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Abstract: Adaptive driving policies can increase information demand as their adoption changes
interactions between traffic roles. This study developed a deterministic mean-field evolutionary model of
adaptive and fixed policies in left-turning and straight-going connected autonomous vehicle populations,
coupled to an endogenous information-quality state. Market penetration is an external parameter, distinct
from the policy shares. The payoff coefficients represent aggregate behavioral and resource sensitivities
rather than a calibrated intersection game. We established positive invariance, characterized feasible
interior equilibria, and derived a relative-entropy sufficient condition for global asymptotic stability. A
Jacobian-based local criterion identified stable equilibria outside that sufficient region. Signed cross-role
interactions and a common monotone nonlinear information benefit were examined to clarify the scope of
the stability argument. Boundary linearization gave local invasion criteria and candidate policy invasion
thresholds. A synthetic parameter family linked small invasion rates to prolonged relaxation and algebraic
decay at the policy invasion threshold. Numerical experiments examined these mechanisms across
parameter variations, including cases beyond the global sufficient condition. Information recovery can
change equilibrium quality, whereas uniform scaling of the quality equation preserves equilibria while
altering transients. These results describe policy—information feedback in the specified model; traffic
calibration and independent safety evaluation are needed for engineering interpretation.
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Abbreviations

AV autonomous vehicle

CAV connected and automated vehicle
HV human-driven vehicle

SvO social value orientation

VANET vehicular ad hoc network

ODE ordinary differential equation
PDE partial differential equation

1. Introduction
1.1. Background and motivation

Connected and automated vehicles (CAVs) interact with human drivers, whose preferences vary.
At unprotected left-turn intersections, left-turning and straight-going vehicles have different passage
requirements, motivating role-specific policy payoffs. Li et al. [1] used social value orientation (SVO)
in a two-population evolutionary game to examine the implications of adaptive and fixed social
preferences. Their traffic-interaction setting motivates the role distinction considered here.

Policy performance also depends on information conditions. Lin and Chen [2] studied non-line-
of-sight radar perception at intersections; Lin and Wan [3] discussed the integration of intelligent
connected vehicle technologies; and Lin [4] incorporated communication quality and edge latency into
cooperative driving assessment. An adaptive policy may improve coordination payoffs while
increasing information exchange and computational demand. Motivated by these interactions, this
study introduces dynamic feedback between policy adoption and information quality to examine how
demand-induced depletion and quality recovery affect equilibria.

1.2. Research questions and scope

This study considers the relative shares of adaptive and fixed policies within left-turning and
straight-going CAV populations. Table 1 summarizes the notation used throughout the analysis. The
model is deterministic, well-mixed, and delay-free. SVO motivates the policy classes, which are
represented through aggregate payoffs; online preference estimation and trajectory planning are
outside the model.

The exogenous parameter p affects the payoff coefficients, whereas x, y, and q evolve. The
dimensionless state g summarizes information conditions relevant to policy payoffs. Following the
strategy—environment perspective of Weitz et al. [5] and Tilman et al. [6], and distinguishing it from
reward feedback with delay [7], the model examines interior coexistence, cross-role interactions,
information-resource feedback, and policy invasion.
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Table 1. Variables, parameters, and derived quantities.

Symbol  Definition Role in the analysis
p CAV market penetration Exogenous scenario parameter
Adaptive policy share within the left-turning CAV .
X P i policy g Endogenous evolutionary state
population
Adapti li hare within the straight-going CAV .
y daptlv_e policy share within the straight-going C Endogenous evolutionary state
population
- . . Endogenous state with
q Effective information quality g .
recovery and depletion
Qmax Quality upper bound without adaptive-policy load 0<@max <1
a; Baseline adaptive-minus-fixed payoff difference Real coefficient
. ign mplementari r
b; Cross-role marginal payoff effect Sig Ed. _co plementarity 0
competition
¢, d; Quality benefit and own-role adoption-cost sensitivities Positive coefficients
T, Y Quality depletion and recovery coefficients Positive rates
K; Policy adjustment rate Positive; affects transients
W Multiplier of the entire quality equation Positive response-speed factor
Ui Vi Conventional fixed-payoff intercept and cross effect Equation (3.1)
Ji Adaptive-minus-fixed mean payoff Equation (3.3)
D Determinant of the linear policy-equilibrium equations  Equation (3.7)
u;, v; Intercept and quality slope of equilibrium policy shares Equation (3.7)
A, B Coefficients of the scalar quality-equilibrium equation  Equation (3.7)
w; Weights matching information benefits to depletion w; = 17/¢;
S, A Policy dissipation matrix and four times its determinant Equations (3.10), (3.13)
G* Total quality relaxation coefficient at equilibrium y+rxt+rgy*
X, Y, Z Deviations from the interior equilibrium Section 3.4.1
B,V Bernoulli relative entropy and Lyapunov function Equation (3.11)
0;, H; Interior replicator pre-factors and cubic coefficients Equation (3.14); j = 1,2,3
hK Common quality-benefit function, shape scale, and Hill Proposition 3.2
exponent
Vi, V, Nonlinear-benefit and time-scaled Lyapunov functions  Equations (3.18), (3.25)
I;, A Boundary invasion payoff and linear growth rate A =K1,
Dei Candidate role-specific policy invasion threshold Zero of I;(p)
a;, Bi Slope and intercept of the affine invasion indicator Equation (3.23) only
ey, € Sampled full-state error and tolerance Equation (4.1)
T, T Sampled convergence time and observation horizon Equation (4.1)
5. 1 Distance from the synthetic threshold and spectral Section 4.5.3

relaxation scale
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Coupling a strategy evolution to another changing system’s property is an established
coevolutionary-game approach. Perc and Szolnoki [8] reviewed such feedback through interaction
networks, mobility, reputation, and other evolving attributes. Perc et al. [9] showed how structured
interactions and collective dynamics shape cooperation, while Jusup et al. [10] connected traffic,
cooperation, social networks, and intelligent machines within social physics. This broader literature
motivates examining policy adoption together with its information environment. The present
contribution is the equilibrium and stability analysis of a specific two-role recovery—depletion model;
it does not introduce coevolution itself or resolve the spatial and stochastic mechanisms studied in
those reviews.

Game-theoretic resource coordination also appears in energy systems. Cheng et al. [11] reviewed
urban-energy models for demand response, load management, and adaptive decision making, while
Wang et al. [12] reviewed evolutionary-game approaches to energy-storage coordination. Their
common concern is how incentives and resource constraints shape interacting agents’ decisions. These
reviews provide cross-domain context; the present contribution is an explicit stability analysis of two
policy populations coupled to an information-quality recovery—depletion state.

1.3. Objectives and main contributions

We propose a nonlinear ordinary differential equation model with three state variables. Its
principal contributions are as follows:

1) A three-state mean-field model links role-specific policy payoffs to information recovery

and adoption-induced depletion, with an explicit distinction between policy shares and market

penetration.

2) Positive invariance, equilibrium feasibility, global sufficient stability, and local Jacobian

stability are analyzed together, distinguishing a Lyapunov certificate from the larger region in

which an equilibrium may remain locally stable.

3) Signed cross-role interactions and common monotone nonlinear information benefits clarify

which features are essential to the Lyapunov argument. Uniform information-timescale scaling is

treated as a corollary of that construction.

4)  Synthetic numerical experiments examine parameter dependence and dynamics outside the

global sufficient condition. Near a constructed policy invasion threshold, local analysis relates

long transients to vanishing linear relaxation rates and nonlinear decay at criticality.

The model provides a theoretical account of policy adoption with information feedback. Its
stability statements concern dynamical convergence and do not assert evolutionary stability or social-
welfare optimality.

1.4. Organization of the paper
Section 2 reviews the related literature and positions the study. Section 3 develops the model and

stability theorems, Section 4 presents numerical validation, and Section 5 summarizes the conclusions
and directions for future research.
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2. Related literature
2.1. Autonomous driving interactions and social value orientation

Schwarting et al. [13] incorporated SVO into behavioral inference and planning to represent how
drivers weigh their own interests against those of others. A sociality probe, proposed by Liu et al. [14],
uses game-theoretic inverse reinforcement learning to estimate individual and group payoff weights
from interaction trajectories. These approaches provide interpretable representations and estimation
methods for social preferences. Policy diffusion under information resource constraints, however,
requires a separate evolutionary model.

Jusup et al. [10] placed traffic, cooperation, and human-machine interactions within a broader
social-physics framework. This perspective motivates connecting policy adoption to its information
environment, while the individual preference weights remain inputs to the aggregate utility
representation.

Li et al. [1] connected traffic-role interactions, SVO-based payoffs, and evolutionary adoption.
Their evolutionary shares describe AV/HV adoption within each traffic role. We retain the left-
turn/straight-going role distinction and the idea that a policy’s relative payoff depends on the
interacting population. Here, however, x and y describe adaptive-policy shares within CAV
populations, market penetration p is prescribed, and information quality g is an additional dynamic
state. The present coefficients are not mapped one to one to their calibrated payoffs, and no reduction
to their calibrated payoff system is established by fixing g. This is a conceptually motivated
formulation rather than a formally nested extension; neither x nor y is an individual SVO angle.

2.2. Vehicular-network cooperation, perception, and edge computing

The editorial by Lin and Wan [3] provides background on the integration of perception,
communication, and automation. Lin and Chen [2] studied around-the-corner non-line-of-sight
perception at intersections using deep learning and frequency-modulated continuous-wave radar.
Shivshankar and Jamalipour [15] applied evolutionary game theory to cooperation in vehicular ad hoc
networks (VANETS) under different network conditions, linking those conditions to cooperation
incentives.

Lin’s [4] tail-risk allocation framework incorporates age of information, perception confidence,
and edge latency into cooperative-driving assessment. These studies motivate a payoff dependence on
information conditions. In the present formulation, g enters an aggregate payoff difference and is not
itself a collision-risk or fairness measure.

2.3. Mixed-traffic stability and critical penetration

Ma et al. [16] analyzed string stability and the fundamental diagram of mixed traffic, while Chou
etal. [17] examined the relationship between ring-road stability and the string stability of car-following
models. Lin [18] incorporated anticipative headway adjustment and cooperative velocity-difference
damping into an optimal-velocity model. Under the baseline parameters of that study, the critical
penetration levels were approximately 0.173 for the long-wave approximation and 0.171 for the
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finite ring system. Liard et al. [19] used a coupled PDE-ODE model to describe traffic flow and
autonomous vehicle control.

These studies concern perturbations in velocity, headway, or density. The present analysis instead
asks whether a rare policy can grow and whether policy shares and information quality return to
equilibrium after perturbation. Its policy invasion thresholds arise from payoff differences near a
boundary equilibrium and are conceptually distinct from traffic-wave stability thresholds.

2.4. Evolutionary games with environmental and resource feedback

The review by Perc and Szolnoki [8] places simultaneous evolution of strategies and other system
properties within the established coevolutionary-game literature. Weitz et al. [5] and Tilman et al. [6]
subsequently examined explicit strategy—environment feedback, while De Leenheer et al. [20] studied
resource use and cooperation in a chemostat. In the present model, the coevolving property is shared
information quality: adaptive-policy demand reduces it, recovery restores it, and its current value
changes relative policy payoffs. The specific recovery—depletion law and matched benefit—load
weights make the equilibrium characterization and Lyapunov cancellation analytically tractable.

Gong et al. [7] and Wang and Meng [21] analyzed cooperation dynamics with reward feedback
and delay. Liu and Hu [22] studied logit dynamics and reverse-cyclic mutations in an asymmetric
three-player, three-strategy game. The present model retains two policies per role to obtain verifiable
stability conditions. Information response speed adjusts the current rate of change, whereas a delay
introduces dependence on past states. The response-speed analysis therefore does not establish delay-
induced Hopf bifurcations.

2.5. Spatial structure, finite populations, and adaptive interaction networks

Perc et al. [9] reviewed how spatial organization, group interactions, and self-organization influence
cooperation. Ohtsuki and Nowak [23] studied replicator dynamics on graphs; Madeo et al. [24] analyzed
self-loops and link removal; and Bratus et al. [25] examined explicit spatial structure and global
regulation. Such formulations make interaction structure explicit, whereas the present mean-field model
summarizes its effects through role-specific payoff and load coefficients.

Traulsen et al. [26] analyzed stochastic invasion and fixation in finite populations. Fontanari [27]
showed that demographic noise can make deterministic coexistence metastable in collective-risk
games. These findings motivate future comparisons between the present deterministic equilibria and
finite-fleet policy dynamics.

Mohd and Park [28] studied environmental effects on cyclic competition, and Park and Jang [29]
analyzed the structural stability of coexistence. Du et al. [30] considered reinforcement learning—
driven adaptive networks, while Choi et al. [31] examined recognition error. These mechanisms
suggest extensions beyond the role heterogeneity represented by the present coefficients.

2.6. Synthesis and positioning of the study
Table 2 summarizes the relevant approaches and the scope of the present study.
The proposed model combines two policy-adoption states with information recovery and

depletion, allowing equilibrium feasibility, global sufficient stability, local stability, and boundary
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invasion to be compared within one formulation. Habib [32] studied the use of transient dynamics near
saddle-node bifurcations. Here, the relevant relaxation rates and critical decay are derived from the
present equations, without assuming that its policy invasion threshold is a saddle-node bifurcation.

Table 2. Related research and the scope of the present study.

Research area References  Existing basis Treatment in this study

.SVO a.nd driving [1,10,13,14] Preference mfejrence and Policy adoption within CAV populations
interactions strategy evolution

Mixed-traffic Headway, velocity, and _. .. . . .

. 16-1 . . Distinction of pol n n threshol
stability [16-19] density perturbations Istinction of policy invasion thresholds
Vehicular )
networks and Perception,

i [2-4,15] communication, and Quality links payoffs and load
cooperative .

: cooperation
perception
Environmental and Strategy—environment

[5-8,20] Two-role recovery—depletion model

resource feedback coevolution

Delay and multiple
strategies

Update rules and

[21.22] bifurcation

Theorems restricted to two policies

Spatial  structure
and finite [9,23-27]
populations

Network and stochastic Limits on extrapolation from mean-field
effects results

Heterogeneity and
adaptive networks

Coexistence, recognition,

. Role differences and future extensions
and network adaptation

[28-31]

3. Theoretical framework and mathematical model
3.1. Conventional approaches and their limitations

In a two-population evolutionary game with fixed payoffs, policy shares change according to their
payoff advantage over the population mean. For policy shares x, y, a standard form is

x=x(1—x)(u, +vpy), y =y —y)(us + vsx). (3.1)

In Eq (3.1), the constants y;, v; are determined by the fixed payoff matrices. This standard two-
population structure represents evolution driven by relative payoffs. The traffic-role interpretation is
motivated by Li et al. [1], while the additional information state introduced below makes policy payoffs
depend on the recovery and depletion of information resources.
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Evolutionary games with environmental feedback already couple strategies to an evolving
environment [5,6], and reward feedback with delay has also been studied [7]. The present formulation
combines two traffic-role policy populations with an aggregate information state in a structure that
permits explicit equilibrium and stability analysis.

3.2. Coupled model of policy payoffs and information quality
3.2.1.  States and payoff structure

Consider left-turning and straight-going roles, denoted by L and S. Each CAV population uses
an adaptive policy A or a fixed policy F, with adaptive shares x and y, respectively. Effective
information quality is g, with unloaded upper bound g,,.x. Market penetration p is an exogenous
scenario parameter. Adaptive means adjustment to the interacting population; it does not imply
aggressive passage behavior.

With rows and columns ordered as adaptive and fixed policies, the role-specific relative payoff
matrices are

_(a,+b,+cq—d;x a,+cq—d.x
as+ bs+cqg—d as+coqg—d '
(v, q) =(s S Osq sy Qs sg s)’)_

The rows of Eq (3.2) represent the focal policies and the columns the other role’s policies.
Subtracting the fixed-policy payoff separately in each column preserves the relative payoffs and
replicator dynamics, so its zero entries are a normalization. The intercept a; represents the adaptive-
minus-fixed payoff difference at the zero-state reference. The coefficient b; measures how adoption
in the other role changes that difference: a positive value describes complementarity, while a negative
value describes competition. The coefficient ¢; measures the relative benefit of information quality,
and d; describes the marginal adoption-dependent cost within the focal role. Averaging over the other
population gives

9.(x,y,q) =a, + by +c,q—dpx,

3.3
9s(x,y,q) = a5 + bsx + csq — dgy. (33)

Equation (3.3) is an affine aggregate payoff model. A possible calibration would first define a
common utility scale using prespecified weights for travel time, comfort, risk, and social outcomes.
Controlled experiments or microscopic simulations could then compare adaptive and fixed policies
while varying the opponent-policy share, information quality, and focal adoption share. Regression
of these utility differences would estimate a;, b;, c¢;, and d;; separate information-load
measurements would inform the quality equation. Independent variation is necessary to distinguish
correlated effects, and the utility scale and policy-update time scale must be fixed for identification.
This is an estimation route, not a derivation from a calibrated SVO game; the present experiments
use synthetic coefficients.

AIMS Mathematics Volume 11, Issue 11, 36835-36869.
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3.2.2. Evolutionary equations and parameter conditions

Policy shares follow two-strategy replicator dynamics. Information quality recovers toward .«
at rate y and is depleted by demand associated with adaptive policies in both roles, yielding

x =k x(1—x)(a,+by+cq—dyx),
y = ksy(1 —y)(as + bsx + csq — dsy), (3.4)
q =¥ (@max — O — q(r,x + 15Y).

In Eq (3.4), x; controls policy adjustment, and r; controls quality depletion. The direct costs
d,x and dgy represent adoption-dependent burdens that remain when information quality is held
fixed, such as additional maneuver effort, negotiation overhead, or onboard energy expenditure. In
contrast, q(r,x + rsy) represents the deterioration of the shared information state as adaptive-policy
demand increases; that deterioration affects relative payoffs through c;q. Thus, one pathway acts on
utility at a given quality, while the other changes quality over time.

This separation must also be enforced in calibration. For example, if congestion-induced
message delay is represented through the quality index, its resulting utility loss must not also be
included in d;. The direct-cost coefficient should be fitted from the residual dependence on focal
adoption after controlling or experimentally holding g fixed, while r; should be fitted to
independently measured quality dynamics. A measured burden can enter both pathways only when
separately identified consequences are modeled, such as energy expenditure at fixed quality and a
separately measured loss of information freshness. Without such separation, the two effects may be
confounded and should not be interpreted as independently calibrated mechanisms. Table 3 lists
candidate measurements; it does not assign empirical values to the coefficients. Time and quality are
dimensionless after normalization, and q is not identified directly with any single network or
perception metric.

Unless otherwise stated, the linear-quality model satisfies

K;, ¢, d;, 15,y >0, a;, b; € R, 0<@max <1, i €{L,S} (3.5)

Positive b; describes cross-role complementarity, whereas negative b; describes a reduction in the
adaptive policy’s relative payoff when its counterpart becomes more prevalent. Neither sign identifies
the policy as aggressive or yielding. Improved quality is assumed to favor adaptation through c; > 0.
The equilibrium theorem below explicitly imposes its additional determinant and monotonicity
conditions; signed interactions alone imply neither instability nor oscillation.
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Table 3. Candidate observables for interpreting and calibrating the aggregate model.

Quantity  Model meaning

Possible observation or calibration contrast

Effective information quality

A prespecified index of task success, or a validated
combination of message freshness and perception

> qmax and unloaded upper bound  accuracy, normalized to [0,1]; low-load tests constrain its
upper bound.
. . Adaptive-minus-fixed utility contrasts using fixed travel-
Baseline policy advantage . i ; )
a;, b; . . time, comfort, risk, and social weights; vary the opponent
and cross-role interaction . .
share at matched quality and focal adoption.
c Utility sensitivity to Utility changes when quality is varied while the two
' information quality policy shares are controlled.
. i Energy expenditure or maneuver effort converted to the
Direct adoption-dependent 9y p_ . . .
d; . common utility scale, conditional on focal adoption at
utility burden . . A .
fixed quality; exclude quality-mediated losses.
. Adoption-induced  quality Quality-rate changes under independently varied role-
' depletion specific load at matched quality and recovery conditions.
. Recovery trajectory toward g, after adaptive-policy
uality recovery rate :
4 Q y y load is removed or controlled.
. . Policy-share response to measured payoff differences
K; Policy adjustment rate y P pay

after fixing the utility scale and time unit.

Note: Candidate measurements require an explicit quality-index definition and utility normalization; no mapping to a specific packet,
latency, or perception measure is assumed. The multiplier w scales both recovery and depletion and is a scenario response-speed factor,

not an independently identifiable rate when y and r; are free.
3.3. Well-posedness and the interior equilibrium

3.3.1. Existence of solutions and positive invariance

Theorem 3.1. (Existence, uniqueness, and positive invariance) Under Eq (3.5), Eq (3.4) has a
unique global solution for every initial state (xg,q,q0) € 2 = [0,1]% X [0, gmax] , and 02 is
positively invariant. If 0 < x,,y, <1, then 0 < x(t),y(t) <1 at every finite time. Moreover,
information quality satisfies

Q(t) = Qmin + (qO - qmin)e_(y+rL+rS)t'
Ydmax
]/+T'L+T'S

(3.6)

qmin =

Proof. The right-hand side is polynomial and hence locally Lipschitz, so a unique local solution exists.
On x=0,1 or y = 0,1, the corresponding policy derivative vanishes. At the quality boundaries,
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dlg=0 = Yqmax > 0 and qlg=q,... = —qmax(rLx +75y) < 0. The vector field, therefore, does not
point outside (2. The solution remains in this compact set and extends to all t > 0.
For interior policy states, %logé = k.91, Whose right-hand side is bounded on 2. The log-

odds cannot diverge in finite time, ruling out finite-time arrival of x at 0 or 1; the same argument
applies to y. Finally, ¢ = yqmax — (¥ + 1, + 15)q. Comparison with the linear equation having the
same initial value yields Eq (3.6). This bound also ensures that, even when g, = 0, q(t) > 0 for all
t > 0. QED.

3.3.2. Existence and uniqueness of the interior equilibrium

Define
dsap+bras dscp+bycs
D =dids=bibs, w ="—0=—, v ="
bSaL+dLa5 bSCL+dLCS
ug = surdies o, - bsatdics (3.7)
D D
A =nrv, + 1505, B =y +ru;+rsus.

Theorem 3.2. (Existence and uniqueness of the interior equilibrium) Under Eq (3.5), suppose that
D >0 and A > 0 in Eq (3.7). The only possible interior equilibrium of Eq (3.4) is

C[* _ —B++/B2+4AYqmax

B 24 ’ (3.8)
x*=u +v.q°, v =ug + vsq”.
This equilibrium exists if and only if
0<x*<1, 0<y <1; in this case, Guin < ¢° < Imax- (3.9

Proof. An interior policy equilibrium requires d;x — b,y = a; + c;,q and —bsx + dsy = ag + c5q.
Since D > 0, the policy equations have the unique solution x =u; +v;q and y = ug + vgq.
Substitution into the quality equation gives Aq? + Bq — Yqmax = 0. Under the explicit assumption
A > 0, its roots have opposite signs, so Eq (3.8) is its unique positive root. For nonnegative cross-role
coefficients, D > 0 already implies v;,vs > 0 and hence A > 0; signed coefficients require the
additional check.

A positive quality root alone does not ensure feasible policy shares; Eq (3.9) must still be checked.
If both shares lie strictly between O and 1, then q* = yqmax/(y + 1.x* + 15y ™) directly gives qpin <
q" < qmax- Conversely, every interior equilibrium must satisfy the unique solution above and the
policy feasibility conditions. The result follows. QED.

3.4. Global and local stability
3.4.1. A sufficient condition for global convergence

Let

AIMS Mathematics Volume 11, Issue 11, 36835-36869.



36846

_TL _Ts
wp =—, Wg = —,

cL cs (3.10)
A= 4WLWSdeS - (WLbL + sts)z > 0.

Theorem 3.3. (A sufficient condition for global stability) Under Eq (3.5), if a feasible interior
equilibrium exists and Eq (3.10) holds, every solution with (x,,Vo,qo) € (0,1)? X (0, ¢rmax]
converges to it. The equilibrium is globally asymptotically stable relative to this domain, including
signed cross-role coefficients.

Proof. Define the Bernoulli relative entropy and the Lyapunov function

B(z*||z) = Z*logz;* +(1- Z*)logll%zz*,
V(y @) = BECIx) +Z B ly) (3.11)
+q—q* — q*log%.

Each term in Eq (3.11) is nonnegative, and their sum vanishes only at the equilibrium. Write X =
x—x",Y=y—y*and Z =q —q". Since 0,B(z*||z) = (z—z*)/[z(1 — z)], the derivative of the
left-turning policy term is w, X(—d, X + b, Y + ¢, Z), and that of the straight-going policy term is
wgY (—dsY + bsX + c5Z).

Let G* =y + 1 x" +15y" = yqmax/q"- The quality equation can be rewritten as ¢ = —G*Z —
q(r,X + rgY). Hence, the derivative of the quality term is (Z/q)q = —(G*/q)Z? — r, XZ — Y Z.
Using w;c; = r;, the cross terms between policies and quality cancel exactly, giving

V = —WLdLX2 - Wsdsyz + (WLbL + sts)XY - %Zz- (312)

The matrix of the policy quadratic form in Eq (3.12) is

g = ( wid, —(wpb, + sts)/z)

3.13
—(wpb, + wshs) /2 wsds (3.13)

The diagonal entries in Eq (3.13) are positive and its determinant is 4/4 > 0, so S is positive
definite. Thus, V < 0 at every nonequilibrium state. As x or y approachesOor1,oras gl 0, V -
oo, Together with q < qmax, this implies that the sublevel set of V' containing the trajectory from any
admissible initial state is compact, positively invariant, and bounded away from those boundaries. By
LaSalle’s invariance principle, the trajectory converges to the unique equilibrium at which V = 0. The
positive definiteness of V' also establishes Lyapunov stability. QED.

The signed-interaction extension preserves this proof. Indeed, (w, b, + wsbg)? — 4w, wsb, bs =
(w,b, —wsbg)? >0, so 4> 0 implies D > 0. To see that it also implies A > 0, define M =

d, -—b,
<—bs ds
(WM + M™W,) /2. Since Wyc = (r,75)", A = (Mv)"W,v = v'Sv > 0. Thus, the global condition
supplies both assumptions of Theorem 3.2, but feasibility in Eq (3.9) must still be checked. Failure of
A > 0 leaves stability undecided.

The global result is restricted to states in which both policies are initially present. The invariant
boundaries x = 0,1 or y = 0,1 are excluded. Moreover, asymptotic stability of the dynamical system

), W, = diag(wy, ws), ¢ = (c;,cg)T, and v = M~1c. The matrix in Eq (3.13) is S =
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does not directly imply an evolutionarily stable strategy, optimal social welfare, or a traffic safety
guarantee.

3.4.2. Local stability beyond the sufficient condition

Proposition 3.1. (Interior linearization) At any feasible interior equilibrium, set o, = kK, x*(1 — x*),
os = Ksy*(1—y*),and G* =y + r,x* + rgy*. The Jacobian and its characteristic polynomial are

—opd, oLb, o,
JF = < Osbs —0sdg USCS>;
—q'n, —q'rs —G*
det(Al —J*) =A%+ H;A* + H,A + Hs.

(3.14)

H1 = O-LdL + Usds + G*,
Hz = O'Lo'sD + G*(O-LdL + Gsds) + q*(O'LCLrL + O'5C57"5), (315)
H; = 0,05G*D + g,05q 1 (dsc;, + bycs) + 0,05q"15(bscy, + djcs).

Direct differentiation gives Eq (3.14); the coefficients in Eq (3.15) follow from the trace, principal
minors, and determinant. The Routh—Hurwitz criterion states that all eigenvalues have negative real
parts if and only if

H,>0, H,>0, Hy;>0, HH,> H,. (3.16)

Hence, Eq (3.16) is an exact test of whether the linearization is Hurwitz and guarantees local
exponential stability. A positive-real-part eigenvalue implies instability. A zero eigenvalue or a purely
imaginary pair requires higher-order analysis. In particular, H;H, = H5 with Hy, H,, H; > 0 yields
the factorization (1 + H;)(A? + H,) but establishes only a candidate Hopf point: Transversality and
nonlinear nondegeneracy must also be verified. These tests remain applicable when 4 < 0 and, for a
known feasible equilibrium, do not require D > 0 or A > 0.

At a boundary equilibrium, the general Jacobian has diagonal policy entries x;[(1 — 2x)g, —
d;x(1—x)] and xg[(1 — 2y)gs — dsy(1 — y)]; its off-diagonal entries follow directly from Eq (3.4).
These entries, rather than the interior simplification, are used for the edge equilibria in Section 4.6. At

a policy corner (&,7) € {0,1}?, den = Yqmax/(y +1.§ +75m) and the eigenvalues reduce to
k(1 —28)g,, ks(1 —2n)gs, and —(y + r.& + rsn), evaluated at that corner. Zero eigenvalues
require nonlinear analysis.

3.4.3. Common nonlinear information benefits

Proposition 3.2. (Monotone nonlinear quality benefits) Replace c¢;q,csq in Eq (3.3) by
c.h(q), csh(q), where the same continuously differentiable, strictly increasing function h is used for
both roles. Normalize h(0) = 0 and h(qmax) = 9max- |f @ feasible interior equilibrium exists and
A > 0, it is globally asymptotically stable relative to the interior policy domain. Its quality solves

q*[B + Ah(@")] = Yqmax X" =u, + v h(q"),y" = us + vsh(q"). (3.17)
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There is at most one feasible solution because 4 > 0 implies D > 0,4 > 0, while ygnax/q 1S
strictly decreasing and B + Ah(q) is strictly increasing for g > 0. Feasibility still requires 0 <
x*,y* < 1. For the stability proof, replace the quality term of Eq (3.11) by

* * h( )_h( *)
Vi = EBQ ) + 2B ly) + [ = ds. (3.18)

Strict monotonicity makes the integral positive away from g* and divergentas g { 0. With X = x —
x* and Y = y — y*, differentiation cancels the policy—quality cross terms exactly and gives

h=-& ns(})-<@- @ - h@)] (3.19)

Both terms are strictly dissipative away from equilibrium under 4 > 0. The compact-sublevel and
invariance argument from Theorem 3.3 proves convergence and stability. This extension covers
smooth saturation and smooth threshold-like benefits, for example,

q(K+qmax)
hsat(CI) = Tqa,

(3.20)

n n n

hthr(Q) = qmaXK:_-kqn%’ K> 0, nz=2.

The normalization fixes the benefit at maximum quality, permitting comparisons that isolate

response shape. A steep smooth threshold represents a rapid deterioration of relative benefit below an

information-quality range, without prescribing a universal safety cutoff. Role-specific response

functions and discontinuous hard thresholds are outside this proof because the cancellation or

smoothness argument no longer follows. Numerical illustrations below distinguish this theorem from
behavior outside its sufficient region.

3.5. Boundary invasion and policy invasion thresholds

At the all-fixed-policy equilibrium, define the role-specific invasion payoff indicators by

Ego = (0,0, Qmax)' I, = a, + ¢, qmax Is = ag + Csqmax- (3-21)

Theorem 3.4. (Invasion conditions at the all-fixed-policy equilibrium) For Eq (3.21), if I, < 0 and
Is < 0, then E,, is locally asymptotically stable. If at least one I; > 0, then E, is unstable, and a
rare adaptive policy in that role has a positive linear invasion growth rate. If both indicators are
nonpositive and at least one is zero, linearization alone cannot determine nonlinear stability.

Proof. At E,, the Jacobian and its eigenvalues are

K.l 0 0
](EOO) = ( 0 KSIS O >' (3 22)
“Qmax’L, —YGmax’s VY '
M=K, Ay =kKsls, A3 =-—V.

The matrix in Eq (3.22) is lower triangular, so its eigenvalues are its diagonal entries. If all
eigenvalues are negative, the equilibrium is locally asymptotically stable. If any invasion eigenvalue
is positive, perturbations grow along the corresponding feasible policy direction and the equilibrium
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is unstable. If there is a zero eigenvalue but no positive eigenvalue, further nonlinear analysis is
required. QED.

For a specified dependence on external penetration p, the general indicator is I;(p) = a;(p) +
¢ (p)qmax(p), and the corresponding linear invasion growth rate is A;(p) = k;I;(p). A zeroof I; isa
candidate policy invasion threshold,; its location, feasibility in 0 < p < 1, and signs on both sides must
be checked. Multiple roots and roots without a sign change are possible. The affine case is the special
form

I;(p) = a;p + B;, Pei = —=, a; # 0. (3.23)

Equation (3.23) identifies a threshold in the mixed-traffic interval only when 0 <p,; < 1. For
a; > 0, invasion is possible above this value, whereas a; < 0 reverses the direction. Both negative
indicators guarantee local exponential stability of the all-fixed-policy equilibrium; a positive indicator
implies instability, whereas zero indicators require nonlinear analysis. A positive indicator describes
the growth of a rare policy near this boundary and does not by itself prove interior coexistence from
arbitrary initial states. These thresholds concern within-CAV policy adoption; they do not measure
traffic-wave stability or safe deployment penetration.

3.6. Corollary on the information response timescale

To distinguish quality recovery capacity from information response speed, keep the policy
equations unchanged and multiply the quality equation by a positive factor w:

q = o[y(@max — 9) — q(r.x + 15y)], w > 0. (3.24)

Corollary 3.1. (Positive scaling of the quality equation) For each fixed w > 0, Eq (3.24) leaves all
equilibria unchanged and preserves the global conclusion of Theorem 3.3.

Proof. The zeros of the quality equation are unchanged by multiplication by a positive constant.
Keeping w; = r;/c; defined using the original coefficients, use

Vo, y,q) = :—LLB(x*”x) + :—573()’*”3’) +%(q —q" - q*log%). (3.25)

The factor 1/w in Eq (3.25) cancels w when the quality term is differentiated, leaving Eq (3.12)
unchanged. The positive-definiteness and compact-sublevel arguments therefore apply for each fixed
positive w. QED. This corollary concerns the sufficient global stability region; outside that region, the
local Jacobian must be checked with its third row multiplied by w. Neither the corollary nor
equilibrium preservation implies a monotonic change in convergence time. The adjustment rates k;
likewise cancel from the Lyapunov criterion but remain in the Jacobian and transient dynamics.

The results concern the deterministic, delay-free, mean-field equations under the stated
hypotheses. Section 4 tests their numerical consequences, the conservatism of the global sufficient
condition, and the dependence of transient behavior on parameters. Empirical calibration and structural
extensions are discussed in Section 5.
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4. Numerical experiments and model verification

All experiments use synthetic, dimensionless parameters. The baseline calculations verify
analytical equilibria and the Lyapunov identity; additional experiments examine parameter
dependence, nonlinear information benefits, and dynamics outside the global sufficient region. The
results concern policy adoption within each CAV role, with market penetration prescribed externally.

4.1. Experimental settings and numerical methods

Table 4 gives the baseline and asymmetric-role coefficients. The original linear-benefit
experiments use Eq (3.4); the common-benefit extension uses Proposition 3.2. The original output
intervals are 0.05 for general experiments and 0.5 for penetration scenarios. Additional signed-
interaction, mechanism, and critical experiments are specified in Sections 4.6-4.9. All times are
dimensionless evolutionary times.

Table 4. Parameters for the baseline and asymmetric-role experiments.

Parameter Interpretation Baseline Asymmetric roles
a, g Baseline payoff differences (0.05, 0.05) (0.08, 0.02)

b;, bs Cross-role payoff coefficients (0.20, 0.20) (0.30, 0.10)

Cy, Cs Information-benefit coefficients (0.50, 0.50) (0.60, 0.40)
d;,dg Policy-adoption cost coefficients (2.00, 2.00) (2.00, 1.80)

1, Ts Quality-depletion coefficients (0.50, 0.50) (0.70, 0.30)

Ky, Ks Policy-update rates (1.00, 1.00) (1.00, 0.70)

y Information-recovery rate 1.00 1.00

Qmax Quality level without additional load 1.00 1.00

The primary solver is the eighth-order DOP853 method, with relative and absolute tolerances
of 1071% and 10712, respectively, and a maximum internal step size of 0.5. The 75 baseline initial
conditions are additionally checked using RK45, with relative and absolute tolerances of 10712
and 1071* and the same maximum step size of 0.5. These tolerances control local error estimates and
do not provide an upper bound on the true error of an entire trajectory. The output sampling interval is
also distinct from the solver’s internal step size. No state clipping or projection is applied during
integration.

Let z = (x,y,q)". The sampled error and sampled convergence time are defined relative to the
analytical equilibrium z* of each scenario as

ex =l z(tx) — 2" lloo, e=10¢,

T, = min{ty:e; < eforall j =k, ..., N}. (4.1)

Equation (4.1) applies only to the observation interval 0 < t,, < T; an empty set is reported as
“not reached”. This measure identifies the first sample at which the error meets the tolerance and
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remains within it at every subsequent observed sample. It is not the exact continuous-time instant of
permanent entry into the tolerance region. Convergence for the fixed-quality two-state control is
evaluated using (x,y) only; the other experiments use all three states.

The computational environment is Python 3.12.14 with NumPy 2.3.5 and SciPy 1.17.0. The
trajectory suite contains 90 original experiments, 137 signed-interaction, mechanism, and critical
experiments, and 192 joint-parameter experiments, giving 419 primary integrations. The 80
independent solver checks comprise 75 baseline RK45 checks, three critical checks, and two joint-
parameter Radau checks. Analytical equilibrium and eigenvalue evaluations are counted separately.
Repeated deterministic integrations are not used to construct stochastic sampling confidence intervals.

All figures are drawn from the original trajectories. Points with errors below 1072 are omitted
from error plots, and policy shares below 10~¢ are omitted from the penetration-dependent policy-
evolution plot. These omissions affect visualization only: values are not replaced by a horizontal floor,
and the calculation in Eq (4.1) is unchanged.

4.2. Convergence from multiple initial conditions and agreement with the analytical equilibrium

The baseline analytical equilibrium is z* = (0.25,0.25,0.80) . The choices x,,y, €
{0.01,0.10,0.50,0.90,0.99} and q, € {0.10,0.50,1.00} yield 75 initial conditions, each integrated to
T = 100. Figure 1 shows the policy shares of both roles, information quality, and equilibrium error;
the main transient is displayed over 0 < t < 60. Table 5 summarizes the corresponding numerical
checks.

Table 5. Numerical consistency checks for the baseline model.

Check Result

Initial conditions reaching £ = 107 75/75

Range of sampled convergence times 27.40-35.95
Maximum terminal equilibrium error 2.220 x 10716

Maximum sampled difference between DOP853 and RK45 1.138 x 107°
Maximum violation of the state bounds 0

Maximum discrepancy in the Lyapunov derivative identity 8.882 x 1071¢

For the baseline coefficients, w; = r;/c; =1 and 4 = 15.84 > 0. The Lyapunov derivative is
checked independently by taking the inner product of its gradient with the vector field. All 75 initial
conditions reach the prescribed tolerance, consistently with the global stability result; Table 5 reports
the associated numerical discrepancies.

The solver comparison in Table 5 concerns the 75 baseline cases. The interior convergence
theorem applies to 0 < x,,y, < 1 and g, > 0; policy-share boundaries at 0 and 1 are invariant and
are treated separately.
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Figure 1. Baseline results for 75 initial conditions. (a) Left-turn policy share; (b) straight-
going policy share; (c) effective information quality; (d) maximum-norm error relative to
the analytical equilibrium. Gray curves represent all initial conditions, and the colored
curves identify the same three representative initial conditions across panels. Horizontal
dashed lines in (a—c) indicate the corresponding equilibrium values; the dashed line in (d)
marks the 1076 error tolerance. Integration continues to T = 100, whereas the displayed
interval ends at 60. Points below 10~° are omitted in (d).

4.3. Asymmetry between left-turn and straight-going roles

AIMS Mathematics

Using the asymmetric coefficients in Table 4, the initial state (x,, v, o) = (0.10,0.90,0.20) is
integrated to T = 150. Figure 2(a) shows the two roles approaching different policy shares. Figure 2(b)
projects the same three-dimensional trajectory onto the (x,y) plane. The equilibrium and
convergence results are given in Table 6.
The left-turn share is larger in this specified asymmetric case. Because several coefficients change
together, the example illustrates a combined role difference. Section 4.7 isolates payoff asymmetry
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while holding the other coefficients fixed and then compares information mechanisms across three

parameter backgrounds.
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Figure 2. Asymmetric-role scenario. (a) Time histories of the left-turn share, straight-
going share, and information quality, with dashed lines indicating their analytical
equilibria. (b) Projection of the same three-dimensional trajectory onto the policy plane;
the open circle marks the initial state, the star marks the equilibrium, and the arrows
indicate increasing time. Panel (a) displays the interval up to 100, although integration
continues to 150. Panel (b) is neither a complete phase-plane vector field nor a basin of

attraction.

Table 6. Equilibrium and convergence results for asymmetric roles.

Quantity Result
Equilibrium left-turn share x* 0.305709
Equilibrium straight-going share y* 0.202425
Equilibrium quality q* 0.784484
Sampled convergence time T, 59.05
Maximum terminal equilibrium error 3.192 x 10715
Stability-condition margin 4 12.419375

4.4. Information-recovery capacity, response speed, and endogenous feedback

4.4.1.

Information-recovery capacity

Keeping the other baseline coefficients unchanged, we set y € {0.25,1,4} and integrate each case
from (0.10,0.90,0.20) to T = 150. Figure 3 compares the policy and quality trajectories, and Table 7
reports the long-run equilibria and sampled convergence times.
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Figure 3. Results for different information-recovery rates. (a) Left-turn shares x are
shown by solid curves and straight-going shares y by dashed curves; matching colors
indicate the same y. (b) Quality trajectories for the three recovery rates. All cases use the
same initial state and are integrated to 150, with the displayed interval ending at 60.
Changing y alone changes both the equilibrium and the transient.

Table 7. Equilibrium and convergence results for different information-recovery rates.

14 xt =y q’ T,

0.25 0.186772 0.572381 37.50
1.00 0.250000 0.800000 31.15
4.00 0.286962 0.933062 30.20

Increasing y from 0.25 to 4 raises the equilibrium quality from approximately 0.5724 to 0.9331
and the equilibrium policy share from approximately 0.1868 to 0.2870. Thus, recovery capacity
changes the long-run balance between quality restoration and adoption-induced load. More generally,
along a feasible equilibrium branch of Theorem 3.2, implicit differentiation gives dq*/dy =
(Qmax — q7)/(G* + Aq™) > 0. Under nonnegative b; and D >0, v; >0, so dx*/dy = v,dq"/
dy > 0 and likewise for y*. These equilibrium derivatives do not determine convergence time.

4.4.2. Information-quality response timescale

To distinguish recovery capacity from response speed, we use the quality-timescale model
introduced in Section 3.

Equation (3.24) scales the recovery and depletion rates together while preserving the equilibrium
(0.25,0.25,0.80) . We set w € {0.1,1,10}, use the common initial state (0.10,0.90,0.80), and
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integrateto T = 200. Figures 4(a) and 4(b) compare quality and full-state equilibrium error; the results
are summarized in Table 8.

Table 8. Information-response timescales and the fixed-quality control.

Setting

Sampled minimum q T,

Observation horizon T

Endogenous quality, w = 0.1 0.771231

Endogenous quality, w =1 0.708383

Endogenous quality, w = 10 0.673614
Fixed quality, g = 0.8 0.800000

68.45
31.20
31.65
34.95

200
200
200
100

Note: Convergence in the fixed-quality case is evaluated using (x,y) only; the other cases use (x,y,q). Minimum
quality is the minimum over observed samples; a continuous-time minimum is not computed.
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Figure 4. Information-response speeds and the fixed-quality control. (a) Quality transients
for w = 0.1,1,10; the dashed line indicates their common equilibrium g* = 0.80. (b)
Corresponding full-state equilibrium errors; the dashed line marks the 10~° tolerance, and
plotting points below 10~° are omitted. (c) Policy trajectories under fixed and
endogenous quality; solid curves indicate endogenous quality, dashed curves indicate fixed
q = 0.80, and the two roles are distinguished by color. Panels (a) and (b) display intervals
ending at 50 and 100, respectively, with both integrated to 200. Panel (c) displays the

Dimensionless time

interval ending at 25, with integration continuing to 100.
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The three original values give a counterexample to a universally decreasing sampled convergence
time: T, falls from 68.45 to 31.20 and then rises to 31.65. They do not describe a general response
curve. At their common initial state, g(0) = —0.2w, S0 greater response speed also accelerates the
initial quality decline. Section 4.7 examines the time-scale dependence on a 25-point grid in three
backgrounds.

4.4.3. Fixed versus endogenous quality

We also compare the two-state model with fixed g = 0.80 against the baseline endogenous-
quality model. Both use the initial policy shares (0.10,0.90); the endogenous model additionally uses
qo, = 0.80. Both are integrated to T = 100. Figure 4(c) shows the resulting differences in policy
transients.

The two quality settings share the policy equilibrium (0.25,0.25), but the maximum sampled
difference between their policy trajectories is 0.014646. Policy-only convergence times are 34.95
and 31.20 for fixed and endogenous quality, respectively. In this endogenous-quality case, policy-only
and full-state convergence times both equal 31.20, illustrating how quality feedback modifies policy
adjustment even when its endpoint is preserved.

4.5. Policy invasion and near-critical convergence
45.1. A synthetic payoff-parameter family

This subsection uses a separate symmetric payoff-parameter family:

a(p) = 0.9p — 0.55, b(p) = 0.4p, c(p) =0.2(1 —p). 4.2)

Both roles use d =2 and r =0.5, with k;, = kg =y = qnax = 1. Equation (4.2) defines an
illustrative parameter family, not a traffic calibration. In particular, c(p) represents the marginal
payoff sensitivity to quality, not the amount of information supplied. Its decrease with p is a scenario
assumption. Near (0,0,1), the linear invasion growth rate is

I(p) = a(p) + c(p) = 0.7p — 0.35, p. = 0.50. (4.3)

The symmetric interior equilibrium x* = y* = s satisfies

(2—-0.4p)s? + (2.55 - 1.3p)s — (0.7p — 0.35) = 0,
1

q =—

T 1+s’

(4.4)

For 0.50 < p < 1, Eq (4.4) has a feasible positive root. For p < 0.50, the extinction equilibrium
used for comparison is (0,0,1). We choose p € {0.30,0.45,0.49,0.51,0.55,0.70} and integrate from
the common initial state (107%,107%,1) to T = 2000. Figure 5 presents the six numerical solutions
together with the analytical curves obtained from Eqs (4.3) and (4.4). The 181 analytical parameter
points are not additional ODE simulations.

For this particular parameter family, nonlinear extinction can also be established directly for 0 <
p <050. Let W = —log(1—x) —log(1—y). For interior policy states and 0 <q <1, the
inequality 2xy < x? + y? gives
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W =1@)(x+y)+c)(qg—Dx+y) —2(x*+y?) +08pxy 45)
<I(P)(x+y)—(2—04p)(x* + y). '

For p < 0.50, Eq (4.5) is strictly negative whenever the policy state is nonzero. Its sublevel sets

keep x,y away from 1 and imply fooo(x2 + y?) dt < . Bounded derivatives make x? + y?

uniformly continuous, so x,y — 0. The stable quality equation then gives g — 1. This includes the
critical point, whose slow algebraic decay is analyzed below and tested numerically in Section 4.8.

45.2.  Policy evolution and finite-time results

Table 9 reports the analytical equilibria, finite-time endpoints, and sampled convergence times
for the six scenarios.

Figure 5(a—b) and Table 9 show that adaptive policies decay for p < 0.50, whereas rare
adaptive policies grow and approach a positive coexistence equilibrium for p > 0.50. A positive
invasion rate does not lead to complete replacement of the fixed policy: For example, the equilibrium
share at p = 0.70 is approximately 0.078846. Policy extinction denotes the disappearance of that
policy within the CAV population, not the withdrawal of CAVs from the market.
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Figure 5. The original six off-critical scenarios for the synthetic penetration family. (a)
Policy shares with values below 106 omitted from the logarithmic plot; (b) analytical
equilibrium branch and six endpoints at T = 2000; (c) linear invasion rate; (d) full-state
equilibrium errors, with values below 10~° omitted. The vertical reference is this family’s
policy invasion threshold, p. = 0.50.
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Table 9. Numerical results for the six penetration scenarios.

p I(p) Analytical x* =y~ x(2000) = y(2000) q(2000) T,
030 —0.140 O <107 1.000000000 34.0
045 -0.035 0 <107 1.000000000 132.5
049 -0.007 O 8.09567 x 10711 1.000000000 655.5
0.51 0.007 0.003696586 0.003696472 0.996317143 1689.5
0.55 0.035 0.018733157 0.018733157 0.981611321 436.0
0.70 0.140 0.078845922 0.078845922 0.926916421 135.0

Note: All six scenarios reach tolerance in Eq (4.1) within the observation interval. Values of q(2000) are rounded
to nine decimal places; the unrounded value for p = 0.49 is approximately 0.999999999918.

4.5.3. Near-critical convergence and interpretation of errors

The slow transients near the synthetic threshold can be related directly to the linearization. Let § =
p — 0.50. At extinction, the policy eigenvalues are both 0.78, whereas the quality eigenvalue is —1. In
the symmetric invariant subspace x = y = s, a local center-manifold reduction around (s, q,d) =
(0,1,0) yields

g =1—s+0(s?+|6]s),

§ =0.765—1.9s% + 0(|6|s? + s3), (4.6)
s =1264+0(6%)  (5>0).

For § > 0, the slow symmetric eigenvalue at coexistence is —0.78 + 0(82); the antisymmetric
policy eigenvalue is —(2.2)(0.7/1.9)6 + 0(6%), and the remaining eigenvalue tends to —1.
Consequently, the local exponential relaxation scale on either side, and the critical symmetric
trajectory, satisfy

1
E,

(p # 0.50), s(t) ~ 1—q(t) ~s() (p=0.50). 4.7)

T 07—l

To obtain Eq (4.6), write ¢ = 1 + n. The symmetric quality equation is ) = —n — s — 7s, SO its
center manifold has n = —s + 0(s? + |8]s). Substituting this relation into the policy equation gives
the quadratic coefficient —1.9. At criticality, d(1/s)/dt = 1.9 + o(1) along a positive symmetric
trajectory approaching extinction, which establishes the algebraic decay in Eq (4.7). The full critical
system has two zero eigenvalues; this symmetric reduction is not a classification of a generic one-
dimensional bifurcation.

The scale 7 is defined by the dominant local eigenvalue, whereas T, is a finite-time tolerance
measure that also depends on the initial distance, nonlinear evolution, and sampling. Their asymptotic
behavior need not coincide for fixed initial conditions and a fixed tolerance. The critical solution can
therefore remain above the numerical tolerance over a long finite observation interval while still
converging algebraically. The original off-critical cases at p = 0.49 and 0.51 have sampled
convergence times of 655.5 and 1689.5, respectively; the unequal values are consistent with their
different paths and distances to their own equilibria. Analytical equilibria and finite-time endpoints are
reported separately.
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4.6. Signed interactions and the limits of the sufficient condition

The additional trajectory suite consists of 44 signed-interaction runs, 75 response-speed runs, 7
common-benefit runs, 4 low-quality controls, and 7 extended near-critical runs. The first 130 use
DOP853 with rtol = 10710, atol = 10712, maximum step 0.5, and output spacing 0.05. Signed cases
use T = 400; nonlinear cases use T = 200. Response-speed horizons are max(200,20/w) rounded
to the nearest output interval. The critical solver and horizons are specified in Section 4.8. No clipping
or projection is applied.

With all other baseline coefficients fixed, b;, b are independently varied over 121 equally spaced
values in [—4,4]. When D = 0, all real roots of the reduced quadratic are checked for feasible x,y, q;
the single-positive-root formula is not assumed for D < 0. The 18 grid points with D = 0 are excluded
from this elimination. Figure 6(a) classifies 5959 regular grid points as stable with 4 > 0, 88 as locally
stable despite 4 < 0, 900 as having an unstable interior equilibrium, and 7676 as having no feasible
interior equilibrium. No multiple regular feasible interiors occur on this grid. These are interior
classifications, not classifications of all boundary attractors. For numerical classification, values
satisfying |A4| < 1071° were treated as lying on the boundary 4 = 0.

Four coefficient pairs are tested from 11 initial states: (x,,y,) € {0.1,0.5,0.9}* , plus
(0.500001,0.499999) and its role reversal, with g, = 0.5. Table 10 gives the outcomes. The first
three cases reach their interior equilibrium from all tested starts. In particular, (b, bs) = (4,0.1) has
A = —0.81 but eigenvalues —1.403008 and —0.423258 + 0.0922341i; the stable trajectories in
Figure 6(b) therefore lie outside the sufficient global certificate.

For b, = bs = —3, the interior point (0.100840,0.100840,0.908397) has a positive
eigenvalue 0.090671. The eight asymmetric starts split equally between (0.247472,0,0.889889)
and (0,0.247472,0.889889) . The full Jacobian at either edge has eigenvalues —0.432387,
—1.063808, and —0.247472, confirming local stability. The three exactly symmetric starts remain in
x =y and approach the interior saddle. Figure 6(c—d) thus expose an instability that symmetric starts
conceal. No sustained periodic motion is observed in these finite-window trajectories; the tests do not
exclude periodic attractors elsewhere.

Table 10. Signed-interaction cases with the remaining baseline coefficients fixed.

Case/ (by, bs) Interior (x*,y",q") A maxReA Observed limits / 11 starts
B (0.2, 0.2) &2050%%%())’ 0250000, 1564 0412500 11 interior

S (=0.5,-0.5) 808?185?;% 0.188307, 15.00 -0.229271 11 interior

O (4,0.1) 806%51%%11()) 0230955, -0.81  -0.423258 11 interior

C (=3.-3) (()09%%0324;(; 0.100840, 20,00 0.090671 Saxrr;r;ge;ric to saddle; 4 to
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Figure 6. Signed interactions and stability. (a) Interior classification on the 121 x 121
grid; black lines mark 4 = 0, and 18 points with D = 0 are excluded. B, S, O, and C refer
to Table 10. (b,c) Policy-plane projections of 11 trajectories for O and C; the star is a stable
interior equilibrium, and the cross is an interior saddle. (d) Full-state errors for B, S, and
O from (0.1,0.9,0.5), and |x — y| from a nearly symmetric competitive start. The dotted
line is 107°. Integrations continue to T = 400; the projections are not complete phase-
plane vector fields.

4.7. Parameter dependence and nonlinear quality benefits

To isolate payoff asymmetry, set a; = 0.05+ 6, and ag = 0.05 — 6, , retaining all other
baseline coefficients. Across 41 equally spaced values 6, € [—0.04,0.04], ¢* = 0.8 while x* — y*
varies from —0.036364 to 0.036364 (Figure 7(a)). This controlled contrast reverses the role
ordering without simultaneously changing costs or resource loads.

The recovery and response-speed scans use three backgrounds: the baseline; the baseline with
b, = bg = —0.5; and the asymmetric coefficients of Table 4. For 25 logarithmically spaced y €
[0.1,10] per background, equilibrium quality increases from 0.412573 to 0.971107, from 0.468115
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to 0.978878, and from 0.393142 to 0.967946 (Figure 7(b)). These 75 equilibrium evaluations are
algebraic calculations, not additional trajectories.
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Figure 7. Controlled mechanism scans. (a) Isolated payoff asymmetry; (b) equilibrium
quality for 25 recovery rates in each of three backgrounds; (c,d) sampled convergence time
and minimum quality for 25 response multipliers per background; (e) linear and
normalized Hill benefits; (f) low-quality controls with a; = ag = —0.15, n = 8, and
Xo = Yo = 0.1. Solid and dashed curves in (f) use g, = 0.05 and 0.9. Remaining
coefficients are baseline values. Recovery capacity and response speed are varied
separately; all quantities are dimensionless.

Separately, 25 logarithmically spaced w € [0.03,30] are integrated per background from

(0.1,0.9,0.8) . Figure 7(c-d) show that invariant equilibrium locations coexist with changing
convergence times and minimum qualities. For the asymmetric background, the smallest sampled T,
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is 52.85 at w = 0.168702, followed by longer times at larger w. This establishes a nhonmonotonic
response in the specified family without identifying a universal optimal speed.

The common nonlinear benefit is the normalized Hill function in Eq (3.20), with g,.x = 1,
K €{0.2,0.5,0.8}, and n € {2,8}, compared with h(q) = q. All responses share h(0) =0 and
h(1) =1 (Figure 7(e)). With baseline coefficients, the seven trajectories from (0.1,0.9,0.8)
converge by T = 200. The equilibrium policy share ranges from 0.210622 to 0.305550, equilibrium
quality from 0.765961 to 0.826022, and sampled convergence time from 29.75 to 34.55. Smooth
nonlinear response shapes therefore change adoption levels while satisfying Proposition 3.2.

A further low-quality control sets a; = ag = —0.15, n =8, and K = 0.5 or 0.8, with x, =
Yo = 0.1 and q, = 0.05 or 0.9. For low gq,, both initial payoff differences are approximately —0.33;
shares first fall to 0.085264 or 0.071561, then recover toward 0.191183 or 0.137364 as quality
improves. The corresponding high-quality initial gains are 0.167439 and 0.090139. Figure 7(f)
shows this reversal in initial policy advantage. These smooth threshold-sensitive controls do not
implement a discontinuous fail-safe switch or identify a calibrated communication threshold.

4.8. Policy invasion thresholds and critical decay

The policy invasion threshold is not fixed by the general model. Holding b(p), c(p) asin Eq (4.2),
replacing a(p) = 0.9p — 0.55 by a(p) = 0.9p — 0.48 gives I(p) = 0.7(p — 0.4) and shifts the
policy invasion threshold to 0.4 (Figure 8(a)). Other functional dependencies can remove a zero or
produce multiple roots. This comparison treats penetration analysis as a template whose coefficients
require calibration.

Seven full three-state trajectories use p € {0.490,0.495,0.499,0.500,0.501,0.505,0.510} and
(x0, Y0, q0) = (107%,107%,1). LSODA uses rtol = 10719, atol = 10713, and maximum step 100.
Output spacing is 0.5 through t = 2000 and 100 thereafter, including the final endpoint. Noncritical
horizons are 100[40/[100(0.7)|p — 0.5]]]; the critical horizon is 600,000. Table 11 distinguishes
finite-horizon nonconvergence from convergence during the longer observation window.

Table 11. Near-critical convergence with € = 1076,

p e(2000) T, by 2000 Extended T T, extended
0.490 1.096 x 10710 655.5 5800 655.5

0.495 8.680 x 1078 1302.0 11,500 1302.0
0.499 2.049 x 107> Not reached 57,200 6300.0
0.500 7.247 x 107> Not reached 600,000 521,100.0
0.501 1.468 x 10~* Not reached 57,200 9900.0
0.505 2911 x 107> Not reached 11,500 3000.0
0.510 1.147 x 1077 1689.5 5800 1689.5

Note: Values after t = 2000 use a 100-unit output interval and are sampled convergence times, not exact continuous-
time crossings. The independent LSODA endpoints can differ from the original DOP853 values in Table 9 at the solver-
discrepancy scale.
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At p = 0.50, e(2000) = 7.247 x 10~>, but the extended sampled convergence time is 521,100.
At t = 600,000, the error is 8.696 x 1077 and ts(t) = 0.521741, within 0.87% of the asymptotic
value 1/1.9 = 0.526316 (Figure 8(d)). A 200-point two-sided eigenvalue scan supports the spectral
scaling in Eq (4.7). The tolerance crossing in Figure 8(c) remains a separate finite-observation quantity.
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Figure 8. Policy invasion and critical convergence. (a) Two synthetic intercept choices
give policy invasion thresholds of 0.5 and 0.4; (b) local spectral relaxation times on both
sides compared with [0.7|p — p.|]171; (c) full-state errors from symmetric initial states,
with references at 107 and T = 2000; (d) the critical product ts(t) approaches 1/1.9.
Trajectories have the parameter-dependent horizons and output intervals in the text. The

critical asymptotics concern the invariant subspace x = y.

The complete critical trajectory was independently checked with Radau (rtol = 1071, atol =
10~1*, maximum step 1000); the largest sampled difference from LSODA was 8.375 x 1011, and the
sampled convergence time was unchanged. DOP853 checks for p = 0.499,0.500 through T = 2000,
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using maximum step 0.5 and tolerances 10~1%, 10713, differed by less than 7.30 x 10711, These are
solver-comparison observations, not formal trajectory-error bounds.

4.9. Systematic joint-parameter sampling

To examine simultaneous changes in strategic coupling and information dynamics, we use all
combinations of b;,bs € {—3,—-0.5,0.2,4}, y €{0.25,1,4}, and 1, =r; =r € {0.25,1} . The
remaining coefficients are a; = ag = 0.05, ¢, = c5 = 0.5, d;, =dg = 2, and k;, = Kg = Qmax = 1.
This deterministic full-factorial design contains 96 synthetic coefficient sets. Every feasible interior, edge,
and corner equilibrium is enumerated, including all real roots of the interior quadratic when D < 0; no
sampled set has D = 0. Local stability uses the full Jacobian, with its general boundary form at edges
and corners.

Each set is integrated from (0.1,0.9,0.8) and (0.9,0.1,0.2), giving 192 DOP853 trajectories with
rtol = 10719, atol = 10712, maximum step 1, T = 1000, and output interval 0.5. An outcome is
classified as converged only when the full-state maximum-norm error to an enumerated equilibrium is
atmost 1076 at every output in the final 100 time units. The sampled T, retains the last-exit definition
in Eq (4.1). Edge target equilibria have exactly one policy share on its boundary; corner target
equilibria have both shares on their boundaries.

Table 12 separates feasibility from the sufficient certificate. The 36 feasible sets with 4 > 0
give 72 interior outcomes, and a further 12 sets with 4 < 0 give 24 locally stable interior outcomes.
The six strongly competitive sets with b, = b¢ = —3 have unstable interior equilibria and two locally
stable edge equilibria; the two starts select different edges in every set. Among the 42 sets without a
feasible interior, 36 satisfy 4 > 0 and yield 72 edge outcomes, whereas the remaining 6 yield 12

corner outcomes at (1,1, v/(y + 2r)). Thus, 4 > 0 does not replace the feasibility check, and its

failure does not imply local instability.

Table 12. Joint parameter sampling: equilibrium classification and trajectory outcomes.

Feasible interior / local status A4 Sets Interior Edge Corner
Yes / stable >0 36 72 0 0

Yes / stable <0 12 24 0 0

Yes / unstable <0 6 0 12 0

No / not applicable >0 36 0 72 0

No / not applicable <0 6 0 0 12

Note: The last three columns count trajectories, with two initial states per coefficient set. Stable means that the
equilibrium Jacobian is Hurwitz. No trajectory remains unresolved under the stated finite-horizon criterion. No
sampled A equals zero.

Across the 192 trajectories, sampled T, ranges from 6.5 to 187.0. The maximum sampled
bound violation is 9.992 x 10~'> without clipping, and the maximum equilibrium residual is
below 1.125 x 10~1°, Radau checks of one stable interior case with 4 < 0 and one competitive edge
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case, using the same tolerances, horizon, and output interval, differ from DOP853 by at most
5.423 x 1071, This sample complements Figure 6 by coupling equilibrium classification to
trajectories at every sampled parameter set. These finite-design counts do not estimate basin volumes
or establish convergence for arbitrary parameters or initial states.

4.10. Numerical consistency and scope

The original suite has maximum equilibrium residual 4.441 x 1071® and maximum
Lyapunov-identity discrepancy 3.553 x 10715 across applicable cases. The first 130 added
DOP853 trajectories are finite and remain within the sampled bounds; selected equilibrium residuals
are at most 3.886 x 1071, The extended unprojected LSODA trajectories have only numerical-scale
departures: a maximum quality overshoot of 2.330 x 107! and policy undershoot of 3.426 x 10717,
These values are retained rather than clipped.

The expanded study tests the gap between sufficient global stability and local stability, the role
of asymmetric perturbations, nonlinear information response, and critical slowing. Grid coverage and
finite trajectories do not establish a complete global bifurcation diagram. The empirical and structural
limits of the model are consolidated in Section 5.3.

5. Conclusions and future research

This study develops a traffic-motivated evolutionary model coupling adaptive-policy shares in
two CAV roles to information quality. Aggregate relative payoffs connect role interactions,
information benefits, and adoption costs, while the quality state responds to recovery and policy-
induced load. The analysis identifies conditions for coexistence and policy invasion and explains how
these mechanisms shape long-run states and transients.

5.1. Main findings

First, a feasible interior equilibrium is globally asymptotically stable under the explicit dissipation
condition, which also accommodates signed cross-role interactions. A separate Routh—Hurwitz
criterion characterizes Hurwitz stability of the interior linearization. The numerical grid includes 88
locally stable cases outside the global sufficient region, while strong competitive effects produce an
unstable interior point and distinct locally stable boundary equilibria. The 96-set joint-parameter
sample further separates interior feasibility from convergence to stable boundary equilibria and
confirms initial-state-dependent selection between competing edge equilibria.

Second, controlled payoff asymmetry reverses the ordering of role-specific adoption shares.
Recovery-rate sweeps in three backgrounds increase equilibrium quality, whereas response-speed
sweeps preserve equilibrium locations and can produce nonmonotonic convergence times. This
separates equilibrium effects from transient effects.

Third, a common smooth strictly increasing quality-benefit function preserves the Lyapunov
cancellation after its information term is modified. Normalized Hill responses change adoption levels
and transient behavior, including initial policy disadvantage at low quality, without invalidating the
sufficient stability result under its stated assumptions.
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Fourth, policy invasion thresholds are roots of role-specific boundary payoff indicators. Their
numerical values depend on the prescribed penetration-to-coefficient mapping: the two illustrative
intercepts shift the policy invasion threshold from 0.5 to 0.4. Local invasion does not itself imply
complete replacement of the fixed policy or convergence from arbitrary initial states.

Finally, near the original symmetric policy invasion threshold, the local spectral relaxation scale
is proportional to |p — 0.5]71, whereas the critical symmetric trajectory decays algebraically.
Extended integration confirms that failure to reach tolerance by T = 2000 is compatible with
eventual convergence. Finite-observation convergence times must be distinguished from inverse
eigenvalue scales.

5.2. Theoretical contributions and engineering implications

The relative-entropy construction cancels the policy—quality cross terms, yielding an explicit
sufficient condition for global convergence. The Jacobian criterion separately identifies local stability
outside that sufficient region. Signed interactions and common monotone information benefits reveal
how the certificate depends on the coupling structure. Uniform scaling of the quality equation is a
supporting corollary: It preserves equilibria and the certificate while changing the transient dynamics.

The model suggests examining information recovery jointly with the load generated by policy
adoption and allowing payoff sensitivities to differ across traffic roles. Near a policy invasion threshold,
both the relaxation rate and the finite observation horizon matter when interpreting numerical
endpoints. The proposed coefficient-estimation route provides a basis for testing these mechanisms in
microscopic traffic and communication simulations.

5.3. Limitations and future directions

The coefficients and information state have not been calibrated to road or communication data.
The affine payoffs summarize utility differences rather than deriving them from a specific intersection
game, and the scalar quality state does not resolve distinct sensing, communication, and computation
impairments. Future calibration should use prespecified utility weights, independently varied operating
conditions, and held-out traffic scenarios to assess identifiability and predictive validity. The numerical
parameter ranges are illustrative, so their coverage is not a probability statement about real traffic. In
particular, changing how payoff coefficients and unloaded quality depend on market penetration can
shift a policy invasion threshold, remove it, or create several sign changes. These mathematical
thresholds are not empirically established CAV deployment requirements.

The deterministic mean-field assumption omits finite-fleet fluctuations and spatially restricted
interactions. Motivated by stochastic invasion studies [26,27], a separately specified imitation process
could test policy-fixation probabilities and extinction times. Such effects cannot be inferred from
repeated integrations of the same deterministic equations.

Extensions with communication delays, dynamic networks, heterogeneous recognition errors, or
role-specific discontinuous information benefits require new stability analysis. Additional traffic roles
and explicit trajectory-level objectives could connect policy evolution to lane changes, merging, and
multi-vehicle intersections. Independent measures of traffic efficiency, safety, and fairness are
required before assigning those engineering benefits to a dynamically stable policy distribution.
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