as a connected induced subdiagram;
5) A proper principal submatrix of F⟨h⟩4 is a direct sum of A-type blocks and at most one multiple-edge

block, of type B⟨h⟩2 or (in rank three) B⟨h⟩3 or C⟨h⟩3 ; for G⟨h⟩2 , the only proper connected principal
blocks are A⟨h⟩1 .

Proof. The Dynkin graphs listed above are trees. Deleting vertices produces an induced forest, and
after simultaneously permuting rows and columns according to its connected components, the principal
submatrix becomes block diagonal. A connected component not containing a multiple edge is a simply-
laced path or subtree of the indicated A,D, E type. Because the Bn,Cn, and F4 diagrams have only one
multiple edge, at most one component contains it, producing the stated oriented multiple-edge block.
The G2 assertion is immediate. □

Proposition 3.5. (i) A⟨h⟩n is positive semidefinite if and only if h ≥ 2 cos(π/(n + 1)), n ≥ 1.
(ii) B⟨h⟩n and C⟨h⟩n = (B⟨h⟩n )T are virtual positive semidefinite if and only if h ≥ 2 cos(π/(2n)), n ≥ 2.
(iii) D⟨h⟩n is positive semidefinite if and only if h ≥ 2 cos(π/(2(n − 1))), n ≥ 4.
(iv) E⟨h⟩6 is positive semidefinite if and only if h ≥ 2 cos(π/12).
(v) E⟨h⟩7 is positive semidefinite if and only if h ≥ 2 cos(π/18).
(vi) E⟨h⟩8 is positive semidefinite if and only if h ≥ 2 cos(π/30).
(vii) F⟨h⟩4 is virtual positive semidefinite if and only if h ≥ 2 cos(π/12).
(viii) G⟨h⟩2 is virtual positive semidefinite if and only if h ≥ 2 cos(π/6).

Proof. For h ≥ 2, the matrices obtained from the finite-type Cartan matrices by replacing each diagonal
entry 2 by h have strictly positive principal minors. At h = 2, this follows from the principal-
minor characterization of finite-type Cartan matrices (see [8, Chapter 4]); for h > 2, it follows from
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Proposition 2.4(ii). Consequently, the matrices in the symmetric A,D, E families are positive definite.
At h = 0, each matrix in the finite-type families under consideration (except A⟨0⟩1 ) contains a principal
2 × 2 submatrix corresponding to two adjacent vertices of its Dynkin diagram. This submatrix has
the form

( 0 −a
−b 0

)
with a, b > 0, so its determinant is −ab < 0. Thus, among the displayed finite-type

families, only the 1 × 1 zero matrix A⟨0⟩1 is positive semidefinite. It remains to consider 0 < h < 2.
By Lemma 3.4, virtual positive semidefiniteness is equivalent to non-negativity of the determinants

of the connected principal blocks listed there. For the symmetric matrices of types A, D, and E,
non-negativity of all principal minors is also equivalent to positive semidefiniteness.

Parts (i)–(iii) now follow from Lemma 3.3: for An the strongest condition is a⟨h⟩n ≥ 0 together
with the preceding a⟨h⟩k ; for Bn, it is the simultaneous non-negativity of a⟨h⟩k−1 and b⟨h⟩k , whose sharp
maximum threshold is 2 cos(π/(2n)); the same holds for C⟨h⟩n = (B⟨h⟩n )T because principal determinants
are unchanged by transpose; and for Dn, it is the simultaneous non-negativity of the relevant A-blocks
and d⟨h⟩k , giving 2 cos(π/(2(n − 1))).

For the exceptional types, the structural lemma reduces the verification to the full determinant plus
already-controlled proper connected subdiagrams. Direct end-vertex expansions give

e⟨h⟩6 = (h2 − 1)
(
h2 − (2 +

√
3)

)(
h2 − (2 −

√
3)

)
,

f ⟨h⟩4 =
(
h2 − (2 +

√
3)

)(
h2 − (2 −

√
3)

)
,

g⟨h⟩2 = h2 − 3.

Together with the proper-subdiagram thresholds, these give (iv), (vii), and (viii). For E7, writing
h = 2 cos θ gives e⟨h⟩7 = 2 cos θ (2 cos 6θ − 1), so on the range already forced by the E6 subdiagram, the
sharp zero is θ = π/18. For E8, the E7 condition restricts 0 ≤ θ ≤ π/18 and

e⟨h⟩8 = 2{−2 sin(5θ) sin(3θ) + cos(6θ) − 1
2 }.

On this interval, the expression is strictly decreasing as a function of θ: Its derivative is

d
dθ

e⟨2 cos θ⟩
8 = −4

[
5 cos(5θ) sin(3θ) + 3 sin(5θ) cos(3θ)

]
− 12 sin(6θ) < 0 (0 < θ ≤ π

18 ).

The determinant vanishes at θ = π/30, yielding (vi). Every proper connected principal subdiagram has
a threshold no greater than 2 cos(π/30), so no further condition is needed. □

To study the determinant polynomials b̂⟨h⟩n uniformly in n, we place the exceptional edge of weight
3/2 between the first two coordinates. More precisely, for n ≥ 2, let Jn = ( ji j) be the real symmetric
tridiagonal matrix with zero diagonal, whose only nonzero entries are

ji,i+1 = ji+1,i =

 3
2 , i = 1,
1, 2 ≤ i ≤ n − 1.

Thus,

J2 =

(
0 3

2
3
2 0

)
, J3 =


0 3

2 0
3
2 0 1
0 1 0

 .
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Let Pn denote the permutation matrix reversing coordinate order: Pnei = en+1−i. In the symmetric part
of B⟨h⟩n , the last pair of adjacent coordinates has entries −3/2, and all other adjacent pairs have entries
−1. Consequently,

PT
n B̂⟨h⟩n Pn = hIn − Jn, b̂⟨h⟩n = det(hIn − Jn). (3.4)

Lemma 3.6. All roots of b̂⟨h⟩n = det B̂⟨h⟩n , regarded as a polynomial in h, are real and simple.

Proof. By (3.4), the roots are the eigenvalues of the real symmetric matrix Jn and hence are real. To
prove simplicity, let Jnv = λv with v = (v1, . . . , vn)T , 0. The first row gives (3/2)v2 = λv1; for
2 ≤ k ≤ n − 1, the kth row determines vk+1 uniquely from vk−1 and vk because jk,k+1 = 1. Thus, v1 = 0
would imply v = 0, and every eigenvector is determined by its first coordinate. Each eigenspace is
therefore one-dimensional. Because a real symmetric matrix is diagonalizable, all its eigenvalues are
simple. □

Recall the following standard terminology and results. For an irreducible non-negative matrix M,
a Perron vector is a vector u > 0 such that Mu = ρ(M)u, where ρ(M) is the spectral radius. The
Perron–Frobenius theorem asserts that such a vector exists and that ρ(M) is an algebraically simple
eigenvalue. For a real symmetric matrix A and x , 0, the Rayleigh quotient is RA(x) := xT Ax/(xTx).
The Rayleigh–Ritz variational principle states that λmax(A) = maxx,0 RA(x). See [6, Chapters 4 and 8].

Write µn for the largest real zero of b̂⟨h⟩n . By (3.4), µn = λmax(Jn). Moreover, Jn is entrywise
non-negative and irreducible, so µn = ρ(Jn) > 0 by the Perron–Frobenius theorem.

Lemma 3.7. For every n ≥ 3, the largest roots satisfy µn > µn−1.

Proof. For n ≥ 3, the definition of Jn shows that its leading principal submatrix of order n − 1 is exactly
Jn−1. The only nonzero entry connecting this block to the last coordinate is (Jn)n−1,n = 1. Thus,

Jn =

(
Jn−1 en−1

eT
n−1 0

)
,

where en−1 = (0, . . . , 0, 1)T ∈ Rn−1.
By the Perron–Frobenius theorem, there is a vector u = (u1, . . . , un−1)T with every ui > 0 such that
Jn−1u = µn−1u.

For t > 0, let zt = (uT, t)T. Multiplying out the displayed block matrix, we obtain

zT
t Jn zt = uT Jn−1u + t uTen−1 + t eT

n−1u
= µn−1∥u∥2 + 2tun−1,

zT
t zt = ∥u∥2 + t2.

It follows that the Rayleigh quotient RJn(zt) = zT
t Jn zt/(zT

t zt) satisfies

RJn(zt) − µn−1 =
µn−1∥u∥2 + 2tun−1

∥u∥2 + t2 − µn−1

=
t(2un−1 − µn−1t)
∥u∥2 + t2 > 0

(
0 < t <

2un−1

µn−1

)
.
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Finally, the Rayleigh–Ritz characterization of the largest eigenvalue of a real symmetric matrix gives

µn = λmax(Jn) = max
z,0

RJn(z) ≥ RJn(zt) > µn−1.

□

Let ϵ be the largest real root of

g(h) := b̂⟨h⟩3 − b̂⟨h⟩2 = h3 − h2 −
13
4

h +
9
4
.

Numerically, ϵ ≈ 2.04998.

Lemma 3.8. The bound 3/2 ≤ µn < ϵ holds for every n ≥ 2.

Proof. The lower bound follows from µ2 = 3/2 and Lemma 3.7. Because g(2) = −1/4, g′(2) = 19/4,
and g′′(h) = 6h − 2 > 0 for h ≥ 2, the largest root ϵ is greater than 2, and g(h) ≥ 0 for h ≥ ϵ. The initial
thresholds satisfy

µ2 =
3
2 < 2 < ϵ, µ3 =

√
13
2 < 2 < ϵ.

Fix h ≥ ϵ, and put qk := b̂⟨h⟩k . Then, q2, q3 > 0, and q3 − q2 = g(h) ≥ 0. For k ≥ 4, the determinant
recurrence gives

qk − qk−1 = (h − 2)qk−1 + (qk−1 − qk−2).

Induction yields qk > qk−1 > 0 for every k ≥ 4. Thus, none of the polynomials b̂⟨h⟩k has a zero in [ϵ,∞),
and µk < ϵ for all k ≥ 2.

□

Equivalently, µn = ρ(Jn) is the spectral threshold for generalized positive definiteness of both B⟨h⟩n

and C⟨h⟩n = (B⟨h⟩n )T. Lemmas 3.7 and 3.8 show that these thresholds increase strictly with n and remain
below ϵ ≈ 2.04998.

Corollary 3.9. If h ≥ ϵ, then both B⟨h⟩n and C⟨h⟩n are generalized positive definite for every n ≥ 2.

For the Bn,Cn families, the restriction h < 2 requires µn < 2. We show that µ9 = 2. At h = 2, the
determinant recurrence with initial values 2, 7/4 gives

b̂⟨2⟩k =
9 − k

4
(k ≥ 1).

Set

Q := 2I9 − J9 =

(
Q8 z
zT 2

)
.

The leading principal minors of Q8 are b̂⟨2⟩k = (9 − k)/4 > 0 for 1 ≤ k ≤ 8. Hence, Q8 is positive definite
by Sylvester’s criterion.
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Recall the Schur complement criterion. Let M =
(

A z
zT d

)
be a real symmetric block matrix with A

positive definite, and put s = d − zT A−1 z, the Schur complement of A. Block elimination gives the
congruence (

I 0
−zT A−1 1

)
M

(
I −A−1 z
0 1

)
=

(
A 0
0 s

)
.

Because the two outer matrices are invertible transposes of one another, M is positive semidefinite if
and only if s ≥ 0; moreover, det M = (det A)s (see [6, Chapter 7]). For Q, the Schur complement of
Q8 is s = 2 − zTQ−1

8 z. As det Q = b̂⟨2⟩9 = 0, and det Q8 > 0, the determinant formula gives s = 0. Thus,
Q = 2I9 − J9 is positive semidefinite and singular, so the largest eigenvalue of J9 is 2; that is, µ9 = 2.
Lemmas 3.7 and 3.8 now yield

3
2
= µ2 < · · · < µ8 < µ9 = 2 < µ10 < · · · < ϵ.

Proposition 3.10. (i) If 0 ≤ h < 2, then B⟨h⟩n and C⟨h⟩n = (B⟨h⟩n )T are generalized positive semidefinite if
and only if h ≥ µn for 2 ≤ n ≤ 8, where

µn =



3
2 , n = 2
√

13
2 , n = 3√

17
8 +

√
145
8 , n = 4√

21
8 +

√
89
8 , n = 5√

25
12 +

√
157
6 cos θ1 , n = 6√

29
12 +

11
12 cos θ2 + 11

√
3

12 sin θ2 , n = 7√
33
16 +

β

16 +
1
2

√
547
96 −

α
6 +

17
32β , n = 8,

where

θ1 :=
1
3

arctan
54
√

1327
19

, θ2 :=
1
3

arctan
12
√

11919
235

,

α :=
√

727 cos
1
3

arctan
3
√

37701987
34607

 , β :=

√
547
3
+

32
3
α.

The corresponding numerical values are

µ2 ≈ 1.500000, µ3 ≈ 1.802776, µ4 ≈ 1.905308,
µ5 ≈ 1.950448, µ6 ≈ 1.973634, µ7 ≈ 1.986807,
µ8 ≈ 1.994840.

(ii) F⟨h⟩4 is generalized positive semidefinite if and only if h ≥ 2.
(iii) G⟨h⟩2 is generalized positive semidefinite if and only if h ≥ 2.
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Proof. By Lemma 1.2, B⟨h⟩n is generalized positive semidefinite if and only if B̂⟨h⟩n is positive semidefinite.
By (3.4), this is equivalent to the positive semidefiniteness of hIn − Jn and hence to

h ≥ λmax(Jn) = µn.

This explains why the largest root rather than an arbitrary root of b̂⟨h⟩n is the relevant threshold.
Because xTB⟨h⟩n x = xT(B⟨h⟩n )Tx, exactly the same threshold holds for C⟨h⟩n . Lemmas 3.7 and 3.8 together
with µ9 = 2, then show that only 2 ≤ n ≤ 8 can occur in the range 0 ≤ h < 2.

For transparency, the determinant polynomials whose largest roots are used above are

n b̂⟨h⟩n

2 h2 − 9
4

3 h3 − 13
4 h

4 h4 − 17
4 h2 + 9

4

5 h5 − 21
4 h3 + 11

2 h

6 h6 − 25
4 h4 + 39

4 h2 − 9
4

7 h7 − 29
4 h5 + 15h3 − 31

4 h

8 h8 − 33
4 h6 + 85

4 h4 − 35
2 h2 + 9

4 .

They are generated recursively from the tridiagonal determinant (equivalently from the recurrence
b̂⟨h⟩n = ĥb⟨h⟩n−1 − b̂⟨h⟩n−2 once the initial cases are fixed). Thus, the displayed radical and trigonometric
expressions for µ2, . . . , µ8 can be checked by substitution into these explicit polynomials. Appendix A
gives a short exact-arithmetic script reproducing the polynomials and their largest real roots.

For F⟨h⟩4 and G⟨h⟩2 , generalized positive semidefiniteness is again equivalent to positive
semidefiniteness of the symmetrization. For F⟨h⟩4 , the weighted path in the symmetrization has off-
diagonal weights 1, 3/2, 1, so

det F̂⟨h⟩4 = h4 −
17
4

h2 + 1 =
(
h2 − 4

)(
h2 − 1

4

)
.

Thus, its largest adjacency eigenvalue is 2. For G⟨h⟩2 , the symmetrization is
( h −2
−2 h

)
, whose eigenvalues

are h ± 2. Hence, both families are generalized positive semidefinite exactly for h ≥ 2. □

Remark 3.11. For the classification theorem, only the largest real zero of each polynomial b̂⟨h⟩n is needed.
In particular, the value µ8 ≈ 1.994839578989595 is independently reproduced by the exact-arithmetic
computation in Appendix A; no Galois-theoretic assertion is used anywhere in the proof.

The reduction from H to the finite-type Cartan matrix C(H) = H + (2 − h)In in Proposition 2.4(ii)
together with the preceding spectral thresholds gives the following classification.
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Theorem 3.12. Assume 0 ≤ h < 2. Then, the following classifications hold.

(1) H is positive semidefinite if and only if after a simultaneous permutation of rows and columns, it
is one of

(i) A⟨h⟩n with n ≥ 1 and h ≥ 2 cos(π/(n + 1));

(ii) D⟨h⟩n with n ≥ 4 and h ≥ 2 cos(π/(2(n − 1)));

(iii) E⟨h⟩6 , E
⟨h⟩
7 , E

⟨h⟩
8 with thresholds 2 cos(π/12), 2 cos(π/18), and 2 cos(π/30), respectively.

(2) H is virtual positive semidefinite if and only if it is positive semidefinite or after a simultaneous
permutation, it is one of

(i) B⟨h⟩n or C⟨h⟩n = (B⟨h⟩n )T, with n ≥ 2 and h ≥ 2 cos(π/(2n));

(ii) F⟨h⟩4 with h ≥ 2 cos(π/12);

(iii) G⟨h⟩2 with h ≥ 2 cos(π/6).

(3) H is generalized positive semidefinite if and only if it is positive semidefinite or after a simultaneous
permutation,

H = B⟨h⟩n or H = C⟨h⟩n = (B⟨h⟩n )T,

where 2 ≤ n ≤ 8, and h ≥ µn. The thresholds µn are listed in Proposition 3.10.

Proof. We give the details in the three steps on which the classification rests.
Step 1: Reduction to finite type. Suppose first that H is virtual positive semidefinite. This

includes the positive and generalized positive semidefinite cases by Proposition 1.4. Because h < 2,
Proposition 2.4(ii) shows that C = H + (2 − h)In is a finite-type Cartan matrix. Because H is
indecomposable, so is C.

Step 2: Exhaustion of the finite families. The classification of indecomposable finite-type Cartan
matrices gives the types An, Bn,Cn,Dn, E6, E7, E8, F4,G2; see [8, Chapter 4]. Both orientations of
the double edge occur in types Bn and Cn; for n ≥ 3, they are transposes rather than permutation-
equivalent matrices. (For F4 and G2, the opposite orientation is permutation equivalent to the displayed
representative.) Consequently, Hσ must be one of

A⟨h⟩n , B⟨h⟩n , C⟨h⟩n , D⟨h⟩n , E⟨h⟩6 , E⟨h⟩7 , E⟨h⟩8 , F⟨h⟩4 , G⟨h⟩2 .

There are no further cases. Proposition 3.5 gives the exact virtual and positive-semidefinite thresholds
for these families, and Proposition 3.10 gives the generalized thresholds for the nonsymmetric families.

Step 3: Separation of the three positivity notions. For positive semidefiniteness, the matrix
must be symmetric. Among the representatives above this leaves precisely A,D, E; applying
Proposition 3.5(i),(iii)–(vi) gives Part (1).

For virtual positive semidefiniteness, all finite types may occur. Proposition 3.5 gives exactly the
additional nonsymmetric families B⟨h⟩n ,C⟨h⟩n , F⟨h⟩4 ,G

⟨h⟩
2 with the thresholds stated in Part (2), proving both

necessity and sufficiency.
For generalized positive semidefiniteness, the symmetric matrices of types A, D, and E again give

Part (1). For B⟨h⟩n and C⟨h⟩n , Proposition 3.10(i) gives h ≥ µn. Because µ9 = 2, and Lemma 3.7 gives
strict increase, the restriction h < 2 leaves exactly 2 ≤ n ≤ 8. Proposition 3.10(ii),(iii) shows that F⟨h⟩4
and G⟨h⟩2 would require h ≥ 2, so neither contributes in the present range. This proves Part (3). The
sufficiency assertions in all three parts are exactly the corresponding propositions already cited. □
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Affine-type notation. Let X(r)
N denote the standard affine generalized Cartan matrix in the notation

of [8, Chapter 4], and let m be its order. Define

X(r)⟨h⟩
N := X(r)

N + (h − 2)Im. (3.5)

Thus, only the diagonal entries 2 are changed to h; all off-diagonal Cartan entries remain unchanged.
In the comparisons below, S denotes the relevant unshifted affine matrix. For the nonsymmetric
comparisons immediately below, we use the standard affine types

G(1)
2 , D(3)

4 , F(1)
4 , E(2)

6 , A(2)
2 ,

B(1)
n , A(2)

2n−1, C(1)
n , A(2)

2n , D(2)
n+1,

with the standard superscripts and ranks; symmetric affine types used later retain their usual symbols.
For the ranges used below, the weighted graphs of the symmetrizations (S+ST)/2 agree, up to relabeling
of vertices, in the pairs (or triples)

(G(1)
2 ,D

(3)
4 ), (F(1)

4 , E
(2)
6 ),

(B(1)
n , A

(2)
2n−1) (n > 2), (C(1)

n , A
(2)
2n ,D

(2)
n+1) (n > 1).

A single edge has symmetrized weight 1, a double edge weight 3/2, and a triple edge weight 2;
hence, reversing an arrow does not change the weighted graph. The B(1)

n pair gives a fork with one
double end-edge and the C(1)

n triple a path with double end-edges; A(2)
2 is treated separately. Hence, the

paired types have the same generalized-semidefinite threshold, although the original Cartan matrices
need not be permutation equivalent.

Proposition 3.13. If S is an indecomposable affine generalized Cartan matrix, then S⟨h⟩ is virtual
positive semidefinite if and only if h ≥ 2.

Proof. If h = 2, then S⟨2⟩ = S is virtual positive semidefinite by Proposition 2.4(i). If h > 2, then
S⟨h⟩ = S + (h − 2)I is virtual positive definite by Proposition 2.4(ii). Conversely, if h < 2, and S⟨h⟩ were
virtual positive semidefinite, Proposition 2.4(ii) would imply that S = S⟨h⟩ + (2 − h)I is of finite type,
contradicting that S is affine. □

Proposition 3.14. (i) G(1)⟨h⟩
2 (and D(3)⟨h⟩

4 ) is generalized positive semidefinite if and only if h ≥
√

5.
(ii) F(1)⟨h⟩

4 and E(2)⟨h⟩
6 are generalized positive semidefinite if and only if h ≥

√
17/2.

(iii) A(2)⟨h⟩
2 is generalized positive semidefinite if and only if h ≥ 5/2.

Proof. For each matrix S⟨h⟩ in (i)–(iii), Lemma 1.2 gives

S⟨h⟩ generalized positive semidefinite ⇐⇒ Ŝ⟨h⟩ = hI − K ⪰ 0,

where K is a real symmetric non-negative matrix. Hence, the exact threshold is the largest eigenvalue
ρ(K), equivalently the largest real zero of det Ŝ⟨h⟩. For the three displayed affine types, the determinant
computations are

ĝ(1)⟨h⟩
2 = d̂(3)⟨h⟩

4 = h(h2 − 5),

f̂ (1)⟨h⟩
4 = ê(2)⟨h⟩

6 = h(h2 − 1)(h2 − 17
4 ),

â(2)⟨h⟩
2 = h2 −

25
4
.

The largest real zeros are respectively
√

5,
√

17/2, and 5/2, which proves all three equivalences. □
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Lemma 3.15. For every n ≥ 3 and every h > ϵ,

b̂⟨h⟩n > b̂⟨h⟩n−1 > · · · > b̂⟨h⟩2 > 0.

Proof. By Lemma 3.8, the largest zero µk of b̂⟨h⟩k satisfies µk < ϵ for every k, so b̂⟨h⟩k > 0 whenever h > ϵ.
Moreover,

b̂⟨h⟩k − b̂⟨h⟩k−1 = (h − 1)̂b⟨h⟩k−1 − b̂⟨h⟩k−2.

Starting with b̂⟨h⟩3 − b̂⟨h⟩2 = g(h) > g(ϵ) = 0 for h > ϵ, induction gives b̂⟨h⟩k − b̂⟨h⟩k−1 > 0 for every k ≥ 3. □

Lemma 3.16. The largest roots of b̂(1)⟨h⟩
n and ĉ(1)⟨h⟩

n , regarded as polynomials in h, are simple.

Proof. For either affine family, the symmetrized matrix has the form

Ŝ⟨h⟩ = hI − K,

where K is a real symmetric non-negative irreducible weighted adjacency matrix of the connected
affine Dynkin graph. Hence, the largest zero of det(hI − K) is the spectral radius ρ(K). By the Perron–
Frobenius theorem, ρ(K) is a simple eigenvalue of the irreducible non-negative matrix K. Therefore, the
largest root of the characteristic polynomial is simple. □

Define
λn := max{h ∈ R : b̂(1)⟨h⟩

n = 0}, ηn := max{h ∈ R : ĉ(1)⟨h⟩
n = 0}.

Proposition 3.17. (i) For every n > 2, B(1)⟨h⟩
n (and A(2)⟨h⟩

2n−1 ) is generalized positive semidefinite whenever
h ≥
√

17/2. This uniform bound is sharp over the whole family, as equality is required when n = 3.
(ii) For every n > 1, C(1)⟨h⟩

n (and A(2)⟨h⟩
2n , D(2)⟨h⟩

n+1 ) is generalized positive semidefinite whenever
h ≥ 3

√
2/2. This uniform bound is sharp over the whole family, as equality is required when n = 2.

Proof. By Lemma 1.2, the individual generalized-semidefinite threshold of an affine matrix S⟨h⟩ is the
spectral radius of the symmetric non-negative matrix K in Ŝ⟨h⟩ = hI − K. Equivalently, it is the largest
zero of det Ŝ⟨h⟩.

(i) Expanding the affine B(1)
n diagram at its affine leaf gives

b̂(1)⟨h⟩
n = h

(̂
b⟨h⟩n − b̂⟨h⟩n−2

)
, n ≥ 3.

For n = 3, this is b̂(1)⟨h⟩
3 = h2(h2 − 17/4), so λ3 =

√
17/2. Because g increases on [2,∞), and

g(
√

17/2) =
√

17/2 − 2 > 0, we have ϵ <
√

17/2. If n ≥ 4, and h ≥
√

17/2, then h > ϵ, and
Lemma 3.15 yields b̂⟨h⟩n > b̂⟨h⟩n−2 > 0. Hence, b̂(1)⟨h⟩

n > 0 throughout [
√

17/2,∞). Therefore, its largest
zero satisfies λn <

√
17/2 for n ≥ 4, and equality occurs for n = 3. This proves the asserted uniform

sharp bound.
(ii) Let Kn be the symmetric non-negative matrix determined by Ĉ(1)⟨h⟩

n = hI − Kn. Its graph is
a path on n + 1 vertices; the two end edges have weight 3/2, and every interior edge has weight 1.
Put R := 3

√
2/2, and choose the positive vector

v = (1,
√

2, . . . ,
√

2, 1)T ∈ Rn+1.
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For n = 2, direct multiplication gives

K2v =


0 3

2 0
3
2 0 3

2
0 3

2 0




1
√

2
1

 =


3
√

2
2
3

3
√

2
2

 = Rv.

Because v > 0, the Perron–Frobenius theorem gives ρ(K2) = R. Suppose now that n ≥ 3. At each
endpoint, (Knv)i = (3/2)

√
2 = Rvi. At a vertex adjacent to an endpoint, (Knv)i = 3/2+

√
2 < 3 = R

√
2 =

Rvi, and at every other interior vertex, (Knv)i ≤ 2
√

2 < 3 = Rvi. Thus, Knv ≤ Rv componentwise. The
Collatz–Wielandt form of the Perron–Frobenius theorem yields

ηn = ρ(Kn) ≤ R =
3
√

2
2

for all n > 1. The equality already established for n = 2 proves that the uniform bound is sharp. By the
weighted-graph identification stated above, the paired twisted affine types have permutation-equivalent
symmetrizations; hence, the same spectral-radius bounds apply to them. □

Remark 3.18. For the exact threshold statements in Theorem 3.12 and Propositions 3.13 and 3.14,
replacing the relevant semidefinite condition by its corresponding definite condition replaces the weak
threshold inequality by the corresponding strict inequality. Proposition 3.17 is instead a statement about
sharp uniform sufficient bounds over affine families and should not be read as giving the individual
threshold for every rank.

Lemma 3.19. Let A be an indecomposable symmetrizable affine generalized Cartan matrix. Then, A is
generalized positive semidefinite if and only if A is symmetric.

Proof. Choose a positive diagonal symmetrizer D such that S = DA is symmetric. For affine type, S is
positive semidefinite of corank one, and ker S = Ru for some vector u > 0. Because Au = 0, one has
uT Âu = 0, where Â = (A + AT)/2.

If Â were positive semidefinite, the equality uT Âu = 0 would imply Âu = 0. However,

2Âu = ATu = SD−1u.

Hence, D−1u ∈ ker S = Ru. Because every entry of u is positive, this forces D to be a scalar matrix,
and, therefore, A = D−1S is symmetric. The converse is the standard positive-semidefiniteness of a
symmetric affine Cartan matrix. □

Proposition 3.20. (1) An indecomposable generalized Cartan matrix H is generalized positive
semidefinite if and only if after a simultaneous permutation of rows and columns, it is one of

A⟨2⟩n (n ≥ 1), D⟨2⟩n (n ≥ 4), E⟨2⟩6 , E
⟨2⟩
7 , E

⟨2⟩
8 ,

B⟨2⟩n ,C
⟨2⟩
n (2 ≤ n ≤ 9), F⟨2⟩4 ,G

⟨2⟩
2 ,

A(1)⟨2⟩
1 , A(1)⟨2⟩

n (n ≥ 2), D(1)⟨2⟩
n (n ≥ 4), E(1)⟨2⟩

6 , E(1)⟨2⟩
7 , E(1)⟨2⟩

8 .

(2) It is generalized positive definite if and only if after a simultaneous permutation, it is one of

A⟨2⟩n (n ≥ 1), D⟨2⟩n (n ≥ 4), E⟨2⟩6 , E
⟨2⟩
7 , E

⟨2⟩
8 , B⟨2⟩n ,C

⟨2⟩
n (2 ≤ n ≤ 8).
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Proof. The finite nonsymmetric types are controlled by Proposition 3.10. Because

b̂⟨2⟩n = 2 −
n − 1

4
,

we have b̂⟨2⟩n > 0 for n ≤ 8, b̂⟨2⟩9 = 0, and b̂⟨2⟩n < 0 for n ≥ 10. Moreover, det F̂⟨2⟩4 = 0, and det Ĝ⟨2⟩2 =

0. Thus, B⟨2⟩n and C⟨2⟩n are generalized positive definite for 2 ≤ n ≤ 8, and B⟨2⟩9 ,C
⟨2⟩
9 , F

⟨2⟩
4 ,G

⟨2⟩
2 are

generalized positive semidefinite but not generalized positive definite.
For the symmetric finite types, the usual Cartan theory gives positive definiteness of

A⟨2⟩n , D
⟨2⟩
n , E

⟨2⟩
6 , E

⟨2⟩
7 , E

⟨2⟩
8 .

The symmetric affine types

A(1)⟨2⟩
1 , A(1)⟨2⟩

n , D(1)⟨2⟩
n , E(1)⟨2⟩

6 , E(1)⟨2⟩
7 , E(1)⟨2⟩

8

are positive semidefinite of corank one. By Lemma 3.19, no nonsymmetric affine type is generalized
positive semidefinite.

Finally, an indecomposable generalized Cartan matrix of indefinite type admits a vector u > 0
with Hu < 0; see [8, Chapter 4]. Hence, uTHu < 0, so such a matrix cannot be generalized positive
semidefinite. These three cases exhaust the finite, affine, and indefinite possibilities and prove both
assertions. □

4. Determinant sequences associated with h-Shuhan matrices

The classification in Section 3 concerns 0 ≤ h < 2, but the determinant recurrences themselves are
defined for every h. This section develops them as a second, complementary theme. The congruence
results require integral h, whereas the asymptotic results in the later subsections assume h > 2, where
the characteristic roots αh, βh are real and satisfy αh > 1 > βh > 0.

4.1. Congruence periodicity of the determinant sequences

In this subsection, h ∈ Z, and ∆ := h2 − 4. The determinant identities used here are polynomial
identities in h, so the formulas established for h ≥ 0 extend to every real h. For an odd prime p, write

(
∆

p

)
:=


1, ∆ is a nonzero quadratic residue modulo p,

−1, ∆ is a quadratic nonresidue modulo p,

0, p | ∆.

(4.1)

Proposition 4.1. Let p be an odd prime.

(i) a⟨h⟩p−1 ≡ (∆/p) (mod p), and b⟨h⟩p ≡ h (mod p).

(ii) If (∆/p) = 1, then a⟨h⟩p−1+i ≡ a⟨h⟩i (mod p) for every i ≥ 0.

(iii) If (∆/p) = −1, then a⟨h⟩p+1+i ≡ a⟨h⟩i (mod p) for every i ≥ 0.

(iv) If (∆/p) = 0, then the a-sequence has period p when h ≡ 2 (mod p) and period 2p when h ≡ −2
(mod p).
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Proof. (i) By Proposition 3.2,

2p−1a⟨h⟩p−1 =
∑

0≤k<
p
2

(
p

2k + 1

)
hp−1−2k∆k.

Modulo p, every intermediate binomial coefficient
(

p
k

)
with 1 ≤ k ≤ p − 1 vanishes. Hence, using

Fermat’s little theorem 2p−1 ≡ 1 (mod p),

a⟨h⟩p−1 ≡ ∆
p−1

2 ≡

(
∆

p

)
(mod p)

by Euler’s criterion. Similarly,

2p−1b⟨h⟩p =
∑

0≤k≤
p
2

(
p

2k

)
hp−2k∆k ≡ hp ≡ h (mod p),

which proves (i).
(ii) Assume (∆/p) = 1. Part (i) gives a⟨h⟩p−1 ≡ 1 = a⟨h⟩0 . From

b⟨h⟩p = a⟨h⟩p − a⟨h⟩p−2 = 2a⟨h⟩p − ha⟨h⟩p−1,

we obtain
2a⟨h⟩p = b⟨h⟩p + ha⟨h⟩p−1 ≡ h + h = 2h (mod p),

so a⟨h⟩p ≡ h = a⟨h⟩1 . Thus, the two consecutive pairs (a⟨h⟩p−1, a
⟨h⟩
p ) and (a⟨h⟩0 , a

⟨h⟩
1 ) are congruent modulo p.

Because a⟨h⟩n+1 = ha⟨h⟩n − a⟨h⟩n−1, induction now yields a⟨h⟩p−1+i ≡ a⟨h⟩i (mod p) for every i ≥ 0.
(iii) Assume (∆/p) = −1. The same identity gives 2a⟨h⟩p ≡ h − h = 0 (mod p); hence, a⟨h⟩p ≡ 0.

Therefore,
a⟨h⟩p+1 ≡ −a⟨h⟩p−1 ≡ 1 = a⟨h⟩0 , a⟨h⟩p+2 ≡ h = a⟨h⟩1 .

The recurrence applied to these two consecutive initial congruences gives a⟨h⟩p+1+i ≡ a⟨h⟩i (mod p) for
every i ≥ 0.

(iv) If (∆/p) = 0, then h ≡ 2 or h ≡ −2 (mod p).
If h ≡ 2 (mod p), the recurrence with (a⟨2⟩0 , a

⟨2⟩
1 ) = (1, 2) gives a⟨h⟩n ≡ a⟨2⟩n = n + 1 (mod p). Hence,

(a⟨h⟩p , a
⟨h⟩
p+1) ≡ (1, 2) ≡ (a⟨h⟩0 , a

⟨h⟩
1 ) (mod p),

and the period p follows. If h ≡ −2 (mod p), then a⟨h⟩n ≡ (−1)n(n + 1) (mod p), so

(a⟨h⟩2p , a
⟨h⟩
2p+1) ≡ (1,−2) ≡ (a⟨h⟩0 , a

⟨h⟩
1 ) (mod p).

The recurrence therefore gives the period 2p. This proves (iv). □

Proposition 4.2. Let p be an odd prime.

(i) If (∆/p) = 1, then b⟨h⟩p−1+i ≡ b⟨h⟩i (mod p) for every i ≥ 1.
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(ii) If (∆/p) = −1, then b⟨h⟩p+1+i ≡ b⟨h⟩i (mod p) for every i ≥ 1.

(iii) If (∆/p) = 0, then the b-sequence has period 1 when h ≡ 2 (mod p) and period 2 when h ≡ −2
(mod p).

Proof. The recurrence b⟨h⟩n+1 = hb⟨h⟩n − b⟨h⟩n−1 holds for n ≥ 2. We shall repeatedly use the identity

2b⟨h⟩p+1 = ∆a⟨h⟩p−1 + hb⟨h⟩p ,

which follows from b⟨h⟩n = ha⟨h⟩n−1 − 2a⟨h⟩n−2 and the recurrence for a⟨h⟩n .
(i) If (∆/p) = 1, Proposition 4.1(i) gives b⟨h⟩p ≡ h = b⟨h⟩1 and a⟨h⟩p−1 ≡ 1. Hence, this identity yields

2b⟨h⟩p+1 ≡ ∆ + h2 = 2(h2 − 2) = 2b⟨h⟩2 (mod p).

Because p is odd, b⟨h⟩p+1 ≡ b⟨h⟩2 . The two consecutive initial congruences now imply b⟨h⟩p−1+i ≡ b⟨h⟩i (mod p)
for all i ≥ 1.

(ii) If (∆/p) = −1, then a⟨h⟩p−1 ≡ −1, and b⟨h⟩p ≡ h. The same identity gives 2b⟨h⟩p+1 ≡ −∆ + h2 = 4, and
hence, b⟨h⟩p+1 ≡ 2. Consequently,

b⟨h⟩p+2 ≡ 2h − h = h = b⟨h⟩1 , b⟨h⟩p+3 ≡ h2 − 2 = b⟨h⟩2 .

The recurrence gives b⟨h⟩p+1+i ≡ b⟨h⟩i (mod p) for all i ≥ 1.
(iii) If (∆/p) = 0, then h ≡ ±2 (mod p). For h ≡ 2, the recurrence gives b⟨h⟩n ≡ 2 for all n and period

1. For h ≡ −2, it gives b⟨h⟩n ≡ 2(−1)n and hence period 2. This is exactly the assertion. □

Proposition 4.3. Let p be an odd prime.
(i) If (∆/p) = 1, then d⟨h⟩i ≡ d⟨h⟩p−1+i (mod p) for every i ≥ 3.
(ii) If (∆/p) = −1, then d⟨h⟩i ≡ d⟨h⟩p+1+i (mod p) for every i ≥ 3.
(iii) If (∆/p) = 0, then d⟨h⟩i ≡ d⟨h⟩1+i or d⟨h⟩i ≡ d⟨h⟩2+i (mod p) for every i ≥ 3, according as h ≡ 2 or −2

(mod p).

Proof. By (3.2), d⟨h⟩i = hb⟨h⟩i−1. All three parts follow immediately from Proposition 4.2 after multiplying
its congruences by h. □

Proposition 4.4. (i) If 2 | ∆ (equivalently, h is even), then

a⟨h⟩i ≡ a⟨h⟩i+2 (mod 2), b⟨h⟩i+1 ≡ b⟨h⟩i+2 (mod 2)

for every i ≥ 0.
(ii) If 2 ∤ ∆ (equivalently, h is odd), then

a⟨h⟩i ≡ a⟨h⟩i+3 (mod 2), b⟨h⟩i+1 ≡ b⟨h⟩i+4 (mod 2),

and
d⟨h⟩i+3 ≡ d⟨h⟩i+6 (mod 2)

for every i ≥ 0 for which the displayed terms are defined.
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Proof. If h is even, the recurrence gives a⟨h⟩n ≡ a⟨h⟩n−2 (mod 2). Also, b⟨h⟩1 = h ≡ 0, and b⟨h⟩2 = h2 − 2 ≡ 0
(mod 2), so the recurrence forces b⟨h⟩n ≡ 0 (mod 2) for every n, proving (i).

If h is odd, both a⟨h⟩n and b⟨h⟩n satisfy xn ≡ xn−1 + xn−2 (mod 2). Their initial residues are respectively
(a⟨h⟩0 , a

⟨h⟩
1 ) ≡ (1, 1) and (b⟨h⟩1 , b

⟨h⟩
2 ) ≡ (1, 1), so both residue sequences repeat the pattern 1, 1, 0 with period

3. Finally, d⟨h⟩n = hb⟨h⟩n−1 ≡ b⟨h⟩n−1 (mod 2), and the same period-3 conclusion follows for d⟨h⟩n . □

Remark 4.5. Propositions 4.1, 4.2, 4.3, and 4.4 give explicit periods modulo every prime. We do not
claim that the displayed periods are always minimal.

4.2. The sequences a⟨h⟩n , b
⟨h⟩
n , and d⟨h⟩n with h > 2

If h > 2, then 0 < βh < 1.

Proposition 4.6. Assume h > 2. Then, the following statements hold.

(i) For each of the three determinant sequences x⟨h⟩n = a⟨h⟩n , b⟨h⟩n , or d⟨h⟩n , we have, whenever the
fractions are defined,

x⟨h⟩n−1

x⟨h⟩n

−→ βh (n→ ∞).

(ii) Each of the three determinant sequences a⟨h⟩n , b⟨h⟩n , and d⟨h⟩n is strictly increasing for the indices
where it is defined. Moreover, the ratios a⟨h⟩n−1/(a

⟨h⟩
n ) are strictly increasing.

(iii) The ratios b⟨h⟩n−1/(b
⟨h⟩
n ) and d⟨h⟩n−1/(d

⟨h⟩
n ) form strictly decreasing sequences whenever the fractions

are defined.

Proof. Using the explicit formulas in Proposition 3.1 and αhβh = 1,

a⟨h⟩n−1

a⟨h⟩n

=
βh − β

2n+1
h

1 − β2n+2
h

,
b⟨h⟩n−1

b⟨h⟩n

=
βh + β

2n−1
h

1 + β2n
h

,

and
d⟨h⟩n−1

d⟨h⟩n

=
βh + β

2n−3
h

1 + β2n−2
h

.

Because 0 < βh < 1, all three ratios tend to βh, proving (i). The displayed formulas also show that all
three sequences are positive and that each consecutive-term ratio is < 1; hence, a⟨h⟩n , b

⟨h⟩
n , d

⟨h⟩
n are strictly

increasing.
It remains to determine the monotonicity of the ratios. Because f (a⟨h⟩) = −1,

a⟨h⟩n a⟨h⟩n−2 = (a⟨h⟩n−1)2 − 1 < (a⟨h⟩n−1)2,

so
a⟨h⟩n−2

a⟨h⟩n−1

<
a⟨h⟩n−1

a⟨h⟩n

;

thus, a⟨h⟩n−1/(a
⟨h⟩
n ) increases. On the other hand, f (b⟨h⟩) = (αh − βh)2 > 0 gives

b⟨h⟩n b⟨h⟩n−2 = (b⟨h⟩n−1)2 + f (b⟨h⟩) > (b⟨h⟩n−1)2,

whence b⟨h⟩n−1/(b
⟨h⟩
n ) < b⟨h⟩n−2/(b

⟨h⟩
n−1). Finally, d⟨h⟩n = hb⟨h⟩n−1, so the same conclusion holds for the d-ratios.

This proves (ii) and (iii). □
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Proposition 4.7. Assume that h > 2 and that n ≥ 2. Then, we have

(i)
a(1)⟨h⟩

n = ha⟨h⟩n − 2a⟨h⟩n−1 − 2 = αn+1
h + βn+1

h − 2;

(ii)
a(1)⟨h⟩

n−1

a(1)⟨h⟩
n

−→ βh (n→ ∞).

Proof. Expanding the determinant of the cyclic matrix A(1)⟨h⟩
n along the affine row (or column) gives

a(1)⟨h⟩
n = ha⟨h⟩n − 2a⟨h⟩n−1 − 2.

Using b⟨h⟩n+1 = ha⟨h⟩n − 2a⟨h⟩n−1 from (3.2), we obtain

a(1)⟨h⟩
n = b⟨h⟩n+1 − 2 = αn+1

h + βn+1
h − 2,

which proves (i). For (ii), divide numerator and denominator by αn+1
h and use α−1

h = βh and 0 < βh < 1:

a(1)⟨h⟩
n−1

a(1)⟨h⟩
n

=
αn

h + β
n
h − 2

αn+1
h + βn+1

h − 2
−→

1
αh
= βh (n→ ∞).

□

4.3. Two-index determinant sequences

For 1 ≤ i ≤ n − 1, let A⟨h⟩i,n be obtained from A⟨h⟩n by replacing both entries in positions (i, i + 1)
and (i + 1, i) by −2, and let B⟨h⟩i,n be obtained from A⟨h⟩n by replacing only the entry in position (i, i + 1)
by −2.

Set
a⟨h⟩i,n := det A⟨h⟩i,n , b⟨h⟩i,n := det B⟨h⟩i,n .

We also put a⟨h⟩i,i := a⟨h⟩i and b⟨h⟩i,i := a⟨h⟩i . Expansion at the last row gives the second-order recurrences

a⟨h⟩i,i+1 = ha⟨h⟩i − 4a⟨h⟩i−1, a⟨h⟩i,n = ha⟨h⟩i,n−1 − a⟨h⟩i,n−2,

b⟨h⟩i,i+1 = ha⟨h⟩i − 2a⟨h⟩i−1, b⟨h⟩i,n = hb⟨h⟩i,n−1 − b⟨h⟩i,n−2,
(4.2)

where the recurrences in the second column apply for 1 ≤ i ≤ n− 2. Reflection of the path gives the first
symmetry below; for B⟨h⟩i,n , one additionally uses invariance of the determinant under transpose, which
reverses the modified edge. Hence,

a⟨h⟩i,n = a⟨h⟩n−i,n, b⟨h⟩i,n = b⟨h⟩n−i,n.

For each fixed i, the sequences (a⟨h⟩i,n )n≥i and (b⟨h⟩i,n )n≥i satisfy the recurrence yn = hyn−1 − yn−2 for n ≥ i+ 2.
We write

Fa
i (h) := f

(
(a⟨h⟩i,n )n≥i

)
, Fb

i (h) := f
(
(b⟨h⟩i,n )n≥i

)
,

where f (y) = hynyn−1 − y2
n − y2

n−1 is the recurrence invariant of the whole sequence y = (yn). Thus, Fa
i (h)

and Fb
i (h) do not depend on n. The next results determine positivity and asymptotic behavior in the

ranges needed later.
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Lemma 4.8. Let h > 2. Then,

lim
i→∞

Fa
i (h)

Fa
i+1(h)

=

β2
h, h , 5

2 ,

1, h = 5
2 ,

and

lim
i→∞

Fb
i (h)

Fb
i+1(h)

=

β2
h, h , 3

√
2

2 ,

1, h = 3
√

2
2 .

More generally, for every admissible n ≥ i + 2, the recurrence invariant satisfies

Fa
i (h) = 4ha⟨h⟩i a⟨h⟩i−1 − (a⟨h⟩i )2 − 16(a⟨h⟩i−1)2,

Fb
i (h) = 2ha⟨h⟩i a⟨h⟩i−1 − (a⟨h⟩i )2 − 4(a⟨h⟩i−1)2.

Proof. Using the recurrence in (4.2), the quantity f is independent of the second index once the first
index i is fixed. Evaluating it at n = i + 2 gives the two explicit formulas displayed in the statement. By
Proposition 4.6, a⟨h⟩i−1/(a

⟨h⟩
i )→ βh, and a⟨h⟩i /(a

⟨h⟩
i+1)→ βh as i→ ∞. If

Pa(βh) := 4hβh − 1 − 16β2
h = 3(1 − 4β2

h) , 0,

then dividing the first consecutive ratio by (a⟨h⟩i+1)2 gives

Fa
i (h)

Fa
i+1(h)

=

4ha⟨h⟩i−1

a⟨h⟩i
− 1 − 16( a⟨h⟩i−1

a⟨h⟩i
)2

4h a⟨h⟩i

a⟨h⟩i+1
− 1 − 16( a⟨h⟩i

a⟨h⟩i+1
)2

 a⟨h⟩i

a⟨h⟩i+1

2

−→ β2
h (i→ ∞).

The exceptional equation Pa(βh) = 0 is equivalent to βh = 1/2; hence, h = αh + βh = 5/2. In this case,
the closed form a⟨5/2⟩i = (4i+1 − 1)/(3 2i) gives

Fa
i (5

2 ) = 4 −
5
4i −→ 4 (i→ ∞),

so the consecutive ratio tends to 1.
For the b-sequence, the same argument uses Pb(βh) := 2hβh − 1 − 4β2

h = 1 − 2β2
h. Thus, the generic

limit is β2
h, and the exceptional case is βh = 1/

√
2, equivalently h = 3

√
2/2. Using αh =

√
2, βh = 1/

√
2

in the closed form for a⟨h⟩i gives explicitly

Fb
i ( 3
√

2
2 ) = 2 −

3
2i −→ 2 (i→ ∞),

so the consecutive ratio again tends to 1. □

Lemma 4.9. (i) If h > 2, then
βh

2
≤

a⟨h⟩i−1

a⟨h⟩i

< βh (i ≥ 1).

(ii) If h ≥ 5/2, then βh ≤ αh/4, and Fa
i (h) > 0 for 1 ≤ i ≤ n − 2.
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(iii) If h ≥ 3
√

2/2, then
2βh

3
≤

a⟨h⟩i−1

a⟨h⟩i

< βh (i ≥ 1),

and equality on the left occurs only for h = 3
√

2/2 and i = 1.

(iv) If h ≥ 3
√

2/2, then βh ≤ αh/2, and Fb
i (h) > 0 for 1 ≤ i ≤ n − 2.

Proof. (i) Proposition 4.6 gives

ri :=
a⟨h⟩i−1

a⟨h⟩i

= βh
1 − β2i

h

1 − β2i+2
h

< βh.

For the lower bound, ri ≥ βh/2 is equivalent to 1 ≥ (2 − β2
h)β2i

h . Because i ≥ 1, and 0 < βh < 1,

(2 − β2
h)β2i

h ≤ (2 − β2
h)β2

h = 1 − (1 − β2
h)2 ≤ 1,

which proves (i).
(ii) If h ≥ 5/2, then αh ≥ α5/2 = 2. Hence, βh = α

−1
h ≤ αh/4. Moreover,

(1 − β2i+2
h )
αh

4
=
αh

4
−
β2i+1

h

4
>
αh

4
− β2i+1

h ≥ βh − β
2i+1
h ,

so ri < αh/4. Part (i) gives ri ≥ βh/2 > βh/4. Because the roots of 4hx− 1− 16x2 = 0 are βh/4 and αh/4,
it follows that

Fa
i (h)

(a⟨h⟩i )2
= 4hri − 1 − 16r2

i > 0,

proving (ii).
(iii) If h ≥ 3

√
2/2, then

√
h2 − 4 ≥ h/3 and, therefore,

αh =
h +
√

h2 − 4
2

≥
2h
3
, βh = α

−1
h ≤

3
2h
.

For i = 1, we have
a⟨h⟩0

a⟨h⟩1

=
1
h
≥

2βh

3
.

Equality holds here precisely when h = 3
√

2/2. If i ≥ 2, then the recurrence ha⟨h⟩i−1 = a⟨h⟩i + a⟨h⟩i−2 and the
positivity of a⟨h⟩i−2 give

a⟨h⟩i−1

a⟨h⟩i

=
a⟨h⟩i + a⟨h⟩i−2

ha⟨h⟩i

>
1
h
≥

2βh

3
.

The upper bound ri < βh was established in Part (i). This proves Part (iii), including its equality
statement.

(iv) Because h ≥ 3
√

2/2, one has βh ≤ 1/
√

2; hence, βh ≤ αh/2. By Part (iii),

βh

2
<

2βh

3
≤

a⟨h⟩i−1

a⟨h⟩i

< βh ≤
αh

2
.
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The two roots of 2hx − 1 − 4x2 = 0 are βh/2 and αh/2. Therefore,

Fb
i (h)

(a⟨h⟩i )2
= 2h

a⟨h⟩i−1

a⟨h⟩i

− 1 − 4

a⟨h⟩i−1

a⟨h⟩i

2

> 0,

which proves the assertion. □

Next, define γ1 and γ2 as follows. Let γ1 ≈ 2.561924625 be the unique real root > 2 (equivalently,
the largest real root) of

3h4 − 6h3 − 15h2 + 34h − 17 = 0,

and let γ2 ≈ 2.173868929 be the unique real root > 2 of

h4 − 2h3 − 3h2 + 8h − 5 = 0.

The asserted uniqueness of these roots is elementary. The polynomial

p1(h) := 3h4 − 6h3 − 15h2 + 34h − 17

satisfies p1(2) = −9, p′′1 (h) = 36h2 − 36h− 30 > 0 for h ≥ 2, and p′1(2) = −2. Hence, p′1 has at most one
zero on [2,∞); p1 first decreases and then increases to +∞, so it has exactly one zero greater than 2.
Likewise, for

p2(h) := h4 − 2h3 − 3h2 + 8h − 5,

we have p2(2) = −1, p′2(2) = 4 and p′′2 (h) = 12h2 − 12h − 6 > 0 for h ≥ 2, so p2 is strictly increasing on
[2,∞) and has exactly one zero there.

Because
p1( 5

2 ) = −37
16 < 0, p2( 3

√
2

2 ) = 7
4 −

3
√

2
2 < 0,

uniqueness gives γ1 > 5/2 and γ2 > 3
√

2/2, as required in Lemma 4.9(ii),(iv).
For h > 2, put q(h) := h2 − h − 1. Using αh + βh = h and αhβh = 1 gives

p1(h) = −[q(h) − 4(h − 1)αh][q(h) − 4(h − 1)βh],
p2(h) = −[q(h) − 2(h − 1)αh][q(h) − 2(h − 1)βh].

Because αh > h/2, the factors containing αh are negative. Hence, q(h)− 4(h− 1)βh and q(h)− 2(h− 1)βh

vanish at γ1, γ2, respectively, and are strictly positive for h > γ1 and h > γ2, respectively. These are the
inequalities used below.

Proposition 4.10. (i) If h > γ1, then a⟨h⟩i,n > 0 for every admissible pair 1 ≤ i ≤ n − 1, and for each
fixed i, the sequence n 7→ a⟨h⟩i,n is strictly increasing for n > i.

(ii) If h > γ2, then b⟨h⟩i,n > 0 for every admissible pair 1 ≤ i ≤ n − 1, and for each fixed i, the sequence
n 7→ b⟨h⟩i,n is strictly increasing for n > i.

Proof. Fix i, and write ri = a⟨h⟩i−1/(a
⟨h⟩
i ). By Lemma 4.9(i), ri < βh.

For Part (i),
a⟨h⟩i,i+1

a⟨h⟩i

= h − 4ri > h − 4βh = 2
√

h2 − 4 − h > 0

AIMS Mathematics Volume 11, Issue 11, 36870–36903.



36898

when h > γ1. Moreover,

a⟨h⟩i,i+2 − a⟨h⟩i,i+1

a⟨h⟩i

= (h2 − h − 1) − 4(h − 1)ri > (h2 − h − 1) − 4(h − 1)βh > 0,

where the last inequality is the defining property of γ1. Thus, a⟨h⟩i,i+2 > a⟨h⟩i,i+1 > 0. If Dn := a⟨h⟩i,n − a⟨h⟩i,n−1,
then the recurrence gives

Dn = (h − 2)a⟨h⟩i,n−1 + Dn−1.

Because h > 2, induction shows simultaneously that every a⟨h⟩i,n and every Dn is positive. Hence, a⟨h⟩i,n is
strictly increasing in n.

For Part (ii),
b⟨h⟩i,i+1

a⟨h⟩i

= h − 2ri > h − 2βh =
√

h2 − 4 > 0.

If h > γ2, then

b⟨h⟩i,i+2 − b⟨h⟩i,i+1

a⟨h⟩i

= (h2 − h − 1) − 2(h − 1)ri > (h2 − h − 1) − 2(h − 1)βh > 0.

The same difference recurrence,

b⟨h⟩i,n − b⟨h⟩i,n−1 = (h − 2)b⟨h⟩i,n−1 +
(
b⟨h⟩i,n−1 − b⟨h⟩i,n−2

)
,

then proves positivity and strict increase by induction. □

Proposition 4.11. For each fixed i ≥ 1:

(i) if h > γ1, then
a⟨h⟩i,n−1

a⟨h⟩i,n

−→ βh (n→ ∞);

(ii) if h > γ2, then
b⟨h⟩i,n−1

b⟨h⟩i,n

−→ βh (n→ ∞).

Proof. Fix i ≥ 1. In Case (i), let yn = a⟨h⟩i,n , and assume h > γ1; in Case (ii), let yn = b⟨h⟩i,n , and assume
h > γ2. Lemma 4.9(ii),(iv) and Proposition 4.10 give f (y) > 0 and 0 < yn−1 < yn for n ≥ i + 2. The
recurrence yields

f (y) = ynyn−2 − y2
n−1 > 0, r−1

n = h − rn−1 < h,

where rn := yn−1/yn, and n ≥ i + 3. Thus, rn decreases in (0, 1) and has a limit L ≥ 1/h > 0. Passing to
the limit gives L−1 = h − L. The roots of this equation are αh, βh; because L ≤ 1 < αh, we obtain L = βh

in both cases. □
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Define

wn :=

1, n even,
16, n odd,

w′n :=

1, n even,
4, n odd.

Let u0 := h, and u′0 := h. For n ≥ 1, set

un :=

a⟨h⟩n+1 − 4a⟨h⟩n−1, n even,
a⟨h⟩n , n odd,

u′n :=

a⟨h⟩n+1 − 2a⟨h⟩n−1, n even,
a⟨h⟩n , n odd.

Theorem 4.12. Assume that h > 2, and 1 ≤ i < n − 1. Then,

(i) Fa
i (h) = 3ui−1ui − wi;

(ii) Fb
i (h) = u′i−1u′i − w′i .

Proof. By Lemma 4.8,

Fa
i (h) = 4ha⟨h⟩i a⟨h⟩i−1 − (a⟨h⟩i )2 − 16(a⟨h⟩i−1)2, (4.3)

Fb
i (h) = 2ha⟨h⟩i a⟨h⟩i−1 − (a⟨h⟩i )2 − 4(a⟨h⟩i−1)2. (4.4)

We compare these expressions with the definitions of ui, u′i and use only the identity f (a⟨h⟩) = −1 from
Proposition 3.1(i). For i = 1, the same identity holds at index zero because a⟨h⟩

−1 = 0, and a⟨h⟩0 = 1.
For Part (i), suppose first that i is odd. Then, ui−1 = a⟨h⟩i − 4a⟨h⟩i−2, ui = a⟨h⟩i , and wi = 16. Subtracting

3ui−1ui − wi from (4.3) and using a⟨h⟩i = ha⟨h⟩i−1 − a⟨h⟩i−2 gives

Fa
i (h) −

(
3ui−1ui − wi

)
= 16

(
f (a⟨h⟩) + 1

)
= 0.

If i is even, then ui−1 = a⟨h⟩i−1, ui = a⟨h⟩i+1 − 4a⟨h⟩i−1, and wi = 1, and the same calculation gives

Fa
i (h) −

(
3ui−1ui − wi

)
= f (a⟨h⟩) + 1 = 0.

This proves (i).
For Part (ii), if i is odd, then u′i−1 = a⟨h⟩i − 2a⟨h⟩i−2, u′i = a⟨h⟩i , and w′i = 4. Equation (4.4) yields

Fb
i (h) −

(
u′i−1u′i − w′i

)
= 4

(
f (a⟨h⟩) + 1

)
= 0.

If i is even, then u′i−1 = a⟨h⟩i−1, u′i = a⟨h⟩i+1 − 2a⟨h⟩i−1, and w′i = 1, so

Fb
i (h) −

(
u′i−1u′i − w′i

)
= f (a⟨h⟩) + 1 = 0.

Hence, (ii) follows, as well. □

Remark 4.13. Regard a⟨h⟩n as a polynomial in the indeterminate h. If n is odd, its recurrence shows
inductively that h divides a⟨h⟩n . Hence, the products ui−1ui and u′i−1u′i occurring in Theorem 4.12 are
divisible by h2 in Z[h]. After specializing to an even integer value of h, Theorem 4.12 therefore implies
that Fa

i (h) and Fb
i (h) are congruent respectively to −wi and −w′i modulo 4; in particular, each is either

odd or divisible by 4.

Example 4.14. Recall that φ := (
√

5 − 1)/2. The special values h = 3 and h =
√

5 make the connection
with Fibonacci-type sequences particularly transparent.
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(i) For h = 3,
(a⟨3⟩n )n≥1 = 3, 8, 21, 55, 144, 377, 987, . . . , (Ex1)

which is (F4, F6, F8, . . .) (OEIS A001906, beginning at index 2) [16], and a⟨3⟩n−1/(a
⟨3⟩
n ) → φ2 as

n→ ∞.

(ii)

(b⟨3⟩n )n≥2 = 7, 18, 47, 123, 322, 843, 2207, 5778, . . . ,
b⟨3⟩n−1

b⟨3⟩n

→ φ2 (n→ ∞). (Ex2)

The sequence (b⟨3⟩n )n≥2 is OEIS A005248 beginning at index 2 [17], and

(d⟨3⟩n )n≥3 = 21, 54, 141, 369, 966, 2529, 6621, . . . ,
d⟨3⟩n−1

d⟨3⟩n

→ φ2 (n→ ∞). (Ex3)

(iii) The first values of the two-index invariant are

Fa
1(3), Fa

2(3), . . . = 11, 80, 551, 3779, 25904, 177551, 1216955, . . . , (Ex4)

and
Fa

i (3)
Fa

i+1(3)
−→ φ4 (i→ ∞).

(iv) For h =
√

5,

(a⟨
√

5⟩
n )n≥1 =

√
5, 4, 3

√
5, 11, 8

√
5, 29, 21

√
5, 76, . . . ,

a⟨
√

5⟩
n−1

a⟨
√

5⟩
n

→ φ (n→ ∞). (Ex5)

The odd and even subsequences satisfy

a⟨
√

5⟩
2n−3

a⟨
√

5⟩
2n−1

→ φ2 (n→ ∞),
a⟨
√

5⟩
2n−2

a⟨
√

5⟩
2n

→ φ2 (n→ ∞).

Moreover, Proposition 3.1 gives the exact identity
√

5 a⟨3⟩n = a⟨
√

5⟩
2n+1.

Because a⟨2⟩n = n + 1, the case h = 2 represents every positive integer through this determinant
sequence. The behavior changes for other values of h. For example, at h = 1, Theorem 3.12 leaves only
the indecomposable virtual positive semidefinite types A⟨1⟩1 and A⟨1⟩2 , whose determinants are 1 and 0,
respectively; hence, the positive integer 2 does not occur. This suggests the following problem.

Conjecture 4.15. For every positive integer h , 2, there exists a positive integer m such that det H , m
for every indecomposable virtual positive semidefinite h-Shuhan matrix H.

The first unexplored integral case beyond the classical normalization is h = 3.

Question 4.16. Classify the positive definite 3-Shuhan matrices.

AIMS Mathematics Volume 11, Issue 11, 36870–36903.
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5. Conclusions

We have classified indecomposable h-Shuhan matrices satisfying the three positivity conditions
for 0 ≤ h < 2. The reduction to finite Cartan type explains the virtual positive semidefinite cases,
whereas the symmetric-part spectral criterion yields the more restrictive generalized positive semidefinite
thresholds for nonsymmetric families. At h = 2, the classification is governed by finite and affine
Cartan types. For the associated determinant sequences, we have established recurrences, closed forms,
congruences for integral h, and identities involving Fibonacci-type sequences.

The classification for 0 ≤ h < 2 relies on the fixed integral off-diagonal entries and the common
diagonal parameter; it does not by itself classify positive definite h-Shuhan matrices for larger h. In
particular, the classification at h = 3 and the determinant-value problem formulated above remain open.
Investigating these questions, as well as possible extensions to less restrictive Cartan-type sign patterns,
provides directions for further work.
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Appendix

A. Reproducibility check for the polynomials b̂⟨h⟩n

The determinant polynomials in Proposition 3.10 can be reproduced exactly by the following
short SageMath script. This is included only as a verification aid; the proofs above use the
identity b̂⟨h⟩n = det(hIn − Jn) from (3.4) and do not depend on numerical experimentation.
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R.<h> = PolynomialRing(QQ)

def bhat(n):

M = matrix(R, n, n, 0)

for i in range(n):

M[i,i] = h

for i in range(n-1):

w = QQ(3)/2 if i == 0 else QQ(1)

M[i,i+1] = -w

M[i+1,i] = -w

return M.det()

for n in range(2,9):

p = bhat(n)

print(n, p)

print(max(r for r in p.roots(AA, multiplicities=False)))

For n = 8, this gives

b̂⟨h⟩8 = h8 −
33
4

h6 +
85
4

h4 −
35
2

h2 +
9
4
, µ8 ≈ 1.994839578989595.
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