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Abstract: We developed a three-dimensional Filippov piecewise-smooth population system
characterizing aphid–ladybug–ant interactions, in which a threshold-based switching function
describes the transition of aphids between pure reproduction and honeydew-excreting ant-recruitment
strategies. In conventional numerical simulations of ecological models, sustained oscillations are
often identified directly as steady-state limit cycles. Within the framework of non-smooth dynamical
systems, the sliding dynamics, equilibrium classification, and stability of the model were analyzed.
Time-series simulations, maximum Lyapunov exponent scans, and semi-logarithmic amplitude-decay
analysis revealed that the long-lasting damped oscillations of the system are long transients rather than
genuine limit cycles, which can be easily misjudged as steady-state oscillations under finite simulation
time. The system exhibited monostable and bistable behaviors within the parameter domains examined,
and the long transients were jointly induced by the weak stability of equilibria and the geometric
constraints of the piecewise switching structure; the threshold switching, rather than any adaptive
optimization, shaped the transient population dynamics. These findings highlight the distinction
between transient evolution and genuine steady-state behavior in threshold-regulated ecosystems and
provide reliable references for the numerical identification of such dynamics.
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1. Introduction

The aphid–ladybug–ant system represents a typical predation-mutualism coupled ecosystem in
nature [1, 2]. Aphids feed on plant sap for reproduction, yet they lack effective defensive mechanisms
and are vulnerable to predation by ladybugs [3]. Aphids can secrete honeydew to attract ants [4].
While feeding on honeydew, ants drive away ladybugs and provide protection for aphids. Nevertheless,
honeydew secretion consumes aphids’ energy and inhibits aphid population reproduction. Accordingly,
aphids balance benefits against costs according to the level of natural enemy threat, switching between
“full-scale reproduction” and “recruiting ants for defence at metabolic cost”. Such a strategic
choice means that the population dynamics no longer follow a single smooth system of ordinary
differential equations, thereby forming a Filippov piecewise-smooth system. In this paper, a Filippov
piecewise-smooth dynamical model is established for aphids x, ladybugs yn, and ants ym:

dx
dt
= rx

(
1 −

x
K

)
−

anxyn

1 + bx
− cxyn,

dyn

dt
=
η1anxyn

1 + bx
− µnyn − δymyn,

dym

dt
= −µmym + η2αxyn,

(1.1)

with δ, c, η2 = 0, H(x, yn, ym) < 0,
δ, c, η2 > 0, H(x, yn, ym) > 0.

H(x, yn, ym) = yn − βym − γ, α denotes the honeydew secretion rate of aphids, η2 represents the
conversion efficiency from honeydew to the ant population, an is the attack rate of ladybugs in the
absence of ants, b is the half-saturation constant of the Holling type–II predation term, η1 is the
conversion efficiency of ladybugs, µm is the natural mortality rate of ants, µn is the natural mortality rate
of ladybugs, δ characterizes the interference effect of ants on ladybugs; c stands for the reproduction
cost incurred by aphids for honeydew secretion, β describes the protective strength provided by ants;
γ is the critical threat threshold of ladybugs, r is the intrinsic growth rate of aphids, and K is the
environmental carrying capacity.

The Filippov piecewise-smooth system exhibits rich dynamical behaviors including sliding motion
and coexistence of multiple attractors [5, 6]. Recent studies have further extended threshold-control
Filippov modeling to reaction–diffusion and multi-trophic settings; for instance, Zhang and Yang
analyzed a reaction–diffusion Filippov food-chain model with threshold control and systematically
examined the interplay between diffusion-induced dynamics and the sliding modes generated by
threshold switching [7]. Most existing studies on aphid–ladybug–ant interactions rely on numerical
simulations to analyze population oscillations, and frequently interpret sustained oscillations observed
in simulations directly as stable limit cycles [8]. Nevertheless, long-transient effects exist in piecewise-
smooth systems: trajectories can display oscillatory time-series characteristics over an extended period
and converge to equilibrium points only after extremely long evolution [9]. If the simulation duration is
insufficient, long-transient oscillations can be easily confused with genuine steady-state self-sustained
oscillations, leading to dynamical misjudgment [10].

To address the above-mentioned issues, this paper adopts the Filippov piecewise-smooth ecological
model given by system (1.1). Combined with time-series simulation and phase-plane analysis, it
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illustrates the dilemma of dynamical identification caused by insufficient simulation duration. By
means of parameter scanning of the maximum Lyapunov exponent [11], quantitative semi-logarithmic
amplitude-decay analysis [12], and linearization of the Jacobian matrix at equilibrium points, this
study distinguishes long-transient oscillations [13] from steady-state attractors [14] and reveals the
intrinsic mechanism behind the emergence of long transients. The obtained results can provide
theoretical references for interpreting numerical simulations of piecewise ecological systems with
strategy-switching behaviors.

The organization of this paper is outlined as follows. Section 2 introduces the basic properties
and dynamical descriptions of the two subsystems within the Filippov system. Section 3 explores the
sliding-mode characteristics of the sliding vector field, identifies all possible equilibrium points, and
the corresponding dynamical behaviors. Section 4 carries out dynamical simulations and quantitative
analyzes to recognize long-transient behaviors and reveal their formation mechanisms. Section 5
summarizes and discusses the whole paper, concludes the main findings, and illustrates the ecological
implications of the proposed model.

2. Model and basic properties

2.1. Filippov system

Based on the biological interpretation of the model, analysis is restricted to system (1.1) on R3
+ =

{(x, yn, ym) | x ≥ 0, yn ≥ 0, ym ≥ 0}. The Filippov representation of system (1.1) is written as:

dX(t)
dt
=

FS 1(X(t)), X(t) ∈ S 1,

FS 2(X(t)), X(t) ∈ S 2,
(2.1)

where X = (x, yn, ym)T , S 1 = {(x, yn, ym) | H(x, yn, ym) < 0}, S 2 = {(x, yn, ym) | H(x, yn, ym) > 0}, and
H(x, yn, ym) = yn − βym − γ with γ > 0.

FS 1(X(t)) =
(
rx(1 −

x
K

) −
anxyn

1 + bx
,
η1anxyn

1 + bx
− µnyn,−µmym

)T
,

FS 2(X(t)) =
(
rx(1 −

x
K

) −
anxyn

1 + bx
− cxyn,

η1anxyn

1 + bx
− µnyn − δymyn,−µmym + η2αxyn

)T
.

Two modeling choices deserve a brief explanation. First, the cost of honeydew secretion is modeled
by the bilinear term −cxyn: the secretion effort of an individual aphid is stimulated by the presence of
ladybugs, so that the per-capita reproductive cost is proportional to the ladybug density yn, while the
total cost scales with the aphid abundance x. This mass-action form is adopted, rather than a saturating
one, because the saturating Holling type–II response has already been assigned to the predation term,
and the bilinear cost keeps the algebraic analysis tractable (explicit equilibria and the quartic equation
are solved in the Appendix); the same convention is standard in threshold-control pest models [15].
Second, the switching function H = yn − βym − γ does not involve the aphid density x: the defensive
switch is triggered by the predation threat perceived by the aphids, which is measured by the ladybug
density yn reduced by the protection βym provided by ants and compared with the critical threshold γ,
and this threat level does not depend on the aphids’ own abundance.

The discontinuous boundary is denoted by Σ = {(x, yn, ym) | H(x, yn, ym) = 0} [16]. This boundary
separates the two regions associated with subsystems S 1 and S 2. Consequently, the state space R3

+ is
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divided into three parts, namely, S 1, Σ, and S 2, such thatR3
+ = S 1∪Σ∪S 2. In this expression, the regions

S 1 and S 2 of the Filippov system are referred to as subsystem S 1 and subsystem S 2, respectively.

2.2. Dynamics of subsystem S 1

This section focuses on the existence of nonnegative equilibrium points and the analysis of their
local stability for subsystem S 1. Subsystem S 1 admits three equilibrium points within the nonnegative
region:

E1
S 1
= (0, 0, 0), E2

S 1
= (K, 0, 0), E3

S 1
= (x1, yn1, 0)

and

x1 =
µn

η1an − µnb
, yn1 =

r(1 − x1/K)(1 + bx1)
an

.

The presence of these equilibrium points indicates the following properties:
- The boundary equilibria E1

S 1
= (0, 0, 0) and E2

S 1
= (K, 0, 0) always occur in the system;

- The positive equilibrium E3
S 1
= (x1, yn1, 0) exists if and only if 0 < x1 < K holds. In terms of

the model parameters, this two-sided condition is equivalent to η1an − µnb > 0 and µn(1 + bK) <
Kη1an: the first inequality guarantees x1 > 0, while x1 < K is equivalent to the second one since
x1 = µn/(η1an − µnb).

Based on the preceding discussion, the Jacobian matrix of subsystem S 1 can be written as

J|Ei
S 1

(x,yn,ym) =


r −

2rx
K
−

anyn

(1 + bx)2 −
anx

1 + bx
0

η1anyn

(1 + bx)2

η1anx
1 + bx

− µn 0

0 0 −µm


∣∣∣∣∣
Ei

S 1
(x,yn,ym)

,

where i = 1, 2, 3. Let λ j( j = 1, 2, 3) denote the three eigenvalues of the characteristic equation
evaluated at Ei

S 1
. The local stability of the equilibrium point Ei

S 1
= (x, yn, ym) is therefore governed

by these eigenvalues. At the equilibrium point E1
S 1
= (0, 0, 0), the characteristic equation yields

eigenvalues λ1 = r, λ2 = −µn, and λ3 = −µm, which implies that E1
S 1
= (0, 0, 0) corresponds to an

unstable saddle point.
The characteristic equation associated with E2

S 1
= (K, 0, 0) is given by

(λ + r)(λ −
η1anK
1 + bK

+ µn)(λ + µm) = 0,

where

λ1 = −r, λ2 =
η1anK
1 + bK

− µn, λ3 = −µm.

Since λ1, λ3 < 0, the stability of E2
S 1

depends on λ2: when
η1anK
1 + bK

< µn, the equilibrium E2
S 1

represents

a stable node. In contrast, when
η1anK
1 + bK

> µn, E2
S 1

becomes an unstable saddle point.
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The characteristic equation related to E3
S 1
= (x1, yn1, 0) is expressed in the form below:

(λ + µm)
[
λ2 − a11λ − a12a21

]
= 0

and

a11 = r
(
1 −

2x1

K

)
−

r
(
1 − x1

K

)
1 + bx1

, a12 = −
anx1

1 + bx1
, a21 =

η1r
(
1 − x1

K

)
1 + bx1

,

where

λ1 = −µm, λ2 =
a11 −

√
a2

11 + 4a12a21

2
, λ3 =

a11 +

√
a2

11 + 4a12a21

2
.

Let C = −a12a21 = η1anrx1 (1 − x1/K) / (1 + bx1)2, and then C > 0. The characteristic roots can be
rewritten as

λ1 = −µm, λ2 =
a11 −

√
a2

11 − 4C

2
, λ3 =

a11 +

√
a2

11 − 4C

2
.

Since λ1 = −µm < 0, the stability of E3
S 1

depends on λ2, λ3. Observe that
√

a2
11 − 4C < |a11| whenever

C > 0; hence the sign of the real parts of λ2, λ3 is governed by a11 alone, while the sign of a2
11 − 4C

distinguishes between node-type and focus-type behavior:

(i) if a11 < 0 and a2
11 ≥ 4C, then λ2 ≤ λ3 < 0 are two (possibly coincident) negative real roots, and

E3
S 1

is a stable node;
(ii) if a11 < 0 and a2

11 < 4C, then λ2, λ3 form a pair of complex conjugate roots with a negative real
part, and E3

S 1
is a stable focus;

(iii) if a11 > 0 and a2
11 ≥ 4C, then λ3 ≥ λ2 > 0 are two (possibly coincident) positive real roots, and

E3
S 1

is an unstable node;
(iv) if a11 > 0 and a2

11 < 4C, then λ2, λ3 form a pair of complex conjugate roots with a positive real
part, and E3

S 1
is an unstable focus.

When a11 = 0, since C > 0, the characteristic roots λ2,3 = ±i
√

C form a pair of purely imaginary
roots, which suggests that a Hopf bifurcation may occur at E3

S 1
. To guarantee the occurrence of the

Hopf bifurcation, the transversality condition must be verified. Taking the carrying capacity K as the
bifurcation parameter, one computes

∂a11

∂K
=

rx1

K2

(
2 −

1
1 + bx1

)
> 0,

which is strictly positive for any x1 > 0. Therefore, as K passes through the critical value at which
a11 = 0, the pair of complex eigenvalues crosses the imaginary axis transversally, and the system
undergoes a Hopf bifurcation. The stability of the bifurcating periodic orbit is determined by the first
Lyapunov coefficient, whose computation is beyond the scope of the present work. For the parameter
sets adopted in the numerical simulations of Section 4, one verifies that a11 < 0 and a2

11 < 4C, so that
E3

S 1
is a stable focus, which is consistent with the spiral convergence observed in the simulations.
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2.3. Dynamics of subsystem S 2

This section focuses on the existence and local stability properties of the nonnegative equilibrium
points of subsystem S 2. Subsystem S 2 admits three nonnegative equilibrium points, given by

E1
S 2
= (0, 0, 0), E2

S 2
= (K, 0, 0), E3

S 2
= (x2, yn2, ym2),

and

yn2 =
µmym2

η2αx2
, ym2 =

1
δ

(
η1anx2

1 + bx2
− µn

)
,

while x2 needs to be solved via Ferrari’s method (the detailed calculation procedures are provided in
Appendix A.

The existence of these equilibrium points implies the following results.
- The boundary equilibria E1

S 2
= (0, 0, 0) and E2

S 2
= (K, 0, 0) are always present.

- The positive equilibrium E3
S 2
= (x2, yn2, ym2) exists if and only if the root x2 of the quartic equation

in the Appendix satisfies µn/(η1an − µnb) < x2 < K.
Based on the above results, the Jacobian matrix of subsystem S 2 is obtained as

J|Ei
S 2

(x,yn,ym) =


r
(
1 −

2x
K

)
−

anyn

(1 + bx)2 − cyn −

( an

1 + bx
+ c

)
x 0

η1anyn

(1 + bx)2

η1anx
1 + bx

− µn − δym −δyn

η2αyn η2αx −µm


∣∣∣∣∣
Ei

S 2
(x,yn,ym)

,

where i = 1, 2, 3. Let λ j( j = 1, 2, 3) represent the three eigenvalues of the characteristic equation
evaluated at Ei

S 2
. The local stability of the equilibrium point Ei

S 2
= (x, yn, ym) is determined by these

eigenvalues. At the equilibrium point E1
S 2
= (0, 0, 0), the eigenvalues of the characteristic equation are

λ1 = r, λ2 = −µn, and λ3 = −µm, indicating that E1
S 2
= (0, 0, 0) is an unstable saddle point.

The characteristic equation corresponding to E2
S 2
= (K, 0, 0) is

(λ + r)
(
λ −
η1anK
1 + bK

+ µn

)
(λ + µm) = 0,

where

λ1 = −r, λ2 =
η1anK
1 + bK

− µn, λ3 = −µm.

Since λ1, λ3 < 0, the stability of E2
S 2

depends on λ2: when
η1anK
1 + bK

< µn, the equilibrium E2
S 2

represents

a stable node. In contrast, when
η1anK
1 + bK

> µn, E2
S 2

becomes an unstable saddle point.

The characteristic equation related to E3
S 2
= (x2, yn2, ym2) is expressed in the form below:

λ3 + a2λ
2 + a1λ + a0 = 0
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and
a2 = µm − p,

a1 = −pµm + δη2αxyn + η1anq
xyn

(1 + bx)2 ,

a0 = −pδη2αxyn + µmη1anq
xyn

(1 + bx)2 − δη2αqx(yn)2,

where

p = r
(
1 −

2x
K

)
−

anyn

(1 + bx)2 − cyn, q =
an

1 + bx
+ c.

According to the Routh–Hurwitz criterion [17], when the conditions a2 > 0, a1 > 0, a0 > 0 and
a2a1 > a0, hold, E3

S 2
is identified as either a stable focus or a stable node.

2.4. Basic properties

In this section, some definitions, a theorem and symbols regarding general non-smooth Filippov
systems [5, 16, 18, 19] will be introduced.

For a general Filippov system, the contact between the smooth vector fields FS 1 and FS 2 (i.e.,
subsystems S 1 and S 2) and the discontinuous boundary Σ is characterized by the directional Lie
derivative [19]:

LFS i
(H(X)) = ⟨∇H(X),FS i(X)⟩, i = 1, 2,

where ⟨, ⟩ indicates the standard scalar product and ∇H(X) denotes the gradient of H(X), which is
non-vanishing on Σ . The higher–order Lie derivatives are given by

Ln
FS i

(H(X)) = ⟨∇Ln−1
FS i

(H(X)),FS i(X)⟩, n = 1, 2, . . .

Let
σ(X) � ⟨∇H(X),FS 1(X)⟩⟨∇H(X),FS 2(X)⟩ = LFS 1

(H(X))LFS 2
(H(X)).

On Σ, we distinguish the following regions:
(i) Crossing region, defined by ΣC � {X ∈ Σ | σ(X) > 0};
(ii) Sliding region, defined by ΣS � {X ∈ Σ | σ(X) < 0}. More precisely, ΣS can be separated into

the two following regions:

(a) Attractive sliding region, defined by

ΣA �
{
X ∈ ΣS | LFS 1

(H(X)) > 0 and LFS 2
(H(X)) < 0

}
.

(b) Repulsive (or escaping) sliding region, defined by

ΣE �
{
X ∈ ΣS | LFS 1

(H(X)) < 0 and LFS 2
(H(X)) > 0

}
.

Note that when X ∈ ΣS , by Filippov’s convex method [6, 16, 20] , the sliding vector field is a convex
combination of the two vector fields FS 1 and FS 2 , defined as

FΣS (X) = λFS 1(X) + (1 − λ)FS 2(X), (2.2)
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where the value of λ is chosen such that LFΣS
(H(X)) = 0, i.e.,

λ = λ(X) =
LFS 2

(H(X))

LFS 2
(H(X)) − LFS 1

(H(X))
=

⟨∇H(X),FS 2(X)⟩
⟨∇H(X),FS 2(X) − FS 1(X)⟩

∈ (0, 1).

Additionally, the corresponding definitions of various equilibrium points of Filippov system (2.1) are
as follows.

Definition 2.1. A point E(x, yn, ym) is called a regular equilibrium of Filippov system (2.1) if it is
an equilibrium of the subsystem S 1 or S 2, i.e., FS 1(E) = 0 or FS 2(E) = 0. More precisely, it is an
admissible equilibrium if

FS 1(E) = 0 and E(x, yn, ym) ∈ S 1,

or

FS 2(E) = 0 and E(x, yn, ym) ∈ S 2.

Alternatively, E(x, yn, ym) is called a virtual equilibrium if

FS 1(E) = 0 and E(x, yn, ym) ∈ S 2,

or

FS 2(E) = 0 and E(x, yn, ym) ∈ S 1.

Remark 2.1. Note that in [21], the point E(x, yn, ym) is also called a regular equilibrium if FS 1(E) = 0
and E(x, yn, ym) ∈ S 1 (or FS 2(E) = 0 and E(x, yn, ym) ∈ S 2).

Definition 2.2. A point E = (x, yn, ym) is called a boundary equilibrium of Filippov system (2.1) if
FS 1(E) = 0 (or FS 2(E) = 0) with E = (x, yn, ym) ∈ Σ.

Definition 2.3. A point E(x, yn, ym) is called a pseudo-equilibrium of Filippov system (2.1) if it is an
equilibrium of the sliding dynamical equation (2.2), i.e., FΣS (E) = 0 and E(x, yn, ym) ∈ ΣS . Moreover, if
the point E(x, yn, ym) ∈ ΣC satisfies FΣS (E) = 0, we say E(x, yn, ym) is a virtual pseudo-equilibrium [18,
22].

Definition 2.4. A point E(x, yn, ym) is called a tangent point of Filippov system (2.1) if H(E) = 0 and
LFS 1

(H(E)) = 0 (or H(E) = 0 and LFS 2
(H(E)) = 0). Moreover, the tangent point E(x, yn, ym) is said to

be visible if L2
FS 1

(H(E)) < 0 and invisible if L2
FS 1

(H(E)) > 0. Analogously, for a tangent point of FS 2 , it
is visible if L2

FS 2
(H(E)) > 0 and invisible if L2

FS 2
(H(E)) < 0 [16, 19].

3. Sliding dynamics of Filippov system (2.1)

This section presents the principal features of Filippov system (2.1), encompassing the sliding
region, tangent points, regular equilibrium points, boundary equilibrium points, virtual equilibrium
points, and the associated sliding vector field.
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3.1. Existence of a sliding region

Based on the definition of the sliding region ΣS in Section 2, the inequality σ(X) < 0 can be
expressed as:(

η1anxyn

1 + bx
− µnyn + βµmym

) (
η1anxyn

1 + bx
− µnyn − δymyn + βµmym − βη2αxyn

)
< 0. (3.1)

The formation of an attractive sliding region requires the vector fields of the two subsystems to point
toward the switching surface. On Σ, the condition H(x, yn, ym) = 0 gives yn = βym + γ; substituting this
into the two Lie derivatives yields

F+(x, ym) =
η1anx(βym + γ)

1 + bx
− µn(βym + γ) + βµmym

and

F−(x, ym) =
η1anx(βym + γ)

1 + bx
− µn(βym + γ) − δym(βym + γ) + βµmym − βη2αx(βym + γ),

so that the attractive sliding region is characterized by the two inequalities F+(x, ym) > 0 and
F−(x, ym) < 0 holding simultaneously. After calculation, the two functions F+ and F− can be rewritten
with the help of the auxiliary variables

A =
η1anx
1 + bx

− µn, B = A + µm,

C = A − βη2αx, D = βB − β2η2αx − δγ,

namely, F+(x, ym) = γA + βBym and F−(x, ym) = γC + Dym − δβy2
m.

(1) Setting F+(x, ym) = 0 yields

ym0 = −
γA
βB

(when B , 0).

(2) Setting F−(x, ym) = 0 and solving the quadratic equation gives

ym1 =
D −
√
∆

2δβ
, ym2 =

D +
√
∆

2δβ
(ym1 ≤ ym2),

where
∆ = D2 + 4δβγC.

The possible cases that may arise in the sliding domain are classified as follows:

(i) When B > 0:
(a) If ∆ > 0, ΣA1 =

(
max(ym0, 0), ym1

)
∪

(
max(ym0, ym2), ∞

)
.

(b) If ∆ ≤ 0, ΣA2 =
(
max(ym0, 0), ∞

)
.

(ii) When B < 0:
(a) If ∆ > 0, ΣA3 =

[
0, min(ym0, ym1)

)
∪

(
ym2, ym0

)
.

(b) If ∆ ≤ 0, ΣA4 =
[
0, ym0

)
.
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(iii) When B = 0, F+(x, ym) = γA is a constant:
(a) If A > 0, then F+(x, ym) > 0 holds for all cases,
where

ΣA5 =

[0, ym1) ∪ (ym2,+∞), ∆ > 0,
[0,+∞), ∆ ≤ 0.

(b) If A ≤ 0, then ΣA6 = ∅.

The existence of the sliding mode domain can be verified by determining the effective interval over
which the sliding mode is defined.

3.2. Equilibrium point classification and sliding vector field dynamics

The primary objective of this section is to perform a comprehensive analysis of the four types
of equilibria present in Filippov system (2.1): regular equilibrium, virtual equilibrium, boundary
equilibrium, and pseudo-equilibrium [23]. These concepts were introduced in Section 2. The three
equilibria of subsystems S 1 and S 2 are given by:

E1
S i
= (0, 0, 0), E2

S i
= (K, 0, 0), (i = 1, 2).

In this case, E1
S 1

and E2
S 1

are always regular equilibria of subsystem S 1, while E1
S 2

and E2
S 2

are always
virtual equilibria of subsystem S 2 (they lie in S 1). Next, we analyze whether the equilibria E3

S 1
and E3

S 2

are virtual or regular.
For E3

S 1
, since ym = 0, one has H(E3

S 1
) = yn1−γ: if yn1 < γ, then E3

S 1
∈ S 1 and it represents a regular

equilibrium; if yn1 > γ, then E3
S 1
∈ S 2 and it represents a virtual equilibrium; if yn1 = γ, then E3

S 1
∈ Σ

and it represents a boundary equilibrium. For E3
S 2

, one has H(E3
S 2

) = yn2 − βym2 − γ: if H(E3
S 2

) < 0,
then E3

S 2
∈ S 1 and it represents a virtual equilibrium; if H(E3

S 2
) > 0, then E3

S 2
∈ S 2 and it represents a

regular equilibrium; if H(E3
S 2

) = 0, then E3
S 2
∈ Σ and it represents a boundary equilibrium.

The pseudo-equilibrium points of the Filippov system (2.1) correspond to the equilibrium points of
the sliding vector field (2.2). Therefore, the first step is to identify the equilibrium points of this sliding
vector field (2.2). Using Filippov convex method [6, 16, 20], the differential equation governing the
sliding dynamics within the sliding region ΣA can be expressed as:

dx
dt
= rx

(
1 − x

K

)
−

an x(βym+γ)
1+bx − cx(βym + γ) M

N ,

dym

dt
= −µmym + η2αx(βym + γ) M

N ,
(3.2)

where

M =
η1anx
1 + bx

− µn +
βµmym

βym + γ
, N = δym + βη2αx.

Pseudo-equilibria are determined by the equilibrium conditions of the sliding-mode dynamical
equations on the surface H = 0, and the system of algebraic equations (3.2) they satisfy takes
an implicit form. After elimination, a high-order polynomial equation with respect to x (degree
≥ 5) is obtained. According to Galois theory, such equations admit no general radical solutions
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and cannot be further simplified into explicit analytical expressions. Therefore, we adopt numerical
methods (e.g., the Newton–Raphson method) to solve the system within the biologically feasible region
0 < x < K, ym > 0. All numerical solutions are verified using the sliding-mode reachability condition
λ ∈ [0, 1], which is equivalent to 1 − λ = M/N ∈ [0, 1], to guarantee practical physical significance.

4. Numerical simulation

By means of analytical deduction, the preceding sections conducted theoretical research focusing on
the existence of equilibrium points, sliding modes, and tangency points, alongside the dynamic features
belonging to the sliding vector field of the studied system. A large set of numerical simulations based
on MATLAB was therefore conducted, aiming to validate the above theoretical results and delve into
more sophisticated dynamical phenomena.

4.1. Long-transient orbital behaviors under monostable and bistable regimes

In Figures 1–4, panel (a) shows the three-dimensional state-space trajectory plot in (x, yn, ym) space,
panel (b) is the time-series plot, and panel (c) denotes the phase projection plot in (x, yn) space.
For Figure 1, the parameter an is set to 0.7. Under this set of parameters, the system exhibits a
single attracting state within the tested initial-condition domain and thus operates in the monostable
regime [24]. Trajectories spiral for a long time near the Filippov switching manifold and sliding region,
and the time-series exhibit damped oscillations lasting for more than one thousand time units. Although
all sampled trajectories converge to the same attracting state, they converge extremely slowly and
exhibit nearly persistent oscillations within a finite observation window. It should be noted that, under
this parameter set, the positive equilibria E3

S 1
and E3

S 2
of the two subsystems are both virtual equilibria

(yn1 − γ > 0 and yn2 − βym2 − γ < 0); hence the attracting state observed in the simulation is not
a subsystem equilibrium itself but an attracting state of the full piecewise-smooth system associated
with the switching manifold Σ. For Figure 2, the parameter is adjusted to an = 0.8 on the basis of
Figure 1; for Figure 3, µn = 0.2 is adopted; for Figure 4, an = 0.9, µn = 0.2, r = 2.6, and γ = 2 are set.
In Figures 2–4, the system exhibits two coexisting attracting states within the tested initial-condition
domain and hence bistable behavior [25]. Three sets of different initial conditions are selected for
numerical integration. Trajectories corresponding to distinct initial conditions also undergo long-time
spiral oscillations near the switching manifold and eventually converge to two different attracting states,
respectively. Under these parameter sets, the positive equilibria of the two subsystems are again virtual,
so the two attracting states observed in the simulations are associated with the switching manifold Σ
rather than with the subsystem equilibria themselves. Comparing the phenomena under monostable and
bistable regimes, it can be seen that long-transient damped oscillations are not unique to bistability;
they can also occur within monostable parameter regions. It should be noted that both monostable
and bistable cases in this section correspond to genuine attractor configurations of the system, while
trajectories exhibit slowly converging transient oscillations. This raises a key question: Do long-
lasting oscillations observed in numerical simulations represent real steady-state oscillatory attractors,
or merely transient dynamics during the convergence process?

AIMS Mathematics Volume 11, Issue 11, 36356–36378.



36367

Figure 1. (a) three-dimensional state-space trajectory plot in (x, yn, ym) space; (b) time Series
plot; (c) phase projection plot in (x, yn) space. Parameters of system (2.1): K = 10, an = 0.7,
b = 0.1, c = 0.5, µn = 0.18, µm = 0.18, η1 = 0.8, η2 = 0.9, α = 0.5, δ = 0.12, r = 4, γ = 3.5,
β = 0.5.

Figure 2. (a) three-dimensional state-space trajectory plot in (x, yn, ym) space; (b) time Series
plot; (c) phase projection plot in (x, yn) space. Parameters of system (2.1): K = 10, an = 0.8,
b = 0.1, c = 0.5, µn = 0.18, µm = 0.18, η1 = 0.8, η2 = 0.9, α = 0.5, δ = 0.12, r = 4, γ = 3.5,
β = 0.5.
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Figure 3. (a) three-dimensional state-space trajectory plot in (x, yn, ym) space; (b) time Series
plot; (c) phase projection plot in (x, yn) space. Parameters of system (2.1): K = 10, an = 0.7,
b = 0.1, c = 0.5, µn = 0.20, µm = 0.18, η1 = 0.8, η2 = 0.9, α = 0.5, δ = 0.12, r = 4, γ = 3.5,
β = 0.5.

Figure 4. (a) three-dimensional state-space trajectory plot in (x, yn, ym) space; (b) time Series
plot; (c) phase projection plot in (x, yn) space. Parameters of system (2.1): K = 10, an = 0.9,
b = 0.1, c = 0.5, µn = 0.20, µm = 0.18, η1 = 0.8, η2 = 0.9, α = 0.5, δ = 0.12, r = 2.6, γ = 2,
β = 0.5.

4.2. Apparent spurious limit cycles generated by short-time simulations

Under both monostable and bistable parameter conditions, trajectories exhibit prominent apparent
oscillatory features if only the early-stage simulation results of finite duration are examined.
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For the monostable case shown in Figure 5, we set the parameters following the configuration
in Figure 1. Within a short integration time, trajectories spiral repeatedly around the equilibrium
point on the phase plane and become nearly closed. The corresponding time-series displays sustained
oscillations with very slight amplitude variation. Based solely on this limited segment of data, such
dynamical can easily behaviors misidentified as a stable limit cycle. Nevertheless, when the simulation
time is substantially extended, the oscillation amplitude decays gradually and trajectories eventually
converge to the same stable attracting state. This demonstrates that the observed oscillation is merely a
transient behavior during convergence. For the bistable case shown in Figure 6, we set two parameters
following the configuration in Figure 2. Trajectories starting from different initial conditions also
exhibit long-time spiral motion near the switching manifold. Within a short-time window, the two sets
of trajectories each form approximately closed curves, and the time-series show sustained oscillations,
which are readily misinterpreted as two distinct steady-state limit cycles of the system. Provided
that the integration time is sufficiently long, the oscillation amplitudes of both trajectories decrease
progressively, and they converge respectively to the two genuine stable attracting states of the system.
The above-mentioned artifacts stem entirely from finite simulation duration and do not alter the
intrinsic monostable or bistable properties of the system within the parameter domains examined.
The number and type of the attracting states involved are fixed for each parameter set tested. It is
the convergence process of long transients that conceals the final steady state. Relying merely on
short-time numerical simulations, one can hardly distinguish genuine steady-state limit cycles from
apparent oscillations induced by long-transient dynamics. More precisely, these are apparent spurious
limit cycles generated by short-time simulations [26–28].

Figure 5. (a) three-dimensional state-space trajectory plot in (x, yn, ym) space; (b) time Series
plot; (c) phase projection plot in (x, yn) space. Parameters of system (2.1): K = 10, an = 0.7,
b = 0.1, c = 0.5, µn = 0.18, µm = 0.18, η1 = 0.8, η2 = 0.9, α = 0.5, δ = 0.12, r = 4, γ = 3.5,
β = 0.5. Simulation time T = 150.
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Figure 6. (a) three-dimensional state-space trajectory plot in (x, yn, ym) space; (b) time Series
plot; (c) phase projection plot in (x, yn) space. Parameters of system (2.1): K = 10, an = 0.8,
b = 0.1, c = 0.5, µn = 0.18, µm = 0.18, η1 = 0.8, η2 = 0.9, α = 0.5, δ = 0.12, r = 4, γ = 3.5,
β = 0.5. Simulation time T = 150.

4.3. Quantitative identification and result analysis of long transients

It can be seen from the above monostable and bistable parameter regimes that the Filippov system
can generate transient oscillations with extremely slow convergence rates. Phase trajectories and time-
domain time-series can only provide qualitative results, and cannot rigorously distinguish whether
the observed oscillations correspond to steady-state limit cycles, chaotic motions, or slowly-decaying
transient responses. When the simulation time is short, transient oscillations may exhibit characteristics
nearly identical to those of steady-state oscillations, which readily lead to misjudgment of dynamical
behaviors.

To distinguish steady-state attractors from transient behaviors, we compute the maximum Lyapunov
exponents over the parameter plane and obtain the global dynamical landscape of the system (Figure 7).
For a trajectory X(t) of system (2.1) and an infinitesimal perturbation δX(t) evolving along the tangent
linearization, the maximum Lyapunov exponent is defined as

λmax = lim
t→∞

1
t

ln
∥δX(t)∥
∥δX(0)∥

.

Numerically, λmax is computed by a variational (Benettin-type) scheme [29]: the tangent vector δX is
integrated together with the reference trajectory by the fixed-step fourth-order Runge–Kutta method
(step size h = 0.02), using the Jacobian matrix of the active smooth branch of the Filippov system
and the convex-combination sliding field within the sliding region; the tangent vector is renormalized
at unit-time intervals; a transient of 200 time units is discarded; and the exponent is averaged over a
subsequent window of 200 time units. The computation is repeated over a uniform 200 × 200 grid
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on the parameter plane (β, γ) ∈ [0.2, 0.4] × [1, 4] with the remaining parameters fixed, to produce the
landscape shown in Figure 7. The red-orange regions correspond to positive maximum Lyapunov
exponents, indicating genuine chaos; the blue regions denote negative Lyapunov exponents. The
parameters focused on in this work lie within a narrow yellow-green transitional layer where the largest
Lyapunov exponent (LLE) approaches zero from below and remains negative. This directly rules out
the possibility of chaotic attractors. The parameter plane exhibits clear dynamical partitioning: the
system behaves chaotically in the lower region of the parameter plane. Above the chaotic zone, the
narrow parameter interval with LLE ≈ 0 is where long transients predominantly emerge, and this
phenomenon is highly sensitive to parameter variations. With further upward adjustment of the vertical
parameter, the system enters a strongly stable regime, and transient processes are markedly shortened.
The scattered short yellow-green streaks visible in the plot are numerical artifacts originating from the
discontinuous switching of the Filippov system.

Lyapunov-exponent analysis [11] has ruled out chaos; nevertheless, it remains necessary to verify
that this slow convergence is not a spurious artifact caused by numerical integration. The semi-
logarithmic decay curve of oscillation amplitude is plotted in Figure 8. For an exponential-decay
process, the amplitude decreases approximately along a straight line in the semi-logarithmic coordinate
system [12]. For simulations carried out with core parameters, the obtained relaxation-time constants
for two of the three parameter sets are in high agreement with the theoretical values computed via
linearization of the Jacobian matrix at the corresponding subsystem equilibrium points. We remark
that for these two parameter sets in Figure 8, the corresponding subsystem equilibrium is virtual and
the observed attracting state lies on the switching manifold Σ; the measured decay rates (τ ≈ 1280
and τ ≈ 435) are in close agreement with the eigenvalue estimates obtained by linearizing at the
corresponding subsystem equilibria (τ ≈ 1277 and τ ≈ 435), which indicates that the slow spiral
contraction of the trajectories is organized by these virtual equilibria. For the remaining parameter
set, the corresponding subsystem equilibrium is regular, and the measured effective decay (τ ≈ 155)
is faster than the smooth linearization estimate (τ ≈ 485); this difference is consistent with the
additional dissipation induced by the repeated crossings of the switching surface during the approach.
This demonstrates that slow decay represents an intrinsic dynamical behavior of the system, and
spurious effects originating from numerical computation can be excluded. Multiple comparative
results show that tiny parameter variations can substantially alter the duration of transient behavior.
For three sets of distinct parameters, the oscillation amplitudes all decrease approximately linearly
in the semi-logarithmic coordinate system, consistent with exponential-decay characteristics, which
further confirms that the oscillations are transient behaviors converging toward the equilibrium point.
Nevertheless, the decay time constants τ differ considerably across parameters. For some parameter
sets, the decay constant is on the order of hundreds, and trajectories converge relatively rapidly. For
another parameter set, the time constant reaches 1280; thousands of time units are required for the
amplitude to drop below the detection threshold. A large time constant implies an extremely long
convergence process. Even though the system eventually converges to an equilibrium point, it still
exhibits the apparent effect of sustained oscillations within a finite simulation window. The vertical
dotted lines in the figure mark commonly used stopping instants for simulations. If the computation is
terminated at such an instant (e.g., the T = 150 horizon adopted in Figures 5 and 6) while the oscillation
amplitude still lies above the observation threshold, long transients are apt to be misidentified as steady-
state self-sustained oscillations [10].
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Figure 7. two-dimensional parameter scan of the maximum Lyapunov exponent over the
plane (β, γ) ∈ [0.2, 0.4] × [1, 4] (a uniform 200 × 200 grid). Parameters of system (2.1):
K = 10, an = 0.95, b = 0.1, c = 0.5, µn = 0.18, µm = 0.18, η1 = 0.8, η2 = 0.9, α = 0.5,
δ = 0.12, r = 4.
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Figure 8. Semi-logarithmic decay curve of oscillation amplitude. The vertical dotted lines
mark the stopping instants T = 150, 400, 1000, and 3000. Parameters of system (2.1):
τ = 1280: K = 10, an = 0.9, b = 0.1, c = 0.5, µn = 0.1, µm = 0.18, η1 = 0.8, η2 = 0.9,
α = 0.5, δ = 0.12, r = 4, γ = 3.5, β = 0.5; τ = 155: K = 10, an = 0.9, b = 0.1, c = 0.5,
µn = 0.2, µm = 0.18, η1 = 0.8, η2 = 0.9, α = 0.5, δ = 0.12, r = 2.6, γ = 3.5, β = 0.5;
τ = 435: K = 10, an = 0.95, b = 0.1, c = 0.5, µn = 0.18, µm = 0.18, η1 = 0.8, η2 = 0.9,
α = 0.5, δ = 0.12, r = 4, γ = 3, β = 0.3.
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Such long-transient behaviors are jointly induced by two factors. First, the real parts of the
eigenvalues of the Jacobian matrix at the equilibrium point are close to zero, rendering the equilibrium
weakly stable. Second, geometric constraints introduced by the Filippov switching manifold and
sliding region allow trajectories to spiral around the equilibrium for a long time, which further prolongs
the convergence process. Combining the LLE calculations, initial-condition scanning, and amplitude-
decay results, we can draw the following conclusion: within the tested parameter and initial-condition
domains, the long-lasting oscillations observed under both monostable and bistable parameter regimes
are neither chaotic motions nor steady-state limit cycles; they essentially belong to long-transient
dynamics. For every parameter set and initial condition tested in this study, the steady state of the
system is an equilibrium point of Filippov system (2.1) (a regular equilibrium or a pseudo-equilibrium
on the switching manifold). The seemingly persistent oscillations merely arise from an extremely slow
exponential-convergence process.

5. Conclusions

This paper investigates a Filippov piecewise-smooth dynamical system that describes the
interspecific interactions among aphids, ladybugs, and ants. Aiming at the long-time oscillation
phenomenon observed in numerical simulations, qualitative dynamical analysis is carried out based
on phase trajectories and time series. Furthermore, quantitative computations including parameter
scanning of the maximum Lyapunov exponent, multi-set initial-condition simulation verification,
and semi-logarithmic amplitude-decay analysis are performed to reveal the dynamical nature and
intrinsic generation mechanism of long-lasting oscillations. Under different parameters, this piecewise-
smooth system can exhibit either monostable or bistable behaviors. Both steady-state configurations
can trigger damped transient oscillations with extremely long duration. Multiple long-time initial-
condition scans confirm that the bistability is an intrinsic dynamical property of the model. Different
initial-population states converge to distinct equilibrium points, rather than representing spurious
coexistence induced by transient evolution. Under short-time simulation conditions, slowly damped
transient oscillations bear a high superficial resemblance to self-sustained limit cycles, which may
readily lead to misinterpretation of dynamical behaviors.

Global analysis of the maximum Lyapunov exponent over the parameter plane shows that the
parameter interval of interest in this work lies entirely within the non-chaotic region, which rules out
chaotic attractors as the source of long-time oscillations. Long transients predominantly occur within
a narrow parameter band where the maximum Lyapunov exponent approaches zero, and the dynamical
behaviors are highly sensitive to parameter perturbations. The layered bifurcation structure exhibited
by this autonomous unforced piecewise-smooth system differs from the Arnold-tongue resonance
phenomenon in forced systems. Discrete anomalous points in the parameter diagram originate from
numerical artifacts caused by the piecewise discontinuous structure.

Semi-logarithmic amplitude-decay results demonstrate that the observed oscillations strictly follow
the exponential-decay law. The simulated relaxation-time constants for two of the three parameter
sets agree well with the theoretical values obtained from linearization at the corresponding subsystem
equilibrium points, while for the remaining set, the effective decay is faster, consistent with
the switching-induced dissipation during the approach; overall, this confirms that the ultra-slow
convergence is an intrinsic dynamical behavior of the system and eliminates interference from
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numerical computational errors. Slight parameter variations can markedly modify the transient
convergence duration. If conventional simulation truncation time is adopted before the evolution
process is completed, long transients can readily be misclassified as steady-state self-sustained
oscillations. Mechanism analysis reveals that long-transient behaviors arise from the coupling of
two-fold effects: the weak-stability effect induced by near-zero real parts of equilibrium eigenvalues,
together with geometric constraints imposed by the Filippov switching manifold and sliding region.
Trajectories spiral persistently in the neighborhood of equilibria, which greatly delays the convergence
of populations toward steady states. In summary, for all parameter sets and initial conditions
examined in this study, the genuine steady state of this ecological piecewise-smooth system is an
equilibrium point of the Filippov system (a regular equilibrium or a pseudo-equilibrium on the
switching manifold). The persistent oscillations observed correspond to long-transient dynamical
responses triggered when parameters are close to critical conditions. We emphasize that in the
present model, the switching between the reproduction and defence strategies is governed by the hard
threshold H, rather than by an adaptive optimization process of individual aphids. Accordingly, the
apparent trade-off between reproduction and defensive cost should be understood as a population-level
consequence of the threshold switching rule: it is the piecewise switching structure itself, rather than an
optimization mechanism, that gives rise to the long-transient dynamics described above. Furthermore,
the observability of long transients in real populations deserves attention. In natural ecosystems,
environmental stochasticity continuously perturbs population densities; such perturbations may mask
the slowly decaying oscillations or may repeatedly re-excite them near the weakly stable attracting
state, so that the effective duration of the transient is substantially modified. Consequently, finite-length
field time series are exposed to the same misjudgment risk identified in this study, which reinforces
the practical relevance of distinguishing transient oscillations from genuine steady-state behavior in
threshold-regulated ecosystems [9].

This study clarifies the identification boundary between transient oscillations and genuine steady-
state behaviors in piecewise-smooth systems. It provides theoretical references for simulation analyzes
of ecological models with strategy switching such as the aphid–ant–ladybug system, as well as for
numerical interpretation of other discontinuous dynamical systems.
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A. Appendix: Calculation of the equilibrium value x

The analytical solutions for the quartic equation of x at the positive equilibrium point of the
second subsystem are presented in full below. For brevity, we first recall that the model parameters
r,K, b, c, µn, µm, δ, η1, η2, α, an are all positive constants.

P =
µm

η2αδ
, S = c.

The quartic equation is:
ãx4 + b̃x3 + c̃x2 + d̃x + ẽ = 0,

where

ã = rb2,

b̃ = 2rb − Krb2,

c̃ = −2Krb + r + KPS b(η1an − µnb),
d̃ = −Kr + KP

(
η1an(an + S ) − µnb(an + 2S )

)
,

ẽ = −KPµn(an + S ).

Let x = y −
b̃

4ã
, and then the equation can be transformed into the form without a cubic term:

y4 + py2 + qy + r0 = 0,

where

p =
c̃
ã
−

3b̃2

8ã2 ,

q =
d̃
ã
−

b̃c̃
2ã2 +

b̃3

8ã3 ,

r0 =
ẽ
ã
−

b̃d̃
4ã2 +

b̃2c̃
16ã3 −

3b̃4

256ã4 .
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We introduce an auxiliary parameter t satisfying the resolvent cubic equation:

t3 −
p
2

t2 − r0t +
pr0

2
−

q2

8
= 0.

Let t0 be one real root of this cubic equation, and then the four solutions of the depressed quartic are:

y =
1
2

ε1

√
2t0 − p + ε2

√
−2t0 − p − ε1

2q√
2t0 − p

 , ε1, ε2 ∈ {+1,−1}.

Therefore, x = y −
b̃

4ã
.

To obtain a fully explicit form, the root t0 of the resolvent cubic needs to be expressed in terms of
radicals. For a general cubic equation

t3 + α̃t2 + β̃t + γ̃ = 0

with α̃ = −
p
2

, β̃ = −r0, and γ̃ =
pr0

2
−

q2

8
, we set

p̄ = β̃ −
α̃2

3
, q̄ =

2α̃3

27
−
α̃β̃

3
+ γ̃,

and then one real root is

t =
3

√
−

q̄
2
+

√
q̄2

4
+

p̄3

27
+

3

√
−

q̄
2
−

√
q̄2

4
+

p̄3

27
−
α̃

3
.
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