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1. Introduction and preliminaries

Integral equations play a fundamental role in modeling and analyzing complex physical systems,
particularly in nuclear engineering, where they provide powerful mathematical frameworks for
describing particle transport phenomena. The importance of integral equations lies in their ability to
capture global system behavior through nonlocal operators, making them essential for understanding
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steady-state distributions in various scientific and engineering applications. Integral equations of
neutron-transport type have attracted significant attention due to their critical applications in nuclear
reactor physics, radiation shielding, and medical physics.

Karapinar et al. [1] investigated integral equations using fixed-point theory, while Dahhouch and
Marzouki [2] and Zahid et al. [3] studied fixed-point approaches to Volterra-type integral problems.
Furthermore, Shah et al. [4] and Aldwoah et al. [S] explored generalized (¥, ¢)-contractions and their
applications to integral equations and related mathematical models.

The neutron transport phenomenon in homogeneous media at steady-state conditions is
mathematically characterized by the following linear Boltzmann equation [9]:

1

1 dp(b, i, , o
L p(abunzt(b)p(b,un): f 5Dy 1 — )by k)i, + S (0, ),
" -1

where the following hold:

e p(b, u,) represents the angular flux of a neutron;

e X,(b) denotes the cross-section (total);

e S(b,u,) is the source of the neutron;

o X (b, — u,) represents the cross-section of differential scattering.

Assuming isotropic scattering and planar symmetry, the original integro-differential equation
simplifies to the Peierls integral formulation:

1
0 = A fo K yyy0)dy + S (0,

where y(x) denotes the scalar neutron flux density. This transformation to a purely integral formulation
creates an ideal mathematical foundation for applying fixed-point methods.

The application of fixed-point theory has emerged as a fundamental approach for analyzing
integral equations in nuclear science. This mathematical framework provides rigorous methods for
demonstrating solution existence and uniqueness for neutron transport problems, thereby guaranteeing
physical consistency and operational reliability in nuclear applications. Recent advancements in fixed-
point techniques within controlled metric spaces and related generalized frameworks represent natural
extensions of classical approaches, particularly valuable for modeling complex neutron transport
phenomena with heterogeneous geometries and multiscale characteristics.

The implications of fixed-point theory are particularly significant in nuclear reactor physics and
safety engineering. Fixed-point principles enable the verification of solution properties for neutron
transport equations, which model both steady-state and dynamic reactor behavior under various
operational scenarios. These integral formulations originate from the mathematical modeling of
neutron interaction processes including scattering, absorption, and fission events, playing crucial roles
in reactor design optimization and safety assessment [6—8].

The utility of fixed-point theory extends throughout mathematical physics for addressing integral
problems in particle transport. Through appropriate contractivity conditions, fixed-point methods
enable the investigation of solution properties including stability, asymptotic behavior, and regularity
features. Neutron transport integral equations of the form

1
Y0 = A fo K y)y(dy + S ()
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find widespread application in nuclear engineering, radiation treatment planning, and particle physics,
where they provide mathematically rigorous descriptions of complex physical systems [9-11].

Fixed-point theory ensures that iterative numerical procedures for neutron transport equations
will converge to unique physical solutions, providing reliable computational methods in
nuclear engineering applications. It is this mathematical foundation that allows for the
development of advanced simulation codes for reactor physics, radiation protection, and nuclear
medicine, demonstrating the profound connection between pure mathematical theory and applied
engineering solution.

In 1969, Boyd and Wong [12] developed a novel class of contraction known as ¢-contractions,
which generalized the classical Banach contraction principle. Subsequently, in 1997, Guerre-
Delabriere and Alber in [13] proposed the idea of weak ¢-contractions and extended their applicability
to Hilbert spaces. However, Rhoades [14] later investigated that the results established by Alber [13]
are valid, as well, in the setting of complete metric spaces , as elaborated below.

Theorem 1.1. [I4] Let us assume that (%,,m,) denote complete metric spaces (CMSes)
with H : B, — B,, defined as a mapping. Suppose that for every 4,y € By,

mqy(HQ, Hy) < my(Q,y) — ¢(mq(9, y)), (L.1)

and ¢ : [0,00) — [0,00) is defined as nondecreasing and with no discontinuity and ¢(0) = 0
with ¢(u) > 0 for all u > 0. Then, H admits a unique fixed point (UFP).

Furthermore, Dutta et al. [15] presented a generalized version of Theorem 1.1, which is
stated below:

Theorem 1.2. [15] Suppose (B, my) denote (CMSes) and assume H : B,, — B, is a mapping.
Consider for all 9,y € B,

Y(my(HY, Hy)) < ¥(my(Q,y)) — ¢(ma(g,y)), (1.2)

where

1. ¥ : [0,00) — [0,00) denote functions which are monotonic, continuous, and nondecreasing
along Yy(u) =0 iffu = 0.
2. ¢ : [0, 00) — [0, 00) denote functions that are lower-semicontinuous along ¢(u) = 0 & u = 0.

Then, H admits a UFP.

For the mappings H and S on the metric space (4,,, m;), we consider the below notions:

1.

2

1 JH
AN (HQ, Hy) = max {md(g,y), my(y, Hy)%%g)g)}

)

’ H s H
M (HQ,Sy) = max {md(g,y)’ my(g, HG), my(y, Hy), my(y, HQ) + my(g )’)}

2
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3.
,HQ) + JH
M(Hg,Sy) = max {md(g, y), my(9, HQ), my(y, Hy), my(y, HQ) : my(g y),
my(9, HQ) + my(y, Hy) 1 + my(g, HY) 1+ ma(y, Hg)}
’ ’ H _ R H — = =
> my(y, Hy) T+ my9.y) my(g, HQ) T ma0)
4.
,HQ) + JH
M>(Hg, Hy) = max {md(g,y),md(g, HY), ma(y, Hy), my(9, HQ) : ma(g y)’
s 5 H _ R H A A
2 ma, Hy) 1 +ma(9,y) (9, H0) 1 +my(g,y)

Furthermore, in 2009, Q. Zhang et al. [16] established the following extension of Theorem 1.1.

Theorem 1.3. [16] Let us consider (%,,,mg) as a CMS and assume that S,H : %4, — B, denotes
two mappings. Suppose that for all g,y € %,

mq(Hy,SQ) < .#(Hy,SQ) — ¢(.# (Hy,S9)), (1.3)

and ¢ is defined in Theorem 1.2. Then, both the maps will admit a unique and common fixed-point.

Additionally, Doric et al. [17] derived a corresponding common fixed-point theorem for a pair of
mappings, thereby broadening the scope of the previously mentioned findings.

Theorem 1.4. [17] Let us assume (%,,, my) as a CMS and assume that H,S : B,, —> 9B,, denotes two
mappings. Consider for every Q,y € %4,,

U(mq(Hy,SQ)) < Y(A(Hy,S9)) — (A (Hy,SQ)), (1.4)

whereas W and ¢ are described in Theorem 1.2. Then, both maps will admit a unique common
fixed point.

Likewise, He [18] established common fixed theorems in 2017 for pairs of mappings satisfying a
generalized weak contraction condition of (i, ¢)-type within a CMS.

Theorem 1.5. [I8] Let us assume that (B, my) denotes a CMS and consider that H,S : %, —
B, denotes two mappings. Suppose that for every Q,y € B, %min{md(g,Hg),md(y,S y)} <
my(Q,y) implies

Y(ma(HQ,Sy)) < Y(A(HY,Sy)) — (A (HY,SYy)), (1.5)

whereas  and ¢ are described in Theorem 1.2. Then, both maps will admit a unique common
fixed point.

More recently in 2020, researchers [19] established the following result for generalized (¢, ¢)-
Suzuki weak contractions via a rational-type expression framework.
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Theorem 1.6. [19] Let us assume that %,, denotes a CMS and consider that H : 4, — A, denotes
a mapping. Consider that for every Q,y € A,

1
Emd(y, Hy) < my(y,0)

implies
Y(my(Hy, HQ)) < y(A (Hy, H)) — p(4 (Hy, HY)), (1.6)

whereas W and ¢ are described in Theorem 1.2. Then, H will admit a unique common fixed-point

Most recently, Arya et al. [20] established results for a common fixed-point of the generalized (¢, ¢)-
rational contractive mappings with rational-type expressions in a CMS.

Theorem 1.7. [20] Let us assume 98,, denotes a CMS and assume that H, S : B, — %B,, denotes two
mappings. Consider that for every Q,y € B,

W(ma(HY, S y)) < Y(A\(HY, S y)) — @(A1(HY,Sy)), (1.7)

whereas Y and ¢ are defined in Theorem 1.2. Then, both the maps will admit a unique common
fixed point.

The contraction principle has undergone substantial generalizations through various extensions
of the underlying metric space structure. Around 1989, the well-known Bakhtin [21] alongside
Czerwik [22] forwarded the idea for b-metric spaces by variation in the triangular inequality through
the incorporation of a constant s > 1. Pursuing this line of inquiry, Kamran [23] established extended b-
metric spaces where rather than the constant s > 1, a function is used, and hence, it is a more
general context. This seminal extension created a huge amount of research activity in extended b-
metric spaces. For instance, E. Karapinar et al. [24] established results on cyclic orbital with cyclic
orbitals F-contractions and their applications. Additionally, Wasfi in [25, 26] discussed new types
of contraction mappings in such a context. Similarly, Javed with Abdeljawad [27] worked on fixed-
point theorems in the context of an orthogonal extended b-metric. Building upon these developments, a
further generalization was introduced by Mlaiki et al. in [28], who conceived the structure of controlled
metric-type spaces. In this innovative framework, the control function operates distinctly on each
term of the triangular inequality, offering a broader and more versatile structure that encompasses the

previous extensions.

Remark 1.8. From this point onward, the notation m. will be used exclusively for the controlled metric,
whereas My will denote the metric on an ordinary metric space whenever required.

Definition 1.9. [28] Let G # @ denote a set (nonempty); the structure defined as m, : GXG — [0, +00)
is labeled as a controlled metric space. Assume that the conditions below hold true:

1. m.(w,0) = 0meansw =0VY w,o € G.

2. m.(w,0) = m.(o,w)¥Y w,o0 € G.

3. m.(w,o0) < a(w, pym.(w, p) + a(p,o)m.(p, o).
Definition 1.10. [28] Suppose that (G, m.) as a controlled metric space. A sequence s, C G is labeled
as follows:

AIMS Mathematics Volume 11, Issue 11, 26696-26722.
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(a) Convergent to a point q € G when for each 0 <3 0, there is an N € N such that m.(s,,q) <3 for
every n > N. We denote this by s, — q orlimn — oos, = q.
(b) Cauchy when for each 3> 0, there exists N € N such that m.(s,,, s,) <3 for all m,n > N.

Definition 1.11. /28] Let (G, m.) denote a controlled metric type space; then, it is deeded as complete
if every Cauchy sequence converges in G.

Example 1.12. [28] Take G = {0, 1,2}. Let m. be described as:
m.(0,0) = m.(1,1) =m.(2,2) =0

and

me(1,2) = m.(2, 1) -2

1
m.(0,1) =m(1,0) =1, m.(0,2) =m.(2,0) = 5 5

2,
Select 0 : G X G — [1, 00) as symmetric and described by:
5 11
00,0)=0(1,1) =02,2) =0(0,2) =1, o(1,2)= T 00,1) = o
It is trivial to observe that M. is a controlled metric type.

Noting that

99
m.(0,1) =1 > 100 = (0, H[m.(0,2) + m.(2, 1)],

M. turns out to be not extended b-metric by taking the similar function o = 6.

This manuscript introduces modified (i, ¢)-rational contractions in the structure of controlled
metric-type spaces. The (¥, ¢)-contractions provide a significant extension of traditional contraction
mappings, enabling broader analysis of convergence and fixed-point existence in more comprehensive
settings. The derived results are applied to ensure the existence and uniqueness of solutions to the
neutron transport equation, which models particle behavior in nuclear reactors and radiation shielding.
Additionally, examples are provided to strengthen the practicality of our established results.

1.1. Comparison with existing literature

The proposed results differ substantially from the existing literature on generalized (i, ¢)-
contractions and rational-type contractions. In particular, the novelty of the present manuscript can
be summarized as follows:

e Dutta et al. [15] introduced generalized (i, ¢)-contractions in complete metric spaces without
incorporating rational expressions or control functions.

e The work in [19] established generalized (¢, ¢)-Suzuki weak contractions involving the rational
expression .4 (-, -) under a Suzuki-type admissibility condition in metric spaces.

e Aryaetal. [20] considered common fixed-point results for generalized (¢, ¢)-rational contractions
using two self-mappings and the rational expression .Z(:, -).

¢ In contrast, the present work introduces a modified rational expression .#(-, -) together with an
additional control parameter ¢ € (0, 1) and a new asymptotic condition involving the control
function o. Consequently, our framework is developed in controlled metric spaces, which
properly generalize several existing metric-type structures.

AIMS Mathematics Volume 11, Issue 11, 26696-26722.
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e Furthermore, unlike [19,20], our approach combines modified rational (i, ¢)-contractions with
the geometry of controlled metric spaces and demonstrates their applicability to neutron-
transport models.

Table 1 summarizes the differences between the existing fixed-point results and the present study in
terms of the underlying spaces, mappings, rational expressions, and applications.

Table 1. Comparison of the present results with existing literature.

Reference Space Mapping  Rational term  Application

[15] Metric Single None No

[19] Metric Single N No

[20] Metric Two maps .#, No

Present work Controlled metric ~ Single M Neutron transport

2. Main results

We now leverage the concepts introduced in the previous section to prove new fixed-point theorems.
Our primary finding is the following.

Theorem 2.1. Let G denote complete controlled metric spaces. Suppose that H : G — G denotes the
mapping. For every §,b € G, £ € (0, 1), and

y(m.(HY, HD)) < y(&.4>(HY, HD)) — p(A>(HY, HD)), 2.1)

whereas Theorem 1.2 is defined by y and .

Suppose that

i+1> Mi+ 1
lim sup sup %o—(b,ﬂ,bm) < E 2.2)

In addition, presume that, for each b € G, we have that
lim o(b,,b) and 1lim o(b,b,) exist and are finite.

Consequently, H admits a UFP.

Proof. The sequence {b,} is defined by the recurrence relation b, = Hb, for all n € N. When there
exists an index ny € N such that b, ,; = b,,, then b,, is a fixed-point of H, and the proof is done.
Therefore, we may assume that b,,; # b, for all n € N. Now, if g = b,,, and y = b,_y, then by 2.1,

W (mc (an’ an—l)) < '7[’ (6%2 (an’ an—l)) 4 (%2 (an’ an—l)) ’

where

e%Z(bn’ bnfl) = max {mc(bn’ bn71)9 mc(bm an), mc(bnfl’ an71)9

mc(bna an) + mc(bna an—l) mc(bna an—l) + mc(bn—l’ an—l)
2 ’ 2 ’

AIMS Mathematics Volume 11, Issue 11, 26696-26722.
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1+ m.(b,, Hb,)
I+ mc(bn, bn—l)

mc(bn—la an—l) (

), m.(b,. Hb,) (1 + mc(bn_1,an_1)) }

I+ mc(bm bn—l)

%Z(bna bn—l) = max {mc(bn—la bn), mc(bn’ bn+1)a mc(bn—la bn)a

mc(bna bn+1) mc(bn—l, bn) I+ mc(bn’ bn+l)
2 ) 2 s mc(bn—l’ bn) (1 + mc(bn—l, bn)) s mc(bn’ bn+1)}-
_ I+ mc(bn’ bn+l)
%Z(bn, bn—l) = max {mc(bn—la bn)a mc(bn—la bn) (1 + mc(bn—l, bn)) ) mc(bna bn+1)} .

Because | +B

+ by

"TYA. < max{A,, B,}.

Thus,

M0, D,-1) = max {me(b,-1, 0,), M (B, B41)}
From (2.3), we have
Y(Me(Dy41, B,)) < Y& max{m (b, B,.1), M (D1, b)) — p(max{mc(b,, D,s1), Me(b,-1, DY . (2.3)
Suppose, on the contrary, that
Me (B, Brs1) > Me(D,-1, D).
Then, the maximum in (2.3) is attained at m.(b,, b,..), and therefore,
Y(Me (D, b)) < Y(EM(B,, by DD = e(Me(B, B 1)).
Because ¢(f) > 0 for every ¢ > 0, we obtain
Y(M(By, By41)) < Y(&{me(by, By
On the other hand, ¢ € (0, 1) implies
(€(Me(by, bys1)}) < Me(by, D),
and because ¢ is nondecreasing, it follows that
Y(éme(By, Bpi1)) < Y(me(by, b)),
which is a contradiction. Hence,
M0, Byi1) < Me(D-1, by).

AIMS Mathematics Volume 11, Issue 11, 26696-26722.
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Consequently,

w(mc(bn, bn+1)) < l/’(é:mc(bn—l’ bn)) - (p(mc(bn—l, bn))
Because ¢ is non-negative,

w(mc(bna bn+1)) < l//(gmc(bn—l, bn)) (24)
Employing the defining property of ¢, it follows that for all n € N,

mc(bm bn+l) < fmc‘(bna bn—l)-

Inductively,
M.(B,, By1) < E'Me(by, by). (2.5)

Because
mc(bn’ bn+1) < mc(bn—la bn),

the sequence {m.(b,, b,;1)}.>0 is nonincreasing and bounded below by zero. Hence, there exists r > 0
such that
lim mc(bm brz+1) = lim mc(bn—la bn) =r (26)

n—oo

From the previous inequality, we have

w(mc(bn’ bn+l)) < l//(‘fmc(bn—l’ bn)) - (p(mc(bn—l» bn)) .
Taking the limit superior on both sides and using

lim sup(u, — v,) < limsup u, — liminf v,,

n—o0o n—00 n—oo

we obtain
l//(l") < l,[/(fl") - hnm_)glf Qo(mc(bn—l’ bn)) .

Here, the continuity of ¢ and the lower semicontinuity of ¢ yield
Y(r) < y(ér) — o).

Because ¢ € (0, 1), and ¢ is nondecreasing,

Y(&r) < Y(n).

Therefore,
Y(r) < y(r) — o(r),

which implies ¢(r) < 0. Because ¢ is non-negative, we have ¢(r) = 0. By the defining property of ¢,
this gives r = 0. Consequently,
lim mc(bm bn+1) =0.

Now, for some m > n and 1.9, we have

mc(bn» bm) < O—(bn» bn+1)mc(bn’ bn+1) + O-(bn+1» bm)mc(bn+1’ bm)
< O-(bn’ bn+1)mc(bn’ bn+l) + O-(bn+1, bm)o-(bn+l’ bn+2)mc(bn+l’ bn+2)

AIMS Mathematics Volume 11, Issue 11, 26696-26722.
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+ (0,41, D)o (D442, BN (D42, D)

< o(by, by DM(D,, b)) + 0 (0,11, 0,)T (0,11, DL2)IMA(D,11, D,12)
+ (D441, DT (D442, )T (B2, B 3)Me (D142, D43)
+ (0,1, DT (042, BT (D13, BIM(D,43, D)

<

m—2 i
< 7(Dy, byc)Me(by, by) + ) []‘[ (b, bm>] o(bi, by (b, by.)

i=n+1 \j=n+1
m—1
+ H O_(bk, bm)mc(bm—l, bm)
k=n+1
m=2 i )
< O-(bn, bn+1)§nmc(b0a bl) + Z [ n O-(bj’ bm)] O-(bi’ bi+l)§lm0(b0’ bl)
i=n+1 \j=n+1
m—1
+ 1—[ o(b;, b,)Em 'm.(by, by)
i=n+1

m—2 i
< (by, by)E"M by, by) + > []_[ o(b;, bm>] o(bi, bi1)¢'m (by, by)

i=n+1 \j=n+1

m—1
+ [ [] e bm>] £" (0,1, b,)Me(bo, by)

i=n+1

m—1 i
= 7(by, by)€"M (bg, by) + > []‘[ o(b;, bm>] o (bi, bi1)g'm.(bo, by)

i=n+1 \j=n+1

m—1 i
< o(b,, b, )EM(bo, b)) + [ﬂ (b, bm>] o (bi, b€ M.(bo, by).

i=n+1\ j=0

For each m, define

aim = [n U'(bj, bm)] o(b;, bi+1)fi-
j=0
Then,
Aivlm (bii1, biy2)

Aim B o(b;, bis1)

O-(bi+1 s bm)'

By (2.2),

lim sup sup [f%ﬁ(bm , bm)] <1
i» Mi+1

Hence, there exist ¢ € (0, 1) and N € N such that

[—00 m>i

Aivim < qAim, i>N, m>i+1.

For the fixed index N, the assumption
lim o(b;, b,,)

AIMS Mathematics Volume 11, Issue 11, 26696-26722.
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exists and is finite for every fixed j. Therefore, each sequence {o"(D;,b,,)},>1 is bounded. Because
only finitely many factors occur in ay,,, there exists a constant Cy > 0 such that

aym < Cy
for every m > N. Repeated application of a;,1,, < qa;, therefore gives
i-N . .
aim < Cng"™", i>N, m>i.

Consequently,

— 0 asn — oo,

uniformly with respect to m > n. It remains to consider the first term
fno-(bn’ bn+1)-
Set
Cn = an'(bn, bn+l)-

Then,
Cn+l — é:_.o-(bn+la bn+2)
Cn O-(bn’ bn+1) .

Because o(b,,,1, b,,) > 1, Condition (2.2) implies

Cn+l

lim sup < 1.
n—oo Cn
Hence,
lim &"o(b,, b,,1) = 0.
Therefore,

lim m.(b,,b,) =0.

n,m— oo

Therefore, {b,} is a Cauchy sequence in the complete controlled metric space (G, m.). Hence, there
exists some g € G such that
lim m.(b,, g) = 0.

Thus,
b, — g.

We shall now show that g is a fixed-point of H.
Utilizing (2.1), we have

Y (m.(Hg, Hb,) < y(§h(Hg, HD,)) — ¢ (A2 (Hg, HD,))

AIMS Mathematics Volume 11, Issue 11, 26696-26722.
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= u{gmax {m.(s, ). m(g. He),m.(b,, Hb,),
m.(g. Hg) + m.(g, Hb,) m.(g, Hb,) + m.(b,, Hb,)
2 ’ 2 ’

1 +m.g Hg) 1 +m.(b,, Hb,)
me(by, Hb,) (—1 YA ),mc( H )( s )})

_SO( max {mL(g7 bn), mc(g’ Hg), mc(bn’ Hbl’l)a
m.(g, Hg) + m.(g, Hb,) m.(g, Hb,) + m.(b,, Hb,)
2 ’ 2 ’

1+m.g,Hg) 1 +m.(b,, Hb,)
mc(bn, an) ( 1+ mc(g’ bn) ) P mC(g’ Hg) ( 1+ mc(g’ bn) ) })

Letting n — oo, we have y(Mm.(g, Hg)) < w(ém.(g, Hg)) — ¢(Mm.(g, Hg)), and as a result, g = Hg.
To verify that the fixed-point is unique, assume by contradiction that there exists a second fixed-
point w of H such that w # g, and we get

Yy(me(g.w)) = Y(m(Hg, Hw))
< Y(EAM(Hg, Hw)) — (A (Hg, Hw))
= W(mc(g’ W)) - Qo(mc(g9 W)),
e(me(w, g)) = 0.
We come up with w = g, and the proof is finished. O

Theorem 2.2. Let us assume that G represents a complete controlled metric space. Suppose
that H : G — G denotes the mapping. Let for every g,b € G, £ € (0, 1), and

Y(M.(HQ, Hb)) < y(£.4(HY, HD)) — o(4 (Hg, HD)), 2.7)

and Theorem 1.2 is defined by  and ¢.
Suppose that

li U(bi+1, bi+2)
P S o ®n b
1—00 m>i 19 1+

o (Bis1, by | < é (2.8)
In addition, presume that, for each b € G, we have that

}1_{2 o(b,,b) and }LI’IOIO o(b,b,) exist and are finite.
Then, H admits a UFP.

Proof. The proof follows analogously from the previous theorem. m|

We now present some essential consequences of the previous theorems. Our first corollary is
the following.

Corollary 2.3. Let us consider G as a complete controlled metric space. Suppose that H : G — G
denotes the mapping. Let for every g,b € G, £ € (0, 1), and

m.(Hg, Hb) < £.4,(HY, HD) — o(./>(Hg, Hb)), (2.9)

AIMS Mathematics Volume 11, Issue 11, 26696-26722.
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whereas Theorem 1.2 is defined byy and ¢.
Assume that

lim sup sup O-(bi+1’ bi+2)
s mei | (0, D)

1
o(bi1,b,) | < E (2.10)
Moreover, assume that for every b € G, we have that
limo(b,,b) and limo(b,b,) exist and are finite.

Then, H admits a UFP.
Proof. The proof is quite straightforward by putting ¢ = I(Identity) in the Theorem 2.1. O

Corollary 2.4. Consider that G denotes a complete controlled metric space. Suppose that H : G — G
denotes the mapping. Let for every 9,b € G, £ € (0, 1), and

m.(Hg, Hb) < ém.(9, b) — ¢(m.(9, b)), (2.11)

while Theorem is 1.2 defined by W and ¢.

Suppose that

i+1> Mi+ 1
lim sup sup %O—(bﬂ_l,bm) < E (2.12)

Moreover, consider that for every b € G, we have that

limo(b,,b) and lim o(b,b,) exist and are finite.

n—oo

Then, H admits a UFP.
Proof. We prove this is trivial by putting .#,(Hg, Hb) = m.(g, b) in Theorem 2.1. |

Corollary 2.5. Suppose that G denotes a complete controlled metric space. Suppose that H : G — G
denotes the mapping. Let for every 9,b € G, £ € (0, 1), and

y(m.(Hg, HDb)) < ¢(£m.(9, b)) — ¢(M.(9, b)), (2.13)

whereas Theorem 1.2 is defined by y and .

Suppose that

: o(bis1,bis2) 1
fimsup sup | = oy 7 (Pirts P < . (2.14)

Moreover, consider that for every b € G, we have that

lim o(b,,b) and 1lim o(b,b,) exist and are finite.

n—oo

Then, H admits a UFP.
Proof. The proof is trivial by taking .#,(Hg, Hb) = d(g, b) and = I in the previous result (2.1). O

Remark 2.6. The result (2.5) is the consequence (1.1) of [14] in controlled metric spaces.
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Remark 2.7. The result (2.4) is the consequence (1.2) of [15] in controlled metric spaces.

Example 2.8. Suppose that G ={0,1,2}. Let m. : G X G — [0, 00) be symmetric and defined as

mc(0,0) = m.(1, 1) = m.(2,2) = 0,

3
m.(0,1) =m.(1,0) = 1, m.(0,2) = m.(2,0) = 3
and .
m(1,2) =m.(2, 1) = R
Take o : G X G — [1, ) as a symmetric function defined by
0(0,0)=0(1,1) =0(2,2) = 0(0,2) =1,
4
3
Clearly, (G,m,, o) is a controlled metric space. Define the self-map H : G — G by

o(1,2) = g, 0(0,1) =

HO =1, H1 =2, H2 =12.

Choose

and define Y, ¢ : [0, 00) — [0, c0) by

Wi =1, @)= é

For all 9,b € G, we verify that
M.(Hg, Hb) < 3. 4(HY, HD)

On the other hand,

W (é4,(HQ, HD)) — ¢ (A>(Hg, HD))
= 2 Ma(Ho, Hb) ~ <A Hg, Hb)
= %%z(Hg, Hb)

Therefore,

¥ (M(HY, HD)) < Y (§.4(HY, HD)) — ¢ (A>(HY, HD)),

which satisfies Condition (2.1). Hence, all the conditions of Theorem 2.1 are satisfied, and therefore,

H admits a unique fixed-point. Further,
H2=2

is the unique fixed-point.
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Example 2.9. Let
G = {0’ 1’ 2}’

and define
m.g,b)=1g-bl, g.beG.

Clearly, (G, m.) is a complete metric space and, consequently, a complete controlled metric space with

o(g,b) =1
forallg,b € G.
Define the self-map
H:GC—G
by
H(0) =0, H(1l) =0, HQ2)=1.
Choose
=3 w0=n w=
§=5 vO=L =15
Then, A . .
Y& — (1) = gl - I_Ot = I_Ot'

Using the definition of .#> associated with the self-map H, the only pairs for
m.(Hg, Hb) # 0
are
0,2), (2,0), (1,2), 2, 1.
For (g,b) = (0,2) and (2,0), we obtain

m.(HO, H2) = m,(0,1) = 1

and

M5(0,2) = #,(2,0) = 2.
Therefore,

7 7
m.(HO,H2) =1 < E(Z) =3
Similarly, for (g,b) = (1,2) and (2, 1),

m.(H1,H2) =m.0,1) =1,

whereas 3
MH(1,2) = M2, 1) = R
Hence,

7 (3) 21
. =1< —|=]==.
m(H1,H2) = 1< - (2) >
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For all remaining pairs,

m.(Hg, Hb) = 0,

and therefore, the required contractive inequality holds trivially.
Consequently, for every g,b € G,

¥ (M(HY, HD)) < ¢ (£.45(9, b)) — ¢ (A2(9,0)).

Thus, the modified rational (f, ¢)-contractive condition of Theorem 2.1 is satisfied.
Moreover, because o = 1,

. o(bir1,bis2)
1 —————0(by,b,)| =1,
Hillioup S;ﬂ? O'(bi, Dis1) o(0in )
Because
5 1
l<-=-=-,
4 ¢

the control-function condition is also satisfied. The remaining limits involving o clearly exist and
are finite.

Hence, all the assumptions of Theorem 2.1 are fulfilled, and H has a unique fixed-point. Indeed,
H(0) =0,

so the unique fixed-point is
u=0.
We now show that the classical Banach contraction principle cannot be applied to this mapping.
For the pair 1,2 € G,
m.(H1,H2) =m.0,1) =1,

whereas
m.(1,2) = 1.
Thus,
m.(H1, H2) _1
m.(1,2)

Consequently, there does not exist any constant k € (0, 1) such that
m.(Hg, Hb) < km.(g, b)

forallg,b € G.

Therefore, H is not a Banach contraction, whereas it satisfies the modified rational (Y, )-
contractive condition of Theorem 2.1. This example demonstrates that the proposed theorem can apply
to mappings for which the classical Banach contraction principle is not applicable.
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Example 2.10. Let G = {a,b,c,d}. Define a symmetric controlled metric m. : G x G — [0, o) by

the table
m.la b ¢ d
aO%%l
AR
10 5

(that is, for example, m.(a, b) = 3/4, m.(c,d) = 4/5, etc.). Take the control function o : GXG — [1, o)
(symmetric) by

p—

, b=y,
=, {b,y} ={a,b},
. {b,y} =1{b,c},

o(b,y) =12
2 b,y = (c.d),
1

, otherwise.

One checks that (G,m,) is a complete controlled metric space; because G is finite, every Cauchy
sequence is eventually constant.
Define H : G — G by

H(a) =d, H(®) =d, H(c) = d, H() =d.

Thus, d is a fixed-point for H, and for every starting point, the orbit {b,} becomes constant from the
first iterate onward: by =d, b, =d, ...
Choose the auxiliary functions

yin =1, @)=y, =3

We now verify the hypotheses of Theorem 2.1.
For arbitrary g,b € G we have Hg = Hb = d, so

¥(M(HY, Hb)) = y(m.(d, d)) = 4(0) = 0.

On the other side, #,(HQ, HD) is the maximum of several expressions formed from distances
involving HY = d, and Hb = d. When both arguments are d, all pairwise distances appearing in the
max are > 0, and in particular, when g # b, at least one entry of the maximum is strictly positive (for
example, m.(g, b) > 0 enters the definition of .#>). Hence, for every choice of g, b, we obtain

0 = y(Mm.(HY, HD)) < Y (A>(HY, HD)) — (A (HY, HD))

because the right-hand side equals ., — i.ﬂz = %///2 > 0. When g = b = d, both sides are 0, so (2.1)
holds in every case.

Fix any initial point by € G, and form the orbit b, = H"(b,). As observed above, the orbit
satisfies by = d, by, =d, ..., so for all sufficiently large i, we have b; = b, = b,, = d. Therefore,

. O-(bi+19 bi+2) _ O-(da d)
o on by 7 Pt Pm) = 2

o(d,d)=1.
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Hence,
i O-(bi+1 5 bi+2)
im sup sup

i—oo  m>i O-(bi’ bi+1)

With our choice & = % we have 1 < 1/& = 2., so the strict inequality in (2.2) is satisfied.

For any fixed b € G, the sequence o(b,, D) is eventually constant because b, = d for all large n.
Thus, the limits lim,_,, o(b,, b) and lim,_,, o(b, b,) exist and are finite.

All conditions for Theorem 2.1 hold, so H admits a UFP. Because H(b) = d for every b € G,
the UFP is d.

o1, b)) | =1

3. Application

Neutron-transport equations are of critical importance in nuclear engineering and reactor physics,
as they accurately model particle behavior in nuclear reactors, radiation shielding, and medical
physics [9-11]. Fixed-point theory (FPT) provides essential mathematical tools to prove the existence
and uniqueness of solutions to these integral equations, ensuring physical predictability and operational
safety. The application demonstrates how abstract mathematical frameworks directly support the
design and safety analysis of nuclear systems, bridging theoretical mathematics with practical
engineering solutions for energy production and radiation management.

3.1. Application to the steady-state neutron transport

The neutron transport phenomenon in homogeneous media at steady-state conditions is
mathematically characterized by the linear Boltzmann equation

1

19 b’ n / ! !
_—P( H ) + Z;(b)P(b,,Un) = f Zs(b9l'ln - :un)p(b’/ln)dlun + S(b’ﬂ”)’
-1

W, db
where the following hold:

The function p(b, u,,) denotes the angular neutron flux.

The coeflicient X,(b) is the total cross-section.

The kernel (b, u;, — p,) represents the differential scattering cross-section.
The term S (b, u,,) describes the neutron source.

Assuming both isotropic scattering and plane symmetry, the general transport equation simplifies
to the well-known Peierls integral equation:

1
Vo) =1 [ Kby o)y +50) G.1)
0

where the following hold:

The scalar flux is defined as ¥/ (b) = f_ 11 o(b, u,)du,.

The transport kernel is given by K(b,y) = (1/2)E(|b — y)).
Ei(z) = flw(e‘z’ /1) dt denotes the exponential integral function.
The scattering ratio is defined as 4 = £/%;:

AIMS Mathematics Volume 11, Issue 11, 26696-26722.



26714

Let G = C([0, 1], R) denote the space of real-valued continuous functions on [0, 1]:

m.(b(p),y(p)) = sup |b(p) — y(p)I*, (3.2)

pel0,1]

for all b,y € G. Note that (G, m,, o) is a controlled metric space with the function o : GXG — [1, c0)
defined as
o(b,y) = 2.

To analyze this problem, we formulate it in terms of an integral operator. Consider the neutron-
transport operator H : C([0, 1]) — C([0, 1]), defined by

1
HY(b) =2 f K(0b,y)¥ ()dy + S (b).
0

Before stating the application theorem, we explain the role of its assumptions. The uniform bound
on the kernel controls the norm of the integral operator, whereas the restriction on the scattering ratio
ensures that the contraction generated by the operator is sufficiently strong. These assumptions allow
the transport operator to satisfy the modified rational (¢, ¢)-contractive condition of Theorem 2.1.

Next, we will proceed to prove our result.

Theorem 3.1. Let G = C([0, 1], R) be endowed with
m.(%1, %) = 1% - %%,

and let H : G — G be the transport operator defined by

1
(HY)(b) = /lfo K(b,y)¥ (y)dy + S (b).

Assume that

1
I:= sup f IK(b,y)|dy < o
be[0.1] JO

and that there exists & € (0, %) such that
g = <&

Then, the transport Eq (3.1) admits a unique solution, V* € C([0, 1], R).

Proof. Let
G =C([0,1],R),

and define the operator H : G — G by

1
(H?)(b) = /lfo Kb, 7 ()dy + S (b). (3.3)

Because K, S, and 7 are continuous, the function H7 is continuous on [0, 1]. Hence, H is a self-
mapping on G.
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Moreover, ¥ € G is a solution of the transport Eq (3.1) if and only if
HY =7.

Therefore, it is enough to prove that H admits a unique fixed-point.
For 7, 75 € G, we have

(H71)(b) — (HY)(b)

1
= /lfo Kb, ("M ©) = 7)) dy,

because the source term S (b) cancels. Consequently,
1
|(HY1)(b) — (HY2)(b)] < |4 f Kb, MIN) = V)l dy
0

1
<4 (f IK(b,y)Idy)II”//l = Vllo.
0

Taking the supremum over b € [0, 1], we obtain
IHY — H oo < |AUNY1 = P2llos

where

1
1= sup [ Kby
bef0,1] Jo
Squaring both sides gives
IH 7 = HAA, < PP - Al

Using the controlled metric
m.(¥1, %5) = 1% = HlI2,

we obtain
m(HY1, H2) < gm(%, 72), (3.4)
where
g =P
By assumption,
g<é<l.

Because the rational expression .#,(H 71, H/5) contains m.(7], #3) as one of its terms, we have
M1, %2) < AL(H Y, HY).

Therefore, from (3.4),
m(H Y, HY3) < q #(HV, HY).

Now, define

Y =t
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and
@(t) = (€ - g, t>0.

Because g < &, we have & — ¢ > 0. Hence, ¢ is continuous and non-negative, and
) =0 < =0
Also,

q AHV, HY)) = EALHY, HY) — (€ — @) A(HY1, HY))
= Y(EAM(HN, H2)) — o(AM(HV1, HY))

Thus,

Hence, H satisfies the modified rational (¢, ¢)-contractive condition of Theorem 2.1.
In the present space, the control function is taken as

o(N, V) =2
for all #1, ¥, € G. Therefore,
bi > bi .
lim sup sup Ma(bm, b,,)| = suplim 2
inco mi | (05, D) m>1 12

=2.

Because ¢ € (O, %)

1
2<—.
'3

Hence, the supremum condition required in Theorem 2.1 is satisfied.

Therefore, all the hypotheses of Theorem 2.1 are satisfied. Consequently, H admits a unique fixed-
point ¥* € G. Because the fixed-points of H are exactly the solutions of the transport equation, it
follows that (3.1) possesses a unique solution,

v e C(0,1],R).

Example 3.2. Consider the neutron transport integral Eq (3.1) on [0, 1] with
1
K(b,y) = 5e-'b-y', S (b) = sin(zb) + 1, b,y € [0, 1].

Let
G=C(0,1],R),

and define
Mm%, %) = sup |%1(p) — YA(p)P.

pel0.1]
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Because
171(p) = %(p)I* < 2171(p) = H(p)I* + 2[%(p) = % (P

we obtain
M(71, 73) <2 (1, Y5) + 2m (Y3, 13).

Thus, (G, m,, o) is a complete controlled metric space with
o(N, %) =2.

Define the transport operator H : G — G by

1
(H?)(b) = /lfo Kb, y)? (y)dy + S (b). (3.5)

We verify the hypotheses of Theorem 3.1.
(1) Estimate of the kernel integral. For every b € [0, 1], we have

1 1 (!
f K(b, y)ldy = > f e dy
0 2 Jo
1 b 1
= —(f e_(b_y)dy+f e_(y_b)dy)
2\Jo b

= % (2 —eP - e_(l_b)) .

The maximum occurs at b = 1/2. Therefore,
I
I:= sup f IK(b,y)ldy =1 —e? = 0.393469.
be[0,1] Jo

Consequently,
I’ =(-e1%)? ~0.154818.

(2) Choice of the scattering ratio and contraction parameter. Choose

1=0.9,
and set
E=F=(1-e"?7
Then,
g :=|AP* = 0.811% ~ 0.125403.
Hence,

0<g<é=0.154818 < 1.

Thus, the principal assumption of Theorem 3.1 is satisfied.
(3) Contractive estimate for the transport operator. For any 71, V5 € G and b € [0, 1], we obtain

((H71)(b) - (HY2)(b)|
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1
Sy fo Kb y)(Hi() — 500) dy

1
< W [ KGNy = il
0

Taking the supremum over b € [0, 1] and squaring yields

m.(HY;, HY5) = ||[HY; — HY5|%
< [P - H5l1
= qgm.(", 15).

Because

AM(H, HYS) 2 Mo(, 1),

it follows that
M(H 1, HY3) < q M(HY, HY).

(4) Verification of the (V, p)-contractive condition. Define
Y1) =t

and
@) = (€ —gr.

For the present choices,
E—q=1—-0817 =0.19* ~ 0.029415 > 0.
Therefore, ¢ is continuous and non-negative and satisfies
) =0 < +t=0.
Moreover,

(M (H Y1, HN)) < q AL(HY1, H))
= &AM (HV, HY) = (€ — q)A(HV, HY))

= Y(§AM(H Y1, HN)) — o(A(H V1, HYY)).

Hence, the modified rational (Y, ¢)-contractive condition is satisfied.
(5) Verification of the control-function conditions. Because o = 2, we have

. O'(b,-+1, bi+2)
1 ————0o(bi1, b,
H}lioup ililz) o(b;, bi1) 7B )
2
= lim=-2=2.
sup lim >

m>1 [—00

On the other hand, . .
—=——— % 6.459.
£ (- Py
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Therefore,
2<

o] =

Furthermore, for every fixed V' € G,

lim o (¥, ) = limo(¥,7,) =2,

n—oo

and these limits are finite.

(6) Conclusion. All the assumptions of Theorem 3.1 are satisfied for

0.9.

1
K(b,y) = Ee—'b—yl, S (b) = sin(zb) + 1, 1
Consequently, the operator H possesses a unique fixed-point,
¥v* e C([0,1],R).

Therefore, the neutron transport Eq (3.1) admits a unique continuous scalar flux solution V*.
Visual interpretation can be done with the help of Figure 1.

Convergence to the Unique Neutron Flux Solution

lteration 0

lteration 1

lteration 2

lteration 3 -

lteration 5

Iteration 10

== == Unique scalar flux solution
1 | 1 1 1 1 1

% 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Figure 1. Convergence of the Picard iterates 7#;,,, = HY;, toward the unique scalar neutron
flux solution ¥* for 1 = 0.9.

05

4. Conclusions

This paper introduces modified rational (i, p)-contractions in controlled metric spaces and
establishes new fixed-point theorems under suitable contractive conditions. The applicability of
the developed theory is demonstrated through the neutron transport integral equation and several
illustrative examples. The obtained results extend existing rational-type contraction principles in
controlled metric spaces and provide a useful framework for studying nonlinear integral equations.
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Future research may extend the proposed framework to double controlled metric spaces and
investigate applications to systems of integral equations, nuclear engineering models, and other
nonlinear mathematical models.
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