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1. Introduction

Let I be an ideal of a commutative Noetherian ring R. By Brodmann’s famous result [1, Theorem 2],
the depth(R/It) is a constant for large powers t; that is, there exist integers t0 > 0 and c ≥ 0 such that
depth(R/It) = c for all t ≥ t0. Given an ideal I, it is a challenging task to find such t0 and c.

Let G be a simple graph. The binomial edge ideal JG of G was first introduced in [2] and [3]
independently. Since then, many researches on binomial edge ideals of graphs have been done; see [4].
One interesting problem in this area is the computation of the depth of these ideals. However, only
a few results on the depth of powers of binomial edge ideals have been obtained, such as in [5]. The
depths of powers of the binomial edge ideal of a complete bipartite graph were obtained in [6]. The aim
of this paper is to compute the depth of powers of binomial edge ideals of complete tripartite graphs.

Let G = (V(G), E(G)) be a finite simple graph with V(G) = [n] := {1, 2, . . . , n} and S =

K[x1, . . . , xn, y1, . . . , yn] be a polynomial ring in 2n variables over a field K. Then, the binomial edge
ideal of G, denoted by JG, is the ideal of S generated by all binomials:

fi j := xiy j − x jyi, 1 ≤ i < j ≤ n, {i, j} ∈ E(G).

When G is complete, JG is just I2(X) where X is the generic matrix:(
x1 x2 · · · xn

y1 y2 · · · yn

)
.
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In this case, the depth of the powers of JG has a specific property: depth(S/JG) = n + 1, and
depth(S/Jt

G) = 3 for any t ≥ 2; see [7]. When G = Kn1,n2 is a complete bipartite graph, the depth
of S/JG has been obtained in [8]. For any t ≥ 2, it is proved in [6] that depth(S/Jt

G) = n + 1 if n1 = 1
or n2 = 1, and 4 if n1, n2 ≥ 2. We are interested in the depth of powers of the binomial edge ideals
of complete tripartite graphs depth(S/Jt

Kn1 ,n2 ,n3
). By Brodmann’s result [1], this depth is a constant for

large powers t. Different from the case of bipartite graphs, this depth is 3. The difficult challenge part
of the paper is to identity the smallest t0 such that depth(S/Jt

Kn1 ,n2 ,n3
) = 3 for all t ≥ t0.

After preparing some auxiliary results in Section 2, we find the powers whose depth is 3 in Section 3.
Section 4 is devoted to computing the depth of small powers. The paper’s challenge lies in Section 5,
where the left important value of depths are computed.

2. Preliminaries

Let S = K[x1, . . . , xn] be a polynomial ring over a field K, m = (x1, . . . , xn) its homogeneous
maximal ideal, and M a finitely generated S -module. The depth of M, denoted by depth(M), is the
length of a maximal M-sequence contained in m. The following well-known depth lemma is used
frequently to compute the depth of some modules.

Lemma 2.1. (Depth lemma) Let 0→ M → N → L→ 0 be a short exact sequence of finitely generated
S -modules. Then,

(1) depth(M) ≥ min{depth(N), depth(L) + 1}, and the equality holds if depth(N) , depth(L),
(2) depth(N) ≥ min{depth(M), depth(L)}, and the equality holds if depth(M) , depth(L) + 1.

Lemma 2.2. Let I be an ideal of S . If I = I1 ∩ I2, then

depth(S/I) ≥ min{depth(S/I1), depth(S/I2), depth(S/(I1 + I2)) + 1},

and the equality holds if min{depth(S/I1), depth(S/I2)} , depth(S/(I1 + I2)).

Proof. The result follows by applying Lemma 2.1 to the short exact sequence:

0 −→
S
I
−→

S
I1
⊕

S
I2
−→

S
I1 + I2

−→ 0.

�

Set interval [m, n] = {m,m + 1, . . . , n} for any two positive integers m, n with m ≤ n. Especially,
write [m] for [1,m].

Let G = ([n], E(G)) be a simple graph on [n] and S = K[x1, . . . , xn, y1, . . . , yn] be a polynomial ring
in 2n variables over a field K. The binomial edge ideal of G, denoted by JG, is the ideal of S generated
by all binomials:

fi j := xiy j − x jyi, i < j, {i, j} ∈ E(G).

Note that each generated element fi j of JG is exactly a 2-minor of the matrix(
x1 x2 · · · xn

y1 y2 · · · yn

)
.

We call G a complete graph on [n], denoted by Kn, if its edge set E(G) = {{i, j} | i, j ∈ [n], i , j}.
Then, JKn = ( fi j | 1 ≤ i < j ≤ n). The following result is well-known.
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Lemma 2.3. ( [7, Theorem 2.1]) depth(S/JKn) = n + 1, and for any t ≥ 2,

depth(S/Jt
Kn

) = 3.

Let G be the complete r-partite graph Kn1,...,nr ; that is, V(G) is the disjoint union of Vi := [(
∑i−1

t=1 nt) +

1,
∑i

t=1 nt]; i = 1, 2, . . . , r; and E(G) = {{a, b} | a and b are not in the same Vi}. We sometimes denote
Kn1,...,nr by KV1,...,Vr . If r = 1, then JG = 0. In the following, we always assume that r > 1. When
n1 = n2 = · · · = nr = 1, G = K1,1,...,1 is a complete graph.

Let I be a nonzero ideal of a ring R. The tth symbolic power of I, denoted by I(t), is defined as

I(t) = ∩p∈Min(I)(ItRp ∩ R),

where Min(I) is the set of minimal prime ideals of I. Assume that I = Q1 ∩ Q2 ∩ · · · ∩ Qm is an
irredundant primary decomposition of I; then, it is well-known that

I(t) =
⋂

√
Qi∈Min(I)

Q(t)
i .

Let T ⊆ [n]. Denote the complete graph on T by KT , and set the ideal PT = (xi, yi | i ∈ T ) of S . If
T = [m] for some m ≤ n, then we write Pm for P[m]. Set P∅ = S by convention. For an ideal I of a ring
R, put Ii = R for i ≤ 0 by convention.

Let G = Kn1,...,nr be a complete multipartite graph on [n]. Then, by [9, Theorem 4.3], Jt
G = J(t)

G
for any t ≥ 1. On the other hand, assume that n1 ≤ n2 ≤ · · · ≤ nr, r > 1, and nr > 1; that is, G
is not a complete graph. Furthermore, assume that n1 = n2 = · · · = ns = 1 and that ns+1 > 1. Then,
by [9, Lemma 2.2], all the associated prime ideals of JG are minimal and exactly JKn , Pi, i = s+1, . . . , r,
where Pi = (x j, y j | j < Vi). It is clear that P(t)

i = Pt
i. On the other hand, J(t)

Kn
= Jt

Kn
is well-known

(see [10, Theorem 10.4]). Thus, it follows that Jt
G = Jt

Kn
∩ Pt

s+1 ∩ Pt
s+2 ∩ · · · ∩ Pt

r. Then,

Jt
G = Jt

Kn
∩ Pt

V1
∩ · · · ∩ Pt

Vr
,

where V i = [n] \ Vi, i = 1, . . . , r.
We will use this equality to compute the depth(S/Jt

G).
The following property will be used frequently.

Lemma 2.4. ( [11, Proposition 4.9]) Let T be a subset of [n], 1 ≤ a < b ≤ n, 1 ≤ c < d ≤ n, and
{a, b} * [c, d]. Then, for any t, s ≥ 1,

(1) (Ps
T + JK[c,d]) : fab = Ps−|{a,b}∩T |

T + JK[c,d] ,
(2) Jt

Kn
: fab = Jt−1

Kn
,

(3) (Jt
Kn

+ Ps
T ) : fab = Jt−1

Kn
+ Ps−|{a,b}∩T |

T ,
(4) (Jt

Kn
+ Ps

T + JK[c,d]) : fab = Jt−1
Kn

+ Ps−|{a,b}∩T |
T + JK[c,d] ,

where Pi
T = S for i ≤ 0 by convention.

When r = 2, the following three lemmas are proved in [6]. The same arguments hold for r > 2.

Lemma 2.5. ( [6, Corollary 2.12]) Let T1, . . . ,Tr be subsets of [n], and 1 ≤ a ≤ b ≤ n. Then, for any
t, ti ≥ 1, i = 1, . . . , r, one has

(Jt
Kn
∩ Pt1

T1
∩ · · · ∩ Ptr

Tr
) + JK[a,b] = (Jt

Kn
+ JK[a,b]) ∩ (Pt1

T1
+ JK[a,b]) ∩ · · · ∩ (Ptr

Tr
+ JK[a,b]).
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Lemma 2.6. ( [6, Corollary 2.14]) Let T1, . . . ,Tr be subsets of [n], 1 ≤ a < b ≤ n, and {a, b} * [c, d].
Then, for any t, t1, . . . , tr ≥ 1, one has

((Jt
Kn
∩ Pt1

T1
∩ · · · ∩ Ptr

Tr
) + JK[c,d]) : fab = (Jt−1

Kn
∩ Pt′1

T1
∩ · · · ∩ Pt′r

Tr
) + JK[c,d] ,

where t′i = ti − |{a, b} ∩ Ti|, i = 1, . . . , r.

Lemma 2.7. ( [6, Lemma 2.16]) Let T1, . . . ,Tr be subsets of [n], m ≥ 1, n−m ≥ 2, and 1 ≤ a < b < n.
Then, for any t ≥ 1 and j = b + 1, b + 2, . . . , n,

(1) JK[a,b] + ( fa,b+1, . . . , fa, j) = JK[a, j] ∩ (JK[a,b] + (xa, ya));
(2) (Jt

Kn
∩ Pt1

T1
∩ · · · ∩ Ptr

Tr
) + JK[a,b] + ( fa,b+1, . . . , fa, j) = ((Jt

Kn
∩ Pt1

T1
∩ · · · ∩ Ptr

Tr
) + JK[a, j])∩ ((Jt

Kn
∩ Pt1

T1
∩

· · · ∩ Ptr
Tr

) + JK[a,b] + (xa, ya));

(3) ((Jt
Kn
∩ Pt1

T1
∩ · · · ∩ Ptr

Tr
) + JK[a,b] + ( fa,b+1, . . . , fa, j−1)) : fa, j = (Jt−1

Kn
∩ Pt′1

T1
∩ · · · ∩ Pt′r

Tr
) + JK[a, j−1] , where

t′i = ti − |{a, b} ∩ Ti|, i = 1, . . . , r.

Remark 2.1. In the above equalities of Lemmas 2.5–2.7, when JK[a,b] is replaced by JKS 1
+ · · ·+JKS l

with
S i ⊆ [n], i = 1, . . . , l, the results remain true provided the union of Gröbner bases of JKS i

, i = 1, . . . , l,
is a Gröbner basis of JKS 1

+ · · · + JKS l
(cf. [6, Section 2]). We will use this remark in the discussions of

Section 5.

Lemma 2.8. Let T1, . . . ,Tr,T be subsets of [n]. Then,

(1) (Jt
Kn
∩ Pt1

T1
∩ · · · ∩ Ptr

Tr
) + (Jt

Kn
∩ Pt′

T ) = Jt
Kn

if t′ ≤ t, and ti ≤ t,Ti ∪ T = [n], i = 1, . . . , r;
(2) (Jt

Kn
∩ Pt1

T1
∩ · · · ∩ Ptr

Tr
) + JKT = (Jt

Kn
∩ Pt1

T1
∩ · · · ∩ Ptr−1

Tr−1
) + JKT if tr ≤ t, and Tr ∪ T = [n];

(3) (Jt
Kn
∩ Pt1

T1
∩ · · · ∩ Ptr

Tr
) + Pt′

T = Jt
Kn

+ Pt′
T if t′ ≤ t, and ti ≤ t,Ti ∪ T = [n], i = 1, . . . , r.

Proof. (1) (Jt
Kn
∩ Pt1

T1
∩ · · · ∩ Ptr

Tr
) + (Jt

Kn
∩ Pt′

T ) ⊇ (Jt
Kn
∩ Pt

T
) + (Jt

Kn
∩ Pt

T ) = Jt
Kn

; the last equality follows
by [11, Lemma 5.2].

(2) (Jt
Kn
∩Pt1

T1
∩· · ·∩Ptr

Tr
)+JKT ⊇ Jt

Kn
∩Pt1

T1
∩· · ·∩Ptr−1

Tr−1
∩Pt

T
+JKT = (Jt

Kn
∩Pt

T
+JKT )∩Pt1

T1
∩· · ·∩Ptr−1

Tr−1
+JKT ,

and Jt
Kn
∩ Pt

T
+ JKT = Jt

Kn
+ JKT . Then, the equality follows.

(3) (Jt
Kn
∩ Pt1

T1
∩ · · · ∩ Ptr

Tr
) + Pt′

T = (Jt
Kn
∩ Pt1

T1
∩ · · · ∩ Ptr

Tr
) + (Jt

Kn
∩ Pt′

T ) + Pt′
T = Jt

Kn
+ Pt′

T , and the last
equality follows by (1). �

In [6], when using induction to prove that depth(S/Jt
Km,n−m

) = 4, the crucial result is
depth(S/(Jt

Km,n−m
+ JK[a,b])) ≥ 4; that is, depth(S/((Jt

Kn
∩Pt

[m]∩Pt
[m+1,n])+ JK[a,b])) ≥ 4. The same argument

can be applied to get the following

Lemma 2.9. Let m, n − m ≥ 2. Then, for t ≥ 1; s = t or t − 1; and 1 ≤ a ≤ m, a < b ≤ n,

depth(S/((Jt
Kn
∩ Ps

[m] ∩ Pt
[m+1,n]) + JK[a,b])) ≥ 4.

For r ≥ 3, the depth of S/JKn1 ,...,nr
is known.

Lemma 2.10. ( [12, Theorems 3.4 and 4.3]) Let 1 = n1 = · · · = ns < ns+1 ≤ · · · ≤ nr. Then,
depth(S/JKn1 ,...,nr

) = ns+1 + 2.
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Remark 2.2. Our method of computing depth(S/Jt
Kn1 ,n2 ,n3

) is using induction. This induction has two
aspects. One is on the power t, and the other is on the number of vertices n. Taking fn1,n1+1, we have a
short exact sequence

0 −→
S

Jt
Kn1 ,n2 ,n3

: fn1,n1+1

· fn1 ,n1+1
−→

S
Jt

Kn1 ,n2 ,n3

−→
S

Jt
Kn1 ,n2 ,n3

+ ( fn1,n1+1)
−→ 0.

The colon ideal Jt
Kn1 ,n2 ,n3

: fn1,n1+1 = Jt−1
Kn
∩ Pt−1

V1
∩ Pt−1

V2
∩ Pt−2

V3
has smaller powers by Lemma 2.6. On

the other hand, to estimate the more general depth(S/(Jt
Kn1 ,n2 ,n3

+ JK[a,b])), we will ask the help of the
sequence fa,b+1, . . . , fa,n which will induce n − b short exact sequences:

0→ S
(Jt

Kn1 ,n2 ,n3
+JK[a,b] ): fa,b+1

· fa,b+1
→ S

Jt
Kn1 ,n2 ,n3

+JK[a,b]
→ S

Jt
Kn1 ,n2 ,n3

+JK[a,b] +Jb+1
→ 0,

0→ S
(Jt

Kn1 ,n2 ,n3
+JK[a,b] +Jb+1): fa,b+2

· fa,b+2
→ S

Jt
Kn1 ,n2 ,n3

+JK[a,b] +Jb+1
→ S

Jt
Kn1 ,n2 ,n3

+JK[a,b] +Jb+2
→ 0,

...

0→ S
(Jt

Kn1 ,n2 ,n3
+JK[a,b] +Jn−1): fa,n

· fa,n
→ S

Jt
Kn1 ,n2 ,n3

+JK[a,b] +Jn−1
→ S

Jt
Kn1 ,n2 ,n3

+JK[a,b] +Jn
→ 0,

where J j = ( fa,b+1, . . . , fa, j), j = b + 1, . . . , n. Then, by Lemma 2.7(3), the colon ideal (Jt
Kn1 ,n2 ,n3

+ JK[a,b] +

J j−1) : fa, j = (Jt−1
Kn
∩ Pt′1

V1
∩ Pt′2

V2
∩ P

t′3
V3

) + JK[a, j−1] has smaller powers. Note that, by Lemma 2.7(2), the
last ideal is

Jt
Kn1 ,n2 ,n3

+ JK[a,b] + Jn = (Jt
Kn1 ,n2 ,n3

+ JK[a,n]) ∩ (Jt
Kn1 ,n2 ,n3

+ JK[a,b] + (xa, ya)),

where a ∈ V1, Jt
Kn1 ,n2 ,n3

+ JK[a,n] = (Jt
Kn
∩ Pt

V1
) + JK[a,n] by Lemma 2.8(2), whose depth can be easily

obtained, and the difficult part Jt
Kn1 ,n2 ,n3

+ JK[a,b] + (xa, ya) reduces the number n by cutting a. When using
induction, the staring point is the basic step whose ideals have small powers, and another important
point is the inductive step where the truth for smaller powers should be confirmed.

3. Large powers

By Brodmann’s result [1, Theorem 2], depth(S/Jt
Kn1 ,n2 ,n3

) is a constant for large t. We will show that
this constant is 3.

Lemma 3.1. Let 1 ≤ a ≤ b ≤ n and t ≥ 1. Then,

depth(S/(Jt
Kn

+ JK[a,b])) ≥ 3.

Proof. We may assume that a = 1. If b = n, the result is clear.
Let us use induction on t ≥ 1 and n ≥ 2 together to prove that depth(S/(Jt

Kn
+JKb)) ≥ 3 for 1 ≤ b < n.

When t = 1 or n = 2, the result is clearly true. Now, assume that t > 1 and n > 2, and the result is true
for t − 1 and n − 1. Taking the sequence f1,b+1, . . . , f1,n, we have short exact sequences:

0 −→
S

Jt−1
Kn

+ JK j−1

· f1, j
−→

S
Jt

Kn
+ JKb + J j−1

−→
S

Jt
Kn

+ JKb + J j
−→ 0,
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j = b + 1, . . . , n, where J j = ( f1,b+1, . . . , f1, j), j = b + 1, . . . , n, Jb = 0. The last ideal is Jt
Kn

+ JKb + Jn =

JKn ∩ (Jt
Kn

+ JKb + (x1, y1)). By an induction hypothesis on t, depth(S/(Jt−1
Kn

+ JK j)) ≥ 3. Because
depth(S/(Jt

Kn
+JKb +(x1, y1))) = depth(S 1/(Jt

Kn−1
+JKb)) ≥ 3, where S 1 = K[x1, . . . , xn−1, y1, . . . , yn−1], by

an induction hypothesis on n, it follows from Lemma 2.2 that depth(S/(JKn∩(Jt
Kn

+ JKb +(x1, y1)))) ≥ 3.
The proof is completed. �

The following similar result will be used in Section 4.

Lemma 3.2. (1) Let 0 ≤ m < n and n − m ≥ 2. Then, depth(S/(JKn + P2
m)) ≥ 3, and for 1 ≤ a ≤ m ≤

b < n, depth(S/(J3
Kn

+ P2
m + JK[a,b])) ≥ 3;

(2) Let n − m ≥ 2 and 1 ≤ a ≤ m ≤ b < n. Then, for t = 1, 2, depth(S/(Pt
m + JK[a,b])) ≥ 4.

Proof. (1) We first prove that depth(S/(JKn + P2
m)) ≥ 3. From the short exact sequence

0→
S

JKn ∩ P2
m
→

S
JKn

⊕
S
P2

m
→

S
JKn + P2

m
→ 0,

depth(S/JKn) = n+1, depth(S/P2
m) = 2(n−m), and applying the Depth lemma, we see that it is enough

to show that depth(S/(JKn ∩ P2
m)) ≥ 4.

Using the sequence f1,m+1, . . . , f1,n to S/(JKn ∩ P2
m), we have short exact sequences

0 −→
S

Pm + JK j−1

· f1, j
−→

S
(JKn ∩ P2

m) + J j−1
−→

S
(JKn ∩ P2

m) + J j
−→ 0,

j = m + 1, . . . , n, where J j = ( f1,m+1, . . . , f1, j), j = m + 1, . . . , n, Jm = 0. We have the last ideal
(JKn ∩ P2

m) + Jn = (JKn ∩ P2
m) + ( f1,2 . . . , f1,n) = (JKn ∩ P2

m) + Jn ∩ (x1, y1) = JKn ∩ (P2
m + (x1, y1)), whose

factor ring has at least depth 3 by Lemma 2.2. On the other hand, note that, for j = m + 1, . . . , n,
depth(S/(Pm + JK j−1)) = 4 if n − m = 2 and 2(n − j + 1) + ( j − 1 − m) + 1 > 4 if n − m > 2. Then,
depth(S/(JKn ∩ P2

m)) ≥ 4 follows.
Now, let us use induction on m ≥ 0 to prove that depth(S/(J3

Kn
+ P2

m + JK[a,b])) ≥ 3. When m = 0, it
follows by Lemma 3.1. For m > 0, using the sequence f1,m+1, . . . , f1,n, we have short exact sequences:

0 −→ S
J2

Kn
+Pm+JK j−1

· f1, j
−→ S

J3
Kn

+P2
m+JK[a,b]+J j−1

−→ S
J3

Kn
+P2

m+JK[a,b]+J j
−→ 0,

j = m + 1, . . . , n, where J j = ( f1,m+1, . . . , f1, j); j = m + 1, . . . , n; and Jm = 0. depth(S/(J2
Kn

+ Pm +

JK j−1)) ≥3, j = m + 1, . . . , n, follows by Lemma 3.1. On the other hand, we have the last ideal

J3
Kn

+ P2
m + JK[a,b] + Jn = J3

Kn
+ P2

m + JK[a,b] + ( f1,m+1, . . . , f1,n)
= J3

Kn
+ P2

m + JK[a,b] + ( f1,2, . . . , f1,n)
= J3

Kn
+ P2

m + JK[a,b] + JKn ∩ (x1, y1)
= (JKn + P2

m) ∩ (J3
Kn

+ P2
m + JK[a,b] + (x1, y1)),

which has required depth because of depth(S/(JKn + P2
m)) ≥ 3 and the induction hypothesis on m.

(2) When t = 1, depth(S/(Pm + JK[a,b])) = depth(K[xi, yi | i = m + 1, . . . , n]/JK[m+1,b])), and the result
is clear from Lemma 2.3. When t = 2, the argument is similar to (1). �
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Lemma 3.3. ( [6, Lemma 3.1]) Let m ≥ 1, n − m ≥ 2, and 1 ≤ a ≤ b < n. Then,

depth(S/((JKn ∩ Pm) + JK[a,b])) = n − m + 2,

and, for any 1 ≤ a < n, depth(S/((JKn ∩ Pm) + JK[a,n])) ≥ 4.

Lemma 3.4. Let 1 ≤ m < n, 1 ≤ a ≤ b ≤ n, and t ≥ s ≥ 1. Then,

depth(S/((Jt
Kn
∩ Ps

m) + JK[a,b])) ≥ 3.

Proof. By induction on t ≥ 1 and n ≥ 2 together, when n = 2, the result is clear. If t = 1, it follows by
Lemma 3.3. Now, assume that t > 1, and n > 2, and the result is true for t − 1 and n − 1. Note that we
may assume that a ≤ m + 1.

When a ≤ m, using the sequence fa,b+1, . . . , fa,n, we have short exact sequences

0 −→ S
(Jt−1

Kn
∩P

s j
m )+JK[a, j−1]

· fa, j
−→ S

(Jt
Kn
∩Ps

m)+JK[a,b] +J j−1
−→ S

(Jt
Kn
∩Ps

m)+JK[a,b] +J j
−→ 0,

j = b+1, . . . , n, where J j = ( fa,b+1, . . . , fa, j); j = b+1, . . . , n; Jb = 0; and s j = s−2 if j ≤ m and s−1 if
j > m. The last ideal is (Jt

Kn
∩Ps

m) + JK[a,b] + Jn = (Jt
Kn

+ JK[a,n])∩ ((Jt
Kn
∩Ps

m) + JK[a,b] + (xa, ya)). Then, the
depth of colon ideals follows by an induction hypothesis on t, and the depth of (Jt

Kn
∩Ps

m)+JK[a,b] +(xa, ya)
follows by an induction hypothesis on n.

When a = m + 1, from the short exact sequence

0→ S
(Jt−1

Kn
∩Ps−1

m )+JK[m+1,b]

· fm.b
→ S

(Jt
Kn
∩Ps

m)+JK[m+1,b]
→ S

(Jt
Kn
∩Ps

m)+JK[m+1,b] +( fm,b) → 0,

and

(Jt
Kn
∩ Ps

m) + JK[m+1,b] + ( fm,b)
= (Jt

Kn
∩ Ps

m) + JK[m+1,b] + JK[m,b] ∩ (xb, yb)
= ((Jt

Kn
∩ Ps

m) + JK[m,b]) ∩ ((Jt
Kn
∩ Ps

m) + JK[m+1,b] + (xb, yb)),

we get the required result because the depth of S/((Jt−1
Kn
∩ Ps−1

m ) + JK[m+1,b]) follows by an induction
hypothesis on t. The depth of S/((Jt

Kn
∩ Ps

m) + JK[m+1,b] + (xb, yb)) follows by induction hypothesis on n,
and the depth of S/((Jt

Kn
∩ Ps

m) + JK[m,b]) follows by the case a ≤ m. �

Proposition 3.1. Assume t ≥ 1, 1 ≤ a ≤ b ≤ n, and T1, . . . ,Tr pairwise disjoint intervals of [n]. Then,
for ti ≤ t, i = 1, . . . , r,

depth(S/((Jt
Kn
∩ Pt1

T 1
∩ · · · ∩ Ptr

T r
) + JK[a,b])) ≥ 3.

Proof. By induction on r ≥ 1, when r = 1, the result follows by Lemma 3.4. Set Ir = Jt
Kn
∩ Pt1

T 1
∩ · · · ∩

Ptr
T r

. Then, Ir−1 + (Jt
Kn
∩Ptr

T r
) = Jt

Kn
by Lemma 2.8(1). Applying Lemma 2.2 to the short exact sequence

0 −→
S

Ir + JK[a,b]

−→
S

Ir−1 + JK[a,b]

⊕
S

(Jt
Kn
∩ Ptr

T r
) + JK[a,b]

−→
S

Jt
Kn

+ JK[a,b]

−→ 0,

we get the result by induction hypothesis and Lemma 3.1. �
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Proposition 3.2. Let t > 2, if there exist fa1,b1 , fa2,b2 , . . . , fap,bp in JKn1 ,...,nr
such that

Jt
Kn1 ,...,nr

:
p∏

i=1

fai,bi = J2
Kn
,

then
depth(S/Jt

Kn1 ,...,nr
) = 3.

Proof. Note that Jt
Kn1 ,...,nr

:
∏p

i=1 fai,bi = (Jt
Kn1 ,...,nr

:
∏p−1

i=1 fai,bi) : fap,bp , and if I has a form Jt
Kn
∩Pt1

T 1
∩ · · · ∩

Ptr
T r

and for some fa,b, S/(I : fa,b) has depth 3, then from the short exact sequence

0 −→ S/(I : fa,b)
· fa,b
−→ S/I −→ S/(I, fa,b) −→ 0,

and depth(S/(I, fa,b)) ≥ 3 by Proposition 3.1, we see that depth(S/I) = 3.
Then, from depth(S/J2

Kn
) = 3, we get the result inductively. �

The following theorem shows when depth(S/Jt
Kn1 ,n2 ,n3

) = 3.

Theorem 3.1. Let n = n1 + n2 + n3 > 3. Then,

depth(S/Jt
Kn1 ,n2 ,n3

) = 3,

when one of following conditions is satisfied:

(1) n1 = n2 = 1, n3 ≥ 2, and t ≥ 4;
(2) n1 = 1, n2, n3 ≥ 2, and t ≥ 6;
(3) ni ≥ 2, i = 1, 2, 3, and t ≥ 8.

Proof. The following equalities give answers for the above cases from Proposition 3.2:
(1) Jt

K1,1,n3
: f t−2

12 = J2
Kn

for t ≥ 4;
(2) Jt

K1,n2 ,n3
: f t−4

12 f 2
1,n2+2 = J2

Kn
for t ≥ 6;

(3) Jt
Kn1 ,n2 ,n3

: f 2
1,n1+1 f 2

1,n1+n2+1 f t−6
n1+1,n1+n2+1 = J2

Kn
for t ≥ 8. �

Then, for the computation of depth(S/Jt
Kn1 ,n2 ,n3

), the left cases are

(1) n1 = n2 = 1, n3 ≥ 2, and t = 2, 3;
(2) n1 = 1, n2, n3 ≥ 2, and t = 2, 3, 4, 5;
(3) ni ≥ 2, i = 1, 2, 3, and t = 2, 3, 4, 5, 6, 7.

4. Small powers

When using induction on t to compute the depth of S/Jt
Kn1 ,n2 ,n3

, the basic step is the depth with small
t, which is the topic of this section. We will consider the ideal (Jt

Kn
∩ Pt1

T 1
∩ · · · ∩ Ptr

T r
) + JK[a,b] where

r ≤ 3 and t, t1, . . . , tr are small. Firstly, Let r = 1, and then let r = 2, r = 3.

Lemma 4.1. ( [6, Lemma 4.1]) Let 1 ≤ m < n, m ≤ b < n. Then, for s = t or t − 1,

depth(S/((Jt
Kn
∩ Ps

m) + JKb)) ≥ n − m + 2.
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Proof. When s = t, the result is just [6, Lemma 4.1]. When s = t − 1, the same argument there also
holds. �

Lemma 4.2. Let 1 ≤ a ≤ m ≤ b ≤ m + 1 and (t, s) = (2, 1), (2, 2), (3, 3). Then,

depth(S/((Jt
Kn
∩ Ps

m) + JK[a,b])) ≥ n − m + 2.

Proof. By induction on m ≥ 1 and (t, s) ∈ {(2, 1), (2, 2), (3, 3)}, when m = 1 or a = 1, it follows by
Lemma 4.1. Now, assume that m > 1 and that a > 1. By the sequence fa−1,a, . . . , f1,a, we have short
exact sequences:

0 −→ S
(Jt−1

Kn
∩Ps−2

m )+JK[ j+1,b]

· f j,a
−→ S

(Jt
Kn
∩Ps

m)+JK[a,b] +J j+1
−→ S

(Jt
Kn
∩Ps

m)+JK[a,b] +J j
−→ 0,

j = a − 1, a − 2, . . . , 1, where J j = ( f j,a, . . . , fa−1,a), j = 1, , . . . , a − 1, and Ja = 0. The last ideal
(Jt

Kn
∩ Ps

m) + JK[a,b] + J1 is the intersection of (Jt
Kn
∩ Ps

m) + JKb and (Jt
Kn
∩ Ps

m) + JK[a+1,b] + (xa, ya), where
JK[a+1,b] = 0 when a = m. By an induction hypothesis on m, the depth of the factor ring of this last ideal
is greater than or equal to n−m + 2. Then, we obtain the result inductively for (t, s) = (2, 1), (2, 2), and
(3, 3). �

Lemma 4.3. Let m ≥ 1, n − m ≥ 2. Then, depth(S/(Jt
Kn
∩ Pt

m)) = n − m + 2, t = 1, 2, 3.

Proof. When t = 1, it follows by Lemma 3.3. For t = 2 and then 3, applying Lemma 4.2 to the
following short exact sequence:

0→
S

Jt−1
JKn
∩ Pt−1

m

· fm,m+1
→

S
Jt

JKn
∩ Pt

m
→

S
(Jt

JKn
∩ Pt

m) + ( fm,m+1)
→ 0,

we obtain the required results. �

Then, we can prove the following main result of this section.

Theorem 4.1. Let n3 > 1. Then,

depth(S/Jt
K1,1,n3

) =

{
n3 + 2, if t = 1, 2, 3,
3, if t ≥ 4.

Proof. It follows by Lemma 4.3 and Theorem 3.1(1). �

The above theorem solved the case (1) in Theorem 3.1. For the other two cases, we need some
preparations.

Lemma 4.4. Let T1,T2 be two disjoint intervals of [n] with |Ti| ≥ 2, i = 1, 2. Then, for t = 2, 3,

depth(S/(Jt
Kn
∩ Pt

T 1
∩ Pt

T 2
)) = 4.

Proof. By Lemma 4.3, depth(S/(Jt
Kn
∩ Pt

T i
)) = |Ti| + 2 ≥ 4, i = 1, 2. Then, as depth(S/Jt

Kn
) = 3 by

Lemma 2.3, we obtain the result by applying the Depth lemma to the following short exact sequence

0 −→
S

Jt
Kn
∩ Pt

T 1
∩ Pt

T 2

−→
S

Jt
Kn
∩ Pt

T 1

⊕
S

Jt
Kn
∩ Pt

T 2

−→
S

Jt
Kn

−→ 0.

�
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Proposition 4.1. Let n1 ≥ 1 and n2, n3 ≥ 2. Then, for t = 2, 3,

depth(S/Jt
Kn1 ,n2 ,n3

) = 4.

Proof. Let Vi = [(
∑i−1

t=1 nt) + 1,
∑i

t=1 nt], i = 1, 2, 3. If n1 = 1, then Jt
Kn1 ,n2 ,n3

= Jt
Kn
∩ Pt

V2
∩ Pt

V3
, and the

result follows by Lemma 4.4.
Assume that n1 > 1. Then, Jt

Kn1 ,n2 ,n3
= Jt

Kn
∩ Pt

V1
∩ Pt

V2
∩ Pt

V3
, and there is a short exact sequence

0 −→
S

Jt
Kn1 ,n2 ,n3

−→
S

Jt
Kn
∩ Pt

V1
∩ Pt

V2

⊕
S

Jt
Kn
∩ Pt

V3

−→
S

Jt
Kn

−→ 0.

The result follows again by Lemma 4.4 and Depth lemma, as in the proof of Lemma 4.4. �

For further discussions, we need to improve Lemma 4.2.

Lemma 4.5. Let (t, s) = (2, 1), (2, 2), (3, 3); 1 ≤ a ≤ m < b < n; and n − m ≥ 2. Then,

depth(S/((Jt
Kn
∩ Ps

m) + JK[a,b])) ≥ 4.

Proof. By induction on b ≥ m + 1, when b = m + 1, it follows by Lemma 4.2. For b > m + 1, similar
to the proof of Lemma 4.2, by the sequence fa−1,b, . . . , f1,b, we have short exact sequences:

0 −→ S
(Jt−1

Kn
∩Ps−1

m )+JK[ j+1,b]

· f j,b
−→ S

(Jt
Kn
∩Ps

m)+JK[a,b] +J j+1
−→ S

(Jt
Kn
∩Ps

m)+JK[a,b] +J j
−→ 0,

j = a − 1, a − 2, . . . , 1, where J j = ( f j,b, . . . , fa−1,b), j = 1, . . . , a − 1, and Ja = 0. The last ideal is
(Jt

Kn
∩ Ps

m) + JK[a,b] + J1 = ((Jt
Kn
∩ Ps

m) + JKb) ∩ ((Jt
Kn
∩ Ps

m) + JK[a,b−1] + (xb, yb)). Then, we get the results
by using the same argument as in the proof of Lemma 4.2 and noting that when t = s = 2, the depth of
the colon ideals follows by Lemma 3.3. �

Corollary 4.1. Let n = n1 + n2 + n3, Vi = [(
∑i−1

t=1 nt) + 1,
∑i

t=1 nt]. Then, for 1 ≤ t ≤ 3,

(1) depth(S/((J3
Kn
∩ P3

V1
∩ Pt

V3
) + JK[a,b])) ≥ 4 for n1, n3 ≥ 2, n2 ≥ 0, a ∈ V1, b ∈ V3;

(2) depth(S/((J3
Kn
∩ P3

V2
∩ Pt

V3
) + JK[a,b])) ≥ 4 for n1 ≥ 0, n2, n3 ≥ 2, a ∈ V2, b ∈ V3.

Proof. (1) Assume first that t = 3. Note that (J3
Kn
∩ P3

V1
) + (J3

Kn
∩ P3

V3
) = J3

Kn
by Lemma 2.8(1). On the

other hand, by Lemma 4.5, depth(S/((J3
Kn
∩ P3

V1
) + JK[a,b])) ≥ 4, and depth(S/((J3

Kn
∩ P3

V3
) + JK[a,b])) ≥ 4,

and by Lemma 3.1, depth(S/(J3
Kn

+ JK[a,b])) ≥ 3. Then, the result follows by applying Lemma 2.2 to the
following short exact sequence:

0→ S
(J3

Kn
∩P3

V1
∩P3

V3
)+JK[a,b]

→ S
(J3

Kn
∩P3

V1
)+JK[a,b]

⊕ S
(J3

Kn
∩P3

V3
)+JK[a,b]

→ S
J3

Kn
+JK[a,b]

→ 0.

For t = 1, 2, we use the short exact sequence

0→ S
(J3

Kn
∩P3

V1
∩Pt

V3
)+JK[a,b]

→ S
(J3

Kn
∩P3

V1
)+JK[a,b]

⊕ S
Pt

V3
+JK[a,b]

→ S
J3

Kn
+Pt

V3
+JK[a,b]

→ 0,

and the result follows by depth(S/(Pt
V3

+ JK[a,b])) ≥ 4 and depth(S/(J3
Kn

+ Pt
V3

+ JK[a,b])) ≥ 3 by virtue of
Lemma 3.2.

(2) Similar to (1). �
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Lemma 4.6. Let n = n1 + n2 + n3; Vi = [(
∑i−1

t=1 nt) + 1,
∑i

t=1 nt]; i = 1, 2, 3; n1 ≥ 1; n2, n3 ≥ 2; t3 = 1
or 2. Then,

(1) depth(S/((J3
Kn
∩ P3

V1
∩ P3

V2
∩ Pt3

V3
) + JK[a,b])) ≥ 4, a ∈ V1, b ∈ V2;

(2) depth(S/(J3
Kn
∩ P3

V1
∩ P3

V2
∩ Pt3

V3
)) = 4.

Proof. As Pt3
V3

+ JK[a,b] = Pt3
V3

,

(J3
Kn
∩ P3

V1
∩ P3

V2
∩ Pt3

V3
) + JK[a,b] = ((J3

Kn
∩ P3

V1
∩ P3

V3
) + JK[a,b]) ∩ Pt3

V3
,

and, by Lemma 2.8(3),

((J3
Kn
∩ P3

V1
∩ P2

V2
) + JK[a,b]) + Pt3

V3
= J3

Kn
+ Pt3

V3
.

Then, we get (1) by Lemma 2.2 and note that when t3 = 2, depth(S/(J3
Kn

+ Pt3
V3

)) ≥ 3 by Lemma 3.2.
Omitting JK[a,b] in the above argument, we obtain (2). �

Then, we can prove the following

Proposition 4.2. Let n1 ≥ 1, n2, n3 ≥ 2. Then,

depth(S/J4
Kn1 ,n2 ,n3

) = 4.

Proof. Let Vi = [(
∑i−1

t=1 nt) + 1,
∑i

t=1 nt], i = 1, 2, 3. We have a short exact sequence,

0→
S

J3
Kn
∩ P3

V1
∩ P3

V2
∩ P2

V3

· fn1 ,n1+1
→

S
J4

Kn1 ,n2 ,n3

→
S

J4
Kn1 ,n2 ,n3

+ ( fn1,n1+1)
→ 0.

Because depth(S/(J3
Kn
∩ P3

V1
∩ P3

V2
∩ P2

V3
)) ≥ 4 by Lemma 4.6(2), it is enough to prove that

depth(S/(J4
Kn1 ,n2 ,n3

+ ( fn1,n1+1))) ≥ 4.
By the sequence fn1,n1+2, . . . , fn1,n, we have short exact sequences:

0 −→ S
(J3

Kn
∩P3

V1
∩P

t j
V2
∩P

s j
V3

)+JK[n1 , j]

· fn1 , j
−→ S

J4
Kn1 ,n2 ,n3

+J j−1
−→ S

J4
Kn1 ,n2 ,n3

+J j
−→ 0,

j = n1 + 2, . . . , n, where J j = ( fn1,n1+1, . . . , fn1, j), j = n1 + 1, . . . , n, and t j = 3 if j ∈ V2 and 0 if j ∈ V3,
s j = 2 if j ∈ V2, and 3 if j ∈ V3. Note that depth(S/((J3

Kn
∩ P3

V1
∩ P3

V2
∩ P2

V3
) + JK[n1 , j]

)) ≥ 4, j ∈ V2

by Lemma 4.6(1), and depth(S/((J3
Kn
∩ P3

V1
∩ P3

V3
) + JK[n1 , j]

)) ≥ 4, j ∈ V3, by Corollary 4.1(1). The last
ideal is J4

Kn1 ,n2 ,n3
+ Jn = (J4

Kn
∩ P4

V1
) + JK[n1 ,n]) ∩ (J4

Kn1 ,n2 ,n3
+ (xn1 , yn1)).

Let us use induction on n1 ≥ 1 to prove that depth(S/(J4
Kn1 ,n2 ,n3

+ (xn1 , yn1))) ≥ 4, then the
result follows. When n1 = 1, J4

Kn1 ,n2 ,n3
+ (xn1 , yn1) induces to S/J4

Kn2 ,n3
, whose depth is 4 by [6,

Theorem 4.7]. When n1 > 1, depth(S/(J4
Kn1 ,n2 ,n3

+ (xn1 , yn1))) = depth(S 1/J4
Kn1−1,n2 ,n3

), where S 1 =

K[x2, . . . , xn; y2, . . . , yn]. Then, by an induction hypothesis, we get the required result. �
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5. The case n1 ≥ 1 and n2, n3 ≥ 2

Assuming that n1 ≥ 1 and that n2, n3 ≥ 2, let us compute the depth(S/Jt
Kn1 ,n2 ,n3

). By Theorem 3.1
and Proposition 4.2, the left cases are t = 5, 6, 7. We will see that when n1 = 1, and n1 ≥ 2, the results
are totally different.

Firstly, let us prove that depth(S/J5
Kn1 ,n2 ,n3

) = 4. Applying the Depth lemma to the short exact
sequence

0→
S

J4
Kn
∩ P4

V1
∩ P4

V2
∩ P3

V3

· fn1 ,n1+1
→

S
J5

Kn1 ,n2 ,n3

→
S

J5
Kn1 ,n2 ,n3

+ ( fn1,n1+1)
→ 0,

it is enough to show that depth(S/(J5
Kn1 ,n2 ,n3

+JK[a,b])) ≥ 4 for a ∈ V1, b ∈ V2 and depth(S/(J4
Kn
∩P4

V1
∩P4

V2
∩

P3
V3

)) = 4. Similarly, in order to get that depth(S/(J4
Kn
∩P4

V1
∩P4

V2
∩P3

V3
)) = 4, it is enough to show that

depth(S/((J4
Kn
∩P4

V1
∩P4

V2
∩P3

V3
)+JK[a,b])) ≥ 4 for a ∈ V1, b ∈ V2, and depth(S/(J3

Kn
∩P3

V1
∩P3

V2
∩PV3

)) = 4,
which is true by Lemma 4.6(2). In order to obtain the two inequalities, we need the following lemma.

Lemma 5.1. Let n = n1 + n2 + n3 and Vi = [(
∑i−1

t=1 nt) + 1,
∑i

t=1 nt], i = 1, 2, 3. Then, for (t, s) =

(3, 2), (4, 3), (4, 4), one has

(1) depth(S/((Jt
Kn
∩ Pt

V2
∩ Ps

V3
) + JKb)) ≥ 4, for n1 ≥ 0, n2, n3 ≥ 2, n1 ≤ b < n1 + n2;

(2) depth(S/((Jt
Kn
∩ Pt

V1
∩ Ps

V3
) + JK[a,b])) ≥ 4, for n1, n3 ≥ 2, n2 ≥ 0, 1 < a ≤ n1, n1 + n2 ≤ b < n.

Proof. (1) By induction on n1 ≥ 0, if n1 = 0, the case (3, 2) follows by Corollary 4.1 and the other
cases follows by Lemma 2.9. Now, assume that n1 > 0 and that the results are true for n1 − 1. Using
the sequence f1,b+1, . . . , f1,n, we have short exact sequences:

0→ S
(Jt−1

Kn
∩P

t j
V2
∩P

s j
V3

)+JK j−1

· f1, j
→ S

(Jt
Kn
∩Pt

V2
∩Ps

V3
)+JKb +J j−1

→ S
(Jt

Kn
∩Pt

V2
∩Ps

V3
)+JKb +J j

→ 0,

j = b + 1, . . . , n, where J j = ( f1,b+1, . . . , f1, j); j = b + 1, . . . , n; Jb = 0; and t j = t − 1 if j ≤ n1 + n2

and 0 if j > n1 + n2, and s j = s − 2 if j ≤ n1 + n2 and s − 1 if j > n1 + n2. The last ideal is
(Jt

Kn
∩ Pt

V2
∩ Ps

V3
) + JKb + Jn = JKn ∩ ((Jt

Kn
∩ Pt

V2
∩ Ps

V3
) + JKb + (x1, y1)).

For b + 1 ≤ j ≤ n1 + n2, S/((Jt−1
Kn
∩ Pt j

V2
∩ Ps j

V3
) + JK j−1) = S/((Jt−1

Kn
∩ Pt−1

V2
∩ Ps−2

V3
) + JK j−1), whose

depth is greater than or equal to 4 by Lemma 4.5 when (t, s) = (3, 2), and by Corollary 4.1 when
(t, s) = (4, 3), (4, 4).

For j > n1 + n2, S/((Jt−1
Kn
∩Pt j

V2
∩Ps j

V3
) + JK j−1) = S/((Jt−1

Kn
∩Ps−1

V3
) + JK j−1) whose depth is greater than

or equal to 4 by Lemma 4.1.
Then, it is enough to show that the depth of the last ideal depth(S/((Jt

Kn
∩Pt

V2
∩Ps

V3
)+ JKb + Jn)) ≥ 4,

which is guaranteed by depth(S/((Jt
Kn
∩Pt

V2
∩Ps

V3
)+ JKb +(x1, y1)) ≥ 4, and this latter inequality follows

by induction hypothesis on n1.
(2) The case (3, 2) follows by Corollary 4.1. Let us use induction on b ≥ n1 + n2 to prove the other

two cases. If b = n1 + n2, exchanging the positions of V1 and V2, (2) is just (1). Now, assume that
b > n1 + n2 and that the results are true for b − 1. Using the sequence fa−1,b, . . . , f1,b, we have short
exact sequences:

0→ S
(Jt−1

Kn
∩Pt−1

V1
∩Ps−1

V3
)+JK[ j+1,b]

· f j,b
→ S

(Jt
Kn
∩Pt

V1
∩Ps

V3
)+JK[a,b] +J j+1

→ S
(Jt

Kn
∩Pt

V1
∩Ps

V3
)+JK[a,b] +J j

→ 0,
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j = a − 1, a − 2, . . . , 1, where J j = ( f j,b, . . . , fa−1,b), j = 1, . . . , a − 1. The last ideal, (Jt
Kn
∩ Pt

V1
∩ Ps

V3
) +

JK[a,b] + J1, is the intersection of (Jt
Kn
∩ Ps

V3
) + JKb and (Jt

Kn
∩ Pt

V1
∩ Ps

V3
) + JK[a,b−1] + (xb, yb).

depth(S/((Jt−1
Kn
∩ Pt−1

V1
∩ Ps−1

V3
) + JK[ j+1,b])) ≥ 4 follows by Corollary 4.1 for (t, s) = (4, 3), (4, 4),

and depth(S/((Jt
Kn
∩ Pt

V1
∩ Ps

V3
) + JK[a,b] + J1)) ≥ 4 follows by depth(S/((Jt

Kn
∩ Ps

V3
) + JKb)) ≥ 4 and

depth(S/((Jt
Kn
∩ Pt

V1
∩ Ps

V3
) + JK[a,b−1] + (xb, yb))) ≥ 4, where the former one follows by Lemma 4.1, and

the latter one follows by an induction hypothesis on b. Then, the result follows. �

Note that when (t, s) = (2, 2), (3, 3), the above results are given in Corollary 4.1.
We need two steps to obtain that depth(S/J5

Kn1 ,n2 ,n3
) = 4.

Proposition 5.1. Let n = n1 +n2 +n3 and Vi = [(
∑i−1

t=1 nt)+1,
∑i

t=1 nt], i = 1, 2, 3. Assume that n1, n2 ≥ 1,
(n1, n2) , (1, 1), and n2, n3 ≥ 2. Then,

(1) depth(S/((J4
Kn
∩ P4

V1
∩ P4

V2
∩ P3

V3
) + JK[a,b])) ≥ 4, 1 < a ≤ n1, n1 ≤ b < n1 + n2;

(2) depth(S/(J4
Kn
∩ P4

V1
∩ P4

V2
∩ P3

V3
)) = 4.

Proof. Firstly Note that there is a symmetry between n1 and n2 (or V1 and V2).
By Lemma 4.6(2), depth(S/(J3

Kn
∩ P3

V1
∩ P3

V2
∩ PV3

)) = 4. Then, from the short exact sequence

0→ S
J3

Kn
∩P3

V1
∩P3

V2
∩PV3

· fn1 ,n1+1
→ S

J4
Kn
∩P4

V1
∩P4

V2
∩P3

V3

→ S
(J4

Kn
∩P4

V1
∩P4

V2
∩P3

V3
)+( fn1 ,n1+1)

→ 0,

by the depth lemma, we see that (1) implies (2).
Note that by the sequence fa,b+1, . . . , fa,n, we have short exact sequences:

0 −→ S
(J3

Kn
∩P3

V1
∩P

t j
V2
∩P

s j
V3

)+JK[a, j−1]

· fa, j
−→ S

(J4
Kn
∩P4

V1
∩P4

V2
∩P3

V3
)+JK[a,b] +J j−1

−→ S
(J4

Kn
∩P4

V1
∩P4

V2
∩P3

V3
)+JK[a,b] +J j

−→ 0,

j = b+1, . . . , n, where J j = ( fa,b+1, . . . , fa, j), j = b+1, . . . , n, Jb = 0, and t j = 3 if j ≤ n1+n2 and 0 if j >
n1 +n2, and s j = 1 if j ≤ n1 +n2 and 2 if j > n1 +n2, and the last ideal, (J4

Kn
∩P4

V1
∩P4

V2
∩P3

V3
)+JK[a,b] +Jn,

is the intersection of (J4
Kn
∩ P4

V1
) + JK[a,n] and (J4

Kn
∩ P4

V1
∩ P4

V2
∩ P3

V3
) + JK[a+1,b] + (xa, ya).

When j ≤ n1 + n2, depth(S/((J3
Kn
∩ P3

V1
∩ Pt j

V2
∩ Ps j

V3
) + JK[a, j−1])) = depth(S/(J3

Kn
∩ P3

V1
∩ P3

V2
∩ PV3

) +

JK[a, j−1])) ≥ 4 follows by Lemma 4.6(1); when j > n1 +n2, depth(S/((J3
Kn
∩P3

V1
∩Pt j

V2
∩Ps j

V3
)+ JK[a, j−1])) =

depth(S/((J3
Kn
∩P3

V1
∩P2

V3
)+JK[a, j−1]) ≥ 4 follows by Lemma 5.1. Then, it remains to estimate the depth of

the last ideal, which reduces to the estimation of the depth of S/((J4
Kn
∩P4

V1
∩P4

V2
∩P3

V3
)+JK[a+1,b]+(xa, ya)),

as depth(S/((J4
Kn
∩ P4

V1
) + JK[a,n])) ≥ 4 is known by Lemma 4.1.

Now, let us use induction on n1 ≥ 1 to prove (1) and (2). When n1 = 1, the ideal (J4
Kn
∩ P4

V1
∩ P4

V2
∩

P3
V3

) + JK[a+1,b] + (xa, ya) reduces to (J4
K[2,n]
∩P4

V2
∩P3

V3
) + JK[2,b] + (x1, y1), which is about a bipartite graph.

Note that the same result is true provided n2 = 1.
Now, assume that n1 ≥ 2, n2 ≥ 2 and that the results (1) and (2) are true for n1 − 1. Exchanging

the positions of V1 and V2, we may assume that the results (1) and (2) are also true for n2 − 1. When
a = n1, exchanging the positions of V1 and V2, we may assume that b = n1 + 1. Then, for the ideal
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(J4
Kn
∩ P4

V1
∩ P4

V2
∩ P3

V3
) + JK[a+1,b] + (xa, ya), if a < n1, we use an induction hypothesis of (1) on n1; if

a = n1 (in this case, the ideal becomes (J4
Kn
∩P4

V1
∩P4

V2
∩P3

V3
)+(xa, ya)), we use an induction hypothesis

of (2) on n1. Then, (1) and (2) hold.
This way of using an induction hypothesis of (1) and (2) alternately will be applied again in the

following proofs. �

Proposition 5.2. Let n1 ≥ 1 and n2, n3 ≥ 2. One has

(1) depth(S/(J5
Kn1 ,n2 ,n3

+ JK[a,b])) ≥ 4, 1 < a ≤ n1, n1 ≤ b < n1 + n2;
(2) depth(S/J5

Kn1 ,n2 ,n3
) = 4.

Proof. Let Vi = [(
∑i−1

t=1 nt) + 1,
∑i

t=1 nt], i = 1, 2, 3. Note that by the sequence fa,b+1, . . . , fa,n, we have
short exact sequences:

0→ S
(J4

Kn
∩P4

V1
∩P

t j
V2
∩P

s j
V3

)+JK[a, j−1]

· fa, j
→ S

J5
Kn1 ,n2 ,n3

+JK[a,b] +J j−1
→ S

J5
Kn1 ,n2 ,n3

+JK[a,b] +J j
→ 0,

j = b + 1, . . . , n, where J j = ( fa,b+1, . . . , fa, j), j = b + 1, . . . , n, Jb = 0, and t j = 4 if j ≤ n1 + n2 and 0 if
j > n1 + n2, and s j = 3 if j ≤ n1 + n2 and 4 if j > n1 + n2. The last ideal, J5

Kn1 ,n2 ,n3
+ JK[a,b] + Jn, is the

intersection of (J5
Kn
∩ P5

V1
) + JK[a,n] and J5

Kn1 ,n2 ,n3
+ JK[a+1,b] + (xa, ya).

That depths S/((J4
Kn
∩ P4

V1
∩ P4

V2
∩ P3

V3
) + JK[a, j−1]) and S/((J4

Kn
∩ P4

V1
∩ P4

V3
) + JK[a, j−1]) are greater

than and equal to 4 are given by Proposition 5.1 and Lemma 5.1. Applying the same argument as in
Proposition 5.1, we get the required depth of the last ideal. The proof is complete. �

Theorem 5.1. Let n2, n3 ≥ 2. Then,

depth(S/Jt
K1,n2 ,n3

) =

{
4, if t = 2, 3, 4, 5,
3, if t ≥ 6.

Proof. It follows by Propositions 4.1, 4.2, and 5.2(2) and Theorem 3.1(2). �

In the rest of this section, we will show that depth(S/Jt
Kn1 ,n2 ,n3

) = 4 provided ni ≥ 2, i = 1, 2, 3 and
t = 6, 7. When using induction to reduce n1, n2, n3, we should not reduce them to 1 because in this
case, the related depth is 3 by Theorem 5.1. That is, the basic step of induction should be ni = 2.

We first try to prove that depth(S/J6
Kn1 ,n2 ,n3

) = 4. Similar to the proof of the depth of S/J5
Kn1 ,n2 ,n3

,
applying the depth lemma to the short exact sequence

0→
S

J5
Kn
∩ P5

V1
∩ P5

V2
∩ P4

V3

· fn1 ,n1+1
→

S
J6

Kn1 ,n2 ,n3

→
S

J6
Kn1 ,n2 ,n3

+ ( fn1,n1+1)
→ 0,

it is enough to show that depth(S/(J6
Kn1 ,n2 ,n3

+ JK[a,b])) ≥ 4 for a ∈ V1, b ∈ V2 and depth(S/(J5
Kn
∩ P5

V1
∩

P5
V2
∩ P4

V3
)) = 4. Similarly, in order to get that depth(S/(J5

Kn
∩ P5

V1
∩ P5

V2
∩ P4

V3
)) = 4, it is enough to

show that depth(S/(J5
Kn
∩ P5

V1
∩ P5

V2
∩ P4

V3
+ JK[a,b])) ≥ 4 for a ∈ V1, b ∈ V2 and depth(S/(J4

Kn
∩ P4

V1
∩

P4
V2
∩ P2

V3
))=4, and so on. Although depth(S/(J3

Kn
∩ P3

V1
∩ P3

V2
)) = 4 by Lemma 4.4, it remains to show

that depth(S/(Jt
Kn
∩Pt

V1
∩Pt

V2
∩Ps

V3
+ JK[a,b])) ≥ 4 for a ∈ V1, b ∈ V2 provided (t, s) = (6, 6), (5, 4), (4, 2).
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When proving that depth(S/J7
Kn1 ,n2 ,n3

) = 4, we need that depth(S/(Jt
Kn
∩Pt

V1
∩Pt

V2
∩Ps

V3
+ JK[a,b])) ≥ 4

for a ∈ V1, b ∈ V2 provided (t, s) = (7, 7), (6, 5), (5, 3), (4, 1).
On the other hand, when proving these inequalities, two inductions will be applied. One is on

the indices t and s, and another is on n1, n2, n3. As mentioned above, the basic step of the latter
induction is ni = 2. Furthermore, to reach this basic step, one need must to reduce the number of Ps in
Jt

Kn
∩ Pt

V1
∩ Pt

V2
∩ Ps

V3
from 3 to 2. Hence, we need to show the following result, which is crucial to the

following discussions.

Lemma 5.2. Let m, n − m ≥ 2. If m = 2, or n − m = 2, then,

(1) depth(S/((J4
Kn
∩ P4

[m+1,n] ∩ P2
m) + JK[a,b])) ≥ 4, 1 < a ≤ m, m ≤ b < n;

(2) depth(S/((J4
Kn
∩ P4

[m+1,n] ∩ Pm) + JK[a,b])) ≥ 4, 1 < a ≤ m, m ≤ b < n.

Proof. Let us prove (1); (2) is similar.
Assume that m = 2, then a = 2. First using the sequence f2,b+1, . . . , f2,n, we have short exact

sequences:

0→ S
(J3

Kn
∩P3

[3,n]∩P2)+JK[2, j−1]

· f2, j
→ S

(J4
Kn
∩P4

[3,n]∩P2
2)+JK[2,b] +J j−1

→ S
(J4

Kn
∩P4

[3,n]∩P2
2)+JK[2,b] +J j

→ 0,

j = b + 1, . . . , n, where J j = ( f2,b+1, . . . , f2, j), j = b + 1, . . . , n, and Jb = 0. We get colon ideals
(J3

Kn
∩ P3

[3,n] ∩ P2) + JK[2,b′] , b ≤ b′ < n, whose depth follows by Corollary 4.1, and the last ideal is
(J4

Kn
∩ P4

[3,n] ∩ P2
2) + JK[2,b] + JK{2},[3,n] . Second using the sequence f1,3, . . . , f1,n to the ideal (J4

Kn
∩ P4

[3,n] ∩

P2
2) + JK[2,b] + JK{2},[3,n] , we have short exact sequences:

0→ S
(J3

Kn
∩P3

[3,n]∩P2)+JK[2,b] +JK{2},[3,n] +JK{1}∪[3, j−1]

· f1, j
→ S

(J4
Kn
∩P4

[3,n]∩P2
2)+JK[2,b] +JK{2},[3,n] +J j−1

→ S
(J4

Kn
∩P4

[3,n]∩P2
2)+JK[2,b] +JK{2},[3,n] +J j

→ 0,

j = 3, . . . , n, where J j = ( f1,3, . . . , f1, j), j = 3, . . . , n, and J2 = 0. By Remark 2.1, the colon ideals have
the forms:

(J3
Kn
∩ P3

[3,n] ∩ P2) + JK[2,b] + JK{2},[3,n] + JK{1}∪[3, j] , 3 ≤ j < n,

whose factor ring’s depth is greater than or equal to 4 by the following Sublemma 5.1. The last ideal
becomes (J4

Kn
∩P4

[3,n]∩P2
2) + JK[2,b] + JK2,n−2 = (J4

Kn
∩P4

[3,n]∩P2
2) + JKn ∩P2∩P[3,n] + JK[2,b] = JK2,n−2 + JK[2,b]

which is about a bipartite graph and has required depth as mentioned before Lemma 2.9. The result
follows.

When n − m = 2, then b = n − 1, just first using the sequence fa−1,n−1, . . . , f1,n−1 and then
fn−2,n, . . . , f1,n; we get the same result by the above argument. �

Sublemma 5.1. Let n = n1 + n2 + n3 and Vi = [(
∑i−1

t=1 nt) + 1,
∑i

t=1 nt], i = 1, 2, 3. Assuming that n1 = 2,
then

(1) depth(S/((J3
Kn
∩ P3

V1
∩ P3

V2
) + JK[2,b] + JK{2},[3,n] + JK{1}∪[3, j])) ≥ 4 for n2 ≥ 2, n3 ≥ 0, and 2 ≤ b <

n2 + 2, 3 ≤ j < n2 + 2;
(2) depth(S/((J3

Kn
∩ P3

V1
∩ PV3

) + JK[2,b] + JK{2},[3,n] + JK{1}∪[3, j])) ≥ 4 for n2 ≥ 0, n3 ≥ 2, and 2 ≤ b <
n, n2 + 2 ≤ j < n.

AIMS Mathematics Volume 11, Issue 11, 36660–36678.



36675

Proof. We need to modify the proof of Corollary 4.1. Comparing that proof, the crucial result for the
proof here is that depth(S/((J3

Kn
∩P3

V1
)+ JK[a,b] + JK{2},[3,n] + JK{1}∪[3, j])) ≥ 4, which can be however obtained

as in the proof of Lemma 4.5 by using the sequence f1, j+1, . . . , f1,n. �

Lemma 5.3. Let m, n − m ≥ 2. Then,

(1) depth(S/((J4
Kn
∩ P4

[m+1,n] ∩ P2
m) + JK[a,b])) ≥ 4, 1 < a ≤ m, m ≤ b < n;

(2) depth(S/(J4
Kn
∩ P4

[m+1,n] ∩ P2
m)) = 4;

(3) depth(S/((J4
Kn
∩ P4

[m+1,n] ∩ Pm) + JK[a,b])) ≥ 4, 1 < a ≤ m, m ≤ b < n;
(4) depth(S/(J4

Kn
∩ P4

[m+1,n] ∩ Pm)) = 4.

Proof. Let us use induction on m ≥ 2 to prove (1) and (2) together; (3) and (4) are similar. The basic
step is Lemma 5.2. Now, assume that m > 2 and that the results are true for m − 1. By the sequence
fa,b+1, . . . , fa,n, we have short exact sequences:

0→ S
(J3

Kn
∩P3

[m+1,n]∩Pm)+JK[a, j−1]

· fa, j
→ S

(J4
Kn
∩P4

[m+1,n]∩P2
m)+JK[a,b] +J j−1

→ S
(J4

Kn
∩P4

[m+1,n]∩P2
m)+JK[a,b] +J j

→ 0,

j = b + 1, . . . , n, where J j = ( fa,b+1, . . . , fa, j); j = b + 1, . . . , n; and Jb = 0. We get colon ideals
(J3

Kn
∩ P3

[m+1,n] ∩ Pm) + JK[a,b′] , b ≤ b′ < n, whose depths are given in Corollary 4.1, and the last ideal is
(J4

Kn
∩ P4

[m+1,n] ∩ P2
m) + JK[a+1,b] + (xa, ya). Then, using the induction hypothesis as in Proposition 5.1, the

result follows. �

Lemma 5.4. Let n = n1 + n2 + n3, ni ≥ 2 and Vi = [(
∑i−1

t=1 nt) + 1,
∑i

t=1 nt], i = 1, 2, 3. If n1 = 2, then
for 2 ≤ b < n2 + 2,

(1) depth(S/((Jt
Kn
∩ Pt

V1
∩ Pt

V2
∩ Ps

V3
) + JK[2,b])) ≥ 4,(t, s) = (4.2), (5, 4), (6, 6);

(2) depth(S/((Jt
Kn
∩ Pt

V1
∩ Pt

V2
∩ Ps

V3
) + JK[2,b])) ≥ 4,(t, s) = (4.1), (5, 3), (6, 5), (7, 7).

Proof. (1) can be proved inductively for (4.2), (5, 4), (6, 6); (2) is similar. The case (4, 2) is the basic
step. Let us prove the case (4, 2) and omit the other two.

As in the proof of Lemma 5.2, we need to consider first the sequences f2,b+1, . . . , f2,n. We get colon
ideals (J3

Kn
∩ P3

V1
∩ P3

V2
) + JK[2,b′] , b ≤ b′ < n2 + 2 and (J3

Kn
∩ P3

V1
∩ PV3

) + JK[2,b∗] , n2 + 2 ≤ b∗ < n,
whose depths are given by Corollary 4.1, and then by the sequence f1,3, . . . , f1,n, we get colon ideals
(J3

Kn
∩ P3

V1
∩ P3

V2
) + JK[2,b] + JK{2},[3,n] + JK{1}∪[3, j] , 3 ≤ j < n2 + 2, and (J3

Kn
∩ P3

V1
∩ PV3

) + JK[2,b] + JK{2},[3,n] +

JK{1}∪[3, j] , n2 + 2 ≤ j < n, whose depths follow by the above Sublemma 5.1. The last ideal is equal to

((J4
Kn
∩ P4

V1
∩ P4

V2
∩ P2

V3
) + JK[2,b]) + (JKn ∩ PV1 ∩ PV1

)

= ((JKn ∩ PV1
) + JK[2,b]) ∩ ((J4

Kn
∩ P4

V1
∩ P4

V2
∩ P2

V3
) + JK[2,b] + PV1)

= ((JKn ∩ PV1
) + JK[2,b]) ∩ ((J4

K[3,n]
∩ P4

V2
∩ P2

V3
) + JK[3,b] + P2),

where the depth of J4
K[3,n]
∩ P4

V2
∩ P2

V3
+ JK[3,b] is given by Lemma 5.3. Then the result follows. �

The above lemma is the basic step of the induction on n1 ≥ 2 and n2 ≥ 2 used in the proof of the
following proposition, which is parallel to Propositions 5.1 and 5.2.
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Proposition 5.3. Let n = n1 + n2 + n3, ni ≥ 2, and Vi = [(
∑i−1

t=1 nt) + 1,
∑i

t=1 nt], i = 1, 2, 3. One has, for
(t, s) = (4, 2), (5, 4), (6, 6),

(1) depth(S/((Jt
Kn
∩ Pt

V1
∩ Pt

V2
∩ Ps

V3
) + JK[a,b]) ≥ 4, a ∈ V1, b ∈ V2;

(2) depth(S/(Jt
Kn
∩ Pt

V1
∩ Pt

V2
∩ Ps

V3
)) = 4.

and For (t, s) = (4, 1), (5, 3), (6, 5), (7, 7),

(3) depth(S/((Jt
Kn
∩ Pt

V1
∩ Pt

V2
∩ Ps

V3
) + JK[a,b])) ≥ 4, a ∈ V1, b ∈ V2;

(4) depth(S/(Jt
Kn
∩ Pt

V1
∩ Pt

V2
∩ Ps

V3
)) = 4.

Proof. Let us prove (1) and (2); (3) and (4) are similar.
Applying the depth lemma to the short exact sequence

0→ S
Jt−1

Kn
∩Pt−1

V1
∩Pt−1

V2
∩Ps−2

V3

· fn1 ,n1+1
→ S

Jt
Kn
∩Pt

V1
∩Pt

V2
∩Ps

V3

→ S
(Jt

Kn
∩Pt

V1
∩Pt

V2
∩Ps

V3
)+( fn1 ,n1+1) → 0,

we see that the results for the case (t, s) depend on the results for the case (t − 1, s − 2), so, we first
prove (4, 2), then (5, 4) and (6, 6).

Let us use induction on n1 ≥ 2 to prove the case (4, 2). From the short exact sequence

0→ S
J3

Kn
∩P3

V1
∩P3

V2

· fn1 ,n1+1
→ S

J4
Kn
∩P4

V1
∩P4

V2
∩P2

V3

→ S
(J4

Kn
∩P4

V1
∩P4

V2
∩P2

V3
)+( fn1 ,n1+1) → 0,

and depth(S/(J3
Kn
∩P3

V1
∩P3

V2
)) = 4 by Lemma 4.4, we see that it is enough to show that depth(S/((J4

Kn
∩

P4
V1
∩ P4

V2
∩ P2

V3
) + JK[a,b])) ≥ 4, a ∈ V1, b ∈ V2. When n1 = 2, it is Lemma 5.4. Now, assume that n1 > 2

and that results are true for n1 − 1. Exchanging the positions of V1 and V2, we may assume that the
results are also true for n2 − 1. By the sequence fa,b+1, . . . , fa,n, we have short exact sequences:

0 −→ S
(J3

Kn
∩P3

V1
∩P

t j
V2
∩P

s j
V3

)+JK[a, j−1]

· fa, j
−→ S

(J4
Kn
∩P4

V1
∩P4

V2
∩P2

V3
)+JK[a,b] +J j−1

−→ S
(J4

Kn
∩P4

V1
∩P4

V2
∩P2

V3
)+JK[a,b] +J j

−→ 0,

j = b+1, . . . , n, where J j = ( fa,b+1, . . . , fa, j); j = b+1, . . . , n; Jb = 0; and t j = 3 if j ≤ n1+n2 and 0 if j >
n1 +n2, and s j = 0 if j ≤ n1 +n2 and 1 if j > n1 +n2, and the last ideal, (J4

Kn
∩P4

V1
∩P4

V2
∩P2

V3
)+JK[a,b] +Jn,

is the intersection of (J4
Kn
∩ P4

V1
) + JK[a,n] and (J4

Kn
∩ P4

V1
∩ P4

V2
∩ P2

V3
) + JK[a+1,b] + (xa, ya). Let us compare

the proof of Proposition 5.1. There are two groups of colon ideals: S/((J3
Kn
∩ P3

V1
∩ P3

V2
∩ PV3

) +

JK[a, j−1]), j ≤ n1 + n2, and S/((J3
Kn
∩ P3

V1
∩ P2

V3
) + JK[a, j−1]), j > n1 + n2. Here, the two groups are

S/((J3
Kn
∩ P3

V1
∩ P3

V2
) + JK[a, j−1]), j ≤ n1 + n2 and S/((J3

Kn
∩ P3

V1
∩ PV3

) + JK[a, j−1]), j > n1 + n2; that
they have at least depth 4 follows by Corollary 4.1. On the other hand, for the depth of the last
ideal, it remains to estimate the depth of S/((J4

Kn
∩ P4

V1
∩ P4

V2
∩ P3

V3
) + JK[a+1,b] + (xa, ya)). Here it is

S/((J4
Kn
∩ P4

V1
∩ P4

V2
∩ P2

V3
) + JK[a+1,b] + (xa, ya)). Then, when using induction on n1 ≥ 2 to prove (1) and

(2), as in the case here, we use an induction hypothesis as the the proof of Proposition 5.1 to get the
required results.

We can use similar arguments to prove the cases (5, 4) and (6, 6). Note that in the case (5, 4), the
first group of colon ideals are S/((J4

Kn
∩ P4

V1
∩ P4

V2
∩ P2

V3
) + JK[a, j−1]), j ≤ n1 + n2, whose depths are given
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by the case (4, 2), and in the case (6, 6), the groups are S/((J5
Kn
∩P5

V1
∩P5

V2
∩P4

V3
) + JK[a, j−1]), j ≤ n1 + n2,

whose depths are given by the case (5, 4). We omit other details. �

Then, we have depth(S/J6
Kn1 ,n2 ,n3

) = depth(S/J7
Kn1 ,n2 ,n3

) = 4.
Summarily, we have the following theorem.

Theorem 5.2. Let ni ≥ 2, i = 1, 2, 3. Then,

depth(S/Jt
Kn1 ,n2 ,n3

) =

{
4 if t = 2, 3, . . . , 7,
3 if t ≥ 8.

Proof. It follows by Propositions 4.1, 4.2, 5.2(2), 5.3(2), and (4) and Theorem 3.1(3). �

Remark 5.1. Our arguments can also be applied to obtain the depths of S/Jt
Kn1 ,...,nr

with r ≥ 4. Because
it is too technical, the details are omitted here.

6. Conclusions

Let G = Kn1,n2,n3 be a complete tripartite graph on [n] with n > 3 and JG its binomial edge ideal
in the polynomial ring S = K[x1, . . . , xn, y1, . . . , yn] over a field K. In this paper, for any t ≥ 2, we
obtained the depth of S/Jt

G:

(1) When n1 = n2 = 1, n3 ≥ 2,

depth(S/Jt
K1,1,n3

) =

{
n3 + 2, if t = 2, 3,
3, if t ≥ 4.

(2) When n1 = 1, n2, n3 ≥ 2,

depth(S/Jt
K1,n2 ,n3

) =

{
4, if t = 2, 3, 4, 5,
3, if t ≥ 6.

(3) When ni ≥ 2, i = 1, 2, 3,

depth(S/Jt
Kn1 ,n2 ,n3

) =

{
4, if t = 2, 3, . . . , 7,
3, if t ≥ 8.
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2. J. Herzog, T. Hibi, F. Hreinsdótir, T. Kahle, J. Rauh, Binomial edge ideals
and conditional independence statements, Adv. Appl. Math., 45 (2010), 317–333.
https://doi.org/10.1016/j.aam.2010.01.003

3. M. Ohtani, Graphs and ideals generated by some 2-minors, Commun. Algebra, 39 (2011), 905–917.
https://doi.org/10.1080/00927870903527584

4. J. Herzog, T. Hibi, H. Ohsugi, Binomial ideals, Cham: Springer-Verlag, 2018.
https://doi.org/10.1007/978-3-319-95349-6

5. V. Ene, G. Rinaldo, N. Terai, Powers of binomial edge ideals with quadratic Gröbner bases, Nagoya
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