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Abstract: This work constructed a predator-prey model incorporating hunting cooperation and group
defense, and explored its dynamical behavior. First, for the non-spatial model, the existence and local
asymptotical stability of all feasible equilibria for the model were analyzed. Furthermore, the existence
of Hopf bifurcation was investigated, and the occurrence direction of Hopf bifurcation as well as the
stability and evolutionary characteristics of bifurcated periodic solutions were determined based on
bifurcation theory. Second, a reaction-diffusion model was established by introducing spatial self-
diffusion effects. The Turing instability of the positive equilibrium was emphatically studied, and the
results verified that diffusion serves as a core inducement for Turing instability and spatial pattern
formation. Meanwhile, the existence, direction, and stability of Hopf bifurcation in the diffusion
system were analyzed, revealing the regulatory mechanism of spatial diffusion on system dynamical
behavior. Finally, numerical simulations were carried out to validate the theoretical analyses and
intuitively demonstrate the evolution processes of equilibria stability, bifurcation phenomena, and
Turing instability.
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1. Introduction

Population dynamics is an important research field in biomathematics, aiming to explore the
changes in the size of biological populations over time, and the predator-prey interaction plays a
significant role in explaining the population dynamics of many species. In the early 20th century,
Lotka and Volterra independently established the Lotka-Volterra model to describe the dynamics of the
interaction between two species [1, 2]. Due to its universality and ecological relevance, predator-prey
dynamics has since become a key research topic in theoretical ecology and mathematical ecology.

In natural ecosystems, prey populations commonly exhibit group defense behaviors when
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perceiving predation risks. Group defense is a collective survival strategy in which individuals of
the same species aggregate to form interdependent colonies to improve their survival chances. For
prey with such defensive behavior, predators can only capture individuals located on the periphery
of the aggregated group [3, 4]. This mechanism greatly reduces prey detectability, curbing predator
population growth and even leading to local predator extinction [5–7]. This defensive strategy is
widespread in nature, such as flocks of sheep and herds of cattle in grassland ecosystems and schools
of sardines in marine environments [8, 9].

Nevertheless, classical functional responses are developed under the assumption of random
interspecific encounters, where all prey face identical predation risk. This premise fails to characterize
the non-uniform predation scenario induced by prey group defense. To address this limitation, Ajraldi
and Braze proposed a novel functional response to incorporate group defense mechanisms [10, 11].
Specifically, Braze modified the classical Holling type-I functional response into a square-root form
and established the corresponding predator-prey model

dN
dt
= rN

(
1 −

N
K

)
− λ
√

NP,

dP
dt
= eλ

√
NP − mP,

(1)

where N and P denote prey and predator population densities at time t, respectively, r is the per
capita intrinsic growth rate of prey, K is the carrying capacity of the prey, λ stands for the attack
rate of predators, e represents conversion efficiency, and m is the natural mortality rate of predators.
Extensive dynamical investigations have been conducted on this model in the existing literature.
Ajraldi et al. explored the stability of system equilibria [10]. Braze further analyzed the stability of
interior equilibria, the existence of Hopf bifurcation, and trajectory distributions near the origin [11].
Furthermore, Manaf numerically verified that the model can generate transcritical, supercritical Hopf,
and heteroclinic bifurcations, which significantly enrich the dynamical theories regarding prey group
defense [12].

Hunting cooperation is a vital ecological phenomenon in predator-prey models [13–15]. Most
biological populations exhibit cooperative behaviors for survival, reproduction, and population
expansion, with hunting cooperation as a classic case. It refers to coordinated collective predation
adopted by predators during prey capture [16–18]. Hunting cooperation brings substantial ecological
benefits: Individual predators collectively search for and attack prey to supply sufficient resources to the
whole population and greatly improve individual foraging efficiency. However, extreme cooperation
leads to negative outcomes. A dense conspecific population under limited natural resources intensifies
intraspecific food competition, which may drive population extinction. Excessively intensive hunting
cooperation also causes over-predation, generating adverse ecological effects [19]. Accordingly, the
investigation of hunting cooperation carries profound implications for endangered species conservation
and sustainable ecosystem management.

To reveal how predator hunting cooperation affects species extinction risks, Duarte et al. constructed
a tri-trophic food-chain model incorporating hunting cooperation. Their research revealed that
predators face higher extinction risk as intensity of hunting cooperation [20]. Berec pioneered
a mathematical model accounting for hunting cooperation, which employed ordinary differential
equations to characterize predator-prey interactions with Holling type-II functional responses. His
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analysis indicated that hunting cooperation exerts a destabilizing effect on predator-prey dynamics [21].
Subsequently, Alves and Hilker developed a series of predator-prey models integrating hunting
cooperation and Holling-type functional responses. In their framework, predator attack rates increase
monotonically with a predator density due to hunting cooperation [19]. The specific predator-prey
model with Holling type-I functional response takes the following form:

dN
dt
= rN

(
1 −

N
K

)
− (λ + aP)NP,

dP
dt
= e(λ + aP)NP − mP,

(2)

where a represents the intensity coefficient of hunting cooperation, and the term aP quantifies the
collective cooperative effect among predators. A series of rigorous theoretical analyses have been
carried out on this model. Alves and Hilker numerically showed that the model admits complex
dynamical behavior [19]. Zhang and Zhang further validated these results via qualitative bifurcation
analysis and numerical simulations, and obtained the associated qualitative parameter conditions [22].
Wu and Zhao studied the impacts of spatial diffusion on model dynamics [23]. Song et al. analyzed
system stability and Turing instability triggered by cross-diffusion [24]. With sophisticated analytical
approaches, Li et al. derived the global dynamics of the model and uncovered how hunting cooperation
intensity and the basic reproduction number regulate population evolution [25]. Apart from these
works, numerous scholars have performed thorough analyses on the dynamical properties of this
class of models [26, 27]. Further analytical results concerning such model dynamics are documented
in [28, 29]. Additional relevant studies can be found in [30–32].

Inspired by [11] and [19], we naturally construct the following predator-prey model incorporating
both prey group defense and predator hunting cooperation mechanisms,

dN
dt
= rN

(
1 −

N
K

)
− (λ + aP)

√
NP,

dP
dt
= e(λ + aP)

√
NP − mP.

(3)

These ecological interactions can be observed in real ecosystems, for instance, African wild dogs
hunting wildebeest and impalas in savanna systems, and sailfish preying on schooling sardines in
marine environments. In these systems, predators perform cooperative hunting to improve capture
efficiency, while prey aggregate to form group defense, such that predators can only capture individuals
on the periphery of prey aggregations rather than those inside the group. This biological setting is
consistent with the assumptions of our predator-prey model.

To simplify the model structure, eliminate redundant parameter interference, reduce the number of
free parameters, and facilitate subsequent dynamical theoretical analysis, we perform a dimensionless
transformation on the model. The scaling aims to retain the core ecological mechanisms (prey group
defense and predator hunting cooperation) while removing physically irrelevant dimensional constants,
which makes the bifurcation thresholds and stability conditions easier to interpret.

We define the dimensionless state variables and time as

u =
e2λ2

m2 N, v =
eλ2

m2 P, τ = mt.
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The dimensionless parameters are set as

σ =
r
m
, κ =

e2λ2K
m2 , α =

am2

eλ3 .

For notational simplicity, we rename the dimensionless time τ back to t in the remainder of the paper,
and then model (3) takes the form

du
dt
= σu

(
1 −

u
κ

)
− (1 + αv)

√
uv,

dv
dt
= (1 + αv)

√
uv − v.

(4)

This rescaling is a standard linear transformation of variables and time. It preserves all qualitative
dynamical properties of the original system (3), including equilibrium existence, stability types,
bifurcation sequences, and bifurcation directions. The bifurcation thresholds in the dimensionless
model can be mapped back to the original dimensional parameters by inverse transformation, so the
ecological interpretation of critical thresholds remains consistent.

The evolution of natural populations involves not only temporal dynamical variations but also
spatial migration and diffusion behaviors. Populations spontaneously migrate from high-density areas
to low-density regions to obtain survival resources and avoid predation risks, leading to spatially
heterogeneous population distributions. Ordinary differential equations (ODEs) cannot capture such
spatial population evolution, while reaction-diffusion models effectively couple temporal evolution and
spatial diffusion. These models can accurately describe ecological phenomena, including population
spatial distribution, spatial pattern formation, and species invasion [33, 34]. On this basis, we further
introduce self-diffusion effects and establish the corresponding reaction-diffusion model associated
with the above ODE model:

ut = d1∆u + σu
(
1 −

u
κ

)
− (1 + αv)

√
uv, x ∈ Ω, t > 0,

vt = d2∆v + (1 + αv)
√

uv − v, x ∈ Ω, t > 0,

∂νu = ∂νv = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω,

(5)

where Ω ⊂ RN denotes a bounded domain with smooth boundary ∂Ω, ν is the outward unit normal
vector on ∂Ω, and ∂ν = ∂/∂ν. The positive constants d1 and d2 represent the self-diffusion coefficients
of u and v, respectively. Homogeneous Neumann boundary conditions indicate that model (5) is a
closed ecological system, i.e., no population flux crosses the boundary ∂Ω. The initial functions u0(x)
and v0(x) are smooth, non-negative, and non-identically zero over Ω.

The paper is organized as follows. Section 2 is dedicated to the dynamics analysis of ODE
model (4). We first investigate the existence and local stability of all nonnegative equilibria,
then analyze the Hopf bifurcation emerging around the positive equilibrium, and finally, numerical
simulations are further interpreted to illustrate the theoretical findings. Section 3 focuses on the spatial
dynamics of reaction-diffusion model (5). We derive criteria for Turing instability at the positive
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equilibrium, as well as the existence, bifurcation direction, and stability of periodic solutions induced
by Hopf bifurcation, and a series of numerical simulations are carried out to validate all analytical
results. Finally, Section 4 summarizes our main conclusions and provides concluding remarks.

2. Stability and bifurcations of non-spatial model (4)

2.1. Existence and stability of the equilibria

It is straightforward to verify that model (4) always admits two boundary equilibria E0 = (0, 0) and
E1 = (κ, 0). In what follows, to yield the positive equilibria of model (4), we let

f (u, v) := σu
(
1 −

u
κ

)
− (1 + αv)

√
u v,

g(u, v) := (1 + αv)
√

u v − v.

Setting f (u, v) = 0 and g(u, v) = 0, by a direct calculation, we obtain

u =
1

(1 + αv)2 ,

and v satisfies
h(v) := ρ5v5 + ρ4v4 + ρ3v3 + ρ2v2 + ρ1v + ρ0 = 0, (6)

where ρ5 = κα
4, ρ4 = 4κα3, ρ3 = 6κα2, ρ2 = κα(4 − σα), ρ1 = κ(1 − 2σα), ρ0 = σ(1 − κ). Now we

explore the existence of positive roots of h(v) = 0 and compute the derivative

dh(v)
dv
= κ(1 + αv)

(
5α3v3 + 11α2v2 + 7αv + 1 − 2σα

)
.

Then we find that if α ≤ 1/(2σ), then h′(v) > 0, meaning that h(v) is strictly increasing on (0,+∞).
When κ > 1, it follows from h(0) = ρ0 < 0 and lim

v→+∞
h(v) = +∞ that h(v) = 0 admits exactly one

positive root. When κ ≤ 1, we have h(0) = ρ0 ≥ 0, combined with the monotonic increase of h(v), we
conclude that h(v) = 0 has no positive roots.

However, if α > 1/(2σ), there exists a threshold value vm > 0 such that h′(v) < 0 for v ∈ (0, vm)
and h′(v) > 0 for v ∈ (vm,+∞). Accordingly, h(v) decreases monotonically on (0, vm) and increases
monotonically on (vm,+∞), achieving its minimum value at vm. Direct computation yields

vm := 3

√
−

q
2
+
√
Υ +

3

√
−

q
2
−
√
Υ −

11
15α
,

where

p = −
16

75α2 , q = −
128 + 1350σα

3375α3 , Υ =
(q
2

)2

+

( p
3

)3

.

For κ ≥ 1, the inequality h(0) = ρ0 < 0 ensures that h(v) = 0 has a unique positive root. For κ < 1, the
number of positive roots of h(v) = 0 is determined by the sign of h(vm). Define

κm :=
5σα

(1 + αvm)2 (1 + 3σα + αvm)
.
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If κ < κm, then h(vm) < 0, and hence h(v) = 0 has no positive roots; if κ = κm, then h(vm) = 0, so
h(v) = 0 has exactly one positive root v∗ = vm satisfying h′(v∗) = 0; if κ > κm, then h(vm) > 0, so
h(v) = 0 has two distinct positive roots v∗1 < vm < v∗2 with h′(v∗1) > 0 and h′(v∗2) < 0.

The above analysis immediately leads to the theorem below.

Theorem 2.1. For model (4), the following conclusions hold:
(i) If κ > 1, the model admits a unique positive equilibrium E∗ = (u∗, v∗);
(ii) If κ = 1 and α > 1/(2σ), the model possesses a unique positive equilibrium E∗ = (u∗, v∗);
(iii) If κ ≤ 1 and α ≤ 1/(2σ), the model has no positive equilibria;
(iv) Let κ < 1 and α > 1/(2σ):

(iv-1) if κ < κm, there exist no positive equilibria;
(iv-2) if κ = κm, the model has exactly one positive equilibrium E∗ = (u∗, v∗), where v∗ = vm;
(iv-3) if κ > κm, the model admits two distinct positive equilibria E∗1 = (u∗1, v

∗
1) and E∗2 = (u∗2, v

∗
2),

satisfying v∗1 < vm < v∗2.

We next employ the linearization method to investigate the local asymptotical stability of equilibria.
Note that linearization at E0 = (0, 0) is not feasible for model (4); we only analyze the stability of E1

and E∗. We first establish the following theorem.

Theorem 2.2. For the semi-trivial equilibrium E1 = (κ, 0), if κ < 1 , then E1 is a locally asymptotically
stable node; if κ > 1, then E1 is a saddle point.

Proof. The Jacobian matrix of model (4) evaluated at E1 reads

J(E1) =

 −σ −
√
κ

0
√
κ − 1

 .
The corresponding eigenvalues of J(E1) are λ1 = −σ < 0 and λ2 =

√
κ − 1. If κ < 1, we obtain λ2 < 0,

which implies that E1 is a stable node. If κ > 1, λ2 > 0, and hence E1 is an unstable saddle point. □

We then analyze the local asymptotic stability of positive equilibria.
The Jacobian matrix of model (4) evaluated at the E∗ takes the form

J(E∗) =

 f10 f01

g10 g01

 , (7)

where

f10 = −
σ

κ(1 + αv∗)2 +
v∗(1 + αv∗)2

2
, f01 = −

1 + 2αv∗

1 + αv∗
< 0,

g10 =
v∗(1 + αv∗)2

2
> 0, g01 =

αv∗

1 + αv∗
> 0.

(8)

The characteristic equation is given by

λ2 − tr[J(E∗)]λ + det[J(E∗)] = 0, (9)
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with
det[J(E∗)] =

v∗h′(v∗)
2κ2(1 + αv∗)4 , tr[J(E∗)] =

φ(α)
2κ(1 + αv∗)2 ,

and
φ(α) := κ(2 + σ)(1 + αv∗)2 − 2κ(1 + αv∗) − 3σ.

The local stability of the positive equilibrium E∗ is determined by the signs of det[J(E∗)] and tr[J(E∗)].
We first consider the case where κ > 1. Under this parameter regime, model (4) admits a unique

positive equilibrium E∗. Since h′(v∗) > 0, we immediately obtain det[J(E∗)] > 0. Thus the stability of
E∗ is governed by tr[J(E∗)], i.e., the sign of φ(α). From h(v∗) = 0, we derive

∂v∗

∂α
= −

2κ(1 + αv∗)v∗
(
2(1 + αv∗)2v∗ − σ

)
h′(v∗)

.

A direct computation gives

dφ(α)
dα

=
2κ2(1 + αv∗)4v∗

(
(1 + σ)(1 + αv∗) + αv∗

)
h′(v∗)

> 0,

which demonstrates that φ(α) is strictly increasing on (0,+∞). Define

α∗ :=
κΘ(1 + Θ)4

σ
(
κ(1 + Θ)2 − 1

) ,
where

Θ :=
−κ

(
1 + σ

)
+

√
κ
(
κ + σ(3 + σ)

)(
2 + σ

)
κ
(
2 + σ

) .

Note that φ(0) = σ(κ − 3), if κ ≥ 3, and then φ(α) > φ(0) ≥ 0, so E∗ is unstable. If κ < 3, there exists
a threshold value α∗ such that if 0 < α < α∗, then φ(α) < 0, and hence E∗ is stable; if α > α∗, then
φ(α) > 0, and hence E∗ is unstable.

When κ = 1 and α > 1/(2σ), we have h′(v∗) > 0, which yields det[J(E∗)] > 0. Moreover,
φ(0) = −2σ < 0. Thus, if α < α∗, E∗ is stable; if α > α∗, E∗ is unstable.

When κ < 1, α > 1/(2σ) and κ = κm, and we have h′(v∗) = 0, leading to det[J(E∗)] = 0. It
follows that one eigenvalue of the characteristic equation is λ1 = 0. Recalling φ(0) < 0, we deduce the
following: If α < α∗, then tr[J(E∗)] < 0, so λ2 < 0, and E∗ is an attracting saddle node; if α > α∗, then
tr[J(E∗)] > 0, so λ2 > 0, and E∗ is a repelling saddle node; and if α = α∗, then tr[J(E∗)] = 0, so λ2 = 0,
meaning the characteristic equation admits a zero eigenvalue of algebraic multiplicity two, and E∗ is
a cusp.

When κ < 1, α > 1/(2σ) and κ > κm, and we have h′(v∗1) < 0 and h′(v∗2) > 0. This gives
det[J(E∗1)] < 0 and det[J(E∗2)] > 0, so the characteristic equation has one positive real eigenvalue and
one negative real eigenvalue, and E∗1 is always an unstable saddle point. For E∗2, if α < α∗, E∗2 is stable;
if α > α∗, E∗2 is unstable.

Based on the above analysis, we establish the following stability theorem for model (4).

Theorem 2.3.
(i) If κ > 1, then E∗ is locally asymptotically stable when κ < 3 and 0 < α < α∗, while E∗ is unstable
if κ ≥ 3 or κ < 3 and α > α∗.
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(ii) If κ = 1 and α > 1/(2σ), then E∗ is locally asymptotically stable for α < α∗, and unstable for
α > α∗.
(iii) If κ < 1, α > 1/(2σ) and κ = κm, and then E∗ is a cusp when α = α∗; E∗ is a saddle node when
α , α∗. Specifically, E∗ is repelling for α > α∗ and attracting for α < α∗.
(iv) If κ < 1, α > 1/(2σ) and κ > κm, and then E∗1 is always a saddle point; E∗2 is locally asymptotically
stable for α < α∗ and unstable for α > α∗.

Theorem 2.1 establishes the existence of the positive equilibrium point of the model, while
Theorem 2.3 summarizes the stability of this positive equilibrium point. To visually demonstrate the
dynamic behavior of the model, all the results are summarized in Table 1.

Table 1. Existence and local stability of positive equilibria. E∗, E∗1, and E∗2 denote positive
equilibria. LAS = locally asymptotically stable.

Parameter conditions Positive equilibria Dynamical properties

κ > 1 Unique E∗
LAS if κ < 3, α < α∗;
unstable if κ ≥ 3 or κ < 3, α > α∗.

κ = 1, α >
1

2σ
Unique E∗ LAS for α < α∗; unstable for α > α∗.

κ ≤ 1, α ≤
1

2σ
No positive equilibria ——

κ < 1, α >
1

2σ
, κ < κm No positive equilibria ——

κ < 1, α >
1

2σ
, κ = κm Unique equilibrium E∗ Cusp for α = α∗; saddle node for α , α∗.

κ < 1, α >
1

2σ
, κ > κm Two equilibria E∗1, E∗2

E∗1 is always a saddle point;
E∗2 is LAS for α < α∗; unstable for α > α∗.

2.2. Hopf bifurcation analysis

In this subsection, we treat α as the bifurcation parameter and investigate the Hopf bifurcation of
model (4) occurring at E∗.

Let λ = β(α) ± iω(α) denote the root of Eq (9). If 1 < κ < 3 is satisfied, evaluating at α = α∗ yields
tr[J(E∗)] = 0 and det[J(E∗)] > 0. This implies Eq (9) admits a pair of pure imaginary roots

λ1,2 = ±i
√

det[J(E∗)].

At α = α∗, direct computation gives

d Re{λ}
dα

∣∣∣∣∣
α=α∗
=

dβ(α)
dα

∣∣∣∣∣
α=α∗
=

φ′(α∗)
4κ(1 + α∗v∗)2 > 0.

Consequently, by Poincaré-Andronov-Hopf bifurcation theorem [35], model (4) undergoes a Hopf
bifurcation at E∗ as α = α∗.

To reveal the detailed behavior near α = α∗, we further derive the corresponding normal form.
We translate the positive equilibrium E∗ = (u∗, v∗) to the origin via the coordinate translations

ū = u − u∗ and v̄ = v − v∗. For notational simplicity, we drop the overbars and continue to write u and
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v in place of ū and v̄. Then model (4) becomes
du
dt
= f10u + f01v + f20u2 + f11uv + f02v2 + f30u3 + f21u2v + f12uv2 + f03v3 + · · · ,

dv
dt
= g10u + g01v + g20u2 + g11uv + g02v2 + g30u3 + g21u2v + g12uv2 + g03v3 + · · · ,

(10)

where
f20 = −

σ

κ
+

1
8

(1 + αv∗)4v∗, g20 = −
1
8

(1 + αv∗)4v∗,

f11 = −g11 = −
1
2

(1 + αv∗)(1 + 2αv∗), f02 = −g02 = −
α

1 + αv∗
,

f30 = −g30 = −
1

16
(1 + αv∗)6v∗, f21 = −g21 =

1
8

(1 + αv∗)3(1 + 2αv∗),

f12 = −g12 = −
1
2
α(1 + αv∗), f03 = −g03 = 0.

The eigenvector corresponding to λ = β(α) ± iω(α) is ν = (1, P − iQ)⊤, where

P =
β(α) − f10

f01
, Q = −

ω(α)
f01
.

We define
P∗ = P

∣∣∣
α=α∗
, Q∗ = Q

∣∣∣
α=α∗
, ω∗ = ω(α∗).

We introduce the transformation matrix

S = (Re(ν),− Im(ν)) =
(
1 0
P Q

)
.

Applying the transformation (u, v)⊤ = S (x, y)⊤ to model (10), we get
dx
dt
= β(α)x − ω(α)y + F(x, y, α),

dy
dt
= ω(α)x + β(α)y +G(x, y, α),

(11)

where
F(x, y, α) = ( f20 + f11P + f02P2)x2 + ( f11 + 2 f02P)Qxy + f03Q2y2

+ ( f30 + f21P + f12P2)x3 + ( f21 + 2 f12P)Qx2y + f12Q2xy2 + · · · ,

G(x, y, α) = −
P
Q

F(x, y, α) +
1
Q

g1(x, y, α),

with
g1(x, y, α) = (g20 + g11P + g02P2)x2 + (g11 + 2g02P)Qxy + g03Q2y2

+ (g30 + g21P + g12P2)x3 + (g21 + 2g12P)Qx2y + g12Q2xy2 + · · · .
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Rewrite (11) into polar coordinates, 
ṙ = β(α)r + a(α)r3 + · · · ,

θ̇ = ω(α) + c(α)r2 + · · · .
(12)

Expanding (12) in a Taylor series around α = α∗ yields
ṙ = β′(α∗)(α − α∗)r + a(α∗)r3 + · · · ,

θ̇ = ω(α∗) + ω′(α∗)(α − α1) + c(α∗)r2 + · · · .
(13)

To determine the stability of the bifurcating periodic solution, we evaluate the sign of coefficient a(α∗),
defined as

a(α∗) :=
1

16
(Fxxx + Fxyy +Gxxy +Gyyy)

+
1

16ω∗
[
Fxy(Fxx + Fyy) −Gxy(Gxx +Gyy) − FxxGxx + FyyGyy

]
,

(14)

where all the partial derivatives are evaluated at the bifurcation point (x, y, α) = (0, 0, α∗), and the
relevant partial derivatives read

Fxxx(α∗) = 6( f30 + f21P∗ + f12P∗2), Fxyy(α∗) = 2 f12Q∗2,

Gxxy(α∗) = −2( f21 + 2 f12P∗)(1 + P∗), Gyyy(α∗) = 0,

Fxx(α∗) = 2[( f11 + f02P∗)P∗ + f20], Fxy(α∗) = ( f11 + 2 f02P∗)Q∗,

Fyy(α∗) = 2 f02Q∗2, Gxx(α∗) =
2σ
κ
·

1
Q∗
− Fxx(α∗)

1 + P∗

Q∗
,

Gxy(α∗) = −Fxy(α∗)
1 + P∗

Q∗
, Gyy(α∗) = −Fyy(α∗)

1 + P∗

Q∗
.

Define the first Liapunov coefficient

µ2 = −
a(α∗)
β′(α∗)

.

Recall that β′(α)|α=α∗ > 0. We now state the following conclusion.

Theorem 2.4. Assume 1 < κ < 3. Then model (4) undergoes a Hopf bifurcation at E∗ when α = α∗,
where α∗ satisfies relation (14). Moreover,
(i) if a(α∗) < 0, the Hopf bifurcation is supercritical, and the bifurcating periodic solutions are
orbitally asymptotically stable.
(ii) if a(α∗) > 0, the Hopf bifurcation is subcritical, and the bifurcating periodic solutions are unstable.

2.3. Numerical simulations

In this subsection, numerical simulations are carried out to verify the theoretical results
obtained above.
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Example 2.1. Fix parameters σ = 1, κ = 1.2. Model (4) possesses three equilibria: two saddle
points E0 = (0, 0) and E1 = (1.2, 0), together with a positive equilibrium E∗ = (u∗, v∗). There exists
a separatrix in the phase plane that divides trajectories into two regions. Trajectories above this
separatrix converge to the v-axis as t → +∞, implying that the prey species eventually go extinct. When
α = 0.1, E∗ = (0.9630, 0.1902) is a stable node (see Figure 1(a)). When α = 0.8, E∗ = (0.6523, 0.2977)
becomes a stable spiral sink (see Figure 1(b)). When α = 1.05, E∗ = (0.5786, 0.2996) turns into an
unstable spiral source, and the model admits a stable limit cycle (see Figure 1(c)). When α = 1.7,
the limit cycle disappears, and E∗ = (0.4561, 0.2828) is an unstable node source. The manifolds
associated with E0 intersect the u–axis and form a closed loop. All trajectories inside this closed loop
originate near E∗ and eventually approach E0 (see Figure 1(d)). This phenomenon indicates that both
prey and predator species will go extinct in the long run. The change in hunting cooperation rate α
triggers Hopf bifurcation, altering the stability of positive equilibrium and governing the transition
between stable coexistence, periodic coexistence, and global extinction of the two species.
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Figure 1. Phase portraits of model (4) with fixed σ = 1, κ = 1.2, where the model admits a
unique positive equilibrium.

Example 2.2. Fix parameters σ = 1, κ = 0.8. Model (4) always admits two boundary equilibria: a
saddle point E0 = (0, 0) and a stable node E1 = (0.8, 0). For α = 1.5, the model has no positive
equilibrium (see Figure 2(a)), which means that the predator population cannot persist under weak
cooperative hunting and eventually dies out. For α = 1.934715, the model possesses a unique positive
equilibrium E∗ = (0.6145, 0.1425), which is an attracting saddle node. The system undergoes a saddle
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node bifurcation at E∗ (see Figure 2(b)). This bifurcation gives the critical cooperation threshold
for the emergence of predator-prey coexistence. For α = 1.95, there exist two positive equilibria:
E∗1 = (0.6379, 0.1293) is a saddle point and E∗2 = (0.5894, 0.1552) is a node sink (see Figure 2(c)).
For α = 2.2, E∗2 = (0.5020, 0.1870) turns into a spiral sink (see Figure 2(d)). For α = 2.55, E∗2
becomes a spiral source, and model (4) experiences a Hopf bifurcation, which generates a limit cycle
surrounding E∗2 (see Figure 2(e)). This Hopf bifurcation destabilizes the steady coexistence and induces
sustained periodic fluctuations of predator and prey abundances. When α = 3.036, the limit cycle
disappears and the system undergoes a homoclinic bifurcation (see Figure 2(f)). For α = 3.2, the
homoclinic loop is broken, and the stable and unstable manifolds associated with E∗2 exchange their
positions (see Figure 2(g)). For α = 4, the manifolds of E0 form a closed loop together with the u-axis,
and all trajectories inside this closed loop eventually converge to E1 (see Figure 2(h)). Biologically,
overly intense hunting cooperation reduces predation pressure, leading to predator extinction while
prey survives at its environmental carrying capacity.
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(e) α = 2.55
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(f) α = 3.036
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Figure 2. Phase portraits of model (4) with fixed σ = 1, κ = 0.8, depicting the emergence
and stability transitions of positive equilibria in the predator-prey model.

Example 2.3. We fix σ = 0.8 and κ = 0.5, and gradually increase the intensity of predator hunting
cooperation α to illustrate the cusp bifurcation. When the hunting cooperation rate is low (α = 8), no
positive equilibrium exists (see Figure 3(a)). As α increases to the critical value α = 8.21, the model
admits a unique positive equilibrium E∗ = (0.3442, 0.0858), which is a codimension-2 cusp singularity
(see Figure 3(b)). This critical parameter threshold marks the minimum cooperation strength required
for predator-prey coexistence. Under this degenerate state, tiny perturbations in species densities
may trigger abrupt transitions between predator-prey coexistence and predator extinction. Further
increasing α to α = 9, the model yields two positive equilibria, where E∗1 = (0.3978, 0.0651) is a
saddle point and E∗2 = (0.2811, 0.0985) is a spiral source (see Figure 3(c)). The red trajectory in the
figure represents the separatrix, which divides the basins of attraction for different asymptotic states.
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Figure 3. Phase portraits of model (4) with fixed σ = 0.8, κ = 0.5, illustrating cusp
bifurcation induced by the variation of predator hunting cooperation intensity α.

3. Turing instability and bifurcation of diffusive model (5)

3.1. Stability and Turing instability

In this subsection, we investigate the stability of model (5) at positive equilibrium E∗. For the
intuitive proof, we consider the one-dimensional spatial domain Ω = (0, ℓπ). The linearization of
model (5) at E∗ = (u∗, v∗) reads ut

vt

 = L

 u

v

 := D

 ∆u

∆v

 + J(E∗)

 u

v

 , (15)

where D = diag(d1, d2) and J(E∗) is given in (7). We seek general solutions to the linearied model (5)
of the form  u

v

 = ∞∑
k=0

 ak

bk

 eλt cos
k
ℓ

x,

where k ∈ N0 = {0, 1, 2, · · · }, λ denotes the growth rate of a small perturbation, and ak and bk are
nonzero constants. Thereby, one has

∞∑
k=0

(Jk − λI)

 ak

bk

 cos
k
ℓ

x = 0,

where I stands for the identity matrix and

Jk :=


f10 − d1

(
k
ℓ

)2

f01

g10 g01 − d2

(
k
ℓ

)2

 .
Consequently, we derive the characteristic equation

∆k := λ2 − Tk(α)λ + Dk(α) = 0, k ∈ N0, (16)
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where

Tk(α) := tr(Jk) = −(d1 + d2)
(
k
ℓ

)2

+ f10 + g01,

Dk(α) := det(Jk) = d1d2

(
k
ℓ

)4

− (g01d1 + f10d2)
(
k
ℓ

)2

+ f10g01 − f01g10.

Theorem 3.1. Assume 1 < κ < 3 and 0 < α < α∗.
(i) If

0 < d1 ≤ −
f10

g01
d2,

then E∗ is locally asymptotically stable;
(ii) If

−
f10

g01
d2 < d1 <

2[ f10g01 − f01g10] +
√

4( f10g01 − f01g10)2 − f 2
10g2

01

g2
01

d2 := d+1 ,

then E∗ is locally asymptotically stable;
(iii) If d1 > d+1 , then E∗ is locally asymptotically stable for wave number k < k− or k > k+. However,
Turing instability occurs in model (5) whenever k− < k < k+, where

k2
± :=

g01d1 + f10d2 ±
√

(g01d1 + f10d2)2 − 4d1d2( f10g01 − f01g10)
2d1d2

ℓ2 > 0. (17)

Proof. Notice that Tk(α) ≤ T0(α) = f10 + g01 < 0 for all k ∈ N0. Therefore, the stability of E∗ is only
determined by the sign of Dk(α).
(i) If

0 < d1 ≤ −
f10

g01
d2,

we can verify

Dk(α) ≥ d1d2

(
k
ℓ

)4

+ D0(α) > 0.

This ensures that all eigenvalues of characteristic Eq (16) have negative real parts. Hence, E∗ is locally
asymptotically stable.
(ii) For convenience, set

z =
(
k
ℓ

)2

.

Then
D(z) = d1d2z2 − (g01d1 + f10d2)z + f10g01 − f01g10,

which is a quadratic polynomial in z with axis of symmetry

zmin =
g01d1 + f10d2

2d1d2
.

Under the condition
d1 > −

f10

g01
d2,
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we have zmin > 0, and D(z) attains its minimum value at zmin. The existence of positive roots for
D(z) = 0 depends on the discriminant

δz = (g01d1 + f10d2)2 − 4d1d2( f10g01 − f01g10).

Setting δz = 0 and solving for d1 yields

d±1 =
2[ f10g01 − f01g10] ±

√
4( f10g01 − f01g10)2 − f 2

10g2
01

g2
01

d2.

If d−1 < d1 < d+1 , then δz < 0 yields

min
z>0

D(z) = D(zmin) =
4d1d2( f10g01 − f01g10) − (g01d1 + f10d2)2

4d1d2
> 0.

Hence Dk(α) > 0 holds for all k ∈ N0, so E∗ is locally asymptatically stable. Also, it can be checked that

d−1 < −
f10

g01
d2.

(iii) If d1 > d+1 , some simple analysis shows that D(z) = 0 admits two distinct positive real roots

z± =
g01d1 + f10d2 ±

√
(g01d1 + f10d2)2 − 4d1d2( f10g01 − f01g10)

2d1d2
> 0.

Accordingly, we can claim that D(z) > 0 for 0 < z < z− or z > z+, while D(z) < 0 for z− < z < z+.
Recall z = (k/ℓ)2, and we can infer that Dk(α) > 0 for all k ∈ N0, when the wave number k < k− or
k > k+ is satisfied. In this case, all roots of Eq (16) possess negative real parts, and thus E∗ is locally
asymptotically stable. Meanwhile, there exist some k ∈ N0 \ {0} satisfying k− < k < k+ such that
mink Dk(α) < 0, which implies that Eq (16) has at least one eigenvalue with a positive real part, which
renders E∗ as unstable. As a result, Turing instability emerges in the diffusive model (5) at E∗. □

3.2. Hopf bifurcation analysis

In this subsection, we perform Hopf bifurcation analysis for model (5). According to Theorem 2.3,
the positive equilibrium E∗ of the corresponding ODE model (4) is asymptotically stable when 1 < κ <
3 and α < α∗. Besides, we also know tr[J(E∗)] = 0 if and only if α = α∗. Thus, spatially homogeneous
periodic solutions bifurcate near α = α∗ provided the transversality condition holds. We take α as the
Hopf bifurcation parameter. Assume that characteristic equation ∆0 = 0 has a pair of complex roots
λ(α) = β(α) ± iω(α), where

β(α) =
1
2

T0(α), ω(α) =
1
2

√
4D0(α) − T0(α), β(α∗) = 0,

and
β′(α∗) =

φ′(α∗)
4κ(1 + α∗v∗)2 > 0.
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This verifies the transversality condition. Furthermore, the real part of λ(α) becomes negative as α
increases crossing α∗. At α = α∗, ∆0 = 0 has a pair of purely imaginary roots ±iω∗(ω∗ = ω(α∗)). Using
the normal form method and center mainfold theorem in [35], we further investigate the direction of
the Hopf bifurcation.

Let L∗ denote the conjugate operator of L defined in (15). We can obtain

L∗(α)

 u

v

 := D

 ∆u

∆v

 + J∗(α)

 u

v

 , (18)

where J∗ = J⊤(E∗). Define

q :=

 q1

q2

 =


1

−
s1

s2
+
ω∗

s2
i

 , q∗ :=

 q∗1

q∗2

 = s2

2πω∗


ω∗

s2
+

s1

s2
i

i

 ,
which satisfy ⟨q∗, q⟩ = 1, ⟨q∗, q̄⟩ = 0, and L(α∗)q = iω∗q. Here

s1 = f10(α∗) = −
α∗v∗

1 + α∗v∗
, s2 = f01(α∗) = −

1 + 2α∗v∗

1 + α∗v∗
, ω∗ = ω(α∗) =

√
D0(α∗).

The inner product ⟨ξ, η⟩ =
∫ ℓπ

0
ξ̄⊤η dx is defined on L2[(0, ℓπ)] × L2[(0, ℓπ)].

Define

Qqq :=

 cn

dn

 cos2 n
ℓ

x, Qqq̄ :=

 en

fn

 cos2 n
ℓ

x, Cqqq̄ :=

 gn

hn

 cos3 n
ℓ

x.

If n = 0, we simplify to

Qqq =

 c0

d0

 , Qqq̄ =

 e0

f0

 , Cqqq̄ =

 g0

h0

 ,
with

c0 := fuuq2
1 + 2 fuvq1q2 + fvvq2

2 = 2 f20 + 2 f11q2 + 2 f02q2
2,

d0 := guuq2
1 + 2guvq1q2 + gvvq2

2 = 2g20 + 2g11q2 + 2g02q2
2 = 2( f20 + g20) − c0,

e0 := fuu|q1|
2 + fuv(q1q̄2 + q̄1q2) + fvv|q2|

2 = 2 f20 + f11(q2 + q̄2) + 2 f02|q2|
2,

f0 := guu|q1|
2 + guv(q1q̄2 + q̄1q2) + gvv|q2|

2 = 2g20 + g11(q2 + q̄2) + 2g02|q2|
2 = 2( f20 + g20) − e0,

g0 := fuuu|q1|
2q1 + fuuv(2|q1|

2q2 + q2
1q̄2) + fuvv(2q1|q2|

2 + q̄1q2
2) + fvvv|q2|

2q2

= 6 f30 + 2 f21(2q2 + q̄2) + 2 f12(2|q2|
2 + q2

2),

h0 := guuu|q1|
2q1 + guuv(2|q1|

2q2 + q2
1q̄2) + guvv(2q1|q2|

2 + q̄1q2
2) + gvvv|q2|

2q2

= 6g30 + 2g21(2q2 + q̄2) + 2g12(2|q2|
2 + q2

2) = −g0,
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where all partial derivatives are evaluated at the point (u, v, α) = (0, 0, α∗).
Let

g20 = ⟨q∗,Qqq⟩, g11 = ⟨q∗,Qqq̄⟩, g21 = ⟨q∗,Cqqq̄⟩.

Then we obtain

g20 =
s2

2ω∗

[(
ω∗

s2
−

s1

s2
i
)

c0 − id0

]

= f20 − f11 +

(
2s1 −

s2
1 + ω

∗2

s2

)
f02

s2

−
i
ω∗

[
s1 f20 + s2g20 +

(
ω∗2 − s2

1 +
s1(s2

1 + ω
∗2)

s2

)
f02

]
,

g11 =
s2

2ω∗

[(
ω∗

s2
−

s1

s2
i
)

e0 − i f0

]

= f20 −
s1

s2
f11 +

s2
1 + ω

∗2

s2
2

f02

−
i
ω∗

(
s1 f20 + s2g20 −
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From [35], the direction and stability of the Hopf bifurcation are determined by the signs of µ2 and ς,
respectively, where

µ2 =
Re(c1(α∗))
β′(α∗)

, ς = 2Re(c1(α∗)),

and

Re(c1(α∗)) := Re
{

i
2ω∗

(
g20g11 − 2|g11|

2 −
1
3
|g02|

2
)
+

1
2
g21

}

= −
1

2ω∗
[
Re(g20) Im(g11) + Im(g20) Re(g11)

]
+

1
2

Re(g21).

(19)

Combined with the transversality condition and the above formula, we have the following results on
the direction and stability of the Hopf bifurcation.

Theorem 3.2. Assume 1 < κ < 3. Then model (5) undergoes a Hopf bifurcation at α = α∗.
(i) If Re(c1(α∗)) < 0, the Hopf bifurcation is supercritical, and the bifurcating periodic solutions are
asymptotically stable on the center manifold;
(ii) If Re(c1(α∗)) > 0, the Hopf bifurcation is subcritical, and the bifurcating periodic solutions are
unstable.
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3.3. Numerical simulations

In this subsection, we carry out numerical examples to verify the theoretical analysis.

Example 3.1. Let the spatial domain Ω = (0, 10) and fix the parameters

σ = 1, κ = 1.2, α = 0.8, d2 = 0.01. (20)

Under such parameter settings, model (5) admits a unique positive equilibrium E∗ = (0.6523, 0.2977),
which is locally asymptotically stable for the corresponding ordinary differential equation model.
For prey diffusion coefficient d1 = 0.1, E∗ remains locally asymptotically stable within the reaction-
diffusion model (see Figure 4). Increasing the prey diffusion coefficient to d1 = 0.4, E∗ loses stability
and Turing instability emerges in the model (see Figure 5). This observation reveals that the prey
diffusion rate serves as a crucial factor modulating spatial population patterns. Weak prey diffusion
cannot break the uniform coexistence steady state. Once prey diffusion exceeds the critical value, the
coupling between spatial diffusion and interspecific predation drives uniformly distributed populations
to spontaneously segregate, leading to heterogeneous spatial distributions. Biologically, this Turing
pattern formation implies that prey mobility can induce spatial aggregation of species, even when the
well-mixed population tends to stabilize at a constant coexistence level.

(a) (b)

Figure 4. Numerical simulations of the stable equilibrium of model (5) with parameters
in (20) and d1 = 0.1.
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(a) (b)

Figure 5. Numerical simulations of the Turing instability of the equilibrium of model (5)
with parameters in (20) and d1 = 0.4.

Example 3.2. We now explore how the predator hunting cooperation coefficient α affects Hopf
bifurcating periodic solutions. Since the spatial distributions of the predator and prey exhibit similar
characteristics, we only present the spatial distribution for the prey. Fix the parameters

σ = 1, κ = 1.2, d1 = 0.01, d2 = 0.01, (21)

and choose α = 1.1, 1.35, 1.55, respectively. The numerical outcomes for these three values of α are
shown in Figures 6–8.

(a) (b)
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(c)

Figure 6. When α = 1.1, the spatially homogeneous periodic solution of the prey is shown.
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(a) (b)
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Figure 7. When α = 1.35, the spatially homogeneous periodic solution of the prey is shown.
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Figure 8. When α = 1.55, the spatially homogeneous periodic solution of the prey is shown.

For these parameters, the model admits a unique unstable positive equilibrium, and Hopf
bifurcating periodic solutions emerge around this equilibrium. Numerical results reveal that increasing
α continuously lengthens the period of periodic solutions, while these periodic solutions remain stable
throughout. This indicates that stronger hunting cooperation prolongs the time interval of predator-
prey population cycles and moderates the periodic fluctuations between the two populations.

4. Conclusions and discussion

This paper investigates the dynamical behaviors of a predator-prey model incorporating hunting
cooperation among predators and group defense of prey, and reveals how these two biological
behaviors modulate population coexistence and system stability. The main conclusions are summarized
as follows.

For the non-spatial model, we investigate equilibrium stability and bifurcation dynamics. First,
we derive the threshold conditions for the existence of equilibria, and establish criteria for the local
asymptotic stability of the positive equilibrium via linearization analysis. Second, using the Poincaré-
Andronov-Hopf bifurcation theorem, the center manifold theorem, and normal form theory, we
rigorously derive the existence conditions for Hopf bifurcation and determine the bifurcation direction
and orbital stability of bifurcating periodic solutions. Finally, numerical simulations are carried out
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to verify the validity of the theoretical results. Dynamical analysis indicates that hunting cooperation
exhibits dual ecological effects. On one hand, it facilitates the coexistence of predators and prey,
and improves the survival ability of predators. On the other hand, this behavior mechanism tends to
destabilize the ecological system and can lead to abrupt regime shifts of the ecosystem. Meanwhile,
group defense enables prey to resist predation pressure effectively and markedly elevates prey
population density. Importantly, both biological behaviors possess ecological thresholds. Moderate
hunting cooperation and group defense contribute to maintaining ecological balance. In contrast,
excessive hunting cooperation intensifies interspecific predation, while excessively strong group
defense breaks interspecific balance; both scenarios may result in species extinction and the collapse
of local ecosystems.

For the reaction-diffusion predator-prey model, we explore diffusion-driven spatial dynamics.
Theoretical analysis demonstrates that self-diffusion can alter the stability of the positive equilibrium
and induce classical Turing instability, which gives rise to abundant spatial patterns. This provides a
theoretical explanation for the formation of heterogeneous population distributions observed in natural
ecosystems. Furthermore, bifurcation theory is adopted to analyze Hopf bifurcation within the diffusive
model. The existence conditions, bifurcation direction, and stability of periodic solutions associated
with spatially homogeneous Hopf bifurcation are clarified. The results uncover the inherent laws
governing population oscillations and spatiotemporal evolution under the coupling of spatial diffusion
and interspecific interactions. This study provides theoretical support for understanding periodic
population fluctuations and spatial distribution patterns in nature.

Compared with the single mechanism models (1) and (2), the coupled predator-prey model (3)
reveals some new dynamical behaviors resulting from the interaction of hunting cooperation and prey
group defense. Hunting cooperation introduces new bifurcation scenarios that cannot be observed
in the pure group defense model, while prey group defense makes the dynamical properties near the
original equilibrium more complex. When only one biological mechanism is considered, this combined
effect does not exist. The study shows that the coexistence of these two ecological behaviors can
jointly reshape the threshold conditions for the existence of equilibrium, Hopf bifurcation, and Turing
instability. These theoretical findings emphasize the importance of simultaneously incorporating
multiple interspecies interactions when modeling natural ecosystems.

Nevertheless, the current model is formulated within the integer-order differential equation
framework, which cannot capture memory effects and hereditary properties widely existing in real
ecological communities. Additionally, deterministic equations ignore the random environmental noise
and random fluctuations that are ubiquitous in natural ecosystems. In future investigations, we will
extend the proposed predator-prey system to fractal-fractional frameworks with generalized fractional
derivatives such as Atangana-Baleanu and Caputo-Fabrizio operators [36, 37]. Additionally, we will
introduce random terms into the model to account for environmental randomness [38]. Based on
the advanced theories and numerical methods of fractional and stochastic dynamical systems, the
existence, stability, and bifurcation dynamics of the extended model will be further explored.
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