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Abstract:  This paper addresses the matrix similarity equation problem by presenting the
neurodynamic solution, and applies the solution to solve the output tracking control problem for
time-invariant linear systems (TILSs). The feedback gain matrix in the control input is obtained by
introducing the matrix similarity-based pole placement equation (MSBPPE) and transforming it into
the form of a neurodynamic system. That is, a gradient neurodynamic (GN) model is constructed using
an energy function to solve the MSBPPE, enabling the determination of the state feedback gain matrix.
Additionally, a zeroing neurodynamic (ZN) model is employed to design the reference input and to
ensure that the system output exponentially tracks the desired path. Theoretical analyses show that
the proposed neurodynamic models can be asymptotically stable and exhibit exponential convergence.
Numerical experiments are conducted under various pole configurations—including distinct real poles,
repeated real poles, and complex conjugate poles—verifying the effectiveness and fast convergence of
the models. The results show that the proposed models achieve precise output tracking under different
dimensional and different types of desired path settings, confirming their theoretical applicability.
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1. Introduction

Tracking control, which aims to force the output of a dynamic system to follow a desired trajectory,
constitutes a fundamental and widely encountered problem in control theory and engineering, and
its importance spans diverse fields, including multi-agent systems [1, 2], UAVs [3, 4], robotic
manipulators [5-7], and autonomous vehicles [8—10]. To solve the output tracking control problem,
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there are various methods available such as sliding mode control [11], proportional-integral-derivative
control [12], and neurodynamic methods [6,9]. For the time-invariant linear system (TILS), a prevalent
and powerful control strategy is the state feedback control law [13]. This strategy involves designing
a controller that stabilizes the closed-loop system and assigns its dynamic performance by placing the
poles to desired locations, a process known as pole placement.

While the theory of pole placement is well established for control systems [14], traditional methods
often have some limitations in solving the TILS in the form of x(f) = Ax(¢) + Bu(¢). For example,

Ackermann’s formula k = [0,...,0, 1]M_'®(S) is a classic pole placement method in modern control
theory [14], where M, denotes the controllability discriminant matrix [B,AB,...,A"'B] and ®(S)
denotes the characteristic equation for the closed-loop poles with § = A. It does not require

complicated matrix decomposition and guarantees the existence of a unique feedback gain matrix as
long as the system is completely controllable [14]. However, Ackermann’s formula is not applicable
to the multiple-input systems and not numerically reliable. It starts to break down rapidly for problems
of dimension greater than 10 or for weakly controllable systems [15]. Currently, the most widely used
pole placement method is to find a gain matrix F to maximize the robustness of the closed-loop system
matrix A + BF [16]. It performs QR decomposition on matrix B = [U,, U;][Z7, 01T, where [Uy, U,] is
an orthogonal matrix and Z is an upper triangular matrix. Then it uses singular value decomposition
(SVD) decomposition on matrix U IT(A —AI) (where A denotes the desired poles) to find the orthonormal
basis of its null space, which minimizes the condition number. This basis is chosen as the eigenvector
matrix of A + BF, allowing the gain matrix F to be computed [16]. However, in the real world, when
the multiplicity of the poles to be placed is greater than the rank of matrix B, this method often fails to
find the matrix F' that satisfies the optimal robustness (such as the routine “place” in MATLAB) [15].
To overcome this dilemma, the optimal control method, namely the linear quadratic regulator (LQR),
has been developed to solve the pole placement problem [15]. It computes and finds the state feedback
control law that minimizes the cost function by solving the Riccati equation [17]. However, the LQR
method also has limitations. In the method, the input weight matrix R must be a positive definite
matrix. The state weight matrix Q, input weight matrix R, and cross-term matrix N must satisfy that Q
and Q — NR™'NT are positive semi-definite matrices. Besides, (Q — NR"!NT,A — BR"'NT) must have
no unobservable modes on the imaginary axis (or the unit circle in discrete time) [15].

To overcome the limitations of the above traditional methods, some neurodynamic methods have
been used to solve the pole placement problem. In 2002, Zhang et al. proposed a neurodynamic
method to obtain the gain matrix by iteratively solving the Sylvester equation [13]. Since the solution
of the Sylvester equation is unique under certain conditions, the method has exponential convergence
for the gain matrix under arbitrary initial values and appropriate parameter design. However, the
solutions of the Sylvester equation usually have a large dimension, and for the solution of the
Sylvester equation to exist and be unique, it is necessary to satisfy that the desired poles cannot
be the same as any eigenvalue of A [13]. The dilemmas of these methods result in the fact that
the poles often cannot be arbitrarily placed in actual control. To address these challenges, this
paper proposes a novel matrix similarity-based pole placement equation (MSBPPE). This equation
elegantly transforms the pole placement problem into solving a system of matrix equations coupled
with similarity constraints and circumventing the need for matrix inverse. To solve the MSBPPE
efficiently, we transform the MSBPPE into a time-variant system and develop a neurodynamic model
using a gradient neurodynamic (GN) method [18]. The model first operates by constructing a scalar-
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valued energy function, and then updates the time-varying matrix along the gradient direction until
convergence. The minimum value of the constructed energy function corresponds to the solution of
the MSBPPE.

Furthermore, achieving precise asymptotic tracking requires not only stabilizing the system but also
incorporating a suitable reference input to reduce steady-state errors. This necessitates an integrated
design that seamlessly combines pole placement with a mechanism for reference compensation. Based
on the feedback closed-loop control theory, the zeroing neurodynamics (ZN, also termed Zhang
neurodynamics) method was first proposed by Zhang et al. in solving the time-variant Sylvester
equation [19], then it was subsequently extended to address various time-variant problems such as
the time-variant matrix inverse problem [20, 21], time-variant quadratic programming [22-24], and
output tracking problem [25]. In 2018, Li et al. proposed a novel real-time tracking control method
based on the forward-looking ZN for serial and parallel robotic manipulators [26]. In the same year,
Chen et al. proposed a ZN-based Jacobian matrix adaptive method to solve the trajectory tracking
control problem of robotic manipulators with an unknown model [5]. In 2023, Ding et al. first applied
the ZN method to the liquid level tracking control of a nonlinear double-holding water tank system
and systematically analyzed its anti-disturbance performance [27]. In 2024, Katsikis et al. proposed a
new method based on ZN to solve the complex-valued time-varying linear matrix equation, and it was
applied to robot motion tracking and angle-of-arrival localization [28]. In 2025, Chen et al. proposed a
novel model-free ZN scheme without pseudoinverse computation to solve the key problems in the path
tracking control of robotic manipulators [6].

For the tracking item in control input, in this paper, a ZN model is designed to generate the
appropriate reference input in real time. By utilizing the time derivative information and error feedback
information, the ZN model aims to ensure that the output tracking error converges to zero exponentially,
with the convergence rate depending directly on the design parameter in the ZN design formula.
Although GN and ZN are established techniques, the control problem considered here involves two
distinct tasks: determining a feedback gain K that assigns the desired closed-loop poles, and generating
a time-varying reference input p(¢) for output tracking. The proposed framework assigns these tasks to
GN and ZN, respectively. Specifically, GN solves the matrix equations associated with pole placement,
while ZN uses the output-error dynamics to update the reference input as the desired trajectory changes.
Their combination therefore provides a coordinated solution to the pole-assignment and tracking
requirements; the contribution is the problem-specific formulation and integration. In this paper, we
use GN and ZN models for the two parts in the control input, thereby presenting the neurodynamic
solution for the tracking control problem in neurodynamic-solvable TILS. For different cases of the
poles, we conduct simulation experiments to verify the effectiveness of the GN model, and also carry
out tracking control experiments for different tracking trajectories to illustrate the validity of the ZN
model.

The main contributions of this work are listed as follows:

e The proposal of the MSBPPE transforms the pole placement problem into a new matrix equation
problem. Based on the GN method, a novel neurodynamic solution is provided for solving the
MSBPPE.

e Based on the ZN method as an attempt, the reference input is provided concisely and efficiently.
In addition, the theoretical analyses show the convergence and stability of the control input.

e Extensive numerical simulations under various situations of poles (distinct real, repeated real, and
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complex conjugate) confirm the model’s relative feasibility and effectiveness.

The remainder of this paper is organized as follows. Section 2 presents the problem formulation.
Section 3 details the derivation of the MSBPPE. The neurodynamic solutions for the MSBPPE and
the reference input are developed in Sections 4 and 5, respectively. Section 6 provides the theoretical
convergence analyses. Simulation results and comparative studies are discussed in Section 7, followed
by the conclusion in Section 8.

2. Preliminary and problem formulation

In this section, we give the mathematical description of the TILS output tracking problem.
Consider the following TILS output tracking problem:

X(1) = AX(?) + Bu(?), (2.1a)
y(@) = Cx(1), (2.1b)

where x(f) € R” is the state vector, u(f) € R™ is the control input vector, and y(t) € R’ is the actual
output vector. Besides, A € R™", B € R™™ and C € R*" are coefficient matrices [14].
The task of solving the output tracking problem is to design a control input u(¢) in the form of

u(r) = Kx(1) + p(1), (2.2)

where K € R™" is a state feedback gain matrix and p(f) € R™ is a reference input vector [13], such
that the actual output y(7) tracks the desired trajectory yq(#). In other words, while the output tracking
error of the system (2.1) is given as

e(r) = y() — ya(), (2.3)

the aim of the control input is to ensure the output tracking error is as small as possible or even
asymptotically (preferably exponentially) convergent to zero.

Note that, in conventional state-feedback design, pole placement determines K, while the reference
input is selected separately according to the tracking objective. For a constant reference yq4(f) = r, a
standard approach is to find steady-state values x; and uy satisfying

AX, + Bug, = 0, Cx =r,

and set p = uy — Kx,. If A + BK is Hurwitz, then x(f) — X, converges to zero. When these
steady-state values are expressed as linear functions of r, this construction gives a constant reference
precompensator [29]. Integral augmentation provides another standard means of eliminating constant
tracking offsets, subject to appropriate stabilization of the augmented system [30].

For time-varying references, a constant precompensator generally cannot compensate for the
reference dynamics. One conventional approach uses a feasible state-input trajectory satisfying
X, = AX; + Bu, and Cx; = yq4, with pu(t) = wu(r) — Kx.(¢) [31]. Alternatively, output-regulation
methods determine the required compensation through regulator equations associated with a reference-
generating exosystem [32]; internal-model-based controllers are used when robust regulation is
required [33]. In this paper, the ZN formulation aims to construct p(f) directly from the desired
trajectory and its derivative by prescribing the output-error dynamics, as detailed in Section 5.
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Since the system output is able to track the desired trajectory, the rank of matrix C should be equal
to the rank of augmented matrix [C,yq(7)]. If not, the equation y(¢) — yq(#) = Cx(¥) — ya(r) = 0
has no solution, i.e., there is no state that makes the output tracking error equal to zero. Without
loss of generality, in this paper, we assume that each component of the desired trajectory is linearly
independent, i.e., matrix C is a full row rank matrix. Similarly, the rank of the matrix B should be
no less than the rank of matrix C. If not, the rank of control input term Bu(¢) is less than the rank of
matrix C, which means that there are less input elements than output, i.e., the system is uncontrollable.
Therefore, in this paper, we assume that the rank of matrix B is full.

3. Matrix similarity-based pole placement equation

In this section, we give the mathematical descriptions of the MSBPPE.
If the linear state feedback control law (2.2) is applied to (2.1a), the closed-loop system is in the
following form:
x(1) = (A + BK)x(t) + Bu(t). (3.1)

According to linear system theory [14], there exists a matrix K such that A + BK has any specified
eigenvalue if system (2.1) is controllable. Next, we perform a similarity transformation on the matrix
A + BK.

Case 1 — Diagonal form: With all desired poles real and distinct, the matrix A + BK is similar to
the matrix A, where A € R™" is a diagonal matrix and each desired pole corresponds to the diagonal
element of A [34]. Moreover, there exists an invertible matrix P € R™" such that

A+ BK = PAP!,

where P consists of the eigenvectors corresponding to each eigenvalue of matrix A + BK.
Case 2 — Jordan form: When the desired poles are real but repeated, the matrix A + BK is similar
to a Jordan matrix A, which is in the form of

I,

J

Medpxn

where n; + ny + - -+ + n; = n. That is, there exists a invertible matrix P € R™" such that
A+ BK = PAP™.

The diagonal elements of the Jordan matrix A is in the form of

(A 1

A 1

I () =

&

TN Xng
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According to linear system theory [14], when the system (2.1) is completely controllable, we
assume that the matrix A + BK is a cyclic matrix. Then, the geometric multiplicity of each eigenvalue
of A + BK equals to 1, which means that each distinct eigenvalue corresponds to single Jordan block,
respectively.

Case 3 — Complex conjugate form: When some of the desired poles are complex conjugate pairs,
the matrix A + BK is similar to a real Jordan matrix A which is in the form of

rInXn

where ny +---+n, +m; +---+m, = n[35]. The matrix C,, (ax, b;) in diagonal elements of the Jordan
matrix A is expressed as

[C(ay, by) Do
Clag, br) bhx

12><2
Clag, by)|

My Xmy

which corresponds to the complex conjugate poles A, = a; + b1 with multiplicity my, where 1 is the
imaginary unit, @; and by are real numbers, and b, > 0. The matrix C(ay, by) is expressed as

ay bk
—bk ay )
That is, there exists a invertible matrix P € R™" such that

A+ BK = PAP!,

To avoid the inverse calculation of matrices, we replace the P~!' with a square matrix Q € R™", and
then we obtain the MSBPPE:

A+ BK = PAQ,
PQ = L, (3.2)
OP = L.

Introducing Q as an independent matrix and imposing PQ = QP = [ avoids explicitly inverting
the evolving matrix P during the GN computation. This reformulation provides the matrix residuals,
from which the energy function and the corresponding GN dynamics can be constructed for the pole-
assignment stage.
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4. Neurodynamic solution for MSBPPE

In this section, to find a solution of indeterminate system of Eq (3.2), we transform the MSBPPE
into a time-variant indeterminate system of equations and introduce a neurodynamic method.

To construct a neurodynamic solution for MSBPPE (3.2), we treat the matrices K, P, and Q as
time-variant matrices K(¢), P(t), and Q(¢). Then, we construct an energy function as below:

1
E(1) = 5 (14 + BK(t) = POAQ: + IPOQ®) = Lially + 1QOPE) = L) (4.1)

Here, || - || denotes the Frobenius norm [13]. Although PQ = I and QP = [ are equivalent for
square matrices at an exact solution, their residuals can have different magnitudes during numerical
iterations. Both terms are retained, as an advantage, to penalize deviations from left- and right-inverse
consistency simultaneously, without changing the exact solution set. By applying the GN formula [18]
to the energy function (4.1), we obtain the following GN model:

K()=—yB" (A + BK(t) - P(AQ(1)),
P(t)= = y( — (A + BK(t) - P()AQ()) (AQ(1))"

+ (P()YQ(1) = Len) Q")) + Q" (1) (QOP(1) = L) ), 4.2)
0= - (= (POA)" (A + BK(1) - P()AQ(1))

+ PT(0) (P()Q(1) = Liea) + (QOP() = L) PT(0)),

where y € R* is the neurodynamic design parameter and K(¢), P(¢), and Q(f) are the derivatives of
K(t), P(t), and Q(t), respectively. By using the Euler forward differential formula, which provides a
first-order numerical approximation, we convert the continuous model (4.2) into a discrete algorithm:

K=K, — oyB' (A + BK, - P,AQ,),
Pya=P, - y( - (A+ BK, - P,AQ,) (AQ,)"

+ (PaQn = Lxa) Oy + O (QuPu = L) ), (4.3)
0n1=0, - oy( - (PN (A + BK, - P,AQ,)

+ Py (PaQu = Luxa) + (QuPu = L) P},

where o is the sampling period, K,, P,, and Q, represent the solution state at time instant t = no,
n € {0, [ #;/o ]}, and # is the final time instant.

5. Neurodynamic solution for reference input
In this section, we introduce a neurodynamic solution as an attempt for the reference input () in

the linear state feedback control law (2.2).
By applying the ZN design formula z(r) = —Az(¢) [13] to the output tracking error (2.3), we obtain

&(r) = y(©) — ya() = =A(y(1) = ya(0), (G.D
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where 4 € R* is the neurodynamic design parameter. By solving Eqs (2.1) and (5.1) simultaneously,
we obtain
CAX(t) + CBu(t) — ya(t) = —A(Cx(?) — ya(1)) . (5.2)

By substituting Eq (2.2) into Eq (5.2), we obtain the ZN model for the reference input p(z):
(1) = (CB)'[ya(1) = C(A + BK)X(t) = A(CX(1) = ya())], (5.3)

where (CB) denotes the pseudoinverse of the matrix CB and the gain feedback matrix K is computed
as in Section 4. By using the Euler forward differential formula, we convert the continuous model into
a discrete algorithm:

pn = (CB)' [a(no) = C (A + BK) X, = 1(Cx, = ya(no))].
u, = KX, +
3 (5.4)
X+1 = X, + 0 (AX, + Bu,),
Yor1 = CX,p1.
The structure diagram of the neurodynamic solution is shown in Figure 1, and the key steps of the
neurodynamic algorithm are summarized in Algorithm 1.

Figure 1. Structure diagram of neurodynamic solution for output tracking problem solving
in TILS, where LM denotes left multiplication and RM denotes right multiplication.
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Algorithm 1: Neurodynamic solution for TILS (2.1) output tracking problem solving.
Initialize: Gain feedback matrix K; € R™”, nonsingular matrices P; and Q, € R™", state
vector X; € R”;
Input: Constant matrices A € R>", B € R™™, C € R*", desired pole A € R™", design
parameters y, A € R*, task durations T and T», sampling gaps o and o, desired
trajectory yq(t) € R/

11« 1;

2 whilei=1:|T;/o] do

3 e, — A+ BK; — P,AQ;;

4 e — PO -1,

5 e — QP — I

6 | Ki— —yBley;

7 P — —y(—e;QTAT + ,,07 + QTey);
8 Q; « —y(—ATPTey; + Pley + e3,P));
9 Kiy1 < K; — 0'1Ki;

10 Py « Pi— 0Py

11 Qi1 < 0 — 0'1Qi;

12 end

13 K« Kiry/0155

14 1« 1;

—
wn

whilei=1:|T,/0,] do

16 | p — (CB)'[ya(ior) — C(A + BK)x; — A(Cx; — ya(ion))];
17 u; — Kx; + ;3

18 X;.1 < X; + 0»(AX; + Bu,);

19 Virt & CXip;

20 end

Remark 5.1. The supporting roles of GN and ZN are determined by the temporal characteristics of the
two tasks. The MSBPPE has constant problem data and is solved offline; GN provides an energy-based
formulation that combines the matrix residuals in (4.1). The time dependence of K(t), P(t), and Q(t)
describes the solver evolution, rather than a moving target solution. By contrast, the output tracking
requires the controller to follow a time-varying desired trajectory. ZN uses yq(t) to account explicitly
for this variation and, when rank(CB) = [, yields &(t) = —Ae(t). Consequently, e(t) = e(0)exp(—Ar)
in the ideal continuous-time model. This assignment does not imply that GN is restricted to matrix
equations or that ZN is restricted to vector equations. A ZN alternative for the MSBPPE would require
solving the differentiated residual equations, with their solvability and possible constraint redundancy
taken into account. Conversely, GN can be considered for tracking, but a conventional gradient
Jormulation without compensation for target variation generally introduces tracking lag. Additional
design and analysis would therefore be required to investigate the tracking guarantee obtained here.
The present combination provides a convenient division between gain computation and trajectory
tracking; it does not establish universal superiority over alternative assignments.
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6. Theoretical analyses

In this section, we analyze the convergence properties of the GN (4.2) and ZN (5.3) models.

Proposition 6.1. For the MSBPPE (3.2), if matrices P(t) and Q(t) satisfy det(P(t))det(Q(t)) > O, the
GN model (4.2) is asymptotically stable, and time-variant matrices K(t), P(t), and Q(t) converge to the
solution of the MSBPPE (3.2).

Proof. It is evident that the energy function E(7) is positive define. Then, the derivative of the energy
function is derived as follows:

dE(t) OEO\TdK(t) (OE(\'dP(t) (OE\'dQ(r)
a tr{ K(t)) dr +(8P(t)) a Q(t)) dr } ' ©1)
From the GN model (4.2), we obtain that
OEW b= OO 5 OED)
K()—-)’aK() , P()=—y 8P(t) NUOE 8Q(t)' (6.2)

Combine Eqgs (6.1) and (6.2), and we have
dE(r) . aE(t))T(_ aE(t))
TR VP T OARET ()
OE(\T/ OE(t)
+((9P(t)) (_yaP(t))

0E(1) T OE(1)
" Q(t)) (_yaQa))}

( AE®) | )
-

By Lyapunov stability theory [36, 37], the equilibrium point (6.3) is asymptotically stable. When the
determinant of P(#) multiplied by the determinant of Q(#) is greater than 0, the equilibrium point equals
to E(t) = 0, thereby satisfying

OE(1)

[l

A+ BK(t) — P(1)AQ(?) =

POOMH)-1=0, (6.3)
O)P(1) -
which means that the equilibrium state of time-variant matrices K(¢), P(t), and Q(¢) is a solution of the
MSBPPE (3.2). O

Proposition 6.2. For the MSBPPE (3.2), the theoretical solutions are matrices K*, P*, and Q*. Let
K@) = Kt)-K*, 6 > 0 as the minimal eigenvalue of B'B, and €(t) = P*AQ* — P(t)AQ(¢). Starting from
an initial value K(0), when there exist constants { > 0 and w > 0 such that the following inequalities
hold:

lle@®llr < ¢, IIBllF < w, (6.4)

then the steady-state error bound for solving the gain matrix K(t) is obtained as

. A w
lim IR0l < & (6.5)
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Proof. We define a Lyapunov candidate function W(¢) = K (t)||12: /2. 1t is apparent that function W(¢) is
positive definite. The derivative of W(¢) is

W =t (K"K (1))
=tr (R"()K (1))
tr(K™(r) (~yB" (A + BK(t) - P(OAQ()))) (6.6)
—ytr (R"(1)B" (BR(r) + P"AQ" - P(NAQ(1)))
— ytr (K" ()B"BR (1)) — ytr (KT (1)B"€(r)).

Before analyzing the time derivative of W(¢), we have to handle the two terms in the last line of (6.6)
individually. For the first term, we have

—ytr (R"()B"BR (1)) < —ystr (K" (R (1))

N (6.7)
= o |k
For the second term, we have
—ytr (R"()B"e(t)) < v [|-K" )|, || B"|, lle(®)lle 6.8)
<ylw| K@), -
Then, substituting (6.7) and (6.8) into (6.6) yields
W) < —ys||R@)||} + yw ||RO). 69

=7 ”IA{(I)”F (5 ”IA{U)HF - {w) :

As time increases, the inequality (6.9) falls into one of the following three situations: 1) SIK®)|Ik —{w >
0, ii) 8|[K(®)|lr — {w = 0, and iii) §||K@)||r — {w < O.

(i) When 6||K(®)|lr — {w > 0 holds, inequality (6.9) satisfies W(r) < —[|[K(®)|[s(S|IK®)||r — {w) < O.
That is, || K(®)|lr is decreasing toward {w/d. If K@)l = {w/d, it turns into situation (ii)).

(ii) When 8||K(®)llr — {w = 0 holds, we have W(r) < 0. If W(r) = 0, it implies that W(¢) is stable
at |[KO|lr = {w/6, ie., |IK®)|lr remains on the ball of radius fw/s. If W(t) < 0, ||[K(®)|F is
decreasing, and it turns to the situation (1)).

(iii) When 6||K(?)|lr — w < 0 holds, —[|[K®|e(SIK®lls — (w) > 0. If W(r) < 0, ||[K®)||r descends
toward zero as time increases. If W(f) > 0, W(¢) is an increasing function, which means that
K@)k is increasing toward {w/0.

In summary of the above analysis, the steady state error lim,_,« IIK (0|l s upper bounded by {w/6. O

Proposition 6.3. In addition to the conclusion in Proposition 6.2, when there exists a constant a €
[0, 6/w) such that the following inequality holds:

le@lr < a|[K@),, (6.10)

the gain matrix K(t) converges to the theoretical solution K* exponentially with convergence speed
being at least y(6 — wa).
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Proof. If the inequality (6.10) holds, (6.8) is written as

—ytr (R"(t)B"e(t)) < v ||-K )|, 1Bllg @)l
<yo|K@)||. o |k, (6.11)
= ywa R0
Then, substituting (6.7) and (6.11) into (6.6) yields the following:
W) < —ys |[RO|[; + ywa |[R0)|;

o (6.12)
= —y(0 —wa) ||K(t)||F.

Since ¥ > 0 and @ < 6/w, we have W(r) < 0. According to Lyapunov theory [36,37], the matrix K(7)
is asymptotically convergent to zero. By the inequality (6.12), W(¢) and its derivative also satisfy

W) < =y (6 — wa) |[R@|: = =2y (6 - wa) W), (6.13)
Since the inequality (6.13) holds for all 7 € [0, c0), we obtain
W(t) < W(0)exp (=2y (0 — wa)1). (6.14)
Therefore, the matrix K (7) satisfies
|EO||. < [|RO)||, exp (=¥ (6 — wa) 1), (6.15)

which implies that ||K(¢)||r exponentially converges to zero with convergence speed being at least y(5 —
wa), 1.e., the gain matrix K(#) converges to the theoretical solution K* exponentially with convergence
speed being at least y(6 — wa). O

Remark 6.1. The above two propositions concern the convergence of the gain matrix K and require B
to have full column rank, equivalently § = Apin(BYB) > 0. This requirement is stronger than the rank-
deficient case and is imposed specifically for the bounds on |K — K*||r. Note that, if B is allowed to
be rank-deficient, 6 = 0 and these bounds do not apply: The GN update cannot change the component
of K in the null space of B. In that case, the convergence of the effective gain K, rather than the
convergence to a particular K*, would require a separate analysis.

Remark 6.2. The inequality in Proposition 3 is an additional sufficient condition for the stated
exponential-convergence bound, rather than a necessary condition for exponential convergence. It is
not implied by the general assumptions of the problem. Its verification depends on a specified reference
solution (K™, P*, Q") and the corresponding trajectory. Since admissible pole-placement solutions need
not be unique, a failure of the inequality for one reference solution does not imply the failure for all
reference solutions. When a reference solution is available, the ratio ||e(t)||r/||K(t) — K*||r may be
monitored wherever the denominator is nonzero, checking it at discrete sample points provides the
numerical evidence over the sampled interval, not a proof for all t.

Proposition 6.4. For the neurodynamic-solvable TILS output tracking problem (2.1), starting from an
initial state X(0) = Xy € R”, the control input u(t) obtained by state feedback control law (2.2) and ZN
model (5.3) makes the output tracking error (2.3) converge to zero exponentially with the convergence
speed being A.
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Proof. We define a Lyapunov candidate function V(¢) = ||e(t)||§ /2. It is apparent that function V(z) is
positive definite. Then, the derivative of the Lyapunov candidate function is derived as

V(D =e'(ne(r) = e' (1) (Cx(1) — ya(1))
=e' (1) (C (A + BK)x(1) + CBu(1) — ya(?))
=e" (1) (C (A + BK)x(t) + (CB) (CB)' (ya(0)
—C (A + BK)x(1) — A(CX(?) — ya(1))) — Ya(®) .

For matrices B and C of different dimensions, the matrix CB € R falls into one of the following
three situations: i) m > [, i) m = [, and iii) m < L.

(6.16)

i) As known in Section 2, rank(B) > rank(C) = [. Thus, when m > [, the rank of matrix C B equals to
I, which means that the pseudoinverse matrix (CB) is a right inverse matrix of CB. Then matrix
(CB)" is written as (CB)T[CB(CB)"]™!, and the matrix (CB)(CB) is an I[-dimensional identity
matrix.

ii) When m = [, the matrices B and C are square matrices. As known in Section 2, m = rank(B) >
[ = m = rank(C). Therefore, the matrix (CB)" is written as (CB)~'. It is evident that (CB)(CB) is
an /-dimensional identity matrix.

iii) When m < [, the pseudoinverse matrix (CB)" is a left inverse matrix of CB. However, in this
situation, the number of element of output vector y(¢) is more than the number of element of
control input vector u(f), which means that the system is uncontrollable. Therefore, this situation
contradicts the assumption.

From the above three situations, we find that the matrix (CB)(CB)" is an [-dimensional identity matrix.
Then the Lyapunov candidate function (6.16) is derived as

V(t)=€"(1) (C (A + BK)X(1) + Inq (Ja(t)
—C (A + BK)x(1) = A(Cx(?) — ya(1)) — Ya(1)
=e'(1) (= (Cx(t) — ya(1))) (6.17)
= — le' (ne()
== eIl
Since A > 0, we have V(¢) < 0. According to Lyapunov theory [36,37], the output tracking error e(?) is
asymptotically convergent to zero. Moreover, the Lyapunov candidate function V(¢) and its derivative

satisfy
V(t) = =A]le®)ll; = =24V (2). (6.18)

By solving the ordinary differential equation (6.18), we obtain
V(t) = V(0)exp (—211) . (6.19)
Therefore, the output tracking error (2.3) satisfies
lle®ll, = lle(O)ll, exp (—11). (6.20)

Itis evident that, as the time ¢ increases, ||e(?)||, exponentially converges to zero with convergence speed
being 4, i.e., the output tracking error (2.3) converges to zero exponentially with the convergence speed
being A. O
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7. Simulation experiments and results

In this section, we conduct numerical experiments to show the validity of the neurodynamic models
proposed in Sections 4 and 5 and to verify the correctness of theoretical results discussed in Section 6.
We design three numerical experiments to verify the effectiveness of the GN model (4.2). Besides, two
numerical experiments show the efficiency of the ZN model (5.3). Two comparative experiments are
designed for neurodynamic parameters in models. The numerical experiments illustrate the behavior
of the proposed models under different pole configurations and tracking tasks. In particular, the GN
experiments report the evolution of the energy function and the closed-loop poles; they do not by
themselves verify the additional sufficient condition in Proposition 3. We set the initial value P, and
Q) as identity matrices I,x,, and set each element of x; and K; as a random value between [—1, 1].
The numerical results are rounded to two decimal digits. We set P; = Q; = I because these matrices
are nonsingular and satisfy both inverse-consistency equations at initialization. The entries of K; and
x; were chosen in [—1, 1] as test initial states; no optimality or convergence claim is based on this
choice. To enable exact reproduction, the randomly selected initial values are to be given below.
All differential equations were discretized by the fixed-step forward Euler method, so adaptive-solver
integration tolerances are not applicable. The sampling step corresponds to oy and o, in the equations.
The simulations were run using Matlab R2024a platform.

The gains and integration steps should be selected jointly because both algorithms use forward Euler
discretization. For the GN solver, the settings are (y, o) = (10°, 107> s) in Example 1 and (10%,107° s)
in Examples 2 and 3. These settings retain the same effective update factor ooy = 1072, with the
larger gain accompanied by a proportionally smaller integration step. For the tracking experiments in
Example 4, we use 4 = 10° and oo = 107 s.

In practice, the gains should be increased only together with a compatible integration step. Larger
gains shorten the continuous-time transient, whereas smaller steps improve temporal resolution at the
cost of more numerical updates. At a fixed step, excessive gains may cause oscillation or instability.
For a new problem, a practical procedure is to monitor the equation residuals, tracking errors, and state
trajectories, and reduce the step when necessary. A step-refinement comparison can also be used to
assess whether the numerical accuracy is adequate.

7.1. Example 1: Distinct real desired poles

Consider a 4-dimension TILS with coefficient matrices:

-5 -2 -6 -5 0 2 2
2 -4 1 -3 5 -4 3
A=1500 0 7873 4 3
1 1 0 -7 5 5 -1

The initial poles of the system are {—0.36,—4.25,-5.70 + 1.24i}. Suppose that the desired poles
are {—1,-2,-3,—4}, then the diagonal matrix A is set as diag(—1,-2,-3,—-4). The random initial
value K| is set as

0.08 -0.11 -0.99 0.74
099 -0.79 0.55 -0.83].
-0.84 092 0.63 -0.20

AIMS Mathematics Volume 11, Issue 11, 36634-36659.



36648

The sampling period o is set as 10~ s, and design parameter 7 is set as 10°. The numerical results are
shown in Figure 2. The matrix K(0.01) obtained by discrete GN algorithm (4.3) is

-0.47 -0.036 -0.32 0.68
029 -0.23 0.10 -0.44].
0.52 041 0.34 -0.74

As known in Table 1, discrete GN algorithm (4.3) makes the real parts of the eigenvalues of A + BK,,
converge to the desired poles, and the imaginary parts converge to zero rapidly and precisely. As
shown in Figure 2a, each element of matrix K, converges to a stable value in a short time, which is
consistent with the convergence stability in Propositions 6.2 and 6.3. Besides, Figure 2b shows that the
discrete energy function E, = (|A + BK, — P,AQ,l|IZ + 1P, Q. — IIIE + 1|10, P, — I||2)/2 converges to zero
rapidly as proven in Proposition 6.1. Moreover, the convergence time for the discrete energy function
to achieve E, < 0.001 is 0.003 s. When the time 7 reaches to 0.01 s, the discrete energy function
achieves E, < 1.25 x 107!, The convergence behavior indicates strong robustness against numerical
discretization errors inherent in discrete time implementations.

1 | : : : : 70
—F
{ ks
0.5 - :
; 3 501 4
— 5 40
0 r‘ k1o | 40
k 30
}‘ k%g 20
| Koy 20 J
-0.5 ’:) K11 7 0
«* s 10 /4 0 0.001 0.002 |
t (s) t(s)
-1 : : : : 0 ‘ ‘ ‘ :
0 0.002 0.004 0.006 0.008  0.01 0 0.002 0.004 0.006 0.008  0.01
() (b)
Figure 2. Numerical results of Example 1. (a) Elements trajectories ki1, k12, . . . , k34 of matrix

K,. (b) Discrete energy function trajectory E,,.

Table 1. Real parts and imaginary parts of eigenvalues of matrix A + BK,, in Example 1.

eig(A + BK,) 0s 0.002s  0.004s 0.006s 0.008s 0.01s
Re(o(A + BK,)) -419 -4.12 -4.01 -4.00 -4.00 -4.00
Re(o»(A + BK,)) -4.19 -1.01 -2.98 -3.00 -3.00 -3.00
Re(o3(A + BK,))  -2.52  -2.78 -1.00 -1.00 -1.00 -1.00
Re(o4(A + BK,))  -0.03 -2.00 -2.00 -2.00 -2.00 -2.00
Im(o(A + BK,)) 5.24 0.00 0.00 0.00 0.00 0.00
Im(o»(A + BK,)) -524  0.00 0.00 0.00 0.00 0.00
Im(o3(A + BK,))  0.00 0.00 0.00 0.00 0.00 0.00
Im(c4(A + BK,))  0.00 0.00 0.00 0.00 0.00 0.00
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7.2. Example 2: Repeated real desired poles

Consider a 5-dimension TILS with coefficient matrices:

0 -2 0 1 1 -4 0 -1
S -2 4 -1 1 2 -1 1
A=|-1 1 0 -3 1|,B=|-1 -2 O
-3 -2 0 -1 4 -1 1 -4
0 0 1 =30 -3 -3 5

The initial poles of the system are {—1.11, —1.46 + 3.85i, 0.52 + 1.93i}. Suppose that the desired poles
are {3, -3, -3, -3, -3}. According to Section 3, the Jordan matrix A is set as

-3 1 0 0 O
0 -3 1 0 O
0O 0 -3 1 O
0O 0 0 -3 1
O 0 0 0 -3

The random initial value of K is set as

001 003 -0.04 -0.19 -0.28

-049 -0.17 -0.03 0.21 -0.78
-0.79 -0.24 -0.12 -0.26 -0.88

The sampling period o is set as 107 s, and design parameter v is set as 10*. The experimental results
are shown in Figure 3. The matrix K(0.01) is

0.05 -0.75 -098 121 048

l0.65 -037 029 -0.13 0.38}
021 -0.64 -0.71 1.23 -0.03

To further illustrate the efficiency of the designed model, Table 2 shows that the GN algorithm (4.3) also
has excellent performance in the situation of repeated real desired poles. As shown in Figure 3a and 3b,
each element of K,, reaches stable state in a short time, and the discrete energy function descends to zero
rapidly. The numerical results illustrate strong consistency with the conclusions in Propositions 6.1
and 6.2. The observed decrease in the discrete energy function and the approach of the closed-loop
poles to their desired values illustrate the numerical performance of the GN algorithm in this example.
Moreover, the convergence time for the discrete energy function to achieve E, < 0.001 is 0.001 s, and
E, <4.46 x 1072 when ¢ reaches 0.01 s.
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Figure 3. Numerical results of Example 2. (a) Elements trajectories k1, k12, . . ., k35 of matrix
K,. (b) Discrete energy function E, trajectory.

Table 2. Real parts and imaginary parts of eigenvalues of matrix A + BK, in Example 2.

eig(A + BK,) 0s 0.002s  0.004s 0.006s 0.008s 0.01s
Re(o (A + BK,)) -0.46  -3.09 -3.01 -3.01 -3.00 -3.00
Re(o»(A + BK,)) -0.46  -3.09 -3.01 -3.00 -3.00 -3.00
Re(o3(A + BK,)) 1.09 -3.10 -3.03 -3.00 -3.00 -3.00
Re(o4(A + BK,)) 1.09 -2.85 -2.97 -3.00 -3.00 -3.00
Re(os(A + BK,)) -422  -2.85 -2.97 -3.00 -3.00 -3.00
Im(o (A + BK,)) 5.00 0.13 0.03 0.00 0.00 0.00

Im(c»(A + BK,)) -5.00  -0.13 -0.03 0.01 0.00 0.00

Im(c3(A + BK,))  0.81 0.00 0.00 -0.01 -0.00 -0.00
Im(o4(A + BK,)) -0.81 0.13 0.02 0.00 0.00 0.00

Im(o5(A + BK,))  0.00 -0.13 -0.02 -0.00 -0.00 -0.00

7.3. Example 3: Complex conjugate pairs

Consider a 4-dimension TILS with coeflicient matrices:

3 4 1 2 -1 1 2

-3 0 2 1 I 3 1
A= -3 3 -3 0 B = 5 -1 1|

-3 3 5 -1 2 1 2

The initial poles are {7.13, —2.81, —2.66 + 1.72i}. Suppose that the desired poles are {—3 +1i, —2 +2i}.
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According to Section 3, the real Jordan matrix A is set as

-3 1 0 O
-1 -3 0 O
0O 0 -2 2
0O 0 -2 -2

We set the random initial value of K, as

0.074 0.11 -0.028 -0.30
-0.17 -036 -0.54 -0.18].
0.00 047 048 -0.38

The sampling period o; and design parameter y are set as 107 s and 10*. The experimental results are
shown in Figure 4. The matrix K(0.01) is

1.64 -1.41 -0.05 -0.55
0.51 -1.00 -0.19 -0.56].
-152 149 -139 0.59

Specifically, Figure 4a and 4b are trajectories of the eigenvalue of matrix A + BK,. It is shown
that the poles of the closed-loop system converge to the desired poles precisely in a short time. As
seen from Figure 4c and 4d, each element of K, reaches equilibrium state quickly, and the discrete
energy function converges to zero rapidly. The numerical results once again confirm the conclusions
of Propositions 6.1 and 6.2. The observed discrete energy function reduction and the convergence of
closed-loop poles to their desired locations effectively illustrate the numerical performance of the GN
algorithm in this example. Moreover, the convergence time for the discrete energy function to achieve
E, <0.001 is 0.0005 s, and E,, < 3.35 x 107?® when time 7 reaches 0.01s.
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Figure 4. Numerical results of Example 3. (a) Real parts trajectories of eigenvalues of matrix
A + BK,. (b) Imaginary parts trajectories of eigenvalues of matrix A + BK,. (c) Elements
trajectories ki1, k2, . . . , k3s of matrix K. (d) Discrete energy function trajectory E,.

7.4. Example 4: Output tracking control

In this section, we perform output tracking control on the systems in Examples 2 and 3. Based on
the system in Example 2, we set the coefficient matrix C as

01 -2 2 -1
1 0 3 00
01 0 2 4

The random initial value of x; is set as [0.02,0.55,0.04, —0.31, -0.16]". The design parameter and
sampling period are set as 4 = 10° and o, = 107 s. The desired trajectories are set as yq(f) =
[cos(100/(t+1)), exp(sin(?)), 1/(2+sin(?))]*. By using the discrete ZN algorithm (5.4), the experimental
results are shown in Figure 5. Based on the system in Example 3, we set the coefficient matrix C as:

-3 2 1 -1
-3 2 0 3|
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The random initial value of x; is set as [0.37,0.11,-0.10,0.56]". The design parameter and
sampling period are set as 4 = 10° and o, = 107> s. The desired trajectories are set as yq(f) =
[sin(f)/(t + 1),sin(t)exp(—t/20)]". The experimental results using the discrete ZN algorithm (5.4)
are shown in Figure 6. The actual output and desired trajectories of the two experiments are shown
in Figures 5a and 6a. The state x, of the system and the input vector u, are shown in Figure 5b
and Sc, Figure 6b and 6¢. The output tracking errors are presented in Figures 5d and 6d. From
Figures 5d and 6d, we find that each component of the output tracking error e, is less than 1 x 1073
as time increases. From Figures 5 and 6, we find that the discrete ZN algorithm (5.4) has excellent
performance in solving the output tracking problem in TILS. Moreover, the ZN algorithm (5.4) shows
its effectiveness in both scenarios when CB is a full rank square matrix and CB is a full row rank
matrix, which corresponds to the conclusion in Proposition 6.4.

4 © Y1 Yn2 0 )
— Y1 Ya3 10 - - en2
o L ya ynsl s n3
LA YG
0 / Lt (s)
0 0 5 10
(b) (© d

Figure 5. Numerical result of Example 4 based on Example 2. (a) Actual outputs y,, yu,
vn3 and desired trajectories yqi, Va2, Ya3- (b) States of system x,,1, X,2, X3, Xn4, Xn5. (¢) Control
nputs u,;, U, U,3. (d) Semi-logarithmic plot of output tracking errors e, €,2, €,3.
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Figure 6. Numerical results of Example 4 based on Example 3. (a) Actual outputs y,;, y.»
and desired trajectories yq1, ya2. (b) States of system x,,;, X2, X,3. (¢) Control inputs u,, u,,,
u,3. (d) Semi-logarithmic plot of output tracking errors e,;, e,;.
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Figure 7. Numerical results of Example 5 based on Examples 1-3. (a) Discrete energy
function trajectories on the system in Example 1 with y = {103, 102,10, 1}. (b) Discrete
energy function trajectories with y = {10%,10%,10,1}. (c) Discrete energy function
trajectories with y = {10°,10%, 10, 1}.

7.5. Ablation study

In this section, we perform two comparative experiments of the design parameters y and A in the
GN model (4.2) and ZN model (5.1) on the Examples 1 through 4. Based on the Examples 1-3, y
is set as {1, 10, 10%,10°}. In Example 4, we set the A as {1, 10, 10?, 10°}. The comparative results are
shown in Figures 7 and 8. From Figure 7, we find that for all the situations of desired poles, the larger
design parameter vy leads to the faster convergence speed for the discrete energy function E,. This
is consistent with the conclusion in Proposition 6.1. From Figures 8a and 8b, we find that the larger
design parameter u makes the faster convergence rate for output tracking errors. It is highly consistent
with the conclusion in Proposition 6.4.
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Figure 8. Numerical results of Example 5 based on Example 4. (a) ||e,||, trajectories of
Example 2 on system 1 in Example 4 with g = {10%,10%,10,1}. (b) |le,|, trajectories of
Example 3 on system 2 in Example 4 with u = {10°, 102, 10, 1}.
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7.6. Computational cost

To assess the computational overhead, we measure the execution time of the GN pole-placement
stage and the ZN tracking stage separately in MATLAB R2024a on a computer with an Intel Core
19-14900HX processor, 32 GB RAM, and 64-bit Windows 11. Each experiment is repeated 100 times
after a warm-up run, and the average value is reported. Initial states are restored before every run.
Timing includes the numerical updates but excludes the plotting and file output. Table 3 reports the
data of the system dimension, the number of updates, and the CPU time.

Table 3. Measured computational cost of GN and ZN stages.

Case Stage n m N CPU time (x1072 s)
Example 1 GN 4 3 1000 0.258
Example 2 GN 5 3 10000 3.703
Example 3 GN 4 3 10000 2.820
Example 4 (n = 5) ZN 5 3 10000 1.984
Example 4 (n = 4) ZN 4 3 10000 1.844

Note: N denotes the number of numerical updates; times are reported as average value over repeated runs; plotting and file
output are excluded from timing.

8. Conclusions

This paper has addressed the output tracking control problem of neurodynamic-solvable TILS and
proposed the MSBPPE. The feedback gain matrix has been obtained offline through the GN model,
and the reference input has been generated using the ZN model as an attempt, thereby achieving the
desired path precise tracking. Theoretical analyses have shown the asymptotic stability and exponential
convergence of the proposed neurodynamics models. Numerical experiments under various situations
of poles (including distinct real poles, repeated real poles, and complex conjugate poles) have verified
the relative feasibility and effectiveness of the proposed method in terms of convergence speed and
tracking accuracy. Comparative experiments have revealed that, within the hardware permitted, the
larger the parameters are, the better the tracking effect is.

Note that the applicability of the proposed framework is subject to several limitations. The GN stage
requires the chosen MSBPPE to admit a feasible solution. Its energy function is generally nonconvex,
and numerical performance can depend on initialization, matrix conditioning, and the integration step.
Small energy gradients alone do not certify that all equation residuals are sufficiently small. The ZN
tracking construction additionally requires rank(CB) = [ and an available desired-trajectory derivative.

Future work will investigate some improved initialization, regularization, and safeguards against ill-
conditioned iterates, together with adaptive gain and step-size strategies for the GN solver. For systems
with rank-deficient CB, extensions based on higher-order output dynamics or alternative controller
structures will be explored where the corresponding tracking problem is feasible. Further developments
will also consider noisy measurements, model uncertainty, and actuator constraints to broaden the
practical applicability of the framework.
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