AIMS Mathematics, 11(11): 36444-36468.
DOI: 10.3934/math.20261410
ATMS Mathematics Received: 27 August 2026

Revised: 30 September 2026

Accepted: 08 October 2026
https://www.aimspress.com/journal/Math Published: 04 November 2026

Research article

Lie intersection graph frameworks associated with group actions in
topological groups theory

Hakeem A. Othman', Ljubisa D. R. Ko¢inac>*, Manal A Alhomieyed® and Amin Saif*

! Department of Mathematics, Albaydha University, Albaydha, Yemen

2 Faculty of Sciences and Mathematics, University of Ni§, 18000 Nis, Serbia

3 Department of Mathematics, Jamoum University college, Umm Al-Qura University, Jamoum
25375, Kingdom of Saudi Arabia

* Department of Mathematics, Faculty of Applied Sciences, Taiz University, Taiz 6803, Yemen

* Correspondence: Email: lkocinac@gmail.com; Tel: +381642163080.

Abstract: In this article, we define the Lie intersection graph Lie(GA) for continuous Lie group
actions on topological semigroups. The vertices of this graph represent the subacts of P.(A), and two
distinct vertices are adjacent if the corresponding subacts intersect in a simple subact. We analyze to
what extent algebraic and topological properties of the original actions such as simple and semisimple
or Artinian, can be detected by graph invariants, namely connectedness, diameter, girth, bipartiteness
and clique number. Also, chordless paths are used to describe some properties of Lie(GA). A chordless
topology is defined on the set of vertices, and we prove that it is Alexandroff. These results show that
the chordless and monophonic theories capture finer information than classical connectivity, further
enriching the relationship between Lie group actions, graph theory, and topology. We also explore
how the orbit structure and invariant subact factorization affect the behavior Lie(GA) as a whole.
Among our results, we relate invariant filtrations with graph-theoretic decompositions into blocks and
articulation points. Our results illustrate how graph invariants may be used to identify intricacy and
hierarchy in structural continuous representation of Lie groups.
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1. Introduction

Graphs associated with algebraic structures are the most natural way to capture the combinatorial
aspects of an algebraic phenomenon. In these constructions vertices represent algebraic substructures
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and edges correspond to significant algebraic interactions. One of the most successful examples of this
methodology is intersection graphs, where adjacency is given by a certain type of intersection between
two algebraic elements. These graphs enable structural attributes like simplicity, decomposition, and
chain conditions to be examined by graph invariants such as connectivity, diameter, girth, and clique
number. Many studies have indicated that graphs arising from intersections encode fine information
about the internal structure of the algebra from which they are obtained. The concept of intersection
graphs was generalized beyond group theory. Mukherjee and Sen [1] defined intersection graphs of
ideals of rings, transferring intersection graph techniques to ring theory.

More refinements were also given for the commutative ring case, Abdioglu et al. [2] investigated
graph invariants of co-intersection graphs of ideals in commutative rings, highlighting connections
between algebraic structures and graph properties. Recent studies have also emphasized the interaction
between graph theory and topology in different contexts. For example, Damag et al. [3] investigated
directed topological structures arising from graph-based models in complex systems, while Damag
et al. [4] studied monophonic sets and rough directed topological spaces with applications to directed
networks. These works further highlight the growing connections between graph theory techniques
and topological frameworks. Mohd and Ahmed [5] introduced the idea of simple intersection graphs in
which adjacency is determined by certain minimum intersection requirements, thereby creating graphs
with predictable combinatorial properties. The development of intersection graph constructions in
more general contexts is based on semigroup theory and the theory of actions. Seminal classical
texts by Howie [6], Lallement [7], Grillet [8] and Kilp et al. [9] cover the background necessary for
this exposition in regards to semigroups, monoids, and actions, respectively. In this setting, chain
conditions have been considered in a number of works, in particular for commutative monoids by
Davvaz and Nazemian [10] and for Rees congruences of D-acts by Khosravi and Roueentan [11].
Intersection graph methods were in particular specialized to D-acts by Rasouli and Tehranian [12],
and were generalized to semigroup actions by Derrfien et al. [13]. In recent years, Liang et al. [14]
generalized the simple intersection framework to D-acts and bridged concepts from ring theory and
action theory. Historically the attention was mostly on groups and being early work in this direction.
Csakany and Polldk [15] defined the subgroup intersection graph of a finite group by considering the
proper non-trivial subgroups as vertices, and joining two vertices if the corresponding subgroups have
a non-trivial intersection. This notion was then tailored to the finite abelian groups framework by
Zelinka [16] considering the effect of commutativity on the structure of the resulting graph. Later
research generalized these results to wider classes of finite groups. Shen [17] studied some graph
theoretic invariants like diameter and girth while Rajkumar and Devi [18] studied intersection graphs
of cyclic subgroups and characterized several graph structures arising from finite groups. Connectivity
became very quickly the focus of attention for the intersection graph of subgroups. Kayacan [19]
investigated connectivity properties of intersection graphs of finite groups. More recently, more precise
results have been obtained by Beheshtipour and Jafarian Amiri [20] that they examined clique numbers
of intersection graphs of finite groups and established connections between clique structure and group
solvability. More recently, Alzubaidi [21] investigated P-intersection graphs of acts over semigroups,
focusing on connectivity, clique structure, and monophonic convexity. Ahmed and Moh’d [22]
introduced the simple-intersection graph of modules and investigated its connectivity, diameter, girth,
clique number, and domination number. Spanier [23] provided fundamental concepts of algebraic
topology, which are used as a reference for the preliminaries of this work. The work also investigated
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controlling sets and monophonic topology, further extending the connection between semigroup acts,
graph theory, and topology. Nevertheless, the literature is sparse in studying intersection graphs from
topological groups and their actions, where algebraic structure meets topology and continuity. Our
paper seeks to make a contribution in this direction through the analysis of intersection graphs derived
from topological group actions, notably path spaces.

The present work is closely related to the intersection and simple-intersection graphs of acts studied
in [12-14]. We also note the recent work on P-intersection graphs of acts over topological semigroups,
where several graph invariants and monophonic structures were investigated. The novelty of the present
work is therefore not the intersection-based adjacency rule itself. Our focus is on continuous Lie group
actions and on the structure of their invariant subacts. In this setting, we study the corresponding
Lie intersection graph and develop its graph-theoretic and topological properties. The results in
Sections 4—7 are presented in this specific Lie-action framework, and their relation to the earlier act-
based results is clarified where appropriate.

We develop a graph-theoretic approach to continuous Lie group actions on topological semigroups
via intersection-based constructions. We define the Lie intersection graph, denoted by Lie(GA),
with vertices as non-trivial invariant subacts and adjacency derived by intersections that yield simple
subacts. In Section 2, we bring back the preliminaries requisite from group actions, topological
semigroups, Lie groups, and graph theory. In Section 3, we define the Lie intersection graph Lie(G.A),
give some examples and show some elementary structural properties. Section 4 is concerned with
cycles, girth, bipartiteness and related local properties of Lie(GA). Section 5 deals with several global
graph invariants: the connectivity, the diameter and the clique structure and relates them to algebraic
conditions, in particular to the Artinian property of the act underlying the G-act. In Section 6, we
turn to chordless paths, define the chordless topology on the vertices of Lie(GA) and prove that it is
Alexandroff.

2. Preliminaries

Let A be a non-empty set and G be any group. The set A is said to be a G-action (G-act) if there
exists a mapping G X A — A : (s,a) — sa such that (st)a = s(ta) and la = a for all s, € G and
a € A. A non-empty subset B of A is said to be a subact of A if sB C B for every s € G and is called
non-trivial if it is a proper, non-empty subact of A. Observe that G itself is a G-act under its own
multiplication. In this case, the subacts of G are precisely the left subacts of G, namely the non-empty
subsets Z of G satisfying GZ € Z. An element x € G is called a left zero element if xs = x for all
s € G. A non-empty G-act is said to be simple if it admits no non-trivial subact, and D(:A) denotes the
number of simple subacts of A. A non-trivial subact M of A is called a minimal subact if it contains
no proper subact of A. Dually, a maximal subact of A is a non-trivial subact M such that there exists
no subact of A properly contained between M and A. Given a family {A; | k € A} of G-acts, the
coproduct [ [ea Ay of this family is defined as the disjoint union Jca (A X {k}) equipped with the
action s(a,k) = (sa,k) for all s € G, a € A, and k € A. A G-act is called completely reducible
if it can be expressed as a coproduct of simple subacts. A G-act A is said to be semisimple if it is
the coproduct of its simple subacts. Each simple subact occurring in such a decomposition is called a
component of A. The socle of A, denoted by Soc(A), is defined as the coproduct of all simple subacts
of A. Consequently, A = Soc(A) if and only if A is a semisimple G-act. A G-act A is called Artinian
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if every descending chain of subacts of (A is eventually stationary. Equivalently, A is Artinian if and
only if every non-empty collection of subacts of A contains a minimal element. An element a € A is
called a fixed element if sa = a for all s € G.

Here we recall some backgrounds concern the graph theory. Let G be a graph with vertex set V(G)
and edge set &(G). A path is a sequence of vertices in which each consecutive pair of vertices is joined
by an edge, and no vertex is repeated. A graph is connected if there is a path between every pair of
vertices in the graph. An Euler path is a path in a graph that uses every edge exactly once. A circuit
is a path that starts and ends at the same vertex, with no repeated edges. For distinct vertices v; and v,
in V(G), a v, — v, path is a path whose starting vertex is v; and whose ending vertex is v,. The length
of the shortest v; — v, path is denoted by d(vy, v,). If no such path exists in G, then d(vy, v,) = co. The
order of G, denoted by O(G), is the number of vertices of G. The diameter of G, written as diam(G),
is the supremum of the set {d(vi, ;) : vi,v, € V(G)}. The number of vertices adjacent to a vertex
v is called the degree of v and is denoted by d,. A graph is called simple if it has no loops and no
multiple edges. The null graph is a graph with no edges. The simple graph C,,, with n > 2, consists of
a single closed path and is called a cycle graph. A complete bipartite graph %, is a bipartite graph
whose vertex set can be partitioned into two disjoint subsets such that every vertex in one subset is
adjacent to every vertex in the other. A simple graph %K, is called a complete graph. A wheel graph
W, is obtained by connecting a single vertex to all vertices of a cycle. The girth of a graph G is the
length of its shortest cycle and is denoted by G,. A clique of G is a complete subgraph, and the clique
number of G is denoted by £(G). A path component of a graph is a maximal connected subgraph. A
controlling set C of a graph G is a non-empty subset of V(&) such that every vertex not in C is adjacent
to at least one vertex in C. Let Con(G) be the family of all controlling sets of G. The control number
of G is denoted by A(G) and defined by A(G) = inf{O(C) : C € Con(G)}. An edge connecting two
non-adjacent points in a path is called a chord edge. A monophonic path is a chordless path.

Theorem 2.1. [22] A graph contains an Euler circuit if and only if every vertex in the graph has an
even degree. Likewise, a graph contains an Euler path if and only if exactly two vertices have odd
degrees, while all remaining vertices have even degrees.

3. The Lie intersection graph Lie(GA)

For further background on topological spaces and continuous functions, the reader may consult [23].
A topological semigroup is a semigroup G endowed with a topology for which the multiplication map
G x G — @G 1s continuous. If, in addition, the semigroup G is a group and the inversion map G — G
is continuous, then G is called a topological group. Let I = [0, 1] be the closed interval endowed with
the usual topology on R. The path group P(G) associated with a topological group G is defined as
the set of all continuous functions @ : I — G. The group operation on P(G) is defined pointwise by
(af)(t) = a(t)B(t) for all @, B € P(G) and t € I. When equipped Witl}\the compact—open topology, P(G)
becomes a topological group; see [23]. For g € G, define the mapg : 1 — Gbyg(t) =gforallt el
Such maps are called constant paths. The set P.(G) := {g € P(G) : g € G} forms a subgroup of P(G)
and is itself a topological group. In the setting of topological groups, action mappings are assumed to
be continuous. Let G and A be topological groups, and suppose that A is a G-act with a continuous
action G X A — A : (g,a) — ga. Then the path group P(A) becomes a G-act under the continuous
action G X P(A) — P(A) : (g,a@) — ga, where (ga)(t) = ga(t) for all t € 1. A smooth manifold
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of dimension #n is a Hausdorff, second countable topological space M together with the atlas family
{(Ui, ¢)}ier, @i © Ui — R, such that the transition maps ¢; o 90,-_1 ceiUinUj) — ¢j(U; N Uj) are
smooth (all partial derivatives of every order exist and are continuous). A Lie group is a topological
group G equipped with a smooth manifold structure.

Definition 3.1. Let G be a Lie group, A be a topological semigroup, and P.(A) be a G-act. The Lie
intersection graph Lie(GA) associated with the G-act P.(A) is defined to be a simple undirected graph
whose vertex set consists of all subacts of P.(A). Two distinct vertices in Lie(G.A) are adjacent if and
only if their intersection is a simple subact of P.(A).

Example 3.2. Let G = {1} be a trivial Lie group and Z; = {0, 1, 2} with the discrete topology. Note that
any mapping from discrete space into any space is continuous, and so P(Z3) is a G-act, where 1 X=X
for all x € P.(Z3). Since G is a trivial Lie group, every non-empty subset of P.(Z3) is a subact. Hence

— — — —_
— — — —_

VILie(GZ3)] = {0}, {1}, {2}, {0, 1}, 0. 2}, {1. 2}, P(Z3)).

—_ —_
—_

The Lie intersection graph Lie(Z;G) is illustrated in Figure 1.

Pc (Z3 )

Figure 1. Lie intersection graph Lie(GA) L.

Example 3.3. Let G be any Lie group and A = {I,2,3,4} with any topology under the operation

xy = x. Itis clear that P.(A) is a G—act under the action G X P.(A) — P.(A) : (g,?) -k forallk € A
and the subacts of P.(A) are all non-empty subsets of P.(A). That is,

VI[Lie(GA)] = P(P(A)) — {0}.

The Lie intersection graph Lie(GQG) is illustrated in Figure 2.
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P (A)
{0} {1 2) (3}
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{1,2,3) 0.2.3) {0,
Figure 2. The Lie intersection graph Lie(GA) II.

3} {O,T,:\Z\}

1,

Henceforth, we assume that A is a topological semigroup, unless stated otherwise.

Theorem 3.4. Let G be a Lie group and P.(A) be a G-act. Then P.(A) is either a simple G-act or
contains no simple subacts if and only if Lie(GA) is a null graph.

Proof. Suppose first that Lie(GA) is a null graph, that is, it contains no edges. Assume, toward a
contradiction, that P.(A) is not simple and that it contains a simple subact B. Since B C P.(A), we
have

P(A)NB=8.

Because B is a simple subact, it follows from the definition of Lie(G.A) that P.(A) and B are adjacent
vertices. This contradicts the assumption that Lie(GA) has no edges. Therefore, P.(A) must either be
simple or contain no simple subacts.

Conversely, suppose that P.(A) is simple or contains no simple subacts. If P.(A) is simple, then
it has no proper non-empty subacts, and consequently the graph Lie(GA) has at most one vertex and
therefore no edges. If P.(A) contains no simple subacts, then the intersection of any two distinct
subacts of P.(A) cannot be a simple subact. Hence no two vertices of Lie(GA) are adjacent. In either
case, Lie(GA) is a null graph. O

For instance, if A consists of a single element, then Lie(GA) is a null graph for every Lie group G.

Theorem 3.5. Let G be a Lie group and P.(A) be a semisimple G-act with completely reducible
decomposition

P.(A) = Iil A,.
i=1
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Then
D®.(A)) = n,

D(A;) =2""1 -1 fori=1,2,...,n,

and
D(B)=m2"™

whenever 8 is a subact with m components, where 2 < m < n.

Proof. Since P .(A) is semisimple, its simple subacts are exactly the components
AL, Ay A,

Hence the number of simple subacts of P.(A) is n, and so

D(P.(A)) = n.
Now fix i € {1,2,...,n}. Since P.(A) is semisimple, every subact of P.(A) is a coproduct of some of
the simple components Aj, ..., A,. A subact is adjacent to A, in Lie(GA) if and only if it contains A;

together with at least one additional component. Thus every neighbor of A; has the form
Al | [|_| A ,-] ,
jeJ

where J is a subset of {1,2,...,n}\ {i}. Therefore the number of such neighbors is exactly the number
of nonempty subsets of the remaining n — 1 components, namely 2”~! — 1. Hence

D(A) =2"" - 1.
Finally, let B be a subact with exactly m components, where 2 < m < n. Write
B = u ﬂi,-
r=1

A vertex C is adjacent to 8B if and only if 8 N C is a simple subact. Since P.(A) is semisimple, this
happens precisely when C contains exactly one of the m components of 8 and may contain any subset
of the remaining n — m components not belonging to 8. Choose one fixed component of B, say A, .
The number of subacts C whose intersection with 8 is exactly A; equals the number of subsets of the
n — m components outside B, namely

23

k=0

Since this can be done independently for each of the m components of 8, we obtain
D(B) =m2"™.

This completes the proof. O
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Theorem 3.6. Let G be a Lie group and P.(A) be a G-act. Then Lie(GA) is isomorphic to the wheel
graph W, = K, + C, for some n > 3 if and only if there exist distinct subacts

Q.C1,Cy,...,C CP(A)

such that

(1) V(Lie(GA)) = {Q,Cy,...,Cul;

(2) Q N C; is a simple subact for each i;

(3) C; N Cyyy 1s a simple subact for each i

(4) if j#£i+1 (mod n), then C; N C; is not a simple subact.

Proof. Suppose that Lie(GA) is isomorphic to the wheel graph W,.,. Recall that ‘W, , contains a
unique central vertex of degree n. Let Q denote the vertex of Lie(GA) corresponding to this central
vertex.

The remaining vertices lie on the rim cycle C,. Denote their corresponding subacts by

C]acZa---acn

in cyclic order. Since Q is adjacent to every C;, the definition of Lie(GA) implies that Q N C; is a
simple subact for each i. Moreover, each vertex C; of the rim is adjacent exactly to C;_; and Cj;;.
Hence C; N Cy,; 1s a simple subact, while C; N C; is not simple whenever j # i+ 1 (mod n). Therefore
the stated conditions follow.

Conversely, assume that subacts Q,Cy, ..., C, satisfy the above conditions. Then Q is adjacent to
each C;, so it plays the role of the central vertex. Furthermore the vertices Cy,...,C, form a cycle C,
since each C; is adjacent only to its two neighbors C;_; and C;,;. Thus the resulting graph consists of a
cycle together with one vertex adjacent to all vertices of the cycle. Therefore

Lie(GA) = W,,.

4. Intersection patterns in Lie(G.A)

In this section, we study key properties of the Lie intersection graph Lie(GA), with emphasis on
cycles, girth, and bipartiteness. We establish precise conditions for the existence of short cycles and
derive strong restrictions on the possible girth values, highlighting the role of simple and non-simple
subacts. These results prepare the ground for the connectivity and global invariants examined in the
next section.

Proposition 4.1. Let G be any Lie group and P.(A) be a G-act. Then the graph Lie(GA) contains a
cycle of length 3 if and only if Lie(GA) has at least two adjacent non-simple subacts.

Proof. Assume first that Lie(G.A) contains a cycle of length 3, say A — A, — A3 —A;. By the definition
of Lie(GA), the intersections A; N A,, Ay N A3, and Az N A, are simple subacts of P.(A). If two
vertices of the cycle were simple subacts, then their intersection would be equal to one of them, which
is impossible since distinct simple subacts intersect trivially. Hence, at most one vertex in the cycle can
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be simple. Consequently, at least two vertices must be non-simple subacts, and since they are joined
by an edge in the cycle, they are adjacent non-simple subacts.

Conversely, suppose that A; and A, are two distinct non-simple subacts of P.(A) that are adjacent
in Lie(GA). Then A; N A, is a simple subact of P.(A). Since A N A, € A, and A, N A, C Ay,
it follows that A; N A, is adjacent to both A, and A,. Therefore, A; — A, — A, N A, — A, forms a
cycle of length 3 in Lie(GA). O

Proposition 4.2. Let G be any Lie group and P.(A) be a semisimple G-act. If P.(A) has more than
two components, then Lie(GA), = 3. Otherwise, Lie(GA), = .

Proof. 1f P.(A) has at most two components, then Lie(GA) is either a null graph or acyclic. In both
cases, the graph contains no cycles, and hence Lie(GA), = co. Now suppose that P.(A) has at least
three components, say A, A,, and A;z. Then the subacts A; LI A, and A, LI Aj; are distinct non-simple
subacts whose intersections are the simple subact A,. By Proposition 4.1, the graph Lie(G.A) contains
a cycle of length 3, and therefore Lie(GA), = 3. O

Theorem 4.3. Let P.(A) be a G-act. If the graph Lie(GA) contains cycles, then either Lie(GA), is
even or Lie(GA), = 3.

Proof. Assume that Lie(GA) contains a cycle and A — A, —- - - — A, — A, is a cycle of minimum length
n > 3. By minimality, no two adjacent vertices in this cycle can both be non-simple subacts; otherwise,
Proposition 4.1 would imply the existence of a 3-cycle. Moreover, two distinct simple subacts cannot
be adjacent, since their intersection is trivial. Hence, adjacent vertices must alternate between simple
and non-simple subacts. Without loss of generality, assume that A, is simple. Then A, is non-simple,
Aj is simple, and so on. Thus, Ay is simple if £ is odd and non-simple if & is even. If n were odd, then
A, would be simple and adjacent to A;, contradicting the fact that two distinct simple subacts cannot
be adjacent. Therefore, n is even, and since 7 is the length of a shortest cycle, Lie(GA), is even. O

Theorem 4.4. Let G be any Lie group and P.(A) be a G-act. Then Lie(GA), € {3,4, oo}.

Proof. If P.(A) has no simple subacts, then Lie(GA) contains no cycles, and hence Lie(GA), = oo.
Suppose that P.(A) contains exactly one simple subact A;. If A; is maximal, then the only edge in
Lie(GA) is P.(A) — A, so the graph is acyclic and Lie(GA), = oco. If A; is not maximal and is
contained in a unique proper non-simple subact, then again no cycle exists. If (A, is contained in more
than one proper non-simple subact, then either two such subacts intersect in (A, yielding a 3-cycle by
Proposition 4.1, or the graph is a star with center A; and has infinite girth. Finally, suppose that P.(A)
contains at least two distinct simple subacts A; and A,. If P.(A) = A; U A,, then Lie(GA), = oo
by Proposition 4.2. Otherwise, the sequence P.(A) — A, — A U A, — Ay — P.(A) forms a cycle
of length 4. This cycle is minimal unless a 3-cycle exists, which again occurs precisely under the
condition of Proposition 4.1. O

Let G and A be any two Lie groups. Let P.(A) be a G-act. For any subact 8 of P.(A) and for
k€{1,2,3,- -}, the copy G-act B® of Bis BY = Bx |k} with the continuous action g- k) = (g-x, k)
forall g € GandXe B.
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Example 4.5. Let G = R be the additive Lie group with its usual topology and Z; be the cyclic group
of order 3 equipped with the discrete topology. Assume that G acts trivially on each copy of Z; (that
is, g+ x = x for all g € G and x € Z3). Consider

_ =D @) 3 @
A=Zy UZy ULy ULy,
where each copy ng) of Z3 is a simple G-act. Then
P(A) = PZ3)") UPAZ3)? U PUZ3) U P(Z5)™

is a semisimple G-act with four components. Consequently, Lie(GA) contains the following two
distinct cycles of length 4:

D: PAZ)V = (PAZ3)" UPAZ3)?) = PAZ3)P — (Pu(Z3)) L P(Z3)?
LP(Z3)?) — Pu(Z3) "

and
D 1 (PAZ)V UPAZ)W) = (PUZ3)V UPAZ3)?) — (Pe(Z3)® L PAZ3)Y) — (Pe(Z5)P
UPA(Z3)?) = (P(Z3)" UPAZ3)Y).

Note that the cycle D follows the pattern used in the proof of Theorem 4.3, so its vertices alternate
between a simple subact and a non-simple subact. In contrast, the cycle 9’ consists entirely of
non-simple subacts. Moreover, by Proposition 4.2, the cycle O is not of minimum length, and by
Theorem 4.3 the cycle 9’ cannot be of minimum length.

Example 4.6. Let G = {1, a, b} be a nilpotent Lie group endowed with the discrete topology, where 1
is a zero element and the multiplication is defined by a®> = b*> = ab = ba = 1. Then G has exactly
two proper subacts J; = {l,a} and J, = {1, b}. Moreover, J; and J, are simple G-acts. Consider
A =P.(G)D uUP.(J)? UP.(J,)P. Then we obtain the G-act P.(A) = P.(G)V LU P.(J))® U P.(J,)®,
where the superscripts indicate distinct copies. In this case, P.(A) has exactly three proper non-trivial
subacts: P.(G)D LUP.(J))?, P.(G)D LuP.(J,)?, and P.(J;)® L P.(J,)®. Hence, in the Lie intersection
graph Lie(GA) we obtain the cycle

PG UP(J)P = Po(J)? = P(J)P UP()P = Pe(J2)? = Po(G)" LP(J)?,
which is a cycle of length 4. Therefore, Lie(GA), = 4.
Theorem 4.7. Let P.(A) be a G-act. If 3 < Lie(GA), < oo, then the graph Lie(GA) is bipartite.

Proof. Let 3 < Lie(GA), < oo. Then Lie(GA) contains no cycles of length 3. Consequently, no two
adjacent vertices of Lie(G.A) can both be non-simple subacts. Indeed, if there existed two adjacent non-
simple subacts, then by Proposition 4.1, Lie(GA) would contain a cycle of length 3, which contradicts
the assumption Lie(GA), > 3. Moreover, two distinct simple subacts cannot be adjacent in Lie(GA),
since the intersection of two simple subacts is either empty or equal to one of them, and therefore
cannot be simple. Hence, no two simple subacts are adjacent in Lie(GA). It follows that every edge
of Lie(GA) joins a simple subact to a non-simple subact. Thus, the vertex set of Lie(GA) can be
partitioned into two disjoint sets, where V is the set of all simple subacts of P.(A) and V" is the set of
all non-simple subacts of P.(A), such that no two vertices within the same set are adjacent. Therefore,
Lie(GA) is bipartite with bipartition V and V". O
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Theorem 4.8. Let G be any Lie group and P.(A) be a G-act. Then Lie(GA) is bipartite if and only if
for every simple subact B of P.(A), any two vertices of Lie(GA) that are adjacent to B are not adjacent
to each other.

Proof. Suppose first that Lie(GA) is bipartite. Let V, and V,, be a bipartition of its vertex set and 8 be
a simple subact of P.(A). Without loss of generality, assume that 8 € V,. Then every vertex adjacent
to B belongs to V,,. Since no two vertices of V,, are adjacent, it follows that no two neighbors of B
are adjacent. Thus, for every simple subact B of P.(A), any two vertices of Lie(GA) that are adjacent
to B are not adjacent to each other.

Conversely, assume that for every simple subact 8 of P.(A), no two vertices adjacent to B are
adjacent to each other. Let V; denote the set of all simple subacts of P.(A) and V, denote the set
of all non-simple subacts of P.(A). By the definition of the simple intersection graph, two simple
subacts cannot be adjacent, and hence there are no edges among vertices of V. Now suppose, toward
a contradiction, that there exist two vertices C,D € YV, that are adjacent. Then C N D is a simple
subact of P.(A), say B. Thus, both C and D are adjacent to B, contradicting the assumption that no
two vertices adjacent to a simple subact are adjacent to each other. Therefore, there are no edges among
vertices of V,. Consequently, every edge of Lie(GA) joins a vertex in V; to a vertex in V,, and hence
Lie(GA) is bipartite. O

In general, a bipartite graph may admit more than one bipartition. However, for the graph Lie(GA),
the existence of the (V,V’)-bipartition where V denotes the set of all simple subacts of P.(A) and
V’ denotes the set of all non-simple subacts of P.(A)—is both necessary and sufficient for Lie(GA)
to be bipartite. As will be shown below, this specific bipartition plays a central role in determining
the overall structure of Lie(GA). It is also worth noting that any subact which does not contain a
simple subact corresponds to an isolated vertex in Lie(GA). Such isolated vertices do not affect the
bipartiteness of the graph and may be assigned arbitrarily to either part of a bipartition. Consequently,
when studying bipartitions of Lie(GA), it suffices to focus on those vertices corresponding to subacts
that contain simple subacts, since these vertices alone determine the bipartite structure of the graph.

Theorem 4.9. Let G be any Lie group and let P.(A) be a G-act. Then Lie(GA) is bipartite if and only
if the (V, V’)-bipartition of Lie(GA) exists, where V is the set of all simple subacts of P.(A) and V’
is the set of all non-simple subacts of P.(A).

Proof. Assume first that Lie(GA) is bipartite. Let
V = {all simple subacts of P.(A)}
and
V" = {all non-simple subacts of P.(A)}.

We show that (V,V”) is a bipartition of Lie(GA).

First, no two vertices of V are adjacent. Indeed, if B,C € V were adjacent, then 8 N C would be a
simple subact. Since both 8 and C are simple, this would force 8 = C, contradicting the fact that the
vertices are distinct.

Next, no two vertices of V’ are adjacent. Suppose, to the contrary, that M, N € V’ are adjacent.
Then M N N is a simple subact, say 8. Hence 8 is adjacent to both M and N, and therefore

M-B-N-M
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is a cycle of length 3, which is impossible in a bipartite graph. Thus no two vertices of V’ are adjacent.
Therefore every edge of Lie(GA) joins a vertex of V to a vertex of V”’, and so the (V, V’)-bipartition
exists.

Conversely, assume that the (V, V’)-bipartition exists. Then, by definition, no two vertices in V
are adjacent and no two vertices in V’ are adjacent. Hence every edge joins a vertex in V to a vertex
in V’, and therefore Lie(GA) is bipartite. O

A subact B of P.(A) is called essential in P.(A) if every non-empty subact of P.(A) has a non-empty
intersection with B.

Theorem 4.10. Let P.(A) be a G-act and let Lie(G.A) be bipartite. Then Lie(GA) is complete bipartite
if and only if Soc(P.(:A)) is an essential subact of P.(A).

Proof. Assume first that Lie(GA) is complete bipartite. Let C be any non-empty subact of P.(A). If
C is simple, then C C Soc(P.(A)), and hence Soc(P.(A)) N C = C # 0. Now suppose that C is non-
simple. Let B be any simple subact of P.(A). Since Lie(GA) is complete bipartite, every simple vertex
is adjacent to every non-simple vertex. In particular, 8 is adjacent to C. Therefore 8 N C is a simple
subact. Since B is simple, BN C is a non-empty subact of B, and thus BNC = B. Hence B C C. Since
B was arbitrary, every simple subact of P.(A) is contained in C. Therefore Soc(P.(A)) € C, and so
Soc(P.(A)) N C = Soc(P.(A)) # 0. Thus Soc(P.(A)) is essential in P.(A). Conversely, suppose that
Soc(P.(A)) is essential in P.(A). Let V be the set of all simple subacts of P.(A), and let V’ be the set
of all non-simple subacts of P.(A). Since Lie(G.A) is bipartite, there are no edges among vertices of V
and no edges among vertices of V”. Thus it suffices to show that every vertex of V is adjacent to every
vertex of V’. Let B € V and C € V’. Since Soc(P.(A)) is essential, we have Soc(P.(A)) N C # 0.
Hence C contains a simple subact; denote it by D. If D # B, then B8N D = (. Consider the subact
BUD. Itis non-simple, since it contains two distinct simple subacts. Moreover (BUD)NC = D, which
is simple. Hence 8 LI D is adjacent to C. But both B LI D and C are non-simple vertices, contradicting
the bipartiteness of Lie(GA). Therefore D = B, and so B C C. Hence BN C = B, which is simple.
Thus B is adjacent to C. Since 8 € V and C € V’ were arbitrary, every simple vertex is adjacent to
every non-simple vertex. Therefore Lie(GA) is complete bipartite. O

Theorem 4.11. Let P.(A) be a G-act and let Lie(G.A) be bipartite. Then Lie(GA) is complete bipartite
if and only if every non-empty subact of P.(A) contains a simple subact and diam(Lie(GA)) < 2.

Proof. Assume first that Lie(GA) is complete bipartite. Let C be any non-empty subact of P.(A).
If C is simple, then it already contains a simple subact, namely itself. If C is non-simple, then
every non-simple vertex is adjacent to every simple vertex. Hence C is adjacent to some simple
subact B, and therefore 8 N C is a simple subact. Thus C contains a simple subact. Moreover, in
a complete bipartite graph any two vertices in different parts are adjacent, so their distance is 1, while
any two distinct vertices in the same part have a common neighbor, so their distance is 2. Hence
diam(Lie(GA)) < 2. Conversely, suppose that every non-empty subact of P.(A) contains a simple
subact and that diam(Lie(GA)) < 2. Let B be a simple subact and let M be a non-simple subact of
P.(A). By assumption, M contains a simple subact, and therefore M is not an isolated vertex. Also, B
is not isolated, since it is adjacent to P.(A). Hence both B and M belong to the non-trivial component
of Lie(GA), and d(B, M) < 2. By Theorem 4.9, since Lie(G.A) is bipartite, the (V, V’)-bipartition
exists, where V is the set of all simple subacts and V" is the set of all non-simple subacts. Thus B € V
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and M € V’ lie in opposite parts. In a bipartite graph, any path of length 2 starts and ends in the same
part. Therefore d(B, M) # 2. Since B # M, we must have d(B, M) = 1. Hence 8B is adjacent to M.
Since B and M were arbitrary, every simple vertex is adjacent to every non-simple vertex. Together
with the bipartiteness of the graph, this shows that Lie(GA) is complete bipartite. O

5. Global structure of Lie(GA)

In this section, we study global properties of the Lie intersection graph Lie(GA), focusing on
connectivity, diameter, and clique structure. We relate these graph-theoretic invariants to algebraic
conditions on the underlying G-act, particularly the Artinian property, and show how simple subacts
govern the formation and size of cliques. These results clarify how global graph structure reflects the
internal organization of P.(A).

Theorem 5.1. Let G be any Lie group and let P.(A) be a G-act. If every non-empty subact of P.(A)
contains a simple subact, then Lie(G.A) is connected.

Proof. Let B and C be two arbitrary non-empty subacts of P.(A). By assumption, there exist simple
subacts 8; € Band C, € C. If B; = Cy, then B — B, — C is a path in Lie(GA). Assume now that
B, # C;. Then the subact 8, LI C; is non-simple, and B; N (B, U Cy) = By, Cin®B uc) =qCy,
both of which are simple subacts. Hence 8 — B, — (8, UC;) — C; — C is a path in Lie(GA). Therefore
any two vertices of Lie(GA) are joined by a path, and so Lie(GA) is connected. O

Corollary 5.2. Let G be any Lie group and let P.(A) be an Artinian G-act. Then Lie(GA) is connected.

Proof. Since P.(A) is Artinian, every non-empty subact contains a minimal subact, and every minimal
subact is simple. Hence the result follows from Theorem 5.1. m|

Proposition 5.3. Let G be any Lie group and let P.(‘A) be an Artinian G-act. Then, for any two distinct
non-empty subacts 8 and C of P.(A), one has 1 < J(B,C) < 4.

Proof. Let B and C be two distinct non-empty subacts of P.(A). Since P.(A) is Artinian, every non-
empty subact contains a simple subact. Thus there exist simple subacts 8; C B and Ci cC.
Hence 9(8, C) is finite, so d(B,C) > 1. We consider the following cases. If both B and C are simple,
then B — P.(A) — C is a path of length 2. Hence 0(8B,C) < 2. Assume that exactly one of B and
C is simple; without loss of generality, let 8 be simple. If 8 C C, then B is adjacent to C, and so
J(B,C)=1.f BNC = @, let K be a simple subact contained in C. Then B — (8 L K) — C is a path
of length 2, and therefore 9(8,C) < 2. Finally, assume that neither 8 nor C is simple. If BN C is a
simple subact, then B and C are adjacent, so d(8B,C) = 1. If BN C is non-empty but non-simple, then
it contains a simple subact K, and hence 8 — K — C is a path of length 2. Therefore 9(8,C) < 2. If
BN C = 2, choose simple subacts A; € B and A, C C. Then B - A — (A LA, — A, —Cis apath
of length 4. Hence d(8B,C) < 4. Thus in all cases 1 < d(8B,C) < 4. O

Theorem 5.4. Let G be any Lie group and let P.(A) be a G-act. Every vertex of Lie(GA) having
positive degree lies in the same path component as the vertex P.(A), and all remaining components of

Lie(GA) are isolated vertices.
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Proof. Let B be a non-empty subact of P.(A) such that deg(B) > 0 in Lie(GA). We show that B is
connected to P.(A) by a path. If B is simple, then BNP.(A) = B is simple, and therefore B is adjacent
to P.(A). Now assume that B is not simple. Since deg($) > 0, there exists a non-empty subact C such
that 8 is adjacent to C. By the definition of Lie(GA), this adjacency implies that 8 N C is a simple
subact of P.(A). If C is simple, then B - C —P.(A) is a path. If C is non-simple, then BN C is a simple
subact, and hence B — (8N C) — P.(A) is a path. Thus every vertex of positive degree belongs to the
path component containing P.(A). Consequently, every other component consists entirely of vertices
of degree zero, that is, isolated vertices. O

The path component of Lie(GA) that contains the vertex P.(A) is called the P.(A)-component
of Lie(GA). By Theorem 5.4, in many situations it is sufficient to restrict attention to the P.(A)-
component of Lie(GA). Indeed, when Lie(GA) is not connected, any vertex outside the P.(A)-
component is necessarily isolated and therefore contributes no additional information to path-related
properties of the graph. Consequently, the study of disconnected simple-intersection graphs may be
reduced to their P.(A)-components. Furthermore, in view of Theorem 5.4, if P.(A) is a semisimple but
non-simple G-act, then Lie(GA) contains no isolated vertices and is therefore connected. Nevertheless,
even in this case, the graph Lie(GA) need not be complete.

Theorem 5.5. Let P.(A) be a G-act. Then Lie(GA) is complete if and only if P.(A) has exactly one
non-empty proper subact. In this case, Lie(GA) is isomorphic to the complete graph K.

Proof. Assume that Lie(GA) is complete. Suppose, toward a contradiction, that P.(A) has two distinct
non-empty proper subacts 8 and C. If both 8 and C are simple, then they cannot be adjacent, since
two distinct simple subacts do not intersect in a simple subact. If at least one of them is non-simple,
say B, then P.(A) N B = B, which is not simple. Hence P.(A) is not adjacent to B, contradicting
completeness. Therefore P.(A) has exactly one non-empty proper subact.

Conversely, assume that P.(A) has a unique non-empty proper subact 8. Then the vertex set of
Lie(GA) is {P.(A), B}. Since B is the unique proper non-empty subact, it must be simple. Hence
P.(A) N B = Bis simple, so the two vertices are adjacent. Therefore Lie(GA) = XK. |

Theorem 5.6. Let P.(A) be a G-act. Then the distance between any two non-isolated vertices of
Lie(GA) is at most 2.

Proof. Let 8 and C be two non-isolated vertices of Lie(GA). If B is adjacent to C, then 9(B,C) = 1.
Assume that 8 and C are not adjacent. First, suppose that both 8 and C are simple. Then each of them
is adjacent to P.(A), and hence B — P.(A) — C is a path of length 2. Next, suppose that exactly one
of B and C is simple; without loss of generality, let 8 be simple. Since C is non-isolated, there exists
a vertex D adjacent to C. Then C N D is a simple subact. If BN (C N D) # @, then by simplicity we
get CN D C B, and therefore B — (C N D) — C is a path of length 2. If instead BN (C N D) = @, then
B U (C N D) is a subact adjacent to both B and C, so again (B, C) < 2. Finally, suppose that neither
B nor C is simple. Since both are non-isolated, there exist vertices 9 and & such that B is adjacent to
P and E is adjacent to C. Then BN D and C N E are simple subacts. If BN (C N E) # @, then by
simplicity CNE € B, and hence B-(CNE)—C is a path of length 2. Similarly, if (BND)NC # @, then
B-(BND)—-C s apath of length 2. If both intersections are empty, then the subact (BND)LU(CNE) is
adjacent to both B and C. Thus again (8, C) < 2. Therefore the distance between any two non-isolated
vertices of Lie(GA) is at most 2. O
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Let 8 be a simple subact of P.(A). We say that two nonempty subacts C and D are adjacent through
B provided that CN D = 8.

Theorem 5.7. Let P.(A) be a G-act. Every clique in Lie(GA) contains at most one simple subact.

Proof. Assume, toward a contradiction, that there exists a clique ® in Lie(GA) containing two distinct
simple subacts B and C. Since O is a clique, the vertices B and C must be adjacent in Lie(GA). By
the definition of Lie(GA), this implies that B N C is a simple subact. However, 8 N C is a subact of
the simple G-act 8. Hence, 8 N C is either @ or B. Similarly, since C is simple, the intersection 8N C
is either @ or C. Because B8 N C is assumed to be simple, it must be non-empty, and therefore we
obtain BN C = B and BN C = C. This forces B = C, which contradicts the assumption that 8 and C
are distinct. Therefore, no clique in Lie(GA) can contain two different simple subacts, and the claim
follows. |

The previous theorem shows that cliques in Lie(GA) fall into exactly two categories: (1) cliques
whose vertices are all non-simple subacts, (ii(1) cliques that contain a unique simple subact. The next
example illustrates both possibilities.

Example 5.8. LetP.(A) = A LUALA;LLALLIAS be a semisimple G-act with five simple components.
(1) A clique with no simple vertices. Consider the four non-simple subacts

Y, = A UA,, Y; = A UA;, Y, = A UA,, Ys = A U As.

Then for all distinct i, j € {2, 3,4,5}, we have Y; N Y; = A,, and since A, is simple, every pair among
Y>, Y3, Yy, Ys is adjacent in Lie(GA). Hence {Y>, Y3, Y4, Y5} induces a clique in Lie(GA) whose vertices
are all non-simple.

(2) A clique containing exactly one simple vertex. Now include the simple subact A, and set

O ={A, Y, Y3, Y4, Vs

We have A, NY;, = A, fori € {2,3,4,5}, so A, is adjacent to each Y;. Moreover, the vertices
Y,, Y3, Y,, Ys are pairwise adjacent by part (1). Therefore, O is a clique of Lie(GA) containing exactly
one simple subact.

Theorem 5.9. Let P.(A) be a G-act and let ® be a clique in Lie(G:A). Then O contains exactly one
simple subact 8 if and only if ® = {B} U P, where P C N($) and every pair of distinct vertices in P is
adjacent through 8.

Proof. Assume first that ® is a clique containing a unique simple subact 8. Let C € V(0) \ {B}.
Since O is a clique, C is adjacent to B, and therefore C € N(8B). Hence V(0) \ {8} € N(B). Set
P =V(O)\{B}. Then ® = {B} UP and P C N(B).

Now let C,D € P with C # D. Since O is a clique, C and D are adjacent, so C N D is a simple
subact. Because 8 is the unique simple subact belonging to ®, and since 8 C C and 8 C D need not be
assumed a priori, we argue as follows. Both C and D are adjacent to 8,50 BNC = B,and BN D = B.
Thus 8 € Cand B C D. Since C N D is simple and contains B, we must have C N D = B. Hence
every pair of distinct vertices in # is adjacent through 8.
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Conversely, suppose that ® = {B} U P, where P C N(8B) and every pair of distinct vertices in P is
adjacent through 8. Then every vertex of £ is adjacent to 8, and any two distinct vertices of $ are
adjacent through 8. Therefore every pair of distinct vertices in ® is adjacent, so O is a clique.

Finally, since every vertex in # is adjacent to 8, we have B C C for every C € P. If some C € P
were simple, then from 8 C C and the simplicity of both 8 and C, it would follow that C = 85,
contradicting C € . Hence 8 is the unique simple subact in @. O

Theorem 5.10. Let P.(A) be a G-act and let ® be a clique in Lie(GA) containing a unique simple
subact 8. Then O(V(®)) > 2 if and only if P.(A) ¢ V(0O) and V(®) contains at least two proper
non-simple subacts that are pairwise adjacent through 8.

Proof. Assume that O(V(®)) > 2. Since © contains a unique simple subact B, Theorem 5.9 implies
that every vertex of V(®) \ {8} is a non-simple subact adjacent to 8, and any two such vertices are
adjacent through 8. Because O(V(0)) > 2, there are at least two such vertices.

Moreover, P.(A) ¢ V(®), because P.(A) is adjacent only to simple subacts: Indeed, for any subact
C C P.(A), one has P.(A) N C = C, so adjacency with P.(A) occurs only when C is simple. Hence
every vertex of V(0) \ {8} is a proper non-simple subact. Therefore V(®) contains at least two proper
non-simple subacts that are pairwise adjacent through 8.

Conversely, suppose that P.(A) ¢ V(®) and that V(®) contains at least two proper non-simple
subacts that are pairwise adjacent through 8. Then these two vertices, together with 8, form three
distinct vertices of the clique ®. Hence O(V(0®)) > 2. |

Let 8 be a simple subact of P.(A). A maximal clique induced by 8 is a clique in Lie(GA) that
contains B and is not properly contained in any larger clique of Lie(GA). For every simple subact 8 of
P.(A), the edge B — P.(A) always determines a maximal clique induced by 8. We refer to this clique
as the trivial maximal clique induced by 8.

If O(N(8B)) = 1, then this trivial clique is the only maximal clique induced by 8. However, when
O(N(B)) > 1, there may exist another maximal clique induced by B, consisting of B together with
proper non-simple subacts in N($) that are pairwise adjacent through 8. We denote such a non-trivial
maximal clique by ®(8) when it exists. Note that O(V(O(8))) > 2.

Example 5.11. Let P.(A) = A, U A, LU A; be a semisimple G-act with exactly three simple
components. Consider the simple subact A;. The only subacts of P.(A) that contain A, are A,
itself, A, U Ay, A; U Az, and P.(A). Hence N(A;) = {A; U Ay, A; U A;, P(A)}. Moreover,
(A UA) N (A U Az) = A, is simple, so A; LI A, and Ay LI Aj are adjacent through (A;. Therefore,
the set {A;, A, UA,, A, U A3} is a clique in Lie(GA) induced by A, and it properly contains the
trivial clique {A;, P.(A)}. In particular, when O(N(A,)) > 1, the trivial maximal clique induced by A,
need not be the only maximal clique induced by Aj.

Example 5.12. Let P.(A) = A; U A, U A; be a semisimple G-act with exactly three simple
components. Consider the simple subact A;. The subacts of P.(A) that contain A, are A, A; L A»,
A UA3, and P.(A). Hence N(A;) = {A|UA,, A LUA3z, P.(A)}. Moreover, (A UA)N (A LUA3) =
A, which is a simple subact. Therefore A; LI A, and A; UA; are adjacent through A;. Consequently,
{A;, A U Ay, A; U A3} forms a clique in Lie(GA) induced by A;. This clique properly contains the
trivial clique {A;, P.(A)}. Thus, when O(N(A,)) > 1, the trivial maximal clique induced by A; need
not be the only maximal clique induced by A;.

AIMS Mathematics Volume 11, Issue 11, 36444-36468.



36460

Let X be a non-empty collection of simple subacts of P.(A). A clique in Lie(GA) is said to be
induced by X if it satisfies the following two conditions: First, for any two distinct vertices of the
clique, their adjacency occurs through some element of X; second, for each 8 € X, there exist two
vertices of the clique whose intersection is exactly 8.

We now show that whenever a non-empty set X of simple subacts gives rise to cliques in Lie(GA),
there exists a maximal such clique.

Theorem 5.13. Let P.(A) be a G-act and let X be a non-empty collection of simple subacts of P.(A)
such that there exists at least one clique in Lie(GA) induced by X. Then there exists a maximal clique
in Lie(GA) induced by X.

Proof. Let X denote the family of all cliques in Lie(GA) that are induced by X. By assumption, X is
non-empty. We partially order X by inclusion.

Let C be a chain in Z, and set @ = (g ®. We claim that ® € X.

Let U,V € ® with U # V. Then there exist ®,, @, € C such that U € ®, and V € O,. Since C is
a chain, either ®; € ®, or @, € ©,. Hence U,V belong to a common clique in C, and therefore they
are adjacent. Thus ®* is a clique.

Moreover, if U,V € O are distinct, then their adjacency occurs through some element of X,
because this already holds in the member of C that contains both of them. Also, for each B € X, there
exists some Og € C and two vertices of ®g whose intersection is exactly 8. These two vertices also
belong to ®*. Therefore ® is induced by X, so ®* € X.

Hence every chain in X has an upper bound in £. By Zorn’s lemma, X contains a maximal element,
which is a maximal clique induced by X. O

Note that if X = {8} consists of a single simple subact, then a maximal clique induced by X is either
the trivial clique B —P.(A) or a non-trivial maximal clique of the form ®($8), when the latter exists. In
general, maximal cliques induced by X need not be unique.

Theorem 5.14. Let P.(A) be a G-act. If O is a clique of Lie(GA), then there exists a unique non-empty
set X of simple subacts of P.(A) such that ® is induced by X.

Proof. Let ® be aclique in Lie(G.A), and define X = {B : B = UNV for some distinct U,V € V(0O)}.
Since O is a clique, every such intersection is a simple subact, and thus X is a set of simple subacts.

By construction, whenever U and V are distinct vertices of @, their adjacency occurs through some
element of X, namely U N V. Also, for every B € X, there exist two vertices of ® whose intersection
is exactly 8. Hence O is induced by X.

To prove uniqueness, let Y be another non-empty set of simple subacts such that ® is induced by Y.
If 8 € X, then by definition there exist distinct vertices U,V € O such that U NV = B. Since O is
induced by Y, this intersection must belong to Y. Thus X C Y. Similarly, Y € X. Therefore X =Y. O

For the graph Lie(GA), the following observations hold. First, if Lie(GA) has finite order, then 2 <
&(Lie(GA)) < O(V(Lie(GA))). Second, the clique number satisfies £(Lie(GA)) = sup{O(V(O(X))) :
X # () is a set of simple subacts of P.(A)}.
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6. The chordless property in Lie(GA)

This section is devoted to the study of chordless paths and the corresponding monophonic notions
in Lie(GA). Monophonic paths represent a stricter notion of connectivity than ordinary paths, as
they exclude the presence of chords and therefore encode finer structural information. In particular,
they allow us to examine how simple intersections arise without introducing shortcuts, yielding a
more delicate understanding of both local and global connectivity properties. We investigate how the
action-theoretic decomposition of the act A under G, together with the distribution of simple subacts,
influences the existence and behavior of monophonic paths. These considerations lead to consequences
for path-based invariants in Lie(GA), especially those sensitive to chordless configurations.

Let G be a Lie group, and let P.(A) be a G-act. Let A;, A, € V(Lie(GA)). We say that A; is
a chordless subact of A, if there exists a monophonic path of length 2 between A; and A,. Thus,
the definition does not require the existence of a longest monophonic path and remains valid when
Lie(GA) is infinite. For any 8 € V(Lie(GA)), the chordless open neighborhood of 8B, denoted by
L¢(B), is defined by

L(B) = {C € V(Lie(GA)) : there exists a monophonic path of length 2 between 8B and C} .
The corresponding chordless closed neighborhood of 8B is given by
L8] = LY(B) U {8}.
We define the collection L°(Lie(G.A)) by
L°(Lie(GA)) = {L[B] : B € V(Lie(GA))} .
The chordless topological space (or simply, the chordless space) associated with Lie(G.A) is the pair

((V(Lie (GA)), TLC(Lie(Gﬂ))) s
where T7c(i.ca) denotes the topology generated by the subbasis L¢(Lie(GA)).

Example 6.1. In Example 3.2, the subacts are all non-empty proper subsets of P.(Z,), that is,
VI[Lie(GZ3)] = P (P.(Z3)) \ {0} . The graph Lie(Z;G)) in Figure 2 that has the subacts set V(Lie(Z;G))
has the subbasis L°(Lie(Z;G)) = P (P.(Z3)) \ {0} . That is, Trc(iez5)) 1S discrete.

Example 6.2. In Example 3.3, the graph Lie(Z;G) in Figure 1 has the subacts set V[Lie(GA)] =
P(P.(A)) — {0} and the subbasis L°(Lie(GA)) = P(P.(A)) — {0}. That is, Trcriecay 1S discrete.

Let Lie(GA) be any graph, and let 8 € V(Lie(GA)) be an isolated subact. Then the singleton
set {B} 1s open in the topological space (V(Lie(GA)), Trcwiecay). Moreover, for any isolated edge
BB’ € E(Lie(GA)), the singleton sets {B} and {B’} are both open. A topology in which the intersection
of any family of open sets is again an open set is called an Alexandroff topology. In the following
results, we assume that Lie(G.A) has locally finite property, that is, every vertex has finite degree.

Theorem 6.3. Let Lie(GA) be locally finite. Then the chordless space (V(Lie(GA)), Ticpiecay) has
the Alexandroff property.
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Proof. Let ¥ = {L°[B] : B € F C V(Lie(GA))} be any family in L°(Lie(GA)). We show that
NgerL[B] 1s an open set. If NgcpL[B] = 0, then it is open. Suppose that NgpL[B] # 0, and let
B € NgepL[B]. Then B’ € L[B] for all B € F. Since the chordless relation is symmetric, we have
Bel[B]forall B e F. Thus, F C L[B']. Since Lie(GA) is locally finite, L[$B’] is finite, and hence
F is finite. Therefore, NgerIL°[$B] is a finite intersection of members of the subbasis L(Lie(GA)), and
hence it is open. Consequently, arbitrary intersections of open sets are open, and the chordless topology
is Alexandroff. i

By using the theorem above, we can put O(8B) to denote the smallest open set w here 8 €
O(8B). Note that if the subact B € V(Lie(GA)) is an isolated subact in a graph Lie(GA) =
(V(Lie(GA)), E(Lie(GA))), then O(B) = {B}. Also O(B) = {B} and O(B’) = {B'} if the edge vy is
an isolated edge with J, = {8, 8'}.

Theorem 6.4. O(B) = Ngc5 L [B'] for all B € V(Lie(GA)).

Proof. By the concept of L(Lie(GA)), L°[B] is an open set in (V(Lie(GA)), TrcLiecay) for all B €
V(Lie(GA)). From Theorem 6.3, Ng (5 L[B'] 1s an open set. If B € L[B], then it is clear that
B € L[B’]. Hence NgepL[B'] is an open set involving B. By the concept of O(B), we get
O(B) € NgeL s L [B']. Let O(B) = NgpL[B’] for some subsets F of V(Lie(GA)). Then B € L[B']
for all 8" € F. This implies 8’ € L[B] for all B’ € F. Then F C L[B]. Therefore

NgreLeg L [B'] C NgerL[B'] = O(B).
So @(B) = ﬂg:eLc[g]Lc[B']. O
Theorem 6.5. Let B, B’ € V(Lie(GA)). Then B € O(H’) if and only if L[B'] C L[B].
Proof. Let 8 € O(8’). From the theorem above, L[B’] = Ngrere(gL[B”]. Then
B € Ngreres L [B”].

That is, B € L[B”] for all B” € L°[B’]. Hence B” € L°[B] for all B” € L°[B’]. Then L[B’] C L[ B].
Conversely, let L°[8’] € L°[8]. Hence

B € NgreLeg L [B7] € NpreLs L [B7] = O(B).
That is, B € O(F’). O

Theorem 6.6. In the graph Lie(GA), T1eLiecay 1 a discrete topology if and only if L°[8'] £ L°[B]
and L°[B] € L°[B’] for all B, B’ € V(Lie(GA)).

Proof. Let (V(Lie(GA)), T1ewiecay) be a discrete space. Hence L°[B] = {B} for all B € V(Lie(GA)).
Then for B # B’ € V(Lie(GA)), B’ ¢ L[B] and B ¢ L[B’]. Hence L[B'] € L[B] and L[B] ¢
Le[B].

Conversely, let B be any subact in V(Lie(GA)). Note that B € L[B]. If B' # B € V(Lie(GA))
and B’ € L°[B], then by Theorem 6.5, L°[B] € L°[$’],and this contradicts the above hypothesis. Then
O(8) = {B} for all B € V(Lie(GA)). That is, (V(Lie(GA)), T1-wiecay) 18 a discrete space. O
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Let F € V(Lie(GA)). In (V(Lie(GA)), Trewieca)s F denotes the closure set of F, the smallest
closed sets involving F. Note that 8 € F if and only if H N F" # 0 for any open H involving B. A set
F is said to be dense in A if F = A, that is, for all open sets O, F N O # 0.

Theorem 6.7. Let B € V(Lie(GA)). Then L¢[B] C L¢[H’] for all B’ € L[ B].

Proof. Let 8" € L¢[B]. Then for every open set F' containing 8”, FNL[B] # 0. Since L[B] C L[F']
for all B’ € L¢[B], then FNL[B’] # 0 for all B’ € L[B]. Then B” € L¢[B’] for all B’ € L[ B]. Hence
Le[B] € Le[B’] for all B’ € L[B]. O
Corollary 6.8. Let B € V(Lie(GA)). Then {B} C L[B] for all B’ € L[B].

Corollary 6.9. Let B, 8" € V(Lie(GA)). Then B € {B'} if and only if L[B] € L[B'].

7. On controlling cliques

In this section, we introduce and study controlling sets of simple subacts and their role in
determining the clique structure of the Lie intersection graph Lie(GA). We show how families of
simple subacts control adjacency patterns among non-simple subacts and lead to the existence and
description of maximal cliques. These results provide a unified framework for understanding clique
formation in terms of simple subact interactions. By Z(P.(:A)), we denote the set of all simple subacts
of P.(A) together with all non-simple subacts that contain no simple subacts.

Theorem 7.1. Let G be any Lie group and let P.(A) be a G-act. Then Z(P.(A)) is an indecomposable
controlling set of Lie(G.A).

Proof. Let B be an arbitrary vertex of Lie(GA) such that B ¢ Z(P.(A)). By the definition of Z(P.(A)),
the subact $ must contain a simple subact, say 8;. Consequently, B is adjacent to B, in Lie(GA).
Thus, every vertex outside Z(P.(A)) is adjacent to at least one vertex in Z(P.(A)), which shows that
Z(P.(A)) is a controlling set. Moreover, vertices of Z(P.(A)) are pairwise non-adjacent, and each
vertex in Z(P.(A)) is required to control itself. Hence removing any vertex from Z(P.(A)) destroys
the controlling property. Therefore, Z(P.(A)) is indecomposable. O

Proposition 7.2. Let G be any Lie group and let P.(A) be a G-act. Then A(Lie(GA)) < O(Z(P.(A))).
Moreover, if Lie(G.A) is connected, then Z(P.(A)) consists only of simple subacts of P.(A).

Proof. By Theorem 7.1, Z(P.(A)) is a controlling set of Lie(G.A). By definition of the control number,
A(Lie(GA)) = inf{lO(C) : C € Con(Lie(GA))}, and hence A(Lie(GA)) < O(Z(P.(A))). If a non-
simple subact of P.(A) contains no simple subact, then it has no neighbors in Lie(GA) and is therefore
an isolated vertex. If Lie(GA) is connected, it admits no isolated vertices, so no such non-simple
subacts can exist. Consequently, Z(P.(A)) consists entirely of simple subacts. O

Note that Z(P.(A)) is not the only possible controlling set of Lie(GA). However, we shall show in
subsequent work that every controlling set can be reconstructed as an indecomposable controlling set
whose vertices consist of the isolated vertices of Lie(GA) together with certain semisimple subacts.
Let C be a controlling set of Lie(GA). We denote by C the set consisting of the following vertices: all
non-simple subacts of P.(A) that contain no simple subacts; all vertices 8 € C such that 8 = Soc(B);
all vertices B € C with B # Soc($B) and Soc(B) € C; and all vertices Soc($B) such that B # Soc(B) and
Soc(B) ¢ C.
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Propositi(gl 7.3. LetP.(A)be a G-act. If Cis a controlling set of Lie(GA), then Cisalsoa controlling
set and O(C) < O(C).

Proof. Assume that C is a controlling set of Lie(GA), and let B be an arbitrary vertex. If B is non-
simple and contains a simple subact, then either 8 ¢ C, in which case there exists C € C with 8 - C
and hence B —Soc(C), or B € C, in which case one of the defining conditions of C applies. In all cases,
B is adjacent to some vertex of C, and thus C is controlling.

Define amaph : C — C by i(D) = D if D = Soc(D) or Soc(P) € C, and h(D) = Soc(D)
otherwise. The map £ is surjective, which implies O(C) < O(C). O

Proposition 7.4. Let P.(A) be a non-simple G-act, and let C be an indecomposable controlling set
of Lie(GA). Then P.(A) and Soc(A) cannot both belong to C. Moreover, if P.(A) ¢ C, then C must
contain at least one simple subact of P.(A).

Proof. If P.(A) # Soc(A) and both belong to C, then C is decomposable, contradicting the assumption.
The final assertion follows from the fact that P.(A) is adjacent only to simple subacts. O

Example 7.5. Let P.(A) = A; U A, U A; U Ay be a semisimple G-act, where A, Ay, Az, A, are
simple subacts. Consider the set C = {A; U A,, Az LI Ay}. Then C is a controlling set of Lie(GA).
Indeed, every vertex containing A; or (A, is adjacent to A; LI A, whenever their intersection is one
of these simple subacts, and similarly every vertex containing Az or Ay is controlled by Aj LI Ay
whenever their intersection is simple. Moreover, C is indecomposable. If A; U A, is removed, then
the simple subacts A; and A, are not controlled. If Aj; LI A, is removed, then the simple subacts Aj
and A, are not controlled. Hence no proper subset of C is a controlling set, and therefore C is an
indecomposable controlling set.

In Lie(GA), if B-C, then adjacency is preserved under passing to socles. In particular, 8- Soc(C),
Soc(B) — C, and Soc(B) — Soc(C) all hold whenever the socles are defined. Thus, adjacency relations
remain valid after replacing one or both vertices by their socles. Conversely, if Soc(8) — Soc(C), then
necessarily 8 — Soc(C) and Soc(8B) — C hold. However, in this situation 8 and C themselves need
not be adjacent in Lie(GA). Motivated by these observations, we show in the next proposition that
any controlling set of Lie(GA) can be replaced by an indecomposable controlling set whose vertices
consist of semisimple subacts of P.(A), together with the isolated vertices of the graph.

Proposition 7.6. Let P.(A) be a G-act, and let C be a controlling set of Lie(G:A). Then there exists
an indecomposable controlling set £ such that O(P) < O(C), where P consists of semisimple subacts
of P.(A) together with the isolated vertices of Lie(GA). Moreover, if P.(A) ¢ P, then ¥ contains at
least one simple subact of P.(A).

Proof. By Proposition 7.3, we may replace C by C so that O(C) < O(C), and every vertex of C is
semisimple, except possibly vertices B # Soc(8B) with Soc(8B) € C. For each such vertex 8, choose a
simple subact 74 C B and replace B by 7g. Denote the resulting set by Cy. Then C, consists entirely
of semisimple subacts and satisfies O(C) < O(@). Let C be a vertex of Lie(GA) not contained in
Co. If C ¢ @, then C is adjacent to some vertex of @, and hence to a vertex of Cy by construction. If
C € C, then it was replaced by 7¢, and we have C — 7¢. Thus every vertex of Lie(G.A) is adjacent to
some vertex of Cy, showing that C, is a controlling set. Since Cy, may be decomposable, it contains an
indecomposable controlling subset . The final assertion follows from Proposition 7.4. O
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Example 7.7. Let P.(A) = A LA, LA LLALLIAS be a semisimple G-act with five simple components.
Then the set $ = {A;, Ay, A3, Ay U As} is an indecomposable controlling set of Lie(GA) of least
possible cardinality. Hence ALie(GA)) = 4.

Proposition 7.8. Let P.(A) be a semisimple G-act with n components, where n > 1. Then
NLie(GA)) <n— 1.

Proof. Write P.(A) = A UA, U---UA,. If n =2, then {P.(A)} is an indecomposable controlling set
of Lie(GA) of minimum cardinality, and hence A(Lie(GA)) = 1. Assume now that n > 2, and define
C={A,A..., Aprr, A1 UA,}. Let B be a vertex of Lie(GA) not belonging to C. If B = P.(A) or
B contains one of the components A; with 1 < j < n -2, then B is adjacent to A; € C. Otherwise, 8
must be equal to either A, or A,, and in this case B is adjacent to A, LI A, € C. Thus every vertex
outside C is adjacent to some vertex of C, so C is an indecomposable controlling set of cardinality
n — 1. Consequently, A Lie(GA)) < n— 1. m|

Theorem 7.9. Let P.(A) be a semisimple G-act with n components, where n > 1. Then ALie(GA)) =
n—1.

Proof. For n = 2, the result follows immediately, since {P.(A)} is an indecomposable controlling set
of minimum size, and hence ALie(GA)) = 1. Assume that the statement holds for all semisimple
G-acts with n components, and let P.(A) be semisimple with n + 1 components. By Proposition 7.8,
we have ALie(GA)) < n. Suppose, toward a contradiction, that A Lie(GA)) < n. Then there exists an
indecomposable controlling set C of Lie(GA) such that O(C) < n. By Proposition 7.3, we may assume
that C contains a simple subact A; of P.(A). Choose a vertex B ¢ C such that A; £ B. Then B is not
adjacent to A;. Since C is indecomposable, there exists C € C such that 8 is adjacent to C through
a simple subact A, # A;. Since P.(A) is semisimple, every vertex O € C is a coproduct of simple
components. For each D € C, define
D() = U ﬂj.

ﬂ_,‘QD
Jj#1

After omitting the empty subact, define
C():{D()ZZ)EC, Z)()?&@}.

Thus, C, is obtained by deleting the component A; from every vertex of C that contains it. Then
O(Cy) < O(C) < n, and C is a controlling set of Gg(Ay), where A, is the semisimple G-act obtained
from P.(A) by deleting the component A;. The act A, has exactly n components. Hence AGg(Ayp)) <
n — 1, contradicting the induction hypothesis. Therefore, ALie(GA)) = n — 1. O

8. Conclusions

In this paper, we introduced the Lie intersection graph Lie(GA) for continuous actions of Lie groups
on topological semigroups and studied how its algebraic and topological structure reflects properties
of the underlying G-act. By defining adjacency through intersections that are simple subacts, we
investigated classical graph invariants such as connectivity, diameter, girth, bipartiteness, and clique
number in terms of simplicity, semisimplicity, and the Artinian property of P.(A). In particular, we
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showed that the Artinian property of P.(A) ensures the connectedness of Lie(GA). This establishes
a relation between the chain condition on subacts and the connectivity of the associated graph. We
also characterized bipartite and complete bipartite Lie intersection graphs in terms of essential socles
and minimal subacts, and showed that the formation and size of cliques are related to the distribution
of simple subacts. In addition to the usual notion of connectivity, we defined chordless paths and
the resulting chordless topology on the vertex set of Lie(G:A). We established that this topology is
Alexandroff, revealing a natural order-theoretic structure associated with the graph. Thus, the Lie
intersection graph provides a combinatorial and topological framework for studying continuous Lie
group actions on topological semigroups.
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