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1. Introduction

Let I be an ideal of a commutative Noetherian ring R. By Brodmann’s famous result [1, Theorem 2],
the depth(R/I") is a constant for large powers ¢; that is, there exist integers 7, > 0 and ¢ > 0 such that
depth(R/I") = c for all ¢t > ty. Given an ideal /, it is a challenging task to find such #, and c.

Let G be a simple graph. The binomial edge ideal J; of G was first introduced in [2] and [3]
independently. Since then, many researches on binomial edge ideals of graphs have been done; see [4].
One interesting problem in this area is the computation of the depth of these ideals. However, only
a few results on the depth of powers of binomial edge ideals have been obtained, such as in [5]. The
depths of powers of the binomial edge ideal of a complete bipartite graph were obtained in [6]. The aim
of this paper is to compute the depth of powers of binomial edge ideals of complete tripartite graphs.

Let G = (V(G),E(G)) be a finite simple graph with V(G) = [n] = {1,2,...,n} and § =
Kl[xi,..., X0, y1,...,¥,] be a polynomial ring in 2n variables over a field K. Then, the binomial edge
ideal of G, denoted by Jg, is the ideal of S generated by all binomials:

fij=xy;—xyi 1 <i < j<ndi j} € EG).
When G is complete, Jg is just I;(X) where X is the generic matrix:

‘xl x2 ... xn
Yo Y2 o Y
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In this case, the depth of the powers of J; has a speciﬁc property: depth(S/Jg) = n + 1, and
depth(S/J;) = 3 for any t > 2; see [7]. When G = K, ,, is a complete bipartite graph, the depth
of §/J; has been obtained in [8]. For any r > 2, it is proved in [6] that depth(S/J;) = n+ 1if n; =1
orny = 1, and 4 if n;,n, > 2. We are interested in the depth of powers of the binomial edge ideals
of complete tripartite graphs depth(S /J} ) By Brodmann’s result [1], this depth is a constant for
large powers ¢. Different from the case of blpartlte graphs, this depth is 3. The difficult challenge part
of the paper is to identity the smallest £y such that depth(S/J} ” ) =3 forall t > t,.

After preparing some auxiliary results in Section 2, we ﬁnd the powers whose depth is 3 in Section 3.
Section 4 is devoted to computing the depth of small powers. The paper’s challenge lies in Section 35,
where the left important value of depths are computed.

2. Preliminaries

Let S = K[xi,...,x,] be a polynomial ring over a field K, m = (xi,...,x,) its homogeneous
maximal ideal, and M a finitely generated S-module. The depth of M, denoted by depth(M), is the
length of a maximal M-sequence contained in m. The following well-known depth lemma is used
frequently to compute the depth of some modules.

Lemma 2.1. (Depth lemma) Let0 - M — N — L — 0 be a short exact sequence of finitely generated
S -modules. Then,

(1) depth(M) > min{depth(N), depth(L) + 1}, and the equality holds if depth(N) # depth(L),
(2) depth(N) > min{depth(M), depth(L)}, and the equality holds if depth(M) # depth(L) + 1.
Lemma 2.2. Let I be an ideal of S. If I = I} N I, then
depth(S /1) > min{depth(S/I,),depth(S/I,),depth(S/(I; + 1)) + 1},
and the equality holds if min{depth(S/I;),depth(S/L;)} # depth(S/(I; + I)).
Proof. The result follows by applying Lemma 2.1 to the short exact sequence:
S S S S

00— —— —a

SN 0.
1 I b L+ 1

O

Set interval [m,n] = {m,m + 1,...,n} for any two positive integers m,n with m < n. Especially,
write [m] for [1, m].

Let G =([n], E(G)) be a simple graph on [r] and S = K[xy,..., X, Y1,-..,Y,] be a polynomial ring
in 2n variables over a field K. The binomial edge ideal of G, denoted by Jg, is the ideal of S generated
by all binomials:

Jij = xiy; — xpyi, 1 < j,{i, j} € E(G).
Note that each generated element f;; of Jg is exactly a 2-minor of the matrix

xl x2 .« e e xn)
Vi Y2 ot Y )

We call G a complete graph on [n], denoted by K, if its edge set E(G) = {{i, j} | i,j € [n], i # j}.
Then, Jx, = (fij| 1 <i < j < n). The following result is well-known.
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Lemma 2.3. ( [7, Theorem 2.1]) depth(S/Jk,) = n+ 1, and for any t > 2,
depth(S/Jy ) = 3.

.....

ng=n=---=n,=1,G =K, 1s acomplete graph.
Let I be a nonzero ideal of a ring R. The tth symbolic power of I, denoted by I, is defined as

1 = Nyeminn(I'Ry N R),

where Min(/) is the set of minimal prime ideals of /. Assume that / = Q; N O, N--- N Q,, 1S an
irredundant primary decomposition of /; then, it is well-known that

10 = ﬂ Q?).
VO:eMin(])

Let T C [n]. Denote the complete graph on T by K7, and set the ideal Py = (x;,y; |i € T) of S. If
T = [m] for some m < n, then we write P,, for Pj,,;. Set P = S by convention. For an ideal / of a ring
R, put I' = R for i < 0 by convention.

.....

for any + > 1. On the other hand, assume that n; < n, < --- < m,, r > 1, and n, > 1; that is, G
is not a complete graph. Furthermore, assume that n; = n, = --- = ny; = 1 and that ny,; > 1. Then,
by [9, Lemma 2.2], all the associated prime ideals of J; are minimal and exactly J , P;, i = s+1,...,r,

where P; = (x;,y; | j ¢ Vi). Itis clear that PEI) = P!. On the other hand, J;? = Jf,(n is well-known
(see [10, Theorem 10.4]). Thus, it follows that Ji, = Jj(n NP, NP _,N---NP. Then,

Jg =T, NPy NN P,

where V= [n]\ Vi, i=1,...,r.
We will use this equality to compute the depth(S/J).
The following property will be used frequently.

Lemma 2.4. ( [11, Proposition 4.9]) Let T be a subset of [n], 1 <a<b <n 1<c<d=<n, and
{a,b} & [c,d]). Then, foranyt,s > 1,

(1) (P} + ko)  fao = Py 4 Ui,

(2) T+ fu = T,

(3) Uy + Pyt fup = Jig" + Pyl

(4) (Ji + Py + gt for = T+ P T
where P'. = S fori < 0 by convention.

When r = 2, the following three lemmas are proved in [6]. The same arguments hold for r > 2.

Lemma 2.5. ( [6, Corollary 2.12]) Let T\, ..., T, be subsets of [n], and 1 < a < b < n. Then, for any
t,t; >1,i=1,...,r, one has

(Jg, N P’Tll N---N Pti) + Jkn = Tk, + Tkp) N (PZ;1 + Jky) Moo N (Pti + Jkip)-

ab
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Lemma 2.6. ( [6, Corollary 2.14]) Let Ty, ..., T, be subsets of [n], 1 < a < b < n, and {a,b} ¢ [c,d].
Then, for any t,t,,...,t, > 1, one has

. . -1 n .
((Jg, N P’Tll N---N Plr,) +Jkn) D far = T, NP O N PLY+ Tk

where t; = t; = [{a,b} N T, i=1,...,r.

Lemma 2.7. ( [6, Lemma 2.16]) Let T, ..., T, be subsets of [n], m>1,n-m>2,and 1 <a<b <n.
Then, foranyt>land j=b+1,b+2,...,n,

(1) Jxtap) + Gabsts- s Ja ) = Ik N Uk + Kas Ya))s

(2) T NP O N PLY+ Tk + fabsts s fa)) = (T OPE 00 PLY+ Tk, )N (T NP N
NP+ Tk + (e Ya));

(3) ((Jg NPL N NPLY+ Tk + (fabsts oo fajo1)) t faj = (0 P’Ti1 N---N P’T;r) + Jk,,,..» Where
t=ti—l{a,b}NTy,i=1,...,r

Remark 2.1. In the above equalities of Lemmas 2.5-2.7, when Jx,,, is replaced by Jy, +- - -+ Jk, with
S;Cnl,i =1,...,1 the results remain true provided the union of Grobner bases of JKS'_, i=1,...,1
is a Grobner basis of J Ks, Tt J Ks, (cf. [6, Section 2]). We will use this remark in the discussions of
Section 3.

Lemma 2.8. Let Ty,...,T,,T be subsets of [n]. Then,

(1) (Jiy NP} N--NP )+ NPy =T ift <tandt; 6, T;UT =[nli=1,....r
(2) (Jy. mPg;l m---mPfT"_)+JKT = (Ji. mPt;1 m---mP’;:l)+JKT ift.<t,and T, UT = [n];

(3) Uy NP} N---NPY+Pr=J¢ +PLift <t,and t; <t, T;UT =[nl,i=1,...,r.

Proof. (1) (Ji NPy N---NPL)+ (i N P2 (Jk, NP2+ (Ji N Pp) = Ji ;s the last equality follows
by [11, Lemma 5.2].

(2) (J, NP, N -NP)+T g, 2 Ji NPF N NP NPT, = (Ji NPLATg)NPY N NPT+,
and Jy N P_+ Jg, = Ji + Jk,. Then, the equality follows.

GB) Uy NP N---NPI)+Pr=(J NP N---NPL)+ (T NP+ Py = Jy + Py, and the last
equality follows by (1). m|

In [6], when using induction to prove that depth(S /J%mn_m) = 4, the crucial result is

depth(S/ (J}(m_m +Jk.,)) = 4; that is, depth(S /((J f,( N me] N me +1,;;]) +Jk.,)) = 4. The same argument
can be applied to get the following

Lemma 2.9. Let m,n—m > 2. Then, fort > 1; s=tort—1;and1 <a<m,a<b <n,
depth(S /((Ji, N Py O Pler ) + Txn)) = 4.

For r > 3, the depth of §/Jk, , is known.

Lemma 2.10. ( [12, Theorems 3.4 and 4.3]) Let 1 = ny = --- = ny, < ngy < --- < n,. Then,
depth(S/JKnl.“.,n,) = Ngy + 2.
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Remark 2.2. Our method of computing depth(S/J ) is using induction. This induction has two
ny.ny.n3

aspects. One is on the power t, and the other is on the number of vertices n. Taking f,, »,+1, we have a

short exact sequence

S 'fnl.nl+1 S S
0— — N — 7 — 0.
"1 19,13 ‘ﬁ11 Vl1+1 Knl,n2,n3 Knl,nz,n3 + (f}’ll,l’l|+1)
The colon ideal J, D fumn = Jg 'n Pt 'n P’ 'n P’ 2 has smaller powers by Lemma 2.6. On
Kinynyng V3
the other hand, to estimate the more general depth(S / (Jt + Jky.)), we will ask the help of the
.13
sequence fypi1s- - -, fan Wwhich will induce n — b short exact sequences
'ftl,b+1
0— S ' S S -0
( ;(nl o .n3 + K[a,b] ):fﬂ’b'“ J;(nl W13 +JK[11J)] J;(nl np.n3 +JK[avb] +Jb+] ’
'fa,b+2
0— S : - S S -0
Jlknl,nz,r@ +JK[tl,hJ +Jb+l ):fa,b+2 J;(nl .13 JK[tl,hJ +Jb+1 J;(nl J1,13 JK[ﬂ,bJ +Jb+2 ’
0 s Jag s s 0
- — > - —
( ;(nl M3 +JK[£1J7] +J”71 ):fa,n J;(nl T3 +JK[HJ)] +J"71 J;(nl T3 +JK[HJ7] +J” ’

where J; = (fap+1s---» faj) J =b+1,...,n. Then, by Lemma 2.7(3), the colon ideal (J’n
Jic1) i fuj = (J;;l N P% N P% N Pé ) + Jk.,1 has smaller powers. Note that, by Lemma 2.7(2), the
n 1 2 3 h

last ideal is

+ JK[aI;J

NY.n3

J;{ + JK[a’b] + Jn = (Jt 3 ) N ( K, JK[,,J,] + (xa,)’a)),

nyng.n Ky Mo, ny.ny.ng
11213 112 112

where a € V,, Ji + Ky = U, N Pi ) + Jky. by Lemma 2.8(2), whose depth can be easily
n nz 77
obtained, and the dlﬂicult part Ji + Kk + (X4, ya) reduces the number n by cutting a. When using
T3
induction, the staring point is the baszc step whose ideals have small powers, and another important

point is the inductive step where the truth for smaller powers should be confirmed.
3. Large powers
By Brodmann’s result [1, Theorem 2], depth(S/J% ) is a constant for large . We will show that
)ll,ﬂz.ﬂ:;

this constant is 3.

Lemma3.1. Let 1 <a<b<nandt > 1. Then,

depth(S /(Ji + Jx

[a.b]

) > 3.

Proof. We may assume that a = 1. If b = n, the result is clear.
Let us use induction on ¢ > 1 and n > 2 together to prove that depth(S/ (Jf,(n +Jk,)) > 3forl < b <n.
When ¢t = 1 or n = 2, the result is clearly true. Now, assume that ¢ > 1 and n > 2, and the result is true

for # — 1 and n — 1. Taking the sequence fi 4.1, ..., fi.., Wwe have short exact sequences:
S f1.j S S
0— : — — — — — 0,
J;(_n +JK/'*1 ‘]K,,+‘]Kb+‘]j—1 JK,,+JK1;+JJ
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j=b+1,...,n,where J; = (fip+1,..., f1j),j=b+1,...,n,J, =0. The last ideal is J}(n +Jg, +J, =
Jk, N (Jg + Jg, + (x1,y1)). By an induction hypothesis on 7, depth(S/(J};n1 + Jk;)) = 3. Because
depth(S/(Jj(n+JKh+(x1,yl))) = depth(Sl/(J;n_] +Jk,)) = 3, where S| = K[x1,...,X-1,Y1,--,Yn-1], DY
an induction hypothesis on n, it follows from Lemma 2.2 that depth(S /(Jx, N (J % +Jk, +(x1,¥1)))) = 3.
The proof is completed. O

The following similar result will be used in Section 4.

Lemma 3.2. (/) Let 0 < m < nand n — m > 2. Then, depth(S/(Jk, + P2) >3, andfor1 <a<m<
b <n, depth(S/(Jf(n + P2+ Jxpan)) = 35

m

(2)Letn—m>2and 1 <a<m<b<n. Then, fort= 1,2, depth(S/(P!, + Jx(apr))) = 4
Proof. (1) We first prove that depth(S /(Jk, + P2)) > 3. From the short exact sequence

S S S S

0o»-— - —— > —
JKnﬂan JKn P%1 JKn+P;2n

— 0,
depth(S/Jk,) = n+ 1, depth(S/P2) = 2(n—m), and applying the Depth lemma, we see that it is enough
to show that depth(S /(Jx, N P2)) > 4.

Using the sequence fi 1, ..., fin t0S/(Jg, N P,zn), we have short exact sequences

S f1.j S S

0Oo— —— — — — 0,
P, + JKJ._1 (Jg, N P2) + Jio (Jg, N P2) + J;

J=m+1,...,n, where J; = (fims1,-..,f1j)),) = m+1,...,n, J, = 0. We have the last ideal
Uk, NP2+ 0y = U, NP2+ (fia---s fin) = (k, NP2 + 1o 0 () = Jg, 0 (P2 + (xr, 1)), whose
factor ring has at least depth 3 by Lemma 2.2. On the other hand, note that, for j = m + 1,...,n,
depth(S /(P + Jk,.,)) =4ifn—-m=2and2(n - j+ )+ (j—1-m)+1 > 4if n—m > 2. Then,
depth(S /(Jk, N P2)) > 4 follows.

Now, let us use induction on m > 0 to prove that depth(S/(J3 + P,, + Jxap))) = 3. When m = 0, it
follows by Lemma 3.1. For m > 0, using the sequence fi 11, - - -, f1..» W€ have short exact sequences:

S s s

0— — —
112(n+Pm+JKj*1 J}’;(H+P%1+JK[u,h]+Jj—1 J?(n +Pr2n+JK[a¢b]+\]j

— 0,

J=m+1,...,n, where J; = (fims1,...,f1;);j =m+1,...,n; and J,, = 0. depth(S/(J,z(n + P, +
Jk;.) 23, j=m+1,...,n, follows by Lemma 3.1. On the other hand, we have the last ideal

Jo 4 Po+ Ixap +Jn = i + Pt Jxias) + Frmets s fin)
= Ji, + Po+ Jkiam + (fizs - fin)
= Jx, + Po+ Jkan + Jk, N (x1,01)
= (g, + Po) Ny, + Po + Jkas) + (x1,01)),

which has required depth because of depth(S/(Jk, + P%)) > 3 and the induction hypothesis on m.

(2) When 7 = 1, depth(S /(P + Jkiap)) = depth(K[x;, yi | i = m + 1,...,n]/Jk,,,,,)), and the result
is clear from Lemma 2.3. When ¢ = 2, the argument is similar to (1). |
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Lemma 3.3. ( [6, Lemma 3.1]) Letm>1,n—m >2, and 1 < a < b < n. Then,
depth(S /((Jk, N Py) + Jk,,) =n—m+2,
and, for any 1 < a < n, depth(S/((Jx, N Pp) + Jk,,,) = 4.
Lemma34. Letl <m<n 1<a<b<nandt>s > 1. Then,
depth(S/((Ji, N P;) + Jx,,)) = 3.

Proof. By induction on ¢ > 1 and n > 2 together, when n = 2, the result is clear. If r = 1, it follows by
Lemma 3.3. Now, assume that # > 1, and n > 2, and the result is true for # — 1 and n — 1. Note that we
may assume thata < m + 1.

When a < m, using the sequence f 441, - - -, fan, We have short exact sequences

'ﬁt,j
00— 3 — S — S — 0
S0Pk, iy WP+ kg 4 1 iy WP+ 17+ ’

j=b+1,...,n,where J; = (fups1r---» faj); J=b+1,...,n;J, =0;and s; = s—2if j <mand s—1if
Jj > m. The last ideal is (J}(n NP+ Tk, +Jn = (J}(n +Jk) N ((J}(n NP;)+Jk,, + (X4 ¥a))- Then, the
depth of colon ideals follows by an induction hypothesis on 7, and the depth of (/i NP;)+Jk;,, +(%Xa; Ya)
follows by an induction hypothesis on 7.

When a = m + 1, from the short exact sequence

'.f;n,b
N N N 0’

- - -
0 i NPy D+k

. —
- :
m+1,b] iy NP+ IRy 1. 1) T, OPu)+T k1 (i)

and

(J;(n m P;n) + JK[nH-l,h] + (fm,h)
= (J;(n m P;'l) + JK["’HU?] + JK[m,b] m ('xb5 yb)

= ((J;{n N P;Vn) + JK[m,b]) N ((J;{n N an) + JK[mH,b] + (.Xb, )’b)),

we get the required result because the depth of S/((Ji' N Py + Jg,
hypothesis on 7. The depth of S/((Ji, N P,) + Jk,

et follows by an induction

wern T (Xp, yp)) follows by induction hypothesis on n,

and the depth of S/((J}(n N P;) + Jg,,) follows by the case a < m. O
Proposition 3.1. Assumet > 1,1 <a<b<n,andT,...,T, pairwise disjoint intervals of [n]. Then,
fort; <t i=1,...,r,

depth(S/((Jg, N PL N+~ NPL) + Jg,,)) > 3.
n 1 r o

Proof. By induction on r > 1, when r = 1, the result follows by Lemma 3.4. Set I, = Ji. N P%l N---N
n 1
P’T’ . Then, I,_; + (Ji, N P’% ) = Ji, by Lemma 2.8(1). Applying Lemma 2.2 to the short exact sequence

S S S S
0— — @ - — — — 0,
IV + JK[a,b] Ir—l + JK[a,b] (J;(n N P% ) + JKW,] JK,, + JK[a,b]
we get the result by induction hypothesis and Lemma 3.1. O
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P’% and for some f,,, S/(I : f,») has depth 3, then from the short exact sequence

0 — S/ fup) 25 S/1—> S/, fup) — O,

and depth(S/(I, f,»)) = 3 by Proposition 3.1, we see that depth(S /1) = 3.
Then, from depth(S/ le(n) = 3, we get the result inductively. O

The following theorem shows when depth(S /J f,(nl ” n3) =3.

Theorem 3.1. Letn = n; + ny + ny > 3. Then,

depth(S /J% ) =3,

ny.ny.n3
when one of following conditions is satisfied:
(1) ni=ny,=1,n3>2, andt >4,

(2) ny=1,n,n3 >2, andt > 6;
(3) n; >2,i=1,2,3, andt > 8.

Proof. The following equalities give answers for the above cases from Proposition 3.2:
(D) Ty, o fia? = Jg, fort >4

t . ft=4 12 — J2 .
DT, 5 e = Tk, fort 2 6;
t .2 2 1—6 — 72
3) JKn1¢;12,n3 : fl,n1+1fl,n1+n2+1 m+Lnj+np+l — JKn forz = 8. o

Then, for the computation of depth(S/J% ), the left cases are
ny.ny.n3

(D n=n=1n>2,andt =2, 3;
2)n=1,n,n3>2,andt =2,3,4,5;
B)n;>2,i=1,2,3,andr=2,3,4,5,6,7.

4. Small powers

When using induction on ¢ to compute the depth of S /J§ o the basic step is the depth with small
ny,np,n3

t, which is the topic of this section. We will consider the ideal (Ji, N P;' N---N P;’ ) + Jk,, Where
n 1 r ’
r<3andt,t,...,t are small. Firstly, Let r = 1, and then let r = 2, r = 3.

Lemma 4.1. ( [6, Lemma 4.1]) Let 1| <m <n, m < b <n. Then, fors=tort—1,

depth(S/((Jx, N P;) + Jk,) = n—m+2.

AIMS Mathematics Volume 11, Issue 11, 36660-36678.
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Proof. When s = ¢, the result is just [6, Lemma 4.1]. When s = ¢ — 1, the same argument there also
holds. .

Lemmad.2. Let 1 <a<m<b<m+1and (1 5) = (2,1),2,2),(3,3). Then,
depth(S/(J N PL) + Jx,,)) = n—m+2.

Proof. By induction on m > 1 and (¢, s) € {(2,1),(2,2),(3,3)}, when m = 1 or a = 1, it follows by
Lemma 4.1. Now, assume that m > 1 and that a > 1. By the sequence f,_i,,..., fi.4, We have short
exact sequences:

y i s s

—> - —
g NP+ K (g, NP+ 0

e :
+Jjr1 (J;(n ﬁP,A,,)+JK[a,b] +Jj ’

0—

[j+1.b] [a.b]

j=a-1a-2,...,1, where J; = (fia»---s fa-14)-J = 1,,...,a—1,and J, = 0. The last ideal
(Jx, N P,) + Jk,, + Ji is the intersection of (Ji, N P,) + Jx, and (Jy N P,) + Jx,,.,, + (Xas Ya), Where
Jkin1» = 0 when a = m. By an induction hypothesis on m, the depth of the factor ring of this last ideal
is greater than or equal to n —m + 2. Then, we obtain the result inductively for (z, s) = (2, 1), (2, 2), and

(3,3). O
Lemma4.3. Letm > 1,n—m > 2. Then, depth(S/(J%n NP)Y)=n-m+2,t=1,23.

Proof. When t = 1, it follows by Lemma 3.3. For r = 2 and then 3, applying Lemma 4.2 to the
following short exact sequence:

S 'f;n.m-v»l S S

~ Jj;: N Pl - J;Kn NP (J’ NP+ (frme1) =0,
we obtain the required results. O
Then, we can prove the following main result of this section.
Theorem 4.1. Let ny > 1. Then,
depth(S/Jk,,,,,\?) = { ’;3 t2 ZZ; ; 41{ 23
Proof. It follows by Lemma 4.3 and Theorem 3.1(1). O

The above theorem solved the case (1) in Theorem 3.1. For the other two cases, we need some
preparations.

Lemma 4.4. Let Ty, T, be two disjoint intervals of [n] with |T;| > 2, i = 1,2. Then, fort = 2,3,
t t t _
depth(S/(Jg, N PT N PT ) =4
Proof. By Lemma 4.3, depth(S/(J’ N P’ ) =1ITi|+2>4,i=1,2. Then, as depth(S/J% ) =3by
Lemma 2.3, we obtain the result by applylng the Depth lemma to the following short exact sequence
S S S S

- =50

—
J;( OP% ﬂPt Jt ﬂPt J’ ﬂPt J’
n 1

O
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Proposition 4.1. Let ny > 1 and ny,n3 > 2. Then, fort = 2,3,

depth(S/J}(l ) =4.

ny.ny,n3

Proof. Let Vi = (X n) + 1, Y0 nl,i = 1,2,3. If n; = 1, then J%,

ny,ny.n3

=Ji, NPL NP, and the
n Vz V3
result follows by Lemma 4.4.

Assume that n; > 1. Then, J} =Ji N P% N P% N P’V , and there is a short exact sequence
)‘l],}’l n 1 3

2:113 2
0= JfS T ml;j anr O fwPf _>JST_’O'
Koy iy R A A 2 K,
The result follows again by Lemma 4.4 and Depth lemma, as in the proof of Lemma 4.4. O

For further discussions, we need to improve Lemma 4.2.
Lemma 4.5. Let (t,5) = (2,1),(2,2),(3,3); 1 <a<m<b<n;andn—m > 2. Then,
depth(S /((J}{n NP,)+Jk,,)) = 4.

Proof. By inductionon b > m + 1, when b = m + 1, it follows by Lemma 4.2. For b > m + 1, similar
to the proof of Lemma 4.2, by the sequence f,_1, ..., fi1.,, we have short exact sequences:

S Si N S

0— —
(JE,I ﬁPf,,fl )+JK[ (J;(n ﬁP,S.,,)+JK[ +]j+1 (J;(n ﬁP,S-,,)+JK[a’b] +Jj

—0,

j+1.b] a,b]

Jj=a-1a-2,...,1, where J; = (fjp,. > fa-1p),j = 1,...,a—1, and J, = 0. The last ideal is
(Jﬁ(n NP+ Ik, +J1 = ((Jj{n NP)+Jg)N ((J;(n N Py)+ Jk,, ., + (x5, ¥»)). Then, we get the results

m m

by using the same argument as in the proof of Lemma 4.2 and noting that when ¢ = s = 2, the depth of
the colon ideals follows by Lemma 3.3. O

Corollary 4.1. Letn = n; +ny +n3, Vi = (X1 n) + 1, 3, n,]. Then, for 1 <t <3,
(]) depth(S/((J?( N PSV N Pt‘7 ) + JK[ab])) > 4f01"l’l],l’l3 > 2,7’12 > O,Cl S V],b S V3,'
n 1 3 ’
(2) depth(S/((J3 N P3V N P’V )+ Jky) =4 forny = 0,n0,n3 > 2,a € Vo, b € Vi
n 2 3 o
Proof. (1) Assume first that 7 = 3. Note that (J;, N P% )+ (Jy N P% ) = J3 by Lemma 2.8(1). On the
n 1 n 3 n

other hand, by Lemma 4.5, depth(S /((J3. N P3V )+ Jk,,)) = 4, and depth(S/((J3. N P% R X
n 1 ” n 3 !

and by Lemma 3.1, depth(S/ (],3('1 + Jky.)) = 3. Then, the result follows by applying Lemma 2.2 to the
following short exact sequence:

0— S - S ® S - 5 0.

3 3 3 3 3 3 3 3
(T, Py OPS 4Tk R Py ki Uy 0P 4K, T+ K

For t = 1,2, we use the short exact sequence

S S @ S S

— — -0
3 3 t 3 3 ! 3 t
(JKn mPV1 mPV3)+JK[a,h] (JK,, OPVI )+JK[a,b] PV3 +J1<[a’b] JKn+PV3 +JK[a.h

00—

2

1

and the result follows by depth(S /(P;, + Jx,,,)) = 4 and depth(S/ J3 + Py +Jk,,)) 2 3 by virtue of
3 ’ n 3 ’
Lemma 3.2.
(2) Similar to (1). |
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Lemma 4.6. Letn =n; +ny, +n3; V; = [(ZZ} n;) + 1,Z§:1 nl,i=1,23n>1nn>2156=1
or 2. Then,

(1) depth(S/((J; N P% N PSV N P’g )+ Jky) =4 a€ Vi, beVy;
n 1 2 3 ’

(2) depth(S/(J; NP3 NP3 NP)) =4
n Vi Vs V3

Proof. As P% + Ky = P"%’
3 3 3 _ 7 3 3
Uk, NPy NPy NPEY+ Ty = (g, NP NPy + k) NP
and, by Lemma 2.8(3),
((J;(” n P3V1 n szz) * JKW’]) * PtV: - ‘]13(’7 + PIV33.

Then, we get (1) by Lemma 2.2 and note that when ;3 = 2, depth(S/ (J;( + Pi; )) > 3 by Lemma 3.2.
n 3
Omitting Jk,,,, in the above argument, we obtain (2). O

Then, we can prove the following

Proposition 4.2. Let ny > 1, ny,n3 > 2. Then,

depth(S/J3: ) =4.

Knl,)12,il3
Proof. LetV; = [(Zj:} n)+1, Zﬁzl n], i = 1,2,3. We have a short exact sequence,
S 'fnl,nl+1 S S
- - -
3 3 3 2 )
Jx, ﬁPV1 ﬁPVZ nP2V3 Ji Ji + (foym+1)

ny.np.n3 ny,np.n3

— 0.

Because depth(S/(J; N P% N P%/ N PZV )) > 4 by Lemma 4.6(2), it is enough to prove that
n 1 2 3
depth(S/(J¢ + (o +1))) = 4.

n N3

By the sequence f, 4,+2 - - - » fu,.n» W€ have short exact sequences:

'fnl,j
S ; S S

3 p3 ~p Ap' JA +Ji_ Ji +J;
(JKnval mPVZnPVS)HK[nlJ] Kny gy T Knynyiny T

—0

0—

b

J=nm+2,...,n,where J; = (fu st S i)y J=m+1,...,n,and ¢t; =3if j€ Vo and O if j € V3,
sj = 2if j € V, and 3 if j € V3. Note that depth(S/((J3 N P3V1 N P3V2 N P2V3) + k) 24 j €V,
by Lemma 4.6(1), and depth(S /((J3 N P3 N P3 ) +Jk,, 1) = 4, j € V3, by Corollary 4.1(1). The last
ideal is J5 Knymyms T I = (Jg. N P4V.) + Ik ) N (J4" o T Gy V)

Let us use 1nduction on n; > 1 to prove that depth(S /(J4 s T (Xn,5¥n))) = 4, then the
result follows. When n; = 1, Jg + (X, Yn,) induces to S /J4 e whose depth is 4 by [6,

n M,N3
Theorem 4.7]. When n; > 1, depth(S/(J4 ot ) = depth(Sl/J4 s where S| =
K[x2, ..., %52, ..,yY.]. Then, by an induction f\ypothesm we get the required result O
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5. Thecasen; > 1and ny,n; > 2

Assuming that n; > 1 and that ny,n; > 2, let us compute the depth(S/ J’ ) By Theorem 3.1
and Proposition 4.2, the left cases are t = 5,6, 7. We will see that when n; = 1 and n; > 2, the results
are totally different.

Firstly, let us prove that depth(S/ Jf(nlvnm) = 4. Applying the Depth lemma to the short exact
sequence

S g +1 S S

— — —
Ji, "PL NPL NP J3 T+ Fapmst)

ny.ny.n3 )11 N3

-0,

it is enough to show that depth(S /(J3, +Jk,,) = 4fora € Vi,b € V, and depth(S/(J¢ ﬁP4V OP“V N
npan.n3 ’ n 1 2

P3 )) = 4. Similarly, in order to get that depth(S /(J N P4 N P4 N P3 )) = 4, it is enough to show that
depth(S/((J4 mP“ mP“ mP )+JK ) > 4forae Vb e Vz, and depth(S/(J3 mP3 mP3 NPy)) =
which is true by Lemma 4. 6(2) In order to obtain the two inequalities, we need the followmg lemma
Lemma 5.1. Letn = ny +ny, + n3 and V; = [(Z,;l n)+ 1,Y nl i = 1,2,3. Then, for (t,5) =
(3,2),(4,3),(4,4), one has

(1) depth(S/((Jt N Pt N PS )+ Jk,)) =4, forny > 0,n3,n3 =2, ny <b <ny+ny;

(2) depth(S/((J’ ﬂP’ ﬁP‘ )+JK D) =4, forni,ny >22,n, 20, 1<asn,n+nm<b<n
Proof. (1) By 1nduct10n onn; > 0, if n; = 0, the case (3,2) follows by Corollary 4.1 and the other

cases follows by Lemma 2.9. Now, assume that n; > 0 and that the results are true for n; — 1. Using
the sequence fi 4+1,- - -, f1..,» We have short exact sequences:

i
00— _ S _ G — S -0
(‘I;(_nlnpvjzmpvv.;)-"‘lkj‘,l (JKnﬁPVZﬁPAV3)+JKb+Jj,1 (JKnmPVZmPSV3)+JKb+Jj 2

J=b+1,...,n,where J; = (fips1,.... fij)s j=b+1,...,n;J, =0;and ¢t; =t - 11if j < n +my
and 0if j > ny +m, and s; = s —21if j < ny+nyand s — 11if j > n; + ny. The last ideal is
(Jj,(n N Ptv2 N PSV3) +Jg, +J, = Jg, N ((Jj,(n N Ptv2 N PSV3) + Jk, + (x1,¥1)).

Forb+ 1< j<n +m,S/(Jg'Nn PZ'V’ N P%j )+ k) =S/ N PLV‘1 N PSV‘Z) + Jk,,), whose
depth is greater than or equal to 4 by Lemma 4.5 when (t,s) = (3,2), and by Caorollary 4.1 when
(t,s) =(4,3),4,4).

For j > ny+my, S /((Ji! ﬂPtV" OPSV’ )+Jk,) =S/ N PSV“) + Jk,,) whose depth is greater than
or equal to 4 by Lemma 4.1. : ’ 3

Then, it is enough to show that the depth of the last ideal depth(S/ ((J’ ﬂPt ﬂPS )+ Jk, +J,) = 4,

which is guaranteed by depth(S/ ((J’ ﬂP’ ﬂP‘ )+J K, +(x1,y1)) > 4, and thls latter 1nequahty follows
by induction hypothesis on 7.

(2) The case (3, 2) follows by Corollary 4.1. Let us use induction on b > n; + n, to prove the other
two cases. If b = n; + n,, exchanging the positions of V; and V,, (2) is just (1). Now, assume that
b > n; + n, and that the results are true for b — 1. Using the sequence f,_i4, ..., f1.,, we have short
exact sequences:

N Ji N S

- 4 -
1— 1 1—1 1 t ! S i 1 1 S
Uiy PGPS D Ui VPG PG )+ Tk + o1 Ui, PG NP5 )+Tk

-0

0_) +]j ’

[a,b]
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j=a-1,a-2,...,1,where J; = (fjp,..., fa-15), j = 1,...,a— 1. The last ideal, (J;(n ﬂP‘V ﬂPSV)+

JKs * J1, is the intersection of (Ji N PL) + Jx, and (Jg N0 P’Vl NP ) + Tk + (X 3). ‘
depth(S/((Ji' N PIV‘1 N PSV‘I) + Jx,.,) = 4 follows by Corollary 4.1 for (1,5) = (4,3),(4,4),

n 1 3 o
and depth(S /((Jﬁ(n N PtV] N P%S) + Jkuy +J1)) = 4 follows by depth(S/ ((Jf,(n N P%}) + Jk,)) = 4 and
depth(S/((Ji N PtV N PSV )+ Ik + (X6, ¥))) = 4, where the former one follows by Lemma 4.1, and
n 1 3 o
the latter one follows by an induction hypothesis on b. Then, the result follows. O

Note that when (¢, s) = (2, 2), (3, 3), the above results are given in Corollary 4.1.
We need two steps to obtain that depth(S/ an " M) =4.

Proposition 5.1. Letn = nj+my+nzand V; = (X2 n)+ 1, X0, n,l, i = 1,2, 3. Assume that ny,ny > 1,
(n1,np) # (1,1), and ny, n3 > 2. Then,
(1) depth(S/((J3 N P4V N P4V N P% )+ k) =4 1 <a<n,n <b<n+ny
n 1 2 3 ’
(2) depth(S/(Jf NP NPL NP)) =4
n Vi Vs V3

Proof. Firstly Note that there is a symmetry between n; and n, (or V| and V,).
By Lemma 4.6(2), depth(S /(J3 N P% N P3V N Py,)) = 4. Then, from the short exact sequence
n 1 2

S 'f;ll,n1+1 S S

—_— = - — 0
3 3 3 - 4 3 4 4 3
Jxa Py, NP, NPy, Tk, nP“V] mP“i/z npy. U, mP“VI NPy PG 4y +1)

00—

b

by the depth lemma, we see that (1) implies (2).
Note that by the sequence f, p+1, - - - , fan, W€ have short exact sequences:

s fa s
3 ~p3 P AP J4 OPL NPL NP )+Jk, , +];
Vi nPV1 mPT/z QPVE P+ Kia,j1) Knt 590y vy e T

S
7y v 3
U, mP“Vl NPy PG I+ K+

00—

—

— 0,

Jj=b+1,...,n,where J; = (fops1,.--> fuj)sj=b+1,...,n,J, =0,and t; = 3if j < n;+nyand 0if j >
ni+ny, and s; = 1if j < ny+ny and 2 if j > n; +n,, and the last ideal, (J3 ﬂP“V ﬂP“V OP%/ )+ Tk + s
n 1 2 3 ’

. . . 4 4 4 4 4 3
is the intersection of (Jz N PVI) + Jkq,,y and (Jp N PV1 N PV2 N PV3) + Tk T (Xas Ya)-

When j < ny +ny, depth(S/((J;3. N P3V N Piv’ mP%-" )+ Jk,-)) = depth(S/(J3 N P3V mP% NPy)+
n 1 2 3 > n 1 2 h
JKu,)) = 4 follows by Lemma 4.6(1); when j > n; +n,, depth(S /((J3 ﬂP% ﬂPl'V’ ﬂP%’ )+ Jkis) =
Y' n 1 2 3 ’

depth(S/ ((J;(n ﬂP%1 ﬂP%3)+J Kio,y) = 4 follows by Lemma 5.1. Then, it remains to estimate the depth of
the last ideal, which reduces to the estimation of the depth of S /((Jy ﬂP“V1 ﬂP“V2 ﬁP%3 )+ kg1 +Xas Vo)),
as depth(S/((Jx N P4V1) + Jk,,,) = 4 is known by Lemma 4.1.

Now, let us use induction on r; > 1 to prove (1) and (2). When n; = 1, the ideal (J§ N P4V1 N P4V2 N
P%) + Ik + (X4, y,) reduces to (J;4([2,n] N P4V2 N P%3) +Jk,,, + (x1,y1), which is about a bipartite graph.
Note that the same result is true provided n, = 1.

Now, assume that n; > 2, n, > 2 and that the results (1) and (2) are true for n; — 1. Exchanging

the positions of V; and V,, we may assume that the results (1) and (2) are also true for n, — 1. When
a = ny, exchanging the positions of V| and V,, we may assume that b = n; + 1. Then, for the ideal
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(Jg, N P“l/l N P4V2 N PSV%) + Jkoy + (X Ya), if @ < ny, we use an induction hypothesis of (1) on n;; if
a = ny (in this case, the ideal becomes (J N P4V] N P“V2 N P%%) +(X4, y4)), we use an induction hypothesis
of (2) on n;. Then, (1) and (2) hold.

This way of using an induction hypothesis of (1) and (2) alternately will be applied again in the
following proofs. O

Proposition 5.2. Let ny > 1 and ny,n3 > 2. One has

(]) depth(s/(‘]?(,,,,nz,n3 + JK[a,b])) >4 1<a<sn,n <b<n +ny
(2) depth(S/JIS( )=4
ny,ny,n3

Proof. Let V; = [(Zﬁ;} n) + 1, Zﬁzl n, i = 1,2,3. Note that by the sequence f4+1, ..., fun, We have
short exact sequences:

S faj s S
5

- - — -
J4 OPE AP AP Y4 J; +Jk, 0+ o1 J3 +Ig 0+ 0
Kn v, v,""'v, + Ka,j-1] Kny.np .3 [a,b] "7 Kny.np .3 [a.b] ")

b

j=b+1,...,n,where J; = (fups1,..., faj),J=b+1,...,n,J, =0,and t; = 4if j <n; +ny and 0 if
J>ni+nyand s; = 3if j < ny +nyand 4 if j > n; + ny. The last ideal, J15<n1,n2,n3 + Jkypy T Jns 18 the
intersection of (J3 N P>, )+ Jx,, and Jx o T Ky + (Xas V).

That depths S/((J4 ﬂ P4 N P4 N P3 ) + J,,) and S/((Jg N P4 N P4 ) + Jk,,..,) are greater
than and equal to 4 are glven by Propos1t10n 5.1 and Lemma 5.1. Applymg the same argument as in
Proposition 5.1, we get the required depth of the last ideal. The proof is complete. O

Theorem 5.1. Let ny,n3 > 2. Then,

4, ift=2,3,4,5

depth(S/J,, ) _{ 3, ift=6

Proof. 1t follows by Propositions 4.1, 4.2, and 5.2(2) and Theorem 3.1(2). |

In the rest of this section, we will show that depth(S/J} . ) = 4 provided n; > 2,i = 1,2,3 and
t = 6,7. When using induction to reduce ny, n, n3, we shouid not reduce them to 1 because in this
case, the related depth is 3 by Theorem 5.1. That is, the basic step of induction should be n; = 2.

We first try to prove that depth(S/ J16< ’ ) = 4. Similar to the proof of the depth of S/J3

,1 lll l’L2 "3
applying the depth lemma to the short exact sequence

S 'fn],n|+] S S
— 5 5 T 6 T -
JKnﬂpvlﬂPvznPV} JK JK +(j;’l|,n]+1)

ny,ny.n3 ny,np,n3

it is enough to show that depth(S/ (J?(nlynm + Jx,,)) = 4 fora € Vi,b € V, and depth(S/ (Jf(n N P5V1 N
PSV2 N P“%)) = 4. Similarly, in order to get that depth(S/(J3 N PSV. N PSV2 N P4V3)) = 4, it is enough to
show that depth(S/(J5 N P5 N P5 N P4 + Ji,) = 4 fora € Vy,b € V; and depth(S/(Jx N P4 N
P4 N P2 )) 4, and so on. Although depth(S /Uy >N P3 N P3 )) = 4 by Lemma 4.4, it remains to show
that depth(S/(Jt ﬂP’ ﬂP’ ﬂPY +JK D)) >4 fora e Vl,b € V, provided (z, 5) = (6,6), (5,4), (4,2).
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When proving that depth(S /J} ) = 4, we need that depth(S /(J; LN Pt N Pt N PS + k) 2 4

fora € Vi,b € V, provided (t, s) = (7 7) (6,5),(5,3),(4,1).

On the other hand, when proving these inequalities, two inductions will be applied. One is on
the indices ¢ and s, and another is on n;,n,,n3. As mentioned above, the basic step of the latter
induction is n; = 2. Furthermore, to reach this basic step, one need must to reduce the number of Ps in

Je N P’v N PtV N PSV from 3 to 2. Hence, we need to show the following result, which is crucial to the
n 1 2 3

following discussions.
Lemma 5.2. Let m,n—m > 2. If m = 2, orn —m = 2, then,

(1) depth(S/(J{ NP

[m+1,n]

(2) depth(S/((J4 NP

[m+1,n]

npfn)*'JK[,,,b]))Z“',1<a$m,m§b<n;
NP, +Jg.,) 24 1<as<mm=<b<n

Proof. Let us prove (1); (2) is similar.
Assume that m = 2, then a = 2. First using the sequence f>p1, ..., f2,, W& have short exact
sequences:

Saj
N s s 50

- -
3 3 7y 2 ) ) 9]
Ux, NP NPk ) Uk, mP‘[‘Sn]ruuz)u,([z,b]+Jj,l Uk, NPl NP+ 4y >

00—

=b+1,...,n, where J; = (fop+1,----fj),) = b+ 1,...,n, and J, = 0. We get colon ideals
(J3 NP | N Py) + Jk,,,» b < b’ < n, whose depth follows by Corollary 4.1, and the last ideal is

3
(J4 N Pé a1 NV P3) + Tk + Tk, Second using the sequence fi3, ..., fiq to the ideal (Jg N P, N

2 .
Pz) + Jkpy T K 5.» WE have short exact sequences:

s fij s

OP2)+TKy +J -7 AP OPD+Tk 1+ +7;
2)TIKp Koy .01 T Kyups,-1 Kn' U3 2T K 5 T K ) (3,0 T
S

- 0,

00—
3 3
3 NP

(14 nP*

v}
B3 P Kp 5 Ky

3] +]j

j=3,....,n,where J; = (fi3,...,f1;),Jj=3,...,n,and J, = 0. By Remark 2.1, the colon ideals have
the forms:
(T, N Pl N P2) + Jxi + Tkopm + ks 3 < J <1,

whose factor ring’s depth is greater than or equal to 4 by the following Sublemma 5.1. The last ideal
becomes (J4 ﬂP‘[‘sn] OP%)-FJK[M] +‘]K2,n72 = (J4 ﬁP‘[‘gn] ﬂP2)+JK ﬂPzﬁPBn] +JK21) = JKM?Z +JK[2J,]
which is about a bipartite graph and has requlred depth as mentioned before Lemma 2.9. The result
follows.

When n —m = 2, then b = n — 1, just first using the sequence f,_j,-1,...,fin—1 and then
Jn=2.> - - -» f1.n; We get the same result by the above argument. O

Sublemma 5.1. Letn =n; +n, +ny and V; = [(Zi;i ny)+1, Zﬁzl n, i =1,2,3. Assuming that n; = 2,
then

Vv

>0 and?2 < b <

(1) depth(S /((J,3<n N P3V1 N P3V2) + Ikon t Ikoipm T IKapy) = 4 for np > 2,n3
n+2,3<j<n+2;

(2) depth(S/((J?(n N P3V1 N Py) + Jkpy + Ikppm T ki) = 4forny 2 0,n3 > 2, and2 < b <
nn+2<j<n

\
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Proof. We need to modify the proof of Corollary 4.1. Comparing that proof, the crucial result for the

proof here is that depth(S /((J;. N P% )+ Ik + ki + IKuip)) = 4, Which can be however obtained
n 1 QR

as in the proof of Lemma 4.5 by using the sequence fi j;1, ..., fin- O

ab B3, j

Lemma 5.3. Let m,n —m > 2. Then,

(1) depth(S/((J?(n NP N P;) +Ik )24 1<as<mms<b<n;

[m+1,n]
(2) depth(S/(J§ NP}, 4 NP =4;
(3) depth(S/(Jj: NP} . AP +Jk,) 24 1<a<mm<b<n;
(4) depth(S/(Jg, NP,y N Pw) = 4.

Proof. Let us use induction on m > 2 to prove (1) and (2) together; (3) and (4) are similar. The basic
step is Lemma 5.2. Now, assume that m > 2 and that the results are true for m — 1. By the sequence
Jap+1s -« fan, we have short exact sequences:

S Jaj N

-
4 2 .
NP,)+Jk; U, np?mml] NPR)+ K+ -1

— 0,

00—

3 3
(JKn r-]P[m+1,nj a,j-1]
S

-
4 2 R
(']Kn mp?m-f—l,n] um)+JK[a,bJ +JI

j=b+1,...,n where J; = (faps1,--->faj)s J = b+ 1,...,n; and J, = 0. We get colon ideals
(Jf(n NP3 NP,)+Jk,, b < b <n, whose depths are given in Corollary 4.1, and the last ideal is

[m+1,n]
(T N Pir O P + Jkiprsy + (Xa» Vo). Then, using the induction hypothesis as in Proposition 5.1, the
result follows. O

Lemma 54. Letn =n; +nm +ny, m; > 2and V; = (- n) + LY n, i = 1,2,3. If ny = 2, then
for2 <b<ny+2,
(1) depth(S/(J, NP, NPL NP )+ Jk,,)) 2 4,(1,5) = (42),(5,4),(6,6);
n 1 2 3 ’
(2) depth(S/((J, N PL N PL NP+ k) 2 4,(t,9) = (4.1),(5,3),(6,5),(7,7).
n 1 2 3 ’

Proof. (1) can be proved inductively for (4.2), (5,4), (6,6); (2) is similar. The case (4, 2) is the basic
step. Let us prove the case (4,2) and omit the other two.

As in the proof of Lemma 5.2, we need to consider first the sequences f> 441, - - ., fo.,. We get colon
ideals (113()1 N P3V1 N P%z) + Jkpy b < b < ny+2and (J;(n N P3V1 NPy) + Jk,, 2 +2 < b <,
whose depths are given by Corollary 4.1, and then by the sequence fi3,..., fi.,, we get colon ideals

(Jz, N P%l N P%z) + Ik T Tk + ks 3 < J <nmp+2,and (Ji N P-”V1 N Py) + J,
ks M2 +2 < j < n, whose depths follow by the above Sublemma 5.1. The last ideal is equal to

+ JKm +

2},[3,n] 2,b] 3,11

((J§, NPy O Py O PL)+ )+ (Jk, 0 Py, N Py)
((Jx, N Py) + Jxp,) N (Jg, N P4V1 N P4Vz N PZ%) + Jxpy + Pvy)

((Jk, N Py,) + k) N (U, NPL NP + iy + Pa),

[3,n]
where the depth of J?qs N P4V N PZV + Jk,, is given by Lemma 5.3. Then the result follows. i
o 2 3 :

The above lemma is the basic step of the induction on n; > 2 and n, > 2 used in the proof of the
following proposition, which is parallel to Propositions 5.1 and 5.2.
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Proposition 5.3. Letn = ny +ny +n3, n; > 2, and V; = (X2 n) + 1, Y0, n,], i = 1,2, 3. One has, for
(t,5) =(4,2),(5,4),(6,6),
(1) depth(S/(J, N PL N PL NPL)+Jx,,) >4 a€V,beVy;
n 1 2 3 ’
(2) depth(S/(Jy, NP NP APL)) =4,
n 1 2 3

and For (t,s) = (4,1),(5,3),(6,5),(7,7),
(3) depth(S/(J, NP, NPL NP )+ k) 24,a€Vi,beVy;
n 1 > 3 §
(4) depth(S/(J;, N va N va N PSV ) = 4.
n 1 > 3

Proof. Let us prove (1) and (2); (3) and (4) are similar.
Applying the depth lemma to the short exact sequence

'fnl,n1+l S S

- 7 q > 7 7 q S -
JKn ﬁPVl NP! ﬁPV3 (JKn ﬁPVl ﬁl’vzﬁlz'v3 )+(f"1~”1+1)

00— 7
V2

JInpPinpiinps2 0,
n UV TV, Vg
we see that the results for the case (¢, s) depend on the results for the case (¢ — 1, s — 2), so, we first
prove (4,2), then (5, 4) and (6, 6).
Let us use induction on n; > 2 to prove the case (4,2). From the short exact sequence

S 'fnl,n|+] S S

—— - — -
J3 AP np Ji Pt NPt np2 (JE OPE OPE P2 Y+ (fy 1)
novye Vs novye Voo V3 novy Va3 ’

00—

0,

and depth(S/(J3 DP% OP% )) = 4 by Lemma 4.4, we see that it is enough to show that depth(S/((J% N
n 1 2 n
P“l/ ﬂP“v ﬁPZV )+ Jky) = 4,a € Vy,beV, Whenn =2,itis Lemma 5.4. Now, assume that n; > 2
1 2 3 ’

and that results are true for n; — 1. Exchanging the positions of V; and V,, we may assume that the
results are also true for n, — 1. By the sequence f,4+1,- - -, fan, W€ have short exact sequences:

s fa s

(Ji NPE nP: NP2
)

0— —

3 3 J Sj +J, +Jj-
(JKnﬂPvlOPVZNPVSHJK[W;I] K i1
s

—
4 4 2 K
U, nP“VI nFy mPV3 )+ K gy )

— 0,

J=b+1,...,n,where J; = (fups1s-.., fa)s j=b+1,...,n;J, =0;and t; = 3if j <n+nyand Oif j >

ni+ny, and s; = 0if j < ny+ny and 1 if j > ny +n,, and the last ideal, (J3 ﬂP“V ﬂP“V OP% )+ Tk + s
n 1 2 3 ’

is the intersection of (J5 NPL )+ Jk,, and (Jy NPL NP NPZ)+Jg
n V] an n V1 V2 V3

the proof of Proposition 5.1. There are two groups of colon ideals: S/((J3 N P% N P% N Py,) +

n 1 2
JKujon)»J < n1 + np, and S/((Jy N P% N PZV) + Jx,,y)sJ > m + ny. Here, the two groups are
, , ! g ¢

S/((J]:in N P‘%l N P3V2) + JK[W._I]),]' < n; + ny and S/((J]3<n N P‘%l N Pvz) + JK[W,_I]),]' > n| + ny; that

they have at least depth 4 follows by Corollary 4.1. On the other hand, for the depth of the last

ideal, it remains to estimate the depth of S/((Jx N P4V N P“l/ N P% ) + Iy + (Xas¥a)). Here it is

n 1 2 3

S/((Jx mP“V mP“V mPZV)+JK[
n 1 2 3

(2), as in the case here, we use an induction hypothesis as the the proof of Proposition 5.1 to get the

required results.

We can use similar arguments to prove the cases (5,4) and (6, 6). Note that in the case (5,4), the
first group of colon ideals are S /((Jx N P“i/ N P4V N PZV )+ Ik 1) J < 11 + 1, whose depths are given
n 1 2 3 >

| + (x4, o). Let us compare

a+1.b

a+1,b

. + (X4, ya)). Then, when using induction on n; > 2 to prove (1) and

a+1.b

AIMS Mathematics Volume 11, Issue 11, 36660-36678.
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by the case (4,2), and in the case (6, 6), the groups are S /((J; N PSV N PSV N P4V )+ Ky J S 01,
n 1 2 3 >
whose depths are given by the case (5,4). We omit other details. m|

Then, we have depth(S/ J16<n1 ) = depth(S/ Jp o )=4

1:112:13

Summarily, we have the following theorem.

Theorem 5.2. Letn; > 2,i=1,2,3. Then,

4 ift=2,3,...,7
3 _ ] s 1y
depth(S/J, .,,,) = { 3 ifr28.
Proof. 1t follows by Propositions 4.1, 4.2, 5.2(2), 5.3(2), and (4) and Theorem 3.1(3). m|

Remark 5.1. Our arguments can also be applied to obtain the depths of S | J, with r > 4. Because
A ety
it is too technical, the details are omitted here.

6. Conclusions

Let G = K, »,., be a complete tripartite graph on [n] with n > 3 and J; its binomial edge ideal
in the polynomial ring S = K[xy,...,X,,y1,...,y,] over a field K. In this paper, for any r > 2, we
obtained the depth of S /J7:

(1) Whenny =n, =1,n3 > 2,

ny+2, ift=2,3,

depth(S/J}(LM}) = { 3 £ d

(2) Whenn; = 1,ny,n3 > 2,

depth(S /J%

)_{ 4, ifr=23,4,5,

Lny.ng 3, iftr>6.

(3) Whenn; >2,i=1,2,3,

4, ifr=2,3,...,7,
depth(S/Jk, )= { 3 ifr>8
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